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Introduction 

Let | г , | 2 , . . . | n be independent and identically distributed random 
variables with continuous distribution function F(x) and with density function 
F'(x) = f(x). Let us arrange these variables according to their order of magni-

- - 1 " 
tude: If < If < . . . < |* and denote their mean value b y £, i.e. £ = — 'V . 

n i f ! 
In the following the probabilities 

( 1 ) V K = P ( « - I £ F < 8 ) , / = 2 , 3 , . . . « 

are considered. 
Although the examination of these probabilities lies close at hand , as 

far as we know this problem has not ye t been treated in the literature2. 
A distribution-free solution cannot be expected. I t is obvious tha t 

if F(x) is symmetrical (i.e. F(x) = 1 — F [M ( | ) — x]) the equality pk = 
= Pn-k+i m u s t be valid. We shall see in the following t h a t for exponentially 
distributed variables this symmetry is not fulfilled. 

The explicit determination of the probabilities (1) seems to be very 
complicated in the general case. The formula based on t he joint distribution 
of ( | f , | f . . . . !*) is rather unmanageable; concerning t he exact joint distrib-
ution of (I, | f ) only for normally distributed variables is a recursion formula 
known and even this is very complicated [4]. In § 1 we shall determine the 
probabilities (1) explicitly for the exponential case, making use of the addit ive 
Markovian property of the ordered sample elements in this case; in § 2 an 
alternative elementary proof is given. In § 3 for the general case the limiting 
joint distribution of I and |* is derived under weak conditions and is shown 
to be a two dimensional Gaussian one. As a consequence of this the limiting 
Gaussian distribution for the problem will be given in § 4. 

§ I . Exponentially distributed random variables 

1. Let the random variables | 1 ( | 2 , . . . | n be independent identically 
and exponentially distributed, i.e. 

(1.1) P(|f < x) = 1 — г = 1 , 2 , . . . n 
1 Hungar ian Central Statist ical Office. 
2 Added in proof: Our paper was already in print as t h e paper of D A V I D [ 1 0 ]  

appeared which contains some of our results bu t considers only no rma l distribution. 
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Wo wish to remark that f rom the identity 

Vk = Р(|*_х ^ f < I*) = P(A|*_X ^ <A|*) 

there follows the independence of the probabilities pk f rom the value A > 0 
and thus it is sufficient to consider only the case A = 1. 

2. We shall make use of the following well known relation: (see e.g. 
[1] p. 232) if #2, . . . •8k are independent, exponentially distributed random 
variables with parameters Al( A.,, . . . Afc then the density function gh(t) of the 

к 
variable # = is equal to 

( 1 - 2 ) ' ' ^ 
gk(t) = ( - l ) " - 1 Ax A2 . . . А, У .. 

If Aj = A2 = . . . = ?.k = A then we obtain f rom (1.2) the following well known 
formula: 

A" 
( 1 - 3 ) 

(к-1)! 

3. We shall apply the following well known theorem: if |x , | 2 | n 
are independent, identically and exponentially distributed random variables 
with the parameter A = 1 and < < . . , < (I'J = 0) the set of the 
same variables rearranged in increasing order of magnitude, then the incre-
ments ôk = — are independent and exponentially distributed with 
distribution functions 

F(x) = < x) = 1 — e - (n - fc+ i )x ) x ^ O , к = 1,2, . . . n 

(see for example [1] p. 585). 
4. Let us turn now to the determination of probabilities: 

Pk= Pi + Vz + • • • + Pk= P ( £ < к = 1,2, . . .n 

where |x , | 2 , . . . | n are independent exponentially distributed random vari-
ables with parameters А,- (i = 1 , 2 . . n). 

With our notation the following relations hold: 

П = + . . . + d k 

i " i n i " I k 

i - V ( » - * + l ) « * = V 1 1 - — 
71 7CT 70П 

V 
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Thus 

(1.4) 

p k = P ( i < f f ) = P У 1 

PI V U 
\i=k H 

, 1 = 1 

i - 1 

i — 1 

n 

n 

к 

' « 2 
7 - 1 

У = 2 

Let us introduce the following new variables: 

i— 1 dj, &j = jôj+1 

for the distribution function of which 

p(rj i < x) = 1 — e~nx resp. P ( ê j </ /)== 

is valid. 

In consequence of the independence of the variables rp, the density func-
tion Гп-к(х) of J? = f]k+1 + г)к+г -f . . . + rjn is the following: 

yn-k{x) = 
уп—к 

(та — Je — 1 ) ! 

further — because of (1.2) the density function gk{x) of the variable 
1 

$ = — > ' &t equals 

gk(x) = та та — 1 
к - 1 

k - i 

V ( - i ) ' - 1 

r = l 

к - 1) r 

r J n 

k—2 _ ^ x 
e r 

Consequently our formula (1.4) may be written — because of the idependence 
of t] and ê — as follows: 

CO CO 

Pk = P(4 < = f gk(u) du \ yn_fc(x) dx = 

0 x 

(та - к — 1)! 
та- 1 
к 

к—1 £ - 1 
X 

X 

oo 00 

Ï ( J 
О x 

x"-"-1 е-"х dx. 
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Carrying out the integration and using a slight modification — we obtain 

(1.5) ( - 1)" [n 
hi 

k-\ к — r 

r=l 
к = 2, 3, . . . n . 

Thus we have determined the probabilities mentioned in (1.4) for the expo-
nential case. 

Obviously Pn must be equal to 1 (£ < £* being a certain event). If in 
(1.5) к is replaced by n we obtain 

n— 1 
Pn=- — У (-1 )r-1r"-1 

r = l 

n-1 
— У ( -

N. H. A B E L has proved the identity (see [2]) 

(b — n) {ПI (a + rY (b - r)n-r"1 = (a + b)n , 
r=0 

which holds for every real value of a, b and for every integer n > 0. 
Let us apply Abel's identity for a = b = 0 and take into consideration 

t h a t for r = 0 the left side of the equality equals 0, accordingly: 

n 
n-1 

2 

f rom this 
r=l 

n — 1 

! ( - + n" = 0 ; 

2 < 
r= 1 

1) 

Obviously (— 1)" r 1 = (— 1)" r + 1 and thus it is verified tha t our formula 
gives Pn = 1. 

5. For the probabilities pk = Pk — l'k_v from (1.5) the following formu-
lae are obtained: 

(1 .6) 

or 

(1.7) 

Pk = 
( - l ) k n 

Vk 

n 
к - 1 

(к- 1)! 

к - 1 
r 

n 

where the <Sk denote the so called Stirling numbers of the second kind (see 
e.g. [3] p. 168—181; tabulated in [5]). 

The above distribution is a special case of the occupancy distribution. 
I t is known tha t putting randomly r objects into n cells, the probability that 
к cells will he occupied and n — к will he empty is 

k\ 
•<S K 
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(see e.g. [3]p. 178). Thus (1.7) gives the probability that putt ing n — 1 objects 
into n cells, к — 1 cells will be occupied and n — к + 1 will be empty. Confid-
ence limits for the occupancy distribution are tabulated in [9]. 

6. From formula (1.5) we obtain for every n: 

P2 = - J - P3 = - J - [ 2 - 1) - (n - 2)] 

P . = — — [3"-2(m - 1) (n — 2) — 2"_1(и — 1) (n - 3) + (n — 2) (n - 3)]. 
и""2 2 

7. From above formulae in the case n = 3 we obtain 

1 2 
Vi = — < Рз = — (Pi = 0) 

о о 
and in the case n = 4 

1 9 6 / ox ft--. 7)3 = - , A = - ( A - 0 ) . 

§ 2. An alternative proof 

1. We now turn to an other proof of ( 1.7) which is based on combinatorial 
models. 

I t will be shown that the determination of the probabilities pk = 
= P(! fc_i^ i < !*) can be reduced in case of exponential paren t distribution 
(Model A) to the above mentioned occupancy problem (Model B). 

2. First of all we will show tha t Model A is equivalent with the follow-
ing Model C: let us divide the interval [0,1) by n — 1 mutually independent 
variates distributed uniformly in the interval [0,1). We consider the probability 

of exactly к — 1 random intervals having lengths g —. In t he following i t 

is shown tha t this probability equals 

ft = P ( H U 
For this purpose it suffices to verify that the joint distribution of the quantities 

n 
I , / 2 (i = 1, 2,. . . n) is identical with that of the random intervals obtained 

by above procedure. These two random vectors have the same set of possible 
values: each component must be nonnegative and the sum of all components 
equals 1. The latter vector has a uniform distribution within this set. We show 
tha t the same holds for the former vector variate as well. I t is clear from the 
form of the density function of the vector {£,-} tha t the conditional distribution 

n n 
of i j 1 2 f i with respect to 2 i s uniform within the set of the possible values. 

7=i 7=i 
As this set (and thus the distribution) does not depend on the actual value 

n n 
of 2 s j the unconditional distribution of !,•/ 2 w agrees with the conditional 

7 = 1 7 = 1 
one. This proves the equivalence of Models A and C. 
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3. Evidently Model В can be formulated in the following way: The inter-
val [0,1) is divided into n intervals of length Ijn. We are interested in the proba-
bility t ha t exactly к — 1 of these intervals will contain at least one of n — 1 
random points, independently and uniformly distributed in the whole interval. 

I t must be shown only that Model С is equivalent with Model B. For this 
purpose we give a transformation, mapping Model В into Model C. 

The transformation between the values 0 i i VI ^ >?2 < • • • < VN-I < 1  

and 0 É ))[ É t)[ É . . . É Vn—i < 1 given below will have the following 
properties' 

a) it will be 1 : 1, 
b) if {r)v Vt> • • Vn-i} is distributed according to the order statistics 

of a sample of size n— 1 f rom a [0,1) uniform distribution then {ví,V2> • • •> Vn-1} 
follows the same law, 

— , — contains at least one of the values и,, n 2 , . . . , r?„ , n n 
then v'i — Vi-i á 1/и i otherwise v'i — V'i-i> V№ (i = 1, 2, . . ., и — 1 ; 
V'o = 0, Vn = !)• 

Evidently above conditions assure the equivalence of Models В and C. 
The transformation is as follows: 
Let be 

(2.1) Ci = n v , - [nVi] (» = 1,2 n — 1) 

where [ж] denotes the greatest integer x. Let be fur ther 

/7 = 0 

[7 -1 if 

c) if the interval 

(2.2) 7 (» = 2,3 n - 1) 
7 - 1 + 1 if 7 < 7 - i 

and 

(2.3) a , = [nVi] - 7 (г = 1, 2, . . . , n — 1). 

Evidently the sequences {?,} and {/J,} are monotonically increasing, 

(2.4) o ^ 7 + C , - 7 - i - 7 - i < 1 (г = 2,3, 1) 
and 

(2.5) Vi = ^ + A ± к (г = 1,2, . . . , n — 1) . 
ть 

Let us denote by Ух<Уг<- • -<y s the indices of those /3, (i=2,. . .,n -1) 
for which 

(2.6) 7 , = 7 , - i 

and by 7 < b2 < . . . bn_k the indices of those yx (i = 1 , 2 , . . . , s) for which 

(2.7) % = % - ! ' 

Here the symbol к is used according to its former interpretation. I t follows 
namely tha t a;- ßj = a.j_x ßj_x if and only if j = y6i for some i. This 
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means that a ; + ß j takes on к — 1 different values, in other words, к — 1 

is the number of "occupied" intervals, i.e. the intervals n n n) 

each of which contain at least one of the points rjj. 
We denote these к — 1 values of a ; + ß j by 

(2.8) ё 1 < ё 2 < . . . ёк_ г 

whereas the remainder members of the sequence 0, 1,. . ., n — 1 are denoted 
by 

e l < e2 < • • • < en—k+1 • 
Let o'i be defined by the relations 

< + i = ô i (i = 1, 2, . . . , « — & + 1) 
(2.9) 

< + 1 = 4 (t = 1, 2, 1) 

where о g = 0, = 5 + 1 . (Note that ôn_k ^ s by definition). 
Let us define now the transformed values 

(2.10) ^ = < ± < ± 4 . 

I t follows from (2.9) tha t o'n_x g s + 1 and from (2.2) and (2.6) t h a t 

( 2 . 1 1 ) ßn_1 = n _ 2 - s . 

This and (2.4) assure the fulfilment of the condition 0 rß ^ ï]2 Ф 

We now go over to the proof that the transformation (2.10) is one by one, 
i.e. the quantities {r/,} can be also uniquely determined f rom the quantities 
{rj'i}. In fact, if 0 ^ »){ 1 tjj M . . . ^Vn- i < 1 a r e given, t he sequence {гц} 
can be uniquely determined in the following way: the sequences { Í}, {ßi}, 
{£,}, can he determined from (2.1) — (2.3), putt ing r/j and o\ instead of rji 
and a,-, respectively. Then the sequence (у,-} will follow from (2.6). 

Putting »0 = 0, o'n = s + 1 (o'n ^ o'n_y is assured by (2.11)) and, in 
accordance with (2.9), denoting by 

A0 = 0 < A, < A2 < . . . < ôn_k < ô n _ k + 1 = 5 + 1 

the values taken on by o'0, o[,. . ., о 'n, the sequences {e,}and {I,} will he defined 
by (2.9). 

Let be (px < cp2 < . . • < <pn-i the complementary set of the sequence 
Ув,, ye,, • • -, Уеп-к within the sequence 1, 2, . . ., n — 1 and let us define in 
accordance with (2.7) 

= S/ - ßn (i= 1,2, ... ,k — 1), 

= a _ i ( г= 1, 2, ... ,n — k) a. 

from which by (2.5) we obtain the sequence 0 ^ + AL rj2 iL . . . AL r/„_x < 1 
Thus it is proved that the transformation (2.10) is one by one and t h a t 

the vectors {г/,} and { + } have the same set of possible values. 
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We now have to prove that the transformation preserves the measure. 
The space of the vector {??,} can be divided into a f ini te number of subsets 
for each of which the vectors {a,} and {/?,} are constant; evidently these 
subsets are measurable. Our transformation means a simple translation for 
such a subset thus it is measure-preserving. As under the circumstances of the 
condition b) the distribution of {г/,} is uniform over the set of its possible 
values and {тД} has the same set of possible values, the distributions of { + } 
and {rj]} are identical. 

£. g . + l 
Finally we see from (2.8) that the interval ' ' n 

£j + 1) 

does not contain 

contains a t least any of the values rjv i}2, . . ., r]n_1 and the interval 
n n 

one of t h e m ; on the other hand, (2.9), (2.10) and (2.4) assure that 

y'*t+i — y'e( > Vn> VJf+i - -ni, è 1 /п 

(г = 1,2, . . . , « - к + 1; 7 = 1, 2, . . . , k - l ) . 

Thus the transformation has the property c) as well. 
Thus we have proved the equivalency of Models С and B, i.e. t h a t of A 

and В too. 

§ 3. The asymptotic joint distribution of the mean and the A'-th 
ordered sample element 

I t is supposed in this and in the f i rs t part of the following § t h a t the 
common density function of the independent random variables £v ! • > ; . . . , + 
is continuous and positive in intervals, which contain the expected value 
M(| ;) and the quantiles considered in the following as inner points. Let he 
for the sake of simplicity 

M ( f ) = 0 , M(f2) = D-(£)= 1. 

We shall introduce in the following some new notations for quantities 
depending on n but without indicating this circumstance. Let us have now 
a sequence of integers к = lc(n) for which we assume t h a t 

к(П) - О - ! 

as TI —>- °° or in short lim q = q. 
IX— 

We shall use fur ther the following notations: 

t = t(qn) = F-\qn), t = F-\q), 

, a = o(q), 

t 

m = 7n(qn) — — uf{u) du, m = m(q) 
Чп J 
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and 

1/Й, 

(here naturally к = k(n), t = t(qn) and a = a{qn)). 
I t will be shown that in the case of f(q) ф 0 the joint limiting distribution 

of I and I* is normal, more precisely, that 

f £ + 2 rjf 
lim P Ь 

\ 

( 3 . 1 ) 

where 

l - 2 ^ z + a2z2 
фп <y, Г)*< w 

/(?) 
W V 

2я(1 — g2) exp U2 ф V2
 — 2 Q wo 

2 ( 1 — e2) 
du dv, 

/(f) m 
1 - q 

1 
/(0 

Proof. We begin with investigating the conditional distribution of | 
with respect to If . Evidently under the condition If = t' the conditional 
distribution of | f + I * + • • • + l f - i is identical to that of the sum of к — 1 
independent variates with the common distribution function 

X 
»(Cf < a:) = — \ f { u ) d u , (-

F(V) J 
oo <x g t']i = 1,2, . . . , /—1) 

and, similarly | f + 1 + . . . + If is conditionally distributed as the sum of 
n — к independent variates with the common distribution function 

X 

P(f. <x)=
 1 - Г flu) du (t' <S. x oo, i = / + 1 n). 

1 - F(V) J 

The variables £f have the expectations and variances 

с 
MíJ) = 

F (Г) 
uf(u) du, 
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F(t') 
я2 /( u) du 1 

F(t 

i= 1,2, . . . k— 1, 
V 

1 

öJ uf(u) du 

1 — F(t') 
uf(u) du, 

D 2 K ) = 
1 

1 - F(t') 

i 
— j u2 f(u) du 

11 - F(t') 
— со 

i = / + l , / + 2, . . . n . 

uf[u) du 

Thus it follows that the conditional expectation and variance of I is — with 

the notation q' ^ 
n 

M(f| « = * ' ) = — 
n J 

D2(£ | | f = i') = 
71 — 1 

71* 
1-Я' 

1 -F(t') 

ч , q' - Fit') , t' 
uf(u du — ' — 

F(t')(l-F(t')) n 

q' - F(t') u1 f(u) du 
F(t')(l-F(t')) 

(J uf(u) du q'(l-F(t')f + (\-q')F(t'Y 
F(t')\ 1 - F(t')f 

Let he ep(x) = (2л) 2 exp and Ф(х)= J = cp(t) dt. 

According to the central limit theorem we have 

( 3 . 2 ) lim P (_— M(g| n = f ) 
D(fl ( t = n 

<yßt----t' = Ф(У) 

uniformly in y. 
I t is known furthermore that denoting the distribution function and 

density function of by Fk(u) and fk(u), respectively, we have [8] 

t = F ~ i [ r 
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(3.3) 

(3.4) 

lim — fk 
n—- yn 

a 
t + v = w 

yn 

lim Fk 
a 

t + i r w 
Vn 

= cp(w) 

— 0(w) 

uniformly in w. 
For the conditional expectation and variance we have 

lim M(f j = t -f x) = — x uf(u) du — 
?(1 — я.) 

№ • o(x) = 

xmf(t) 
1 - Ï 

+ 0(x), 

m2 q 
lim n D2(£ \Ç* = t + x) = 1 ф + 0(x). 
n-*-™ 1 — q 

Hence 

lim M(£ + zÇ*k\ï*k=t + x) = zt + x 
nlf{ t) 

z — ——_ 
1 - g) 

lim v D 2 ( | -f 2 Ç*k I = t + x) = 1 -
m2 q 

1-Я 

+ o(x), 

+ 0(x). 

Thus from (3.2) — |* being given — it follows tha t for each e > 0, we 
can f ind a positive constant ô, such t h a t for sufficiently large n 

(3.5) 

I + 2 fjÇ < Zt + X z _ « / W 
1 - q + 

1 — 
m2q 

£t = t + x Ф(У') 
i -g 

whenever \x\ < Ó; hero 7v shall fulfill the condition 

(3.6) Ф{-K) < 
6 

Further for sufficiently large и (see (3.4)) we have 

(3.7) Fk 

< 4K ' 

t — К 
s < — . 2 
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Now the probability in the left hand side of (3.1) equals 

У 
Ш --

(3.8) 

Let be 

(3.9) I(q) = 

P f + < zt + 
f n 

X 

m 

о 
Tj=dr. 
IIn 

= t + — r X 
1In 

Ф 

\ 

1 - Ï 

m-q 
1 — 

m2 q 

1 - J 

p(x)dx. 

The difference between /„(<:/) and I(q) can be made smaller t h a n e as shown 
in the following: 

First we can denote the argument of Ф in I(q) by y', then apply (3.5) 

putting x — --- x. Dividing the integration interval ( — w) in to ( — — K ) 
\n 

and (—II, w) (here —K can be chosen smaller than — |w|), in consequence 
£ 

of (3.6) and (3.7) the first par t of the difference becomes smaller then —. Con-
cerning the second part we refer to (3.3) and (3.5), namely for sufficiently 
large n we obtain from (3.3) the inequality 

i + i r T - Ф) < 
6Á 

I.e. for sufficiently large n 

11 ля) - m I < — • 
о 

Let us turn now to the evaluation of I(q) ; denoting the coefficients of у and x 
by A and B, resp. 

Ф(Ву — A x) p(x) dx = — 
2 71 

w By —Ar 
du, dx 

If 
2л 

w у 

i l 
dudx. 

From this we have the relation (3.1) and the expression of Q. 



ON TIIE POSITION OF THE SAMPLE MEAN 251 

§ 4. The asymptotic normality of the distribution P k 

In this § we shall use of our previous assumptions 

M(|) = 0 , М(Г-) = D2(£) = 1 . 

Let us denote by q0 the quantile corresponding to the expectation 
M(|) = 0, i.e. 

Let further be 
? 0 = B{M(£)) = B(0). 

m0 = M( | 11 < 0) = — Г uf(u)du. 
Vo J 

In order to obtain for the probabilities Pk = P(£ < a reasonable 

limiting distribution let q0 according to — = q = q0 + . 
n \n 

In this case we obtain the following relations 

m = m(q) = m0 + О 

t = t(q) = 

1 

И 

№=m + o 

m f n 

i 

+ 0 1 
tyn) 

j /nj 

Substituting z = —1, w — + and 

t 
y = L 

X 
+ 0 

YqoA-q0) + 2q0m0f(0)+f(0)2 

in (3.1) we obtain for large n the asymptotic relation 

Yn) 

K?o(l - 7 o ) + 2/«o7o/(0) + /(0); 

Denoting by y.n = x the random variable for which the event 
( l î - i á ' < iî) occurs, the relation 

P(*„ < к + 1) = P ( í < l î ) 
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holds and we obtain 

lim P 
П-* ™ 

П Яо 

1 
V W 

< X = Ф X 

V?o( 1 ~Яо) + 2 m0 q0f(0) + /(0)2] 

and hence 

(4.1) l imP xn — vq0 

K?o(l - ? o ) + 2 m g 0 / ( 0 ) + / ( 0 ) 2 
У fn = Ф(У) • 

We show now tha t this theorem can be extended for the case /(0) = 0 
under the assumption that f(x) is continuous in a neighbourhood of the origin. 

I n this case we obtain the simple form 

lim P nqQ 

Kîo(l — Яо) 
<уУп = Ф(У) -

This means t h a t xn has the same limiting distribution as the variate 
Hn defined by the relation3 

i U < M (i) < £ . 

Proof. By vir tue of the central limit theorem wo can f ind a positive 

constant К such tha t for sufficiently large n P 

case 

> 
K_ 

Vn, 
< — , bu t in this 

2 

(4.2) 

Since 
l F n F n . 

< — too. 
2 

F 
lim 
л— 

К 

I И 

к 
Jß.) 

2 Kf 
— lim 

К» 
rq(l - q) .«—/?(!—?) 

f » 

moreover, is asymptotically normally distributed with parameters 

q, -——, therefore for sufficiently large n n 

(4.3) I MI K F 
К 
у п 

< m ) < F 
к 

= < - > 

3 This remark is due to A. R É N Y I . 
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i.e. it follows f rom (4.2) and (4.3) tha t 

P ( | £ t | < | { | ) < e . 

This proves t h a t 

I'm P ( | | f | < | | | ) = lim Pflf t l < 0 ) . 

i.e. xn and xn have the same limiting distribution. 
Consider now the special case of (4.1) when £ is exponentially distributed 

in the interval ( — 1, i.e. 

F(x) = 1 - «-(*+'). 

Then M( | ) = 0, q0 = 1 — е - 1 , m0= (c — 1 ) _ 1 and we h a v e 

( 
lim P 

x„ — n-
e - 1 \ 

v j Y Me - 2) 
< У = Ф(у) • 

[5, 6]. 
This agrees with the known limiting form of the occupancy distribution 

(Received June 6, 1961) 
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МЕСТО ВЫБОРОЧНОГО СРЕДНЕГО СРЕДИ Э Л Е М Е Н Т О В 
В А Р И Д Ц И О Н Н О Е О РЯДА 

К. SARKADI, Е. SCHNELL и I. VINCZE 

Резюме 

Авторы в своей статье занимаются следующей проблемой: 
Пусть будут | j , | 2 , . . . , независимые элементы выборки из некото-

рого совокупности с непрерывным распределением, спрашивается, какая 
вероятность того, что выборочное среднее 

попадет между (к—1)-ым и к-ьш елементом вариационного ряда, иными 
словами, надо определить вероятности 

где через if (к = 1, 2 , . . . , п) обозначается к-тъш элемент вариационного 
ряда. Удалось определить в явном виде вероятности рк для случая экспо-
ненциального распределения; в § 1 при помощи аддитивного Марковского 
свойства вариационного ряда следующая формула: 

где через обозначается так называемое Стирлинговое число второго рода. 
Распределение, характеризуемое формулой (1.6) является частным слу-

чаем распределения занятия (см. напр. [5]). 
С использованием этого факта авторы в § 2 вторично доказывают 

формулу (1.6). Сущность этого доказательства следующая: Задается такое 
преобразование с сохранением меры, которое последовательность О g rjx g 
g 7}г g ... g r)„_j < 1 преобразует в последовательность 0 = r]3 g r][g 
g 7/2 g . . . ^ г]'п_j < r]'n= 1 таким образом, что неравнество гц — < 
< 1 /n имеет силу тогда и только тогда, если среди чисел щ, r j2 , . . . г;„_1по 

крайней мере одно попадает в интервал , — . 
\ 71 71 

В § 3—4 доказывается относительно общего случая при некоторых 
слабых допущениях, что предельным распределением является Гауссовое 
распределение. 

Р к = Р ( | * _ х g i g m -

(1.6) 

'i — 1 i 
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