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by
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Introduction

In their recent papers [3], [4] the authors discussed some properties
of the maximal correlation of two random variables as introduced by H. GEBE-
LEIN [5]. The natural idea of the straightforward generalization of this measure
of connection for random vectors, for stochastic processes and even for o-
algebras has been already realized in [8] and [9]. The present paper aims at
adding some further properties to those described in the alluded works.

In §1 a notion involving the maximal correlation is considered in the
general Hilbert space. § 2 deals with topological and metrical problems. § 3 is to
show how the maximal correlation may be defined in the non-commutative
probability theory developed in [11]. §4isabout some properties of the maximal
correlation between o-algebras. In § 5 the intuitive background of the pos-
tulates given in § 1 isrevealed. Finally, § 6 contains some particular cases and
examples.

§ 1. General notions

To commence with, the notions and facts from the Hilbert space theory
needed and the symbols used in this paper are explained.

1.1. Let H, and H, be two real Hilbert spaces with scalar products
(2, @), (@, € Hy, z, € H,) and (y,, ¥,)s (y; € H,, y, € H,), the respective norms
denoted by ||z ||, (x € H,) and || y ||, (y € Hy).

Let T be a linear bounded operator whose domain is the space H,
and which takes on its values in the space H,. It is known that there exists
a uniquely determined linear bounded operator T* whose domain is the
space H, and it takes on its values in the space H,, furthermore

(1.1) (T2, y), = (¢, T*y)
holds for all # € H, and y € H,. The operator T* will be called the adjoint of the
operator T. The equality ||T || = || T* || is valid.

The real number 1 is called an eigenvalue of the pair of operators T, T*
and the pair of elements v € H,, y € H, is said to be a pair of eigenelements
(of T, T*) belonging to A if
Tx=2y
¥y —dx

excluding the case when both x and y are equal to the zero element.

(1.2)

27
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As it is known, the operator T being completely continuous, the members
of the pairs of eigenelements form complete orthogonal systems in the respective
spaces and || T || is the greatest eigenvalue.

The square root of the quantity

(1:3) Il = T** = 2 (T @, 90

is called the double norm of the operators T' and T*, where {x;} and {y,} are
complete orthonormal systems in the spaces H, and H,, respectively. It is
known that — {4;} being the sequence of eigenvalues —

(1.4) e = 3

is equivalent to the statement that the members of pairs of eigenele-
ments furnish complete orthogonal systemsin the respective spaces. If even
[l]T ||| < o then the operator T is completely continuous.

1.2. Henceforth, let us treat the Hilbert spaces as subspaces of the same
given H in which the scalar product will be denoted by (x, y) and the norm
by ||« ||. Let & denote the set of all subspaces of H except the subspace
containing the single element zero. Let P, denote the operator of the ortho-
gonal projection on the subspace Hy ¢ 27 ie. the linear bounded operator,
which has the following properties:

1. Having x € H,
(1.5) (@, y) = (%0, 9)

for some x, € Hyand for all y € H if and only if x, = Py .
2. Having x € H,
(1.6) min [[@ — y| = [z — x|
Y€H,
for some z, € H, if and only if v, = Py.
Further, it is kown that P};, = P}, = Py, -
As to the relative position of two subspaces H, € # and H, € ¥ the
quantity
(1.7) 0(H,, H,) = inf||x — Py, 2||
€H,
[[x][=1
may be esteemed characteristic, though this quantity does not represent a
distance in the metrical sense as this will be shown in § 2. However, the basis of
the postulates given in Section 1.3 will be the quantity (1.7) because certain
intuitive meaning can be attributed to it for the probability theory in some par-

ticular cases (see § 5.).
Now, some simple properties of the quantity (1.7) are listed.

Theorem 1.1. For any subspaces H, ¢ # and H, €
1* 0= d0(H Hs) = 1;
2° O(Hy, H,) = 6(Hy, H,);
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8° 8H, H) =04 H,(YH;€X;
4° O6(H,, H,) =1 if and only of H, and H, are orthogonal;
5° 6(H,, H,) = 6(H;,H,) +f H, C H; and H, C H,.
Proof. The statement 1° follows from the inequalities
0= o — Pyt =1—||Ppat<1 el = 1.

For the proof of 2° let z € H,, ||z || =1 be arbitrary. If Py, =0
then || 2—Py,z || =1 = é (H,, H,); on the other hand, if Py, x & 0 then

2 2
& — Py 2|t =1 — [|Py,2lt=1— (Py,®, Py, ) - (Pﬂlszx;x) 5
HPHg ZH2 HPH?. x”-
21— BaPudl o sy — By ol 2 00 By,
1P r, [[*
where y = H—i% Therefore 6 (H,, H,) = 6 (H,, H,). The converse inequa-
ng

lity may be verified analogously, thus 2° is proved.

If H, N H, ¢ ¥ there exists z,€ H, N H, such that [[z,]|| =1 for
which Py, x, = x,, hence || z,—Py, z, || = 0 and this proves 3°.

If H, and H, are orthogonal then || Py, x |]* = (2, Py, x) = 0 holds,
ie. [|z—Py,z||=1 for all ze¢H,, ||z||=1, thus é(H;, H,) = 1. Con-
versely, if &(H,, H,) =1 then ||Py, z|?=1—| 2Py, z|? =0 for all
zeH, |[z]|=1,1ie. (2, y)=(Py,x, y) =0 for all z ¢ H,, y € H, — thus 4°
is proved.

Finally, if H, C H; then Py, = Pp, Py, hence if even H, C H;

0%(H,, H,) = inf ﬂx — P,L,zacH2 = inf {1 — |]PH2 Py x|?} =
Fi{ xEH{ i
|1x]|=1 |1x]|=1
> inf {1 — HPW x“} = inf |l — Py tz — 0 (H{ H;) .
Hj L x€EH{ -
[Ix]|=1 [Ix|=1

thus all the statements of the theorem are proved.

1.3. In order to characterize the "’similarity of position™ of subspaces let a
real number a(H,, H,) correspond to every pair of subspaces H, € %, H, ¢ &
such that the following Postulates are fulfilled:

1. a(H,, H,) = a(H];, H;) if and only if é(H,, H,) < é(H;, H3).
2. o(H,, H,) = 0 if the subspaces H, and H, are orthogonal.
3. a(H;, Hy)—1 if 6(H;, H;) = 0.

Evidently, these Postulates are satisfied by an o if and only if it is a strictly
decreasing function of ¢, taking on the value 1 at the point 0 and the value 0
at the point 1. However, the choice of such a function of ¢ is equivalent to the
choice of the scale measuring the relative position of subspaces. Therefore a is
uniquely determined but scaling. It is advantageous to choose the scale such
that a(H,, H,) = S(H,, H,), where

(1.8) S(H,, H,) = VT_ 0*H,, H,) .
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Theorem 1.1. may be written by the aid of S(H,, H,) in the following
form:
Theorem 1.1’. For any pair of subspaces H, € " and H, € 7

19 0<S(H, H,) <1

2° S(Hy, Hy) = S(H,, H,) ;

39 S(H, Hy)) =1 H, ' Hiek;

4° S(H,, H,) =0 if and only if H, and H, are orthogonal ;
B S(Hy, H3) = S(H H).nf Hyc Hi and Hyc Hi:
Theorem 1.2.

(1.9) S(H,; H,)= sup (2,9).
X€H,,||x|| =1
YeH,,|lyl|=1

Proof. If x € H,, ||z ||=1and ye H,, ||y || =1 then

(1.10)  (@9) = (P2 y) < [Pl = VT — [r— PP <
< V1 —=0H,, H,) = S(H,, H,) .

In the case of S(H,, H,) = 0 the statement follows from inequality (1.10).
If S(H,, Hy) > 0, let the sequence of x, € H, be such that ||z, || =1 and
|| 2, —Ppy, 2, || > 6(H,, H,) ie. || Py, 2, || — S(H,, H,); hence the sequence

{x,} may be chosen so that P, x, # 0. Choosing y, = - 8 "
%‘PHz il'nl
T, Py, i
(@ y) = EnLenZn) _yp, o> S(H, Hy)

”PHzx

from which the statement follows.

1.4. Let P} denote the restriction of the operator P, to the subspace
H,, i.e. the domain of PH1 is equal to the subspace H, and P”1 =By vl
%€ Hj.

Theorem 1.3.
(1.11) (PH)* = P2

Proof. If € H, and y € H,, then
(P2, y) = (Py, 2, y) = (x,9) = (=, Py, y) = (v, P2 y) .

all

Theorem 1.4.
(1.12) S(Hy, H,) = |PH| = ||P&|
Proof.
]’P |—sup”P;x[]_sngl—!|x—PH2xH2 S(H,, Hy).
ilx[|=1 [x]|=1

The following theorem specifies the cases for which the supremum is attainable
n (1.9).
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Theorem 1.5.
(1.13) S(H,, H;) = (Zos Yo) onHv”on =1;y,€H,, H?/OH =1

if and only if x,, y, form a pair of eigenelements — belonging to the eigenvalue
8 = S(H,, H,) — of the pair of operators P}, Pfa.
Proof. If (1.13) holds then for any y € H,

lleo — l? =1 —2(xo, ) + Wl>= 1 — 28 |ly|| + |ly]* =
=1—824(8—|y)2=1— 8%= ||z, — Sy,

wherefrom owing to (1.5)

Pz, = Sy,
and similarly

Pl yo = Sz,

Conversely, if x, y, form a pair of normed eigenelements,
(%0, Yo) = (PH: %o, Yo) = (SYo, ¥o) = S(H;, H,),
with which the statement is proved.

Theorem 1.6.
sup {||[Py, | [Py, 2| — ||t — Py, || ||x — Py, ||} =S(H,, H,).

[1x][=1
Proof.
(114) [Py, [Py, || — |& — Py, || o0 — Py, 2| < S(H,, Hy),
for all z¢H, ||jz|| =1
holds as proved by H. P. KRAMER [9]. Let 2, €H,, ||z,||=1(n=1, 2,...)
be chosen for x in (1.14) such that || P, z, || — S(H,, H,); then the left side
of (1.14) converges to S(H,, H,), wherefrom the statement follows.

Now, let H, and H, be two separable subspaces of H and {z;}, {y,} be
respective complete orthonormal systems. Introduce the quantity

(1.15) C(H,, H,) = [12’: (4 ?/k)zlyg-
Theorem 1.7. ,
(1.16) C(H,, Hy) = |[PH| = [[IPH: -

Proof. From the definitions (1.3) and (1.15)
”IPHHHZ = %‘ (Pﬁ; T, Yp): = 2(9’:" Yi)?

i i,k

{x;} and {y;} being complete orthonormal systems in /, and H,, respectively.

§ 2. Topological problems

As mentioned in § 1, 6(H,, H,) defined by (1.6) represents no distance in
the set #°. The existence of a non-vanishing function of 6 defining a distance
on ¥ was first inquired in [9]. Theorem 2.1 which will be formulated in
general form, excludes even the existence of a non-vanishing function of 6 the
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neighbourhoods generated by which would form a basis of a topology. (The
definition of topological space and related axioms of bases see e.g. [7] pp.
34— 35)

Theorem 2.1. Let X be an arbitrary set. Let us suppose that for the function
@(z, y) of two variables defined on X and for any x ¢ X and y € X there exists a
z € X such that

(2.1) P, 2) = ¢(2y) = ¢(2,2) .
If f is a non-negative function defined on the range of ¢ such that the subsets
V(z,e) ={y:y(® y) <& £>0

( the neighbourhood of x with radius € generated by y) satisfy the axioms of bases
where

y(@, y) = f(p(z, ), veX,ye X
then

y(®,y)=0.

Proof. Let z € X, y € X. In consequence of the condition on ¢, there
exists a z € X satisfying (2.1), wherefrom y(z, z) = y(z, y) = y(z, 2) follows.
According to the first axiom of bases z € V (2, ¢) for all ¢ > 0, thatis y(z, z) < ¢
for all ¢ > 0, i.e. y(z, 2) = p(2, y) = (2, 2) = 0, therefore

(2.2) z€V(z, &) for all & > 0,

(2.3) yEV(z ") for all &” > 0.

According to the third axiom of bases for any ¢ > 0 there exists ¢’ > 0 such that
for any point of V (2, ¢’) and thus by (2.2) for z, there exists &” > 0 such that
V(z, ¢")CV (z, ). From this and (2.3), yeV (x, ¢), that isy(x, y) < e for all e >0
is valid, hence y(z, y) = 0 for all x ¢ X and y € X.

From this Theorem it is evident, no non-vanishing function of ¢ with
property (2.1) may generate a quasi-distance.

Corollary. There is no non-vanishing function of the quantity defined by
(1.7) to generate a topology in ¢ .

Proof. For any H, € ¥ and H, ¢
o(H, H)y=»38H,H,) = 6(H,H)="0.

Hence 6 satisfies the condition of Theorem 2.1, thus the statement holds.

§ 3. Remarks on the case of non-commutative probability theory

In this section a special Hilbert space is briefly discussed implying the
functional ones arising from the ordinary or the non-commutative probability
theory as particular cases (see [11]). In this abstract formulation we deal with
the special projectors which provide the conditional expectation with norms
equaling the maximal correlations.

Let L°be a real linear space in which the following further operations are
defined:
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1. Multiplication. An element wxy € L° corresponds to every x € L° and
yel® so that

a) x(yz) = (xy)z for all x € L°, ye L° z ¢ LO,

b) there exists a unit-element e € L° such that xe =ex = x for all x € L,
c) x(y +2) = axyt+azand (x+y)z=az+yzforallz € L0 y € L° z¢€ L°,
d) z(ay) = (a 2)y = a(xy) for all z € L°, y€ L° and any real number a.

2. Involution. An element 2’ € L° corresponds to every x € L° so that

®

) (') == for all z¢lL°,

b) (x+y) =2 +y for all x€L° and y € L°,

¢) (ex) =ax" for all x¢ L° and any real number «,
d) (xy) =y " for all x€ L° and ye L°.

It is easy to see that the unit-element is unique and 0 x =0 for all x ¢ LO.
The elements z € L° for which 2’ =« are called self-adjoint. They form a linear
subspace which contains the unit-element and the zero element. The elements of

the set

(3.1) P = {xx’ : x € L%}

are called positive elements. The unit-element and zero element are positive
ones and the positive elements are self-adjoint.

Let up be a real-valued function defined on the linear subspace L!c L°
with the following properties:

1. u is linear on L'

2. If xx’ € L' then p(xx’) = 0 and if u(xx’) = 0 then xz = 0.

3. If ax” ¢ L' and yy’ € L' then zy” + yx’ € L.

4. e € Ltand u (e) = 1.

Put
(3.2) P=1{n:as" cli}.
From the property 3 it follows that L? is a linear subspace of L°.

For elements x € L? and y € L? let the scalar product and the norm be
(3.3) (@, y) = u(@y + y2') and ol = V(z, 2),

respectively, with which the space L? forms a — not necessarily complete —
Hilbert space.
Further, let P be a linear transformation on L! to itself with the following

properties:
1. If xeL>* N L' then z(Px) + (Px)x' € L.
2. If z(Py) + (Py)«' € L* then P[z(Py) 4 (Py)2'] =
=Pa(Py) + Py(Px) .
3. u(Pz)=p().
4. Pe=c¢.

3 A Matematikai Kutaté Intézet Kozleményei VITI. A/1--2,
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Theorem 3.1.If x € L2 AL! then Px L%

Proof.
2P x(P x)' = P[x(P xO -f (Px)x] ~ L.

Theorem 3.2. If x ~L?7 L' then Px is the orthogonal projection of x on
the subs pace

(3.4) H = {Pxxi L> HL'}.
Proof.
(Px, Py) = y(Px(Py)  + Py(PxY) = y(Px(P vy) + (Py) x]) =
= X(x(Py) + (Py) x) =  (xPy)

for all Py i L? hencethe statementfollows from (1.5).

Thereforethe restrictionof P to L> i L' is the projectionPy. However,
not every projection has the above properties. These particular projectors
representthe conditional expectationeither in the ordinary or the non-com-
mutative probability theory. The quantity

S(B1y, B2,0) = IIPft.J = sugy(xy'+ yX),
XCH,,, (Ixi 1 =1
yiH AW\ =1

is called the maximal correlation of Hy and B.,, where By and 3, o are the
orthogonal complementsof the subspacesof the above types 8; and I,
respectively,to the unit-element.

8§ 4. Maximal correlation of a-algebras

4.1. In the present section let us consider the case of (commutative)
probability theory. Let (Q, F. P)bea probability spaceand L®> = LQ, F, P),
further L%, = L%Q, Fo, P), where Fy is an arbitrary sub-u-algebraof the
(j-algebra F. Let us denotethe subspaceof the elementswith zero expected
values of the spaceszO by L%, It should be remarked that not every sub-
spaceof L? is of the form L Fts- (R. R. BAHADUR [1] hasgiven necessaryand
sufficient conditionsfor a subspaceto be of this form.)

Let F, and F., be two sub-cr-algebra®f F. The quantity

(4.1) S(F\R) = S(%i, L)

is called the maximal correlation of these sub-cr-algebras.

It should be remarkedthat no topology may be introduced among the
sub-cr-algebrasof F by the aid of non-vanishing functions of the maximal
correlation as it follows from Theorem 2.1 in consequenceof S (F, F) =
= S(F,, F)= S(F, F) = 1

4.2. In the subsequentpart of the paperthe following symbols will be
used for particular cases:

Fy for the smallestcr-algebrawith respectto which everyelementof V is
measurable,V being an arbitrary set of random variables; F* = F * and
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= P{i}, further the spaces
Lv = Hpy, Lvfi = LfpyR3,
(4-2) L% = L\iy, Lii=L\iyso,
Li = L\(},LTﬂ =L\ |};();

moreover, the projectors

Pv = Pl, ,
4.3) P
Pi =P
finally,
(4.2) s(f,ifc) =S (Fe,Fn
S(lv) = S(Fe, F,)
and
Pf', == Pib-°
F2.0
(45) Prﬂt = P+Hl,.
N 2
P|1 =Diﬁ*

where g« denote stochastic processesand . vector random variables
(including singlerandomvariablesasone-dimensionalvectors), {1J, {t]J4 and
{I}, {6} denotethe setsconsisting of the components of ry and q,
respectively.

It is worthy of notethat S(Hy, H,) is equal to the correlation coefficient
of the random variables£, €L2 £t L? if H, and H, arethe setsof the linear
functionswith zeroexpectedvaluesof £ and £, respectively.If H is the set of
the linearfunctionswith zero expectedvaluesof £fiL®> and £ is a random
variablethen S(H, L?,) is the correlationratio of £ on

4.3.Now, we considerthe extremecases0 and 1 of maximal correlation.

The sub-cr-algebrasF, and F, are called independentif every element
of Fx isindependentof eachone of F,. It is easyto seethat the independence
of sub-cr-algebras(including that of stochasticprocessesand that of random
variables)is equivalentto zero maximal correlation (seee.g. [2]).

The common elementsof probability one and zeroof two sub-cr-algebras
of F are called their trivial common elements.Obviously, the empty set and
the whole set Q are the trivial common elementsof any two sub-cr-algebras.
If the sub-cr-algebrasF, and F, have non-trivial common elementsthen
S(F«, F2) — 1, becauseof having such onesis equivalentto L%y and L%
having non-zero common elements. Especially, S(£, q)= 1 if for the vector
random variables £ and N non-constant Borel-measurable vector-valued
functions/ and g exist suchthat/(£) = g(rj).

Since Fc.F, if and only if LdL%, thereforeS(F[, F',) » S(Fy, Fo),
whenever F',dFy and F.dF; as it follows from 5° of Theorem 1.1'.

3*
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Especially for vector random variables| and y S(/(]), g(ri)) ~ S(|, rj) where
/and gare any Borel-measurablesector-valuedfunctions,becauseof FANF ¢
and

4.4. In this sectionit is dealt with the pair of operatorsPs\ and Pg*.

Theorem 4.1. For two normed random variables f €L%, and g€Llf,o
the following statements are equivalent:

1°/ and gform a pair of eigenfunctions of the pair of operators Pg\. 1I'g\-
2° WPAIN = WP\ = (f,9).
3°f and g are linearly correlated and \P,f\ = [|-P£j/||; |jPfg = ||P£jg\.

Proof. Analogousto that of Theorem 1in [4].

In the sequel,let us examineunder what conditions the operators Pg»
and P;j form apair of integraloperators.The Theoremon this subjectwill be
formulated in general.

Let (Q. F, Pj)and (Q,; F, P,) be two probability spacesandlet T be a
linear bounded operator defined on L%, and taking on its valuesin Lg, for
which

1le P Xsi,— Xoi>
2. if AiF, then T °>

3.3 Tfd P,= J fd P, for all / €Ly ,
Si, R,

where %, denotesthe indicator function of any A ¢ F,
Theorem 4.2. There hold
1o T* vusii = Xoi'
2°if A"F, then 7* yg”" °>

3° NT* gdP,= | gdP for all g~ L\
Si, 0,

(For the adjoint T* see (1.1).)

Proof. According to Condition 3, (T* xq, f)i = Tf)2= (zon )
for all / gLg therefore 1° follows.
Since
\O*53<1D, = {6:,0*0a)1= (00a.0a)2ATxadP/ 0 for any A~ F,
a
accordingto Condition 2, thus T* g4 0.
Finally,
f T* gdP, = (xa, T* g\ = (T x0, Q) = g = \gd?
a, S3,

! Thecorrelationof / andgis calledlinear, if boththeregressionsf them arelinear.
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The conditionsimply that the set function
(46) P(AXB) = (TXA’XB)Z

isnon-negativeon intervalsof Q = if y Q,, henceit can be uniquely extended
as a measureon F = F, X F,.

Thus, being P(i2) = 1, (E, F, P) is a probability space,whereas
Px(A) = P(A XU,) for all A<iF,,
PJB) = P(Q. X A) for all A" F,

are the marginals of P. Hence, if / = /(x)" L% and fjx, y) = f(x) for all
6"~ U,, then

jjlfdpP=j7%2dP,,

which meansthat L% can be consideredas a subspaceof L? (Q, F, P) con-
sisting of its elementsnot dependingon the elementsof Q, while F, as the
sub-cr-algebraof the elementsA x i?,.U\; can be characterizedin a similar way.

Theorem 4.3.
4.7) T =
Proof. (4.6) implies
(Xa'’XB) = (‘XAs XB)
for each A~ F; and A f Fp; thus
(4-8) (fg)= (Mg

whenever/ " L% and g~ L'y are step functions; by the continuity of the

operator T, (4.8) holds for any/ " L% and g~ L%, whencethe statement
follows from (1.5).

The operatorT is called an integral operatorwith kernel K(x, y) if

T=$K{X,y)f(x)dP()tUr; for all /- 2.

|
Theorem 4.4. T is an integral operator with kernel K(x, y) if and only if

P(E) = f\K(x,y)dP~dPjy) for all E* F,
e

ie. P PXxXP

Proof. Analogousto that of Theorem 1 in [3].

8§ 5. The intuitive background of the postulates

In section1.3three postulateswere given. Let us examinewhat is their
intuitive backgroundin spacesL™ from the view-point of stochasticconnection
between two random variables.

As a matter of fact, the meaningof intensity of connectionis not at all
unambiguouslydetermined.Thus,no systemof postulatescan be adaptto cha-
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racterizeit in all possiblesensesThis sectionis to explainthe sensecorrespon-
ding to our systemof postulates.

Let | and 17 be arbitrary standardrandom variables. As it is known,
L? and L? are the spacesof functions (having finite standarddeviations) of
£ and rj, respectively;further B¢ rj representsthe conditional expectation
(regression)of 77on If only the Lvalues are observed,the valuesof 7 may be
inferredby the aid of P._ rj. Of course,the closer the connectionbetween| and
rj, the betteris the inference.On the other hand, the inferenceis better, when
the root-mean-squareerror of it, i.e.

(5.1) h-Pcvb

is less.However, this standarddeviation dependsnot only Ollthe intensity of
connectionbetweenfund 77,but alsoon the scale,on which the valuesof rj are
measured,i.e. on the univalent transformationsof r. Hence, the degree of
dependenceis regardedhigher, when (5.1) may be lessenedby normed uni-
valent transformationsof 77,that is the quantity

(5.2) ini\g-Pg\\

is less, where the infimum is taken for univalent ggL?%o, |lgr||= 1. Though
(5.2) doesnot seemto be 8(L? o, L? o), the following Theoremis true.

Theorem 5.1.

(5.3) sup («,v) = S(f, 77),
where the supremum is taken for & gL% and vgL% univalent functions of
<£ and rj, respectively, with ||é |[j= ||«|]| = 1.
Proof. Let f, gL% andg, gL% (||/,]|= ||*,]|= 1)besuchthatlim (/,.£,) =
=
= Sfurther let (P L%0>Mm" L2, be step functions which take on
only afinite numberof values,suchthat I|m epm —1| = I|m Wom—ag\W\ = 0
for all n. Then I|m \\<p*n — /]| = I|m \\aé* —ag\ = 0, too, where <p*p,=
m==0
= 777 - vm = ,for lim h*,n-<pamf= hm (1- |Knl])>= 0 and
I'Vnmll IIVrunll M=~ M=~
PEmimam il — '™ \W<Pnm— <Pnm\ +  lim \<fpm — f\ =0,
m =«

which can be analogouslyverified for ||ip*n—g ||, too.
Let

“‘nmk = °nmkt(SH <P*, and Vi = emdt() + yr*m,
where t(x) is a univalent bounded measurablefunction: |t(x)\ < C. The posi-
tive numbers g are determined so that Iim emw = 0 and em < °~™
fc=- 2C
where a,, > 0 are lessthan any of theabsolutevaluesof the non-zerodiffer-

ence of the valuesof the step functions(p*n, y*m. With this choice of e the
functions upn  and vink are univalent, since if u(%) = Unm(X2), either

im < \<fom{f) - PFm(w) = W\4%X1]) ~ < ~ ' 2 C - agy
lc
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which is impossible, or 9>*(aq)—<p*m(X2) = 0, in which case t(x)=t(xy) and,
owing to the univalenceof t(x), X« = Xp. Similarly, the functionsv,x are also
univalent. Because of

Wnmk —tamW” Cemk and  Wamk - =>%\ *  Newm,

and
ll(i[n_ WU* e = Ul 1? = lim [(2 - Hupme - MKJI) 2+ M*(Wamp)] =
= l|(i_m Fmie 'nmk\¥? — 0 >
"MKmk  — C'nmll —VSml|l = 0 for alln and moowher mk and

fe=

V¥ arethe standardizedof upme and Vi

Therefore, (W%, V¥mk) may approach S(f, rj)) with arbitrary accuracy.

In consequencef this Theorem, (5.2) is equal to 6(L® o, L? o). Accord-
ingly, in 1.3 Postulate 1 assertsthe closer the connection, the greater the
maximal correlation.

Postulate2needsno commentary:it simply assertsthe maximal correla-
tion being zero in the caseof independence.

Postulate3 expresseghe caseof "strict dependence"However,not only
the caseof f and/or rj being a function of the othershould beregardedas that
of strict dependencebput alsothe moregeneraltype of dependenc&£) = g(r])
where/ and g are non-constantBorel-measurablefunctions.

In this case

(5.4) a(Zf,o, L2) = 0.

Moreover, (5.4) may hold in the "irregular" cases,when there exist sequences
o f, ~OL 9n~ 01 such that ||/, ||]= |lg |I= 1 and lim ||f.—g, ||= O,
I

but no functionof | is equalto afunction of rj. (Seean examplefor this casein
[10].) For sake of uniformity, these casesare also consideredas those of
"strict dependence".

A. RENYI [10] has given some Postulatesfor quantitiesmeasuringthe
intensity of stochasticdependencevhich are satisfiedby the maximal correla-
tion. If his Postulatesare modified by substitutingour Postulatesl and 3 for
these Postulates F) and E), respectively, then the obtained system of
postulatesis satisfiedby the maximal correlation only.

It is to be noted,that N. B. BeLL [2] alsodealtwith the modification of
A. RENYI's Postulatesbut the maximal correlationdoesnot satisfyhis modi-
fied system.

§ 6. Particular cases and examples

In this sectionthe notation | = (|;. . .., £y) will beusedfor an V-dimen-
sional and 77= (iq, ..., rlm) for an J/-dimensionalrandom vector, where
N é M.

2Henceforthlet M( ) denotethe expectationof the random variable in brackets.
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6.1.Canonical distribution. Therandom vector (|, y) is saidto be canonic-
ally distributed if the joint distribution function of it equals the product

of the distribution functionsof (£, pf), .. ., rjin) andof yn+y ..., fjm, i€
(6.1)H(Xv. . XY = W)=H1(Xy1). -HnXn Y HneadYne) - Hufym)
Lemma 6.1. For canonical distributions (f, ..., Ny ...,a/lis inde-
pendent of (£,-;. ¢ * -, Vj'i > ¢+ > Vy), whenever all theindices i' and j differ from
all the indices i and j. Hence if f, €L\, e+ e /ad" O EL, .. ¢ L%y then the
productsf, . ..fy €1A and g, . . .gw €0, further \\f,. . = W ||... Wyl

lift ee-Ri Il = HhIl eee1&i lland (E-..fyn, 0 -..0w) = (E,”) ...(fvGn) X
X M(gn+1) ** . YA(Qw). If {fim} and {gjm} are complete orthonormal systems in

L% resp. L% (i = 1,...N; j— 1,..., M) then the setsof all the possible pro-
ducts {/ni .. ./édiad} and [gmi . ..4i0 1} *® complete orthonormal systems in
1E, resp. L2

Proof. The statementsmaybeverified directly fiom the definition of the
canonical distribution.

Lemma 6.2. For canonical distributions

(6-2) *Vt eeo/N = Pyl oo
(6.3) P« ft see IM = P&Ft ¢osPix INMON+) s+ M (Gy),
where /," L’ and g~ L? (A= 1 N:i= 1,.., M) .
Proof. Let {gjm} be completeorthonormal systemsin = 1,..., M
andg= 2 Rm-...0& 9irn, ««« RMmh an arbitrary element of O. Thus
"1, M
(Bu fl eee Pix fN>9) — — Rm,..mM{D-U fi « «PnxfN' ftm, s««9i0 ;)=
m,..

T i Bm,..m{fi, ftmj o e{fN>9Nmy) M (gfx+1, Mys1) * * * M(Qumit) =
,omj,
= {k--fn,0)
which proves (6.2). The proof of (6.3)is analogous.

Theorem 6.1.Letfy, gy ... A, fee  pairs of eigenfunctions of Pf}
Pff...,/)* PTk and belongto the respectiveeigenvalues A, . . ., Agi/ a canonical

distribution. Then the pair of products f, .../, ...Qik forms a pair of
eigenfunctions of Pf P'l and belongs to the product Aq. .. Ay. for any kK" order
combination (&\, ..., if) of the elements 1, ..., N.

Proof. According to Lemma (6.2),
Pnin eeefik - DU\fn eeoxxx fik = E o oo Eji ooe9ik.

Pl R&see9ik= DI eeePfoik = AOeeeKin oo efike
Theorem 6.2. For canonical distributions

(6.4) S(|, »?)= max S(Es>?.9).
i=1 N
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Proof. Let {/;y} and {gj} be complete orthonormal systemsin L\

resp. L\, such that fig = go = Xo »= 1,e¢¢, X; j= 1 M). Let further
/= 2 -+ -nylime -INny€L|o and g= ~ Bu- - .01 Gni.. &0  +n,0
i.+...+ E&a>0 my+ ...+ mjf>0

be arbitrary normedrandom variables.In this caseone obtains

[(Egh=1 ~ A ny...nyRBm...my[fin;, SW) x ... X
/L+...+ €aa0) m,+...+m,j,>0
X {fyntgynmy) M(gn+1>ms+1) - --h%ynd]| A
= — A 1306 Bm..myO...o{fin, BIM) .- (/via> gNMYy) l+eee +
"HE0 msiT

+ A A 20...0nyRo...omyO0...o(fNnyBNmy) | V

nif>0 my>0
as (fi, i7) » AR (- PP [ G- P O | B KL
i, njv.m, @88
n,>0 m,>0
S(fjv> *?n) 2 A |ao...qj0o0...o0m.v0...0] *

n.v>0 m.v>0

A ax S(E,-is) A \®ny...nyBm,...my0...0\ 1A ax s(fiJ,-) .
N i=1

i=\.., ni+...+ny> 0 m,+..+miv>0 i=1.., N

Oll the other hand, S(|, )~ S(|, i) @=1,..,3) is trivial, thus (6.4) is
true.
Theorem 6.3. For canonical distributions

(6.5) 1+ CF,»)= [1+ N*(EDWIY] ..-[1+ CCn, W)l

where C(Cy Co) = ||| | V the mean-square contingency of (vector) random
variables C, and £,.

Proof. If {/.,} and {f7jr} are complete orthonormal systems in L2
resp. L> such that fiy = guo=%(i=l...., N] j= 1,... if) then from
(1.15)

1+ Ci, y) = (i -fans Omiee 8o )% =
ITliy™NTIM

= 2 (finngHf oo 2 (fNmygUmyf= [1 + C Ay J]...[1 +C¥CuNn)]
n,m, ny,my

Theorem 6.4. If the eigenvalues kj,for n; > 0 belong to pairs of eigenf unc-
tions of bu, Pfy (&= 1,... A) furnishing complete orthogonal systems in

L8 and L% o, respectively further if A, = 1 thenthesequence {Aim ... An,v}
contains all the non-zero eigenvalues of Pf P'L

Proof. In consequenceof (1.4) and (6.5)

1+ 2 o Pnns = (1+ 2 eee (i+2 wny =
n,+...+n,f>0 n,>0 ny>0
= [1+ N2&, yv)] ... [1+ C%(£,,vy,)] = 1+ c»(f, V).

RegardingTheorem6.1, this provesthe statement.
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6.2. Normal distribution. Let thejoint distribution of r) beanN + Tri-
dimensional Gaussianone with the covariance matrix

212
. 212222 -

where2111is the covariancematrix of 2122that of rj; the elementsof ff,, are
the covariancesbetweenthe componentsof | andthoseof r. (2n means the
transposedof 2112-)

If | is degeneratelydistributedi.e.the determinantof 21luvanishesthen
some componentsof £ can be expressedin terms of the others. Omitting
thesecomponents,the spacel\ remainsunchanged.Thus a non-degenerate
distribution of £, and similarly of 7/, may be supposedwithout restricting
generality.

Therecan be madeuse of the known fact that a non-degeneraté& + M-
dimensionalnormalrandomvector (£, rf) canbetransformedby non-degenerate
linear transformationsof its W-dimensionalcomponent£ and of its if-dimen-
sionalcomponentrjsothat the obtainedrandom vector (£', rj) beof N -+ M-
dimensional zero-vectorexpectationand of covariance matrix

(6.6) 2 =

1 ... 0 . 0 0 .
0 1 0 QNO. 0
Qi" 0 1 0 0 0
(67) Q|/\ e o o N\ Qn/\ 0,
0 Qn 0 1 0 0
0 0 0 0 1 0
o ... 0 o ... 0 o ... 1

This means that the componentsof £' and r' are standard normal
randomvariablesandthat their joint distribution is canonical (seeH. HOTEL-
LING [6]). The correlation coefficients g, . .., oy are called the canonical
correlationsof | and rj. Thus, L\ = L| and Lf = L\ holding, y can be
taken as canonically distributed with standard components without any
restriction of generality.

Theorem 6.5. The maximal correlation of normally distributed random
vector variables is equal to their greatestcanonical correlation.

Proof. The normally distributed vector (£, r/) with covariance matrix
(6.7) — accordingto S(f;, a0) = g, (f = | N) andTheorem®6.2— has

S(le»?) = «?!,

from which the statementfollows.
When transforming the normal distribution with covariance matrix
(6.6) into a canonicaldistribution, it isto seethat S(£, rj) is the greatestroot of
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the equation

det Q2u 2e
212 9222.
and that the pair of linear eigenfunctionsbelongingto S(£, rj) is

N M
t= 20Es - M) 9= 2, Bi(Vi - miy)),

wherea = (cq,..,,a) and B = (B, ... Ry are the vectors satisfying the
equations

22 = S(tV)222R

2i28 = S(f,ij) 2*11 «e
6.3. Multinominal distribution. Let the joint distribution of (|, q) be

Pit... inj,. . jM
L\
iB...in\jB....ju\(L~1-3) Plles+PN Q. <€UL-D- Q-
wherei, ...in jv -.-jm arenon-negativeintegers,L is a positive one and
P --Pvw O ... OQu arenon-negativenumbers, further
/= q -f ... i, J=h + ..o+ gw, I+ 3 AL
P = pt...+py, Q=9+ ... +gyw> P+Qai 1-

The marginal and the conditional probabilities are

L\

Pi,...i pp ... 1- P~ | ak L ,
bl L (L))
L\ .
Pj, -ju -gh..¢"-Q)L-J L
h\...jm\(L-J)\
L-J)I ©Ye in p L3
Pi,..is\j,...ju . .( ) Pi ) ( WN 1.
iB.. ing\{L-J-1)\ 1-¢3 . [-Q l-Q
IAL-J) J A
{L-1)! ! M .
Ti\g,...20 ., fl « 1
L (Z - 1- Hri1- P 1-P 1 1-P)
JAL-1; L.

In order to calculatethe maximal correlation for such distributions the for-
mule

4 " " L\

6.8 2 » " . -P)--\= 2a;,P’T I7 n =1,2,
( ) <=0 ) 7':»l " (l- - 6 !
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isto beappliedwherel is a positiveinteger,0JLp ~ landag, are appropriate
coefficientswith a,,= 1.

Theorem 6.6. The non-zero eigenvalues of the pair of operators P;, P'i are

(6.9) E = PQ n= 1., L
(1-P)(1-Q)
and the maximal correlation
(6.10) S(f,i7) = PQ
L(l-P)(i- Q)
Proof. In consequenceof
2 6 + eeo+t in)"PINY UL =
- L-J-1
LJ ) I - 11 VN ly
2% 1- Q 2 i-«3  11-«)
le
Vd
_ - V p o\ L-J-1 p L -3 1
| o A .
& - Q -Q 22"[T @ (L-3-j)1
P .
L-vi).. (L - i+ 1) - M(<pn)
the equality Uu-GgJ
71=1 L
— Q N A [e) " + N
and’ E¥%10gouslythe equality ( ( 0 Poa
71= 1 L
hold, where
<Pn= (fi+ eeo +fjv)" ad ysn = {Vi+ eee+ Vm)' &=

Here a generalizedform of Theorem 3 of [4] may be applied. Viz. as it is
obvious, this Theoremmay be generalizedto any pairs of Hilbert spacesand
any pair of operatorsadjointto eachother: the proof is analogous.Thus (6.9)
supplies eigenvalues.
With the aid of identity (1.4) it is provedthat (6.9) providesall the non-
zero eigenvalues:
\%

Pi,...iyV +],..JM

T+ A0, t) = v

[1+...+istii+...+JitA.L

2 L—N\(L — I\ p L-L-J Q L-L-J
i+ IA L INIV(L-1-)\ 2Y
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X N\ Pl PN <h <IMm
2 m 1—Q 1Q  1-p 1 —
jit...4iu=J
L—1\L—I)\ P TH P 3¢ Q) X
2 n U-eJ(
% « T (L —D\(L — IN
1-P Wl T [L1-d-Kk)\(L-1-d-1))
<,kEL-1-J
0 <,1<,L-1-J
(1+fc J+1 L L, p mf o ,n m .
X (_ I)fc+. Q
\-Q) [i-P m=0 n=0 Q) U-/%)
, —L m—1jifpL—m L1 Lot n
mo- 7=0 Y n—1J Z-0 o m
\ \ L
p \m r(b_\g L
2 « -

@ -Q i-°P heo (1-P)(1-Q) -1+ 2

Therefore (6.10) holds, too.
6.4. Multihypergeometric

distribution. Let the joint

(I V) ve
E1 L- A-
o *1 NIV 7o el
pU-.0,:.]'m -
U

jm arenon-negativeintegers, A,

wherei, .. ., o]

L and é are positive ones, further
Il = h + + iy , J = ji + ee +1m |
A=A + ... + A, , B = Bx + e + By, A

and é~ L.
The marginal and the conditional probabilities are

K\I\

45

distribution of

A,

By

B,
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By, L-B
1 k —J

PitiM  — J gk,
Pil—iy \jl...i®1 — ' lg —J Jgk ,

Bl\ B iL - A- B\

Pjl...juNii—iN

Analogously to (6.8) in the precedingexample,in the presentcase

L— LA L,
1 R |
o | e . K L
(=0 L (k-j)I
1

is neededwhere € g L arepositiveintegersand a, areappropriatecoefficients
with a,, — 1.

Theorem 6.7. The non-zero eigenvalues of the.pair of operators P>, P)) are

B\
n
(6.11) K = n= 1, ..., &
L- A L-B
n n
and the maximal correlation
AB
(6.12) S(E,P) =
(L—A) (L — B\
Proof. In consequenceof
J? (h + eee+ hv)' Pi..h\J..jM =
it+.-.+iy k-
L — A —
D S, (A n k- )
1=0 (L-B & AN | L- B\ (k—J—))!

k —J
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the equality

rr n= 1, ... @&

and analogously the equality

P2(Yn- M(v,)=2°7" | @-w ... - - j+1)- Mw)
1= ) e=1,... &,
hold, where :
Vn= {Sl+eee+ and w, = + ...+ ny)" n—1i, ..., €.

Analogouslyto the previousexample,here(6.11) provideseigenvalues.Finally,
we prove that theseare all the non-zero eigenvalues:

Pi,—IN],:-iM

2
i+ INH,+..HuEK  Pli—fy- P j,...iu

IL- A- Af
|- J J 2 Al
W L— AL—A Gy ) M
" — | o+ HiMY
L—A —A
é—1 —1J
B TL- A LB Eo
é—1 k-1J

The last equality is the consequencef the fact, that neither side dependson
N andM andthattheleft sideof it is equalto the left sideof thefirst equality
for N = M — 1. Namely,in this particularcasethe left sideof the last equality

is equalto 1-f- 2 > since both the dimensions of L?; and L? ; equalk, the
number of possible pairs of eigenfunctions.

6.5. The distribution of (f, rj) havingthe joint frequencyfunction

) if(x2+ . x2n)2+(yl+ ey o+ sz)Zé |
|
0 otherwise

wherep > 0, g> 0 and

"o Jeee] dx... dxy dy ... dyu
(1 +...+ p+ y\ 1
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The marginal and the conditional frequencyfunctions are

E1
2 P
hLN-(v o' >%N) — [L- A+ ...+ 80 ; X+ .+ X< 1,
tr
2
N
02 qN
E 0@ e 0) — [L-(6\+ ...+ &)Ta oL+ ...+ &L
tr + 1
a
~ " . 2 7 A 2 -
hN\tM|> cn-)oa\Oé . __>oi) N [1 - (6\ + ...+ 0,6\ b-,

B2
+ eeot XnaA[L- (Yl + oo+ OO O+ eee+ OF A 1,

q_M
h 1..0\1..0{O1 O 15> ese>"n) M [1- (xf+ ...+ xb)’] *
Eu
P2
W eeer yPMA [L- 0+ oo 20T P L+ x 2N

Theorem 6.8. The non-zero eigenvalues of the pair of operators Pf P'l are
NM

(6.13) = n= 1,2,
(pn + N) (gn + M)
and the maximal  correlation
NM
(6.14) S(E*?) =
P+ N)g + M)
Proof. In consequenceof
(x\ + ...+ X342 ALLW-[I..M(®I, «+- *N\VV «e0e>2/M)X
XT+...+
A Dns N 2\n
E dX] ... doCjNj — - (l+ ...+ YW,
pn + N
the equality
N
Pt(<p, ~ M(<pn)) (1-Vi)"-M (tpn) »=1,2,
pn N
and analogouslythe equality
M
Plly>n- M) = (1 -tf-10 71=1,2,...,
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hold, where
pn qn

<Pn= (T.|'+ (XX +£n)2 and vn = (vl + eee+ yh)T n= 1,2,...

As in the aboveexamples, here (6.13) are eigenvaluesand (6. 14) holds, for
(6. 13) gives all the non-zero eigenvalues:

I I 8@, e xXw W ..., 0)
X

M a
] 2
x di\ LLodxy dye L.dyw = N A T —
r2 | [1-(B]+. +A)21 « X
x I’ (1-<0%) P ad"~'dadx ...dxy =
MA - + 11
? 1)" i ' X
) n2:O n >qgn + il
X (IR T R (%72 Afo s dXe .. Oy =
x!+. o+ x\j<, |
N\
A Vao"'gn+ M J
= V «

pn + N gn +M

The integrals were calculated by introducing spherical coordinates.
(Received December 6, 1962.)
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