A THEOREM CONCERNING HAMILTON LINES
by
L. POSA

In this note we only consider graphs without loops and multiple edges.
G. A. Dirac proved the following theorem [1].

Let G™ (n > 3) be a graph of n vertices. Assume that the valency of every
vertex 18 > n/2. Then G is Hamiltonian.

The valency »(x) of a vertex x is the number of edges incident to it.
A graph is said to be Hamiltonian if it contains a Hamilton line (i. e. a circuit
which contains every vertex of the graph).

Several sharpenings of this theorem are known ([2], [4], [5]). We now
prove the following theorem which contains [2].

Theorem. Let n > 3. Assume that for every k, 1 < k < (n — 1)/2, the
number of vertices of @™ of valency not exceeding k is less than k and for odd n
the number of vertices of valency (n — 1)/2 does not exceed (n — 1)/2, then G™
18 Hamiltonian.

Proof. (I). Assume that G satisfies the conditions of the Theorem
and is not Hamiltonian. By connecting (by an edge) vertices of G™ which
were not connected in G™ (by an edge) we obtain a graph G¢ which is not
Hamiltonian but which becomes Hamiltonian if we connect any two vertices
of G{ which are not connected by an edge. Since every complete graph of
n = 3 vertices is Hamiltonian, our graph GV exists. (A graph is said to be
complete if every two of its vertices are connected by an edge.) Clearly G{
has the same vertices as G™ and G{V also satisfies the conditions of our Theo-
rem. Further if two vertices of G{" are not connected by an edge they are
connected by an open Hamilton line (i. e. by a path which contains every
vertex of our graph, once and only once).

(II). First we show that in G{" every vertex of valency > (n — 1)/2
is connected to every vertex of valency > n/2. To show this let ¢, and «a,
be two vertices with »(a,) > (n — 1)/2, v(a,) = /2, which are not connected

by an edge. Then by (I) thereis an open Hamilton line (a,, a,, . . ., a,) (i. e. the
edges of the open Hamilton line are the edges connecting a; witha,,,, 1 <1 <
< n—1). Let a;,...,a;, k =v(a,), 2 =1, < ...<14, <n— 1 be the vertices
connected with a;, in G{V by an edge. @, can not be connected to a_,,
1<j<k by an edge for otherwise (a,,. . ..a;_ ;,a,. @, ,,a, ... a; a;) would
be a Hamilton line of G{V. Thus
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This contradiction establishes our assertion.

(III). From (IT) it clearly follows that G{" has vertices of valency < n/2
(since the complete graph of » = 3 vertices is Hamiltonian). Let m be the
maximal valency of these vertices and b, a vertex with »(b;) = m.By our
assumptions there are at most m << n/2 vertices of valency < m, thus there
are more than m vertices of valency > m, (by the maximality of m the valency
of these vertices is > n/2). Thus there exists a vertex b, of valency > n/2
which is not connected to b, by an edge. Hence by (II) m << (» — 1)/2 and
therefore we can assume that the number of vertices of valency < m is less
than m.

Let now (b;, by, ...,b,) be an open Hamilton line connecting b, and
byand let b, ..., by, (1, =2<13 < ...<t, < n — 1) be the vertices con-
nected to b, by an edge. As in (II) it follows that b, can not be connected to
bi;_1, 1 = j < m by an edge. By our assumption at least one of these vertices

must have valency > m and hence valency > n/2. But this contradicts (IT)
and our Theorem is proved.

Remarks (1). Our Theorem is sharp. Let 1 < k < (» — 1)/2 and G,
be a complete graph of k£ + 1 vertices and G5 a complete graph of n — k
vertices. We assume that G, and G, have exactly one common vertex. Let
G be the union of G, and @,. Clearly @ is not Hamiltonian (it has a cut point)
and G has exactly &k vertices of valency k. Now let » odd and & = (n — 1)/2.
We define the graph G as follows: The vertices of G are w,,. . ., %y, and its
edges are (2, v;), 1 <1<k <j < 2k+ 1 G is not Hamiltonian and &
has exactly (» + 1)/2 vertiees of valency (n — 1)/2.

(2). (I) and (IT) gives a very simple proof of Dirac’s theorem [1].
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TEOPEMA, OTHOCSILLASICS1 K TAMUJIBTOHOBBIM JIMHUSAM
L. POSA

Peslome

Munst rpados, He cojepKaluuX Tereib M KpaTHBIX pelep, MMeeT cUIy
cJieLymomast

Teopema. [Tycmo uucio mouex 2pafa G He meree mpex. Ecau 041 a06020
k, 20e 1 <k < (n — 1)/2, uucao mex moyex G, cmeners Komopolx < k menvie k
u, 8 CAY4ae HeYemHo20 m, YUCA0 mex modex, cmeneHs Komopetx < (n — 1)/2, He 0o.ice
(n — 1)/2, moeda G o6aadaem I'amuabmoro6oll AuHuell, MO eCMb MAKOL 0KpyHc-
Hocmerw, komopas codepyucum 6ce mouku G. Teopema moyHa.
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