
ON THE GENERAL NOTION OF MAXIMAL CORRELATION 
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P É T E R C S Á K I a n d J Á N O S F I S C H E R 

Introduction 

I n their recent papers [3], [4] the au thors discussed some properties 
of t h e maximal correlat ion of two r a n d o m variables as in t roduced b y H . G E B E -

L E I N [5]. The na tu ra l idea of t he s t ra ight forward generalization of th i s measure 
of connection for r a n d o m vectors , for stochastic processes and even for a-
a lgebras has been a l ready realized in [8] and [9]. The present p a p e r aims a t 
a d d i n g some f u r t h e r propert ies t o those described in the al luded works. 

In § 1 a not ion involving t h e maximal correlat ion is considered in the 
genera l Hilbert space. § 2 deals wi th topological and metrical problems. § 3 is t o 
show how the maximal correlation may be de f ined in the non-commuta t ive 
p robab i l i ty theory developed in [11]. § 4 is about some propert ies of t h e maximal 
correlat ion between u-algebras. I n § 5 the in tu i t ive background of the pos-
t u l a t e s given in § 1 is revealed. Final ly , § 6 contains some par t icu lar cases and 
examples . 

§ 1. General notions 

To commence with, the not ions and facts f r o m the Hi lber t space theory 
n e e d e d and the symbols used in th i s paper are explained. 

1.1. Let 7/, and 7/, be two real Hilbert spaces with scalar products 
{xv x2)l € 7/,, x2 € Hx) and (yv y2)2 (y1 € Я2 , y2 € H2), the respect ive norms 
d e n o t e d by || x ||x (x € Hx) and |] у ||2 (y € H2). 

Let T be a l inear bounded operator whose domain is t h e space Hx 
a n d which takes on i ts values in t h e space H2. I t is known t h a t t h e r e exists 
a un ique ly de te rmined linear bounded operator T * whose doma in is the 
space H2 and it t akes on its values in the space Hv f u r the rmore 

(1-1) {T x, y)2 = (x, T* y)x 

holds for all x € / / , and у € H2 . T h e operator T* will b e called t he ad jo in t of the 
o p e r a t o r T. The equal i ty || T || = || T* || is val id. 

The real n u m b e r A is called an eigenvalue of t h e pair of ope ra to r s T, T* 
and t h e pair of e lements x € Hv у € Я., is said t o be a pair of eigenelements 
(of T , T*) belonging to A if 

(1.2) Т Х = Х У 
T*y = Ax 

excluding the case when both x a n d у are equal t o t he zero e lement . 

2 7 
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As i t is known, t h e operator T b e i n g completely continuous, t h e members 
of t h e pa i r s of eigenelements form comple te or thogonal systems in t h e respective 
spaces a n d || T || is t h e greatest eigenvalue. 

T h e square roo t of t he q u a n t i t y 

(1.3) \\\т\\\г = \\\т*\\\2 = 2 (Тъ.ук) 2 
i,k 

is cal led t he double n o r m of the ope ra to r s T and T* , where {#,-} a n d are 
comple te or thonormal systems in t h e spaces / / , a n d H2, respec t ive ly . I t is 
k n o w n t h a t — {Я,} be ing the sequence of eigenvalues — 

(1.4) |||T|||2 = 2 t i 
i 

is equ iva len t to t h e s t a t emen t t h a t the members of pairs of eigenele-
men t s furn ish comple te orthogonal sys tems in t h e respective spaces. If even 
HI T [Л < °o then t h e operator T is completely cont inuous . 

1.2. Hencefor th , let us t r e a t t h e Hilber t spaces as subspaces of t he same 
given H in which t h e scalar p r o d u c t will be deno ted b y (x, y) a n d t h e norm 
by II x ||. Let d e n o t e the set of all subspaces of Я except t h e subspace 
con ta in ing the single e lement zero. L e t PHo denote t h e operator of t h e ortho-
gonal project ion on t h e subspace H0 € at? i.e. t h e l inear bounded operator , 
which has the following propert ies: 

1. Having x € H, 

(1.5) (x, у) = (ж0, y) 

for s o m e x0 g H0 a n d fo r all y g H0 if a n d only if x 0 = PHox. 
2. Having x g H, 

(1.6) min Ца; — г/|| = Цж — я0 | | 

for s o m e x0 € H0 if a n d only if x0 = PHox. 
Fur the r , it is k o w n tha t P2

Ho = = PHo. 
As to the r e l a t i ve position of t w o subspaces / / , € Ж and H2 € the 

q u a n t i t y 

(1.7) ô{HvH2)=mï\\x-PHtx\\ 

11*11-1 

may b e esteemed character is t ic , t h o u g h this q u a n t i t y does no t represent a 
d i s t ance in the met r ica l sense as th i s will be shown in § 2. However, t h e basis of 
the pos tu la tes given in Section 1.3 will be the q u a n t i t y (1.7) because certain 
i n tu i t i ve meaning c a n be a t t r i bu t ed t o it for the p robab i l i ty theory in some par-
t i cu la r cases (see § 5.). 

Now, some s imple propert ies of the quan t i ty (1.7) are l isted. 

Theorem 1.1. For any subspaces / / , g -W and II, € 3F 

1 ° 0 ^ Ô{HV H2) ^ 1 ; 

2° Ô(HVH2) = Ô(H2,H1); 
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3° ô(Hv Hß = 0 if Hx n H2 € ; 

4° Ô(HlyH2) — 1 if and only if H1 and H2 are orthogonal; 

5° ô(Hv H2) ^ д(Н[, Hß if Я , с H{ and H2dH'2. 

Proof. The s t a tement 1° follows f rom the inequalities 

0 ^ | | * - P „ 2 a f = 1 - \\PHt ||x|| = 1 . 

For the proof of 2°, let x € Hv || x || = I be arbitrary. If РНг x = 0 
t h e n [[ x—РНг x II = 1 ^ Ö (H2, Hß; on the other hand, if РНг x ф 0 then 

ik - РнА*=1 - \\phA?=1 - {P"CP":XY = 1 - {р1£НшТ- ^ 

^ 1 - l l P L P H t f = 1 - l l p " i у11* = IIУ - у\\г = ' 
рнА 

P X 
where y = — . Therefore à ( / / , , H2) > ö (II.,, Hß. The converse inequa-

lity m a y be verified analogously, t hus 2° is proved. 
If Я 1 Г) H2 € there exists x0 € H, f) H 2 such that || x 0 (| = 1 for 

which РНг x0 — x0, hence [| xg—РНг x0 || = 0 and this proves 3°. 
PH%x\f = (x, PHlx) = 0 holds, 

= 1, thus Ô (Hv H2) = 1. Con-
« = 1—Il x — P H x||2 = 0 for all 

If H1 and H, are orthogonal then 
i.e. Il x—РНг x i| = 1 for all a; € Hv || x 
versely, if b(Hv H2) = 1 then 11 РНг x 
x € H[, Il x К = 1, i.e. (x, у) = (Р Н г x, у) = " o for all a: € Hv"y e H2 — thus 4° 
is proved. 

Finally, if H2 с Hi then Рщ = РНг PH>, hence if even II { с H( 

Ô2(HV H2) ^ inf I® - P „ 2 x||2 = inf {1 - IIPHt P H ; x||2} 
xÇHi x f H i 

11*11 = 1 11*11 = 1 

è inf {1 - ||Р„„'*||2} = inf ||x - P „ ; x||2 = 0 2 ( Щ , Щ ) , 
xÇHJ _ х£Н< 

11*11=1 11*11 = 1 
thus all the s ta tements of the theorem are proved. 

1.3. In order to characterize the "similarity of posit ion" of suhspaces let a 
real number a(Hv H2) correspond to every pair of subspaces Hx € 3if, H2 6 <W 
such t h a t the following Postulates are fulfi l led: 

1. a(Hv H2) ^ a(Hß Hß if and only if Ô(HV H2) ^ h(H[, Hß. 
2. a(Hv Hß = 0 if the subspaces Hx and H, are orthogonal. 
3. a(Hv Hß = 1 if Ö(HV Hß = 0. 
Evidently, these Postulates are satisfied by an a if and only if i t is a strictly 

decreasing function of ô, taking on the value 1 a t t he point 0 and t h e value 0 
a t t h e po in t 1. However, the choice of such a funct ion of ő is equivalent to the 
choice of the scale measuring the relat ive position of subspaces. Therefore a is 
uniquely determined b u t scaling. I t is advantageous to choose the scale such 
t h a t a(Hv Hß = S(HV Hß, where 

(1.8) S(IIV Hß = \ \ - d \ H v H ß . 
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Theorem 1.1. may he wr i t t en by the aid of S(Яр H2) in t h e following 
f o r m : 

Theorem 1.1'. For any pair of subspaces 7/, € 3F and H2 € 

1 " 0 ^ S(H1 H2) ^ 1 ; 

2 ° S[HV H2) = S(H2, Hfj ; 

3° S(HVH2) = 1 if Hx N 772 Ç ЭР ; 

4° 5(17!, 772) = 0 if and only if Я , a n d Я 2 are orthogonal ; 

5° S(tf 772) è 8(Я(, Я 0 if Hx С я ; a n d Я 2 с . 

Theorem 1.2. 
(1.9) $ ( # ! , Я 2 ) = sup (x, у) . 

х { Н „ | | х | | = 1 
У6Н., |Ы| = 1 

Proof. If x € Я р II® II = 1 a n d у € Я2 , || г/ || = 1 then 

(1.10) [x, у) = (.PHtx,y) ^ ||РН,®|| = У1 - H* -

^ Kl - ô-(Hx, H2) = S (Яр Я2) . 

I n t h e case of Б ( Я р Я2) = 0 t h e s ta tement follows from inequal i ty (1.10). 
I f 5 ( Я р Я2) > 0, let the sequence of xn 4 Hx be such t h a t || xn || = 1 and 
И хп—РНг xn II 0 (Яр H2) i.e. 1 PHi ®„ || ->- S{HV Я2); hence t h e sequence 

P x 
{xn} may be chosen so tha t P / / 2 xn f= 0. Choosing yn = • Нг " 

\\PHI
 ЖЛ11 

{хп,уп) = [ Х " п
Р н г Х " ) = PH,xn\\-+S{HvH2) 

f r o m which t h e s t a t emen t follows. 
1.4. Let PH\ denote the res t r ic t ion of t h e operator РНг t o t h e suhspace 

Hv i.e. the d o m a i n of is equa l to the subspace Hx and P ^ 1 x = PH2 x if 
x € Я р 

Theorem 1.3. 
( l . i i ) (P'JD* = p f t 

Proof. If x Ç 77j and у € Я 2 , t h e n 

(Рн\ У) = (PHi x, У) = («, y) = (®, PHl y) = (®, Р й | 2/) -

Theorem 1.4. 

( 1 - 1 2 ) S(HV я 2 ) = ||рйл| = i i p g j i i . 

Proof. 

il il = sup II P » ; x II = sup f l - | | x — Р Н г ж | | 2 = S(HV Ht). 
xÇH, xÇH, 

il*ll = I 11*11-1 

T h e following t h e o r e m specifies t h e cases for which the supremum is a t t a inab le 
in (1.9). 
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Theorem 1.5. 

(1-13) s (HvH2) = (x0,y0) *o€tfi.|WI=i;yoetfa.||yo|| = i 

if and only if x0, у0 form a pair of eigenelements — belonging to the eigenvalue 
3 = S(Hv H2) — of the pair of operators P"\, Pftf 

Proof. If (1.13) holds then for any y € H 2 

H*o - У\\2 = 1 - 2(z0. У) + IMI2 è I - 2 S IMI + IMI2 = 

= 1 _ S2 + (S - IMI)2 è 1 - S'= ||x0 - SMoll2, 

wherefrom owing to (1.5) 
Pft*o = Sy0 

and similarly 
P%y0 = Sx0. 

Conversely, if x0, y0 form a pair of normed eigenelements, 

(®o> Уо) = (Рн\ x0, y0) = (8y0, y0) = S(Hv H2), 
with which the statement is proved. 

Theorem 1.6. 
sup {| |PHl x|| IIPHi x|| - ||x - PHl x\\ \\x - РИг x\\} = S ( H v H2j. 

I l* l l= i 

Proof. 

(1.14) \\PHlx\\ \\PHlx\\ - \\x-PHlx\\ \\х-РНгх\\ ^ s ( H V H 2 ) , 

for all x$H,\\x\\ = l 
holds as proved by H. P. K R A M E R [9]. Let xn e # 2 , || xn || = 1 (n = 1 , 2 , . . . ) 
be chosen for x in (1.14) such that |] PHl xn || -a- S ( H v H2); then the le f t side 
of (1.14) converges to S ( H v H2), wherefrom the statement follows. 

Now, let IIy and H2 be two separable subspaces of H and {x,}, {yk} be 
respective complete orthonormal systems. Introduce the quanti ty 

(1.15) C(HvH2) = [ 2 (хиУк)2]*. 
i,k 

Theorem 1.7. 
( 1 . 1 6 ) C(HV н2) = W\Piï\\W = | | | Р Й ; | | | . 

Proof. Prom the definitions (1.3) and (1.15) 
НИИ2 = {рн\ X, ykY = 2 (*,. ,%)2. i,k i,k 

{x,} and {yk\ being complete orthonormal systems in Hx and H2. respectively. 

§ 2. Topological problems 

As mentioned in § 1, b(Hv H2) defined by (1.6) represents no distance in 
the set 3 f . The existence of a non-vanishing function of b defining a dis tance 
on J f was f i rs t inquired in [9]. Theorem 2.1 which will be formulated in 
general form, excludes even the existence of a non-vanishing function of 6 the 
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neighbourhoods generated b y which would f o r m a basis of a topology. (The 
defini t ion of topological space and related ax ioms of bases see e .g . [7] pp . 
34—35.) 

Theorem 2.1. Let X be an arbitrary set. Let us suppose that for the function 
<p(x, y) of two variables defined on X and for any x € X and y € X there exists a 
z € X such that 

( 2 . 1 ) <p(x, z) = <p(z, y) = cp(z, z). 

If f is a non-negative function defined on the range of <p such that the subsets 

V(x, e) = {y: y{x, y) < e) e > 0 

(the neighbourhood of x with radins e generated by y) satisfy the axioms of bases 
where 

y(x, y) =f(<p{x, y)), x(.X,y$X 
then 

y(x, y) = 0 . 

Proof. L e t x € X, y Ç X. I n consequence of the condi t ion on <p, t h e r e 
exists a z € X satisfying (2.1), wherefrom y{x, z) = y(z, y) = y(z, z) follows. 
According t o t h e f i rs t axiom of bases 2 € V(z, e) for all e > 0, t h a t is y(z, z) < e 
f o r all e > 0, i .e. y(x, z) = y(z, y) = y(z, z) = 0, therefore 

(2.2) z£V(x,a') for all e' > 0, 

{2.3) y£V(z,e") for all e" > 0. 

According t o t h e third axiom of bases for a n y e > 0 there exis ts e' > 0 such t h a t 
for any point of V(x, e') and t h u s by (2.2) fo r z, there exis ts e" > 0 such t h a t 
V(z, e")oV(x, e). From this a n d (2.3), г/€ V(x, e), tha t isy(x, y) < e for all e > 0 
is valid, hence y(x, y) = 0 f o r all x € X a n d у € X. 

From t h i s Theorem i t is evident, n o non-vanishing funct ion of rp wi th 
proper ty (2.1) m a y generate a quasi-distance. 

Corollary. There is no non-vanishing function of the quantity defined by 
(1.7) to generate a topology in . 

Proof. F o r any H1 € and H2 € А Г 

Ô(HV H) = Ô(H, H2) = Ô(H, H) = о. 

Hence b s a t i s f i es the condition of Theorem 2.1, thus the s t a t emen t holds. 

§ 3. Remarks on the case of non-commutative probability theory 

In th i s section a special Hilbert space is briefly discussed implying the 
functional o n e s arising f r o m t h e ordinary o r t h e non-commutat ive p robab i l i ty 
theory as pa r t i cu l a r cases (see [11]). In t h i s abs t rac t fo rmula t ion we deal with 
t he special pro jec tors which provide the conditional expec ta t ion with n o r m s 
equaling t h e maximal correlat ions. 

Let L° b e a real linear space in which t h e following f u r t h e r opera t ions are 
defined: 
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1. Multiplication. An element xy € L° corresponds to every x Ç L° and 
y(.L° so tha t 

a) x(yz) = (xy)z for all x € L°, y € L°, z € L°, 
b) there exists a unit-element e € L° such t h a t 0C6 — SOC — ОС for all x € L°, 
c) x(y + z) = xy -+- xz and (x -f- y)z = xz-\-yz for all x € L°, у € L°, z Ç L°, 
d) x(a y) = (a x)y — a(xy) for all x € L°, у £ L° and any real number a. 

2. Involution. An element x' € L° corresponds to every x € L° so t h a t 

a) (x')' = x for all x 6 L°, 
b) (x + у)' = x' + y' for all x € L° and у 6 L°, 
c) (ax)'— ax' for all XÇ.L" and any real number a , 
d) (x у)' = y' x' for all x € L° and у € L° . 

I t is easy to see tha t the unit-element is unique and 0 x = 0 for all x € L°. 
The elements :r€ L° for which x' = x are called self-adjoint. They form a linear 
subspace which contains the unit-element and the zero element. The elements of 
the set 

(3.1) = [xx': x <L L0} 

are called positive elements. The unit-element and zero element are positive 
ones and the positive elements are self-adjoint. 

Let у be a real-valued function defined on the linear subspace IJtzL0 

with the following properties: 

1. у is linear on Ll. 
2. If xx' € L1 then y(xx') ^ 0 and if y(xx') = 0 then x = 0. 
3. If xx' € L1 and yy' € L1 t hen xy' + yx' € Ll. 

4. e € Ll and у (e) = 1. 

P u t 
(3.2) L2 = [x : xx' € L1} . 
Prom the property 3 it follows tha t L2 is a linear subspace of L°. 

For elements i f f 2 and у € L2 let the scalar product and the norm be 

(3.3) (x, y) = y(xy' + yx') and ||®|| = ]f(x, x), 

respectively, with which the space L2 forms a — not necessarily complete — 
Hilbert space. 

Fur ther , let P be a linear transformation on Lx to itself with t he following 
properties: 

1. If i ( i 2 f | f ' then x(P x)' + (P x) x' € L1. 
2. If x(Py)' + (Py)x' e i 1 then P[x(Py)' + (Py)x'] = 

= Px(Py)' +Py(Px)'. 
3. y(Px) = y(x) . 
4. Pe = e. 

3 A Matematikai Kuta tó Intézet Közleményei VI I I . A'l—2. 
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Theorem 3.1. If x <E L2 Г) L1 then Px iL2. 

Proof. 
2 P x(P x)' = P[x(P xУ -f (P x) x'] € Ll. 

Theorem 3.2. If x € L2 П L1 then Px is the orthogonal projection of x on 
the subs pace 

(3.4) H = {Px:xi L2 H L 1 } . 

Proof. 

(Px, Py) = y(Px(Py)' + Py(PxY) = y(P[x(P y)' + (Py) x']) = 

= rx(x(Py)' + (Py) x') = (x,Py) 

for all Py i L2, hence t h e s ta tement follows from (1.5). 
Therefore the res t r ic t ion of P t o L2 П L1 is t h e project ion PH. However , 

not every projection h a s the above propert ies. T h e s e particular projectors 
represent t h e conditional expectat ion e i ther in t h e o rd ina ry or t h e non-com-
muta t ive probabil i ty t h e o r y . The q u a n t i t y 

S(Я 1 ) 0 , Я2,0) = I I P f t . J = s u g y ( x y ' + yx'), 
xÇH,,„ ( Ixi I =1 
yiHv\\y\\ =1 

is called t h e maximal correlation of H y and Я.,, w h e r e Я1>0 and Я , 0 are t h e 
or thogonal complements of the subspaces of t he a b o v e types Я 1 and II,, 
respectively, to the uni t -e lement . 

§ 4. Maximal correlation of a-algebras 

4.1. In the p r e s e n t section let u s consider t h e case of (commuta t ive ) 
probabi l i ty theory. L e t (Q, F. P) be a probabi l i ty space and L2 = L2(Q, F, P), 
fu r the r L2

Fa = L2(Q, F0, P), where F0 is an a r b i t r a r y sub-u-algebra of t h e 
(j-algebra F . Let us d e n o t e the subspace of the e l emen t s with zero expected 
values of t h e space L2

Fo b y L2
Fo 0. I t should be r e m a r k e d that not eve ry sub-

space of L2 is of the f o r m L2
Fts. ( R . R . B A H A D U R [ 1 ] has given necessary and 

suff ic ient conditions fo r a subspace t o b e of this f o r m . ) 
Le t Fx and F., b e t w o sub-cr-algebras of F. T h e q u a n t i t y 

(4.1) S(F\,F2) = S(L2
Flfi, L2p2i0) 

is called t h e maximal correlation of t he se sub-cr-algebras. 
I t should be r e m a r k e d that no topology m a y b e introduced among the 

sub-cr-algebras of F b y t he aid of non-vanishing func t ions of t h e maximal 
correlation as it follows from Theorem 2.1 in consequence of S ( F v F ) = 
= S (F2, F ) = S (F, F) = 1. 

4.2. I n the subsequent par t of t h e paper t h e following symbols will be 
used for part icular cases : 

F y for the smallest cr-algebra w i t h respect t o wh ich every e l ement of V is 
measurable , V being a n arbi t rary se t of random variables; F^ = F ^ and 
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= P{í}, fu r the r the spaces 

Lv = Hpy, Lvfi = Lfpyß , 

(4-2) L% = L\íl},Lifi=L\íl)>0, 

Lí = L\(},Lîfl =L\ | } ; 0 ; 

moreover, t he projectors 

Pv = Plv , 

(4.3) 

finally, 

(4.4) 

and 

(4.5) 

p, --
= * • { * > ' 

Pi -= P ( Î } ; 

S ( f „ i f c ) = S (Fe„Fm 

S(lv) = S (F 6 , F„) 

Pf' = r 2 
= Pïb-° 

F2.0 

Pn = : P H , . 
It ч . 

Pi = 
т2 

Р ifi 1 1 * 
I," 

where qt denote stochastic processes and rt vector r andom variables 
(including single random variables as one-dimensional vectors), { I J , {t]t} a n d 
{I}, {у} denote the sets consisting of the components of rjt and q, 
respectively. 

I t is wor thy of note t ha t S (H x , H2) is equal to the correlation coefficient 
of the random variables £x € L2, £2 t L2, if Hl and H2 are the sets of the l inear 
functions with zero expected values of £x and £2, respectively. If H is the set of 
the linear funct ions with zero expected values of £ с L2 and £ is a random 
variable then S(H, L2

 0) is the correlation rat io of £ on 
4.3. Now, we consider the extreme cases 0 and 1 of maximal correlation. 
The sub-cr-algebras Fx and F2 are called independent if every element 

of Fx is independent of each one of F2. I t is easy to see tha t t he independence 
of sub-cr-algebras (including t h a t of stochastic processes and t h a t of random 
variables) is equivalent to zero maximal correlation (see e.g. [2]). 

The common elements of probabili ty one and zero of two sub-cr-algebras 
of F are called their trivial common elements. Obviously, t he empty set and 
the whole set Q are the trivial common elements of any two sub-cr-algebras. 
If the sub-cr-algebras Fx and F2 have non-trivial common elements then 
S (F x , F2) — 1, because of having such ones is equivalent to L2

FlU and L2
Fi0 

having non-zero common elements. Especially, S(£, q) = 1 if f o r the vector 
random variables £ and r\ non-constant Borel-measurable vector-valued 
functions / and g exist such t h a t / ( £ ) = g(rj). 

Since Fxc.F2 if and only if L2
FldL2

Fl, therefore S(F[, F'2) ^ S(Fx, F2), 
whenever F'xdFx and F2dF2 as it follows from 5° of Theorem 1.1'. 

3 * 
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Especially f o r vector r a n d o m variables | and y S ( / ( | ) , g(rj)) ^ S ( | , rj) where 
/ a n d g a re a n y Borel-measurable vector-valued func t ions , because of F ^ С F ç 
and 

4.4. I n this section i t is dealt w i th t he pair of opera tors PF\ a n d PF*. 

Theorem 4.1. For two normed random variables f € L2
Fl 0 and g € L'f2 0 

the following statements are equivalent : 

1° / and g form a pair of eigenfunctions of the pair of operators PF\. I'F\-

2° \\P^J\\ = \\PF
Fig\\ = (f,g). 

3° f and g are linearly correlated1 and \\Pf
gf\\ = | | -P£j/ | | ; | j P f g = | | P £ j g\\. 

Proof . Analogous t o t h a t of Theorem 1 in [4]. 
I n t h e sequel, let u s examine u n d e r what condi t ions the opera tors PF» 

and PFj f o r m a pair of in tegra l operators . The Theorem on this subject will be 
formulated in general. 

Le t (Qv Fv Pj) a n d (Q2, Fv P2) b e two probabi l i ty spaces and let T be a 
linear b o u n d e d operator def ined on L2

Fx and tak ing on i ts values in LFl, for 
which 

1 • P Xsi, — Xoi> 

2. if A i F1 then T °> 

3. J Tfd P, = J fd Px for all / € L'Fi , 
si, ß, 

where %A denotes the indica tor func t ion of any A ç Fv 

Theorem 4.2. There hold 

1 ° T* '/síi = Xoi' 

2° if В € F, then 7'* y_B ^ °> 

3° С T* gd P, = j gdP2 for all g € L\. 
si, o, 

(For the a d j o i n t T* see (1.1).) 

P r o o f . According t o Condition 3, (T* XQt, f ) i = T f ) 2 = (Zoi, f ) l 

for all / g LFl therefore 1° follows. 
Since 

\ Т * Х в < 1 Р 1 = { х л , Т * Х в ) 1 = ( Т Х а . Х в ) 2 = \TXAdP2^ 0 for any A € Fv  
À в 

according t o Condition 2, thus T* Х в 0. 
F ina l ly , 

f T* gd Px = (xa„ T* g\ = (T Xo„ g)2 = g)2 = \gd?2 . 
a, S3, 

1 T h e correlation of / and g is called linear, if both the regressions of them are linear. 
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T h e condit ions imp ly t h a t the set func t ion 

(4.6) P (AXB) = (TXA,XB)2 

is non-negat ive on in te rva ls of Q = i f y Q2, hence it can b e uniquely e x t e n d e d 
as a measure on F = Fx X F2. 

Thus, being P(i2) = 1, (Й, F , P) is a probabi l i ty space , whereas 

PX(A) = P(A XÜ2) for all A<iFx, 

PJB) = P(Q1 X В) for all В € F., 

are the marginals of P. Hence, if / = / (x)€ L2
Fl and f j x , y) = f(x) f o r all 

у € ü 2 , t h e n 
j j / f d P = j 7 2 d P x , 

which means t h a t L2
Fl can be considered as a subspace of L2 (Q, F, P) con-

sisting of i ts elements n o t depending on t h e elements of Q2 while Fx a s t he 
sub-cr-algebra of the e lements A x i?2. Ь \ г can be character ized in a similar w a y . 

Theorem 4.3. 

(4.7) T = . 

Proof. (4.6) implies 

(Xa'XB) = (tXA• XB) 

for each A € F{ and В f F2; thus 

(4-8) (.f,g) = (Tf,g) 

whenever / € L2
Fl and g € L'Fl are step func t ions ; by t h e continuity of t h e 

operator T , (4.8) holds for any / € L2
F) and g € L2

Fl, whence the s t a t e m e n t 
follows f r o m (1.5). 

The opera tor T is called an integral ope ra to r with kernel K(x, y) if 

Tf=$K{x,y)f(x)dPx(x)tUFi fo r al l / € i 2
F i . 

" i 

Theorem 4.4. T is an integral operator with kernel K(x, y) if and only if 

P (E) = f \ K ( x , y) d P ^ d P j y ) fo r all E € F , 
E " 

i.e. P P tx P2 

Proof. Analogous t o t h a t of Theorem 1 in [3]. 

§ 5. The intuitive background of the postulates 

In section 1.3 three postula tes were given. Let us examine what is t h e i r 
intuit ive background in spaces L'1 from t h e view-point of stochastic connect ion 
between two random var iables . 

As a ma t t e r of fac t , t h e meaning of in tens i ty of connection is not a t all 
unambiguously de te rmined . Thus, no system of postulates can be adapt t o cha-
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racterize it in all possible senses. This section is t o explain t h e sense correspon-
d ing to our s y s t e m of pos tu la tes . 

Let I a n d 17 be a r b i t r a r y s tandard r a n d o m variables. As it is known , 
L2 and L2 a r e t h e spaces of func t ions (hav ing finite s t a n d a r d deviations) of 
£ and rj, respect ively; f u r t h e r Р ( rj r ep resen t s the condit ional expecta t ion 
(regression) of 77 on If only t h e Lvalues a r e observed, t he values of 77 m a y be 
inferred by t h e a id of Pf_ rj. Of course, the closer the connection between | a n d 
rj, the bet ter is t h e inference. O n the other h a n d , the inference is bet ter , wh e n 
t h e root -mean-square error of i t , i.e. 

(5 .1) h - P c v b 

is less. However , this s t andard deviation d e p e n d s not only 011 t h e in tens i ty of 
connection b e t w e e n £ und 77, b u t also on t h e scale, on which t h e values of rj a re 
measured, i .e. o n the un iva len t t r ans format ions of rj. Hence , the degree of 
dependence is regarded higher , when (5.1) m a y be lessened b y normed uni -
valent t r ans format ions of 77, t h a t is the q u a n t i t y 

(5.2) inî\\g-P(g\\ 

is less, where t h e infimum is t a k e n for u n i v a l e n t g g L2
u0, ||gr || = 1. Though 

(5.2) does n o t seem to be ô(L2
 0, L2

 0), the following Theorem is t rue . 

Theorem 5.1. 
(5.3) s u p («, v) = S ( f , 77 ) , 

where the supremum is taken for и g L2
0 and v g L2

0 univalent functions of 
<£ and rj, respectively, with || и |j = ||«|| = 1. 

Proof. L e t fn g L2
fi and gn g L2

fi (||/„ || = | |^„| | = 1) b e s u c h t h a t lim (/„,£„) = 
П= 

= S f u r t h e r let (pn m^L% ,o> '/Vim € L 2
0 b e step func t ions which t a k e on 

on ly a f ini te n u m b e r of values, such tha t l im !j cpnm — /„|| = l im \\fn m— gn\\ = 0 
m = ~ m = ~ 

f o r all n. T h e n lim \\<p*m — / п | | = lim \\гр*т — gn\\ = 0, t o o , where <p*m = 
m = " m==o 

= 7 ^ 7 - V*m = , f o r l im h * n m - < p n m f = hm (1 - | K m | | ) 2 = 0 a n d 
I'Vnmll llVrunll m = ~ m = ~ 

V h m /ni l 
m = « 

which can be analogously ve r i f i ed for || ip*m—g ||, too. 
Let 

unmk = enmkt(S) + <P*m and vnmk = enmkt(rj) + yr*m , 

where t(x) is a univalent b o u n d e d measurable function: | t(x)\ < C. The posi-

t i ve numbers enmk are d e t e r m i n e d so t h a t lim enmk = 0 a n d enmk < °~nm , 
fc=- 2C 

where anm > 0 a re less t h a n a n y of the abso lu t e values of t h e non-zero di f fer-
ence of t he v a l u e s of the s t ep funct ions (p*m, y*m . With this choice of enmk t h e 
funct ions unmk and vnmk a re univalent , s ince if unmk(xx) = unmk(x2), e i ther 

anm < \<f%m{xl) - f*m(w) I = W \ 4 X l ) ~ < ~ ' 2 C = anm , 
1 G 

l i m iiFnm /nil — l i m \\<Pnm — <Pnm\\ + l i m \\<fnm — fn\\ = 0 , 
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which is impossible, or 9>*m(aq)—<p*m(x2) = 0, in which case t(xl)=t(x2) and , 
owing to t h e univalence of t(x), xx = x2. Similarly, the func t i ons vnmk a r e also 
univalent . Because of 

\\unmk — tâmW ^ Cenmk and \\vnmk - ч>*т\\ ^ Сenmk, 
and2 

lim \\u*mk - unmkII2 = lim [(1 - IIunmk - M K J I I ) 2 + M2(wnmi[)] = 
k = -

= l im ||f*mfc
 vnmk\\2 — 0 > 

k=~ 

limIKmk — Ç'nmll — VSmll = 0 for a11 n and m' where Kmk and 
fc= 

v*mk are t h e s tandardized of unmk and vrmk. 
Therefore , (u%mk, v*mk) may app roach S(f , rj) w i th a rb i t r a ry accuracy . 
In consequence of th i s Theorem, (5.2) is equal t o ô(L2

 0, L2
 0). Accord-

ingly, in 1.3 Postu la te 1 asser ts the closer the connection, the g rea te r t h e 
maximal correlation. 

P o s t u l a t e 2 needs no commenta ry : i t s imply asserts, t h e maximal correla-
tion being zero in the case of independence . 

P o s t u l a t e 3 expresses t h e case of " s t r i c t dependence" . However, n o t only 
the case of f and/or rj being a funct ion of t h e other should be regarded as t h a t 
of strict dependence, b u t also t h e more gene ra l type of dependence / (£) = g(r]) 
where / a n d g are non-cons tan t Borel-measurable func t ions . 
In this case 

(5.4) д(Zf,0, L 2
f i ) = 0 . 

Moreover, (5.4) may hold in t he " i r r egu la r " cases, when t h e r e exist sequences 
of fn € Ц,о. 9n € Ц,о such t h a t || /„ || = | | gn || = 1 and lim || fn—gn || = 0, 

П 
but no func t i on of I is equal t o a funct ion of rj. (See an example for this case in 
[10].) F o r sake of un i fo rmi ty , these cases are also considered as t h o s e of 
"s t r ic t dependence" . 

A . R É N Y I [ 1 0 ] has g iven some Pos tu l a t e s for quan t i t i e s measur ing the 
intensi ty of stochastic dependence which a r e satisfied by t h e maximal correla-
tion. If his Pos tu la tes are modif ied by subs t i tu t ing our Pos tu la te s 1 a n d 3 for 
these Pos tu l a t e s F ) and E ) , respect ively, then t he obta ined s y s t e m of 
postula tes is satisfied b y t h e maximal correlat ion only. 

I t is t o be noted, t h a t С. B . B E L L [2] also dealt w i th t h e modif ica t ion of 
A . R É N Y I ' S Postulates , b u t t h e maximal correlation does n o t satisfy his modi-
f ied sys tem. 

§ 6. Particular cases and examples 

In th i s section the no t a t i on | = ( | 1 ; . . ., £N) will be u sed for an V - d i m e n -
sional a n d 77 = (iq, . . ., r]M) for an J / -d imens iona l r a n d o m vector, w h e r e 
N й M . 

2 Hencefor th let M ( ) denote the expectat ion of the random variable in brackets . 
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6.1. Canonical distribution. The r andom vector ( | , y) is said to be canonic-
al ly d is t r ibuted if the jo int dis t r ibut ion f u n c t i o n of i t equals the p r o d u c t 
of the d i s t r ibu t ion func t ions of (£v pf), . . ., rjN) and of y N + v . . ., rjM , i.e 

(6.1 )H(xv. . ., xN,yv.. • ,yM)=H1(xvy1).. -HN[xN,yN)HN+1{yN+1).. .HM{yM) . 

Lemma 6.1. For canonical distributions (|fl, . . ., r\jv . . ., г / i s inde-
pendent of (£,-;. • • -, Vj'i > • • •> Vy), whenever all the indices i' and j' differ from 
all the indices i and j. Hence if fx € L\, • • •. /дг € ,gx £ L^, . . gnç L2

M then the 
products fx . . . f N € IÄ and gx . . . gM € Ц, further \\fx. . = \\fx || . . . \\fN ||, 
l i f t • • - Ям II = Höhl! • • • 1 к м II and (Л - . . f N , gv . . . gM) = ( Л , ^ ) . . . (fN,gN) x 
X M(gN+1) • • . YA(gM). If {fim} and {gjm,} are complete orthonormal systems in 

L% resp. L2
f (i = 1, . . ., N; j — 1, . . ., M) then the sets of all the possible pro-

ducts {/lni . . ./лгпдг} and [glmi . . . дмтм} are complete orthonormal systems in 
1Л, resp. L2. 

Proof. T h e s t a tements m a y b e verified direct ly f i om t h e definition of t h e 
canonical d i s t r ibu t ion . 

Lemma 6.2. For canonical distributions 

(6-2) * V t • • • / N = P 4 L /I • • • 

(6.3) P« ft • • • 11M = P&f t • • • Pix 9NM(9N+I) • • • M (GM), 

where /, € L2
Si and g} € L2, (г = 1 N ; i = 1, ..., M) . 

Proof. L e t {gjmj} be c o m p l e t e o r thonormal systems in (j = 1, . . ., M) 
a n d g = 2 ßm-...ти 9irnx • • • Я Mm h an a r b i t r a r y element of Ц . Thus 

"1, rrtM 

(Рщ fl • • • Pix fN> 9) — — ßm,...mM {Р-щ fi • • P nxfN' ftm, • • • 9Мтм) = 
m „ . . 

= — ßm,...m„{fi, ftmj • ••{fN>9NmN) M (gfN+1, mJ+1 ) • • • M(gMmjf) = 
m, m j , 

= {k---fN,g) 
which proves (6.2). The p roof of (6.3) is analogous . 

Theorem 6.1. Let ftl, giv . . ., Д , fee pairs of eigenfunctions of Pf{\ 
P f f . . . , /')'*, P'l'k and belong to the respective eigenvalues A(1, . . ., Aljfc о/ a canonical 
distribution. Then the pair of products fh . . . / i t , . . . gik forms a pair of 
eigenfunctions of Pf P'l and belongs to the product Afl. . . AIjfc for any kth order 
combination (г\, . . ., i f ) of the elements 1, . . ., N. 

Proof. Accord ing to L e m m a (6.2), 

Pn in • • • fik - Рщ\ fn • • • * * * fik = К • • • Кяп • • • 9ik. 

PI Я и • • • 9ik= Р]\\9п • • • p]f9ik = ^Ó • • • Kfn • • • fik• 

Theorem 6.2. For canonical distributions 

(6.4) S ( | , »?)= max S(£,•,>?,•). 
i = 1 N 
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Proof. L e t {/Inj} a n d {gjni} be comple t e o r thonormal systems in L\. 
resp. L\v such t h a t fi0 = g/0 = Xo (» = 1, • • •, X; j = 1 M). Let f u r t h e r 
/= 2 ащ-• -ny/im-• -ÍNny € L | o and g = ^ ßmi. . . тм ginii.. дмтм^ +n,o 

п 1 + . . . + Ллг>0 m 1 + . . . + m j f > 0 
be a rb i t r a ry normed r andom variables. I n t h i s case one o b t a i n s 

|(Л g)I = I ^ ^ an1...nyßm1...mM[finl, SW) x . . . X 
/ L + . . . + лдгХ) m , + . . . + m , j , > 0 

X { f N n ^ g N m y ) M ( g N + 1 > m , + 1 ) . . . h % M m J | ^ 

= — ^ I ащ...пу ßml...my0...o{finl, Я lm) • • • (//V"A> gNmy) !+••• + 
n„...,ny m,,...,my 
n,>0 m, > О 

+ ^ ^ a0...0ny ßo...omy0...o(fNnyi 9Nmy) | V 
nif>0 my>0 

á S (fi , í?i) ^ ^ |а„1...„д,/Зт,...тло...о| + • • • + 
п, njv m, шдг 

n , > 0 m , > 0 

S ( f j v > *?n) 2 ^ | a o . . . o n j f Ő o . . . o m . v 0 . . . o | ^ 
n . v > 0 m.v>0 

^ m a x S(£,-, ÍJ , ) ^ \an1...nyßm,...my0...0\ I Ä max S ( f Í J , - ) . 
i = \,...,N nI+...+ny> 0 m , + . . . + miv>0 i = !,. . . ,N 

Oll the o ther hand, S ( | „ ÍJ,) ^ S ( | , ij) (г = 1 , . . , J ) is t r ivia l , thus (6.4) is 
t rue . 

Theorem 6.3. For canonical distributions 

(6.5) 1 + C2(F, »?) = [1 + С2(£Р ÍJX)] . . - [1 + C2(ÇN, VN)] 

where C(ÇV C2) = ||| ||| V the mean-square contingency of (vector) random 
variables Cx and £2. 

Proof. I f {/,„,} and {f7jrr,} are comple t e o r thonormal systems in L2 

resp. L2 such t h a t fi0 = gJ0=%a(i=l,..., N] j = 1, . . ., i f ) t h e n f r o m 
(1.15) 

1 + C2(i, y) = (/irii.. . fNns, gimi... дМтм)2 = 
ÎTliy^lTlM 

= 2 (fin^g^f ••• 2 (.fNmy.gUmy)2 = [1 + C ^ y J ] . . .[1 +C2(ÇN,r)N)] . 
n„m, ny,my 

Theorem 6.4. If the eigenvalues kinifor nt > 0 belong to pairs of eigenf unc-
tions of Рщ, Pft (г = 1, . . ., A) furnishing complete orthogonal systems in 
L§J>0 and L2

t 0, respectively, further if A,0 = 1 then the sequence {Alm . . . AN„V} 
contains all the non-zero eigenvalues of Pf P'L 

Proof. I n consequence of (1.4) and (6.5) 

1 + 2 . . . pNns = (1 + 2 • • • ( i + 2 vNny) = 

n , + . . . + n , f > 0 n , > 0 ny>0 

= [ 1 + С 2 & , V L ) ] . . . [ 1 + C 2 ( £ n , y „ ) ] = 1 + c » ( f , V) • 

Regarding Theorem 6.1, th i s proves t he s ta tement . 
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6.2. Normal distribution. Let the jo in t dis tr ibut ion of rj) be an N + Tri-
dimensional Gaussian one w i t h the covar iance matrix 

(6.6) 2 = 
. 212 

212 

2 2 2 -

where 2111 is t h e covariance m a t r i x of 2122 t h a t of rj; t h e elements of f f y l a re 
t h e covariances between t h e components of | and those of rj. (2n means t h e 
transposed of 2112-) 

If I is degenerately d i s t r ibu ted i.e. t h e de te rminan t of 21u vanishes t h e n 
some componen t s of £ c a n be expressed in terms of t h e others. O m i t t i n g 
these components , the space L\ remains unchanged. T h u s a non-degenerate 
distr ibution of £, and s imi la r ly of 77, m a y be supposed wi thout res t r ic t ing 
generality. 

There c a n be made use of the known f a c t tha t a non-degenerate N + M-
dimensional n o r m a l r andom vec tor (£, rf) c a n b e t rans formed b y non-degenerate 
linear t rans format ions of i t s W-dimensional component £ a n d of its i f - d i m e n -
sional c o m p o n e n t rj so t h a t t h e obtained r a n d o m vector (£ ' , rj') be of N -+- M-
dimensional zero-vector expec ta t ion and of covariance m a t r i x 

(6.7) 

1 . . . 0 . 

0 . . 

Qi • • 

0 . . 

0 . . 

1 0 

0 1 

Qn 0 

0 0 

0 0 . 

QN 0 • 

0 0 . 

1 

0 

0 . 

1 . 

. . 0 

. . 0 

. . 0 

. . 0 

Qi ^ • • • ^ Qn ^ 0 • 

0 . . . 0 0 . . . 0 0 . . . 1 

This m e a n s tha t t he components of £ ' and rj' a r e standard n o r m a l 
random var iab les and t h a t t h e i r joint d i s t r ibu t ion is canonical (see H . H O T E L -

L I N G [6]). T h e correlation coefficients g v . . ., oN are ca l led the canonical 
correlations of | and rj. T h u s , L\ = L| a n d Lf = L\ holding, y can b e 
t aken as canonical ly d i s t r i bu t ed with s t a n d a r d componen t s without a n y 
restriction of general i ty. 

Theorem 6.5. The maximal correlation of normally distributed random 
vector variables is equal to their greatest canonical correlation. 

Proof. T h e normally d is t r ibuted v e c t o r (£, r/) wi th covariance m a t r i x 
(6.7) — according to S ( f f , гр) = g, (f = I N) and T h e o r e m 6.2 — has 

S (!•»?) = «?!, 

f rom which t h e s ta tement fol lows. 
When t rans fo rming t h e normal d i s t r ibu t ion with covariance m a t r i x 

(6.6) into a canonical d i s t r ibu t ion , it is to see t h a t S(£, rj) is t h e greatest r o o t of 
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de t 0 

t h e equation 

Q 2 u 2 и 
2 1 2 9 2 2 2 . 

a n d t h a t t he pa i r of linear eigenfunct ions belonging to S(£, rj) is 

N M 

t = 2«,(£,• - M ( £ , . ) ) , g = 2 , ßj(Vj - M t y ) ) , 
i=l Í=1 

whe re a = (cq, . . ,,aN) and ß = (ßv . . ., ßM) a r e the vec tors satisfying t h e 
equa t ions 

2l2* = S(t,V)222ß 

2i2ß = S ( f , i j ) 2*11 «• 

6.3. Multinominal distribution. Let t h e jo in t d is t r ibut ion of ( | , q) b e 

Pit... inj,. . .jM 

L\ 

i ß . . . i N \ j ß . . . . j M \ ( L ~ I - J ) 
-, PÏ • • • P'N Q{1 ...<йЩ1-Р- Q)L-'-J, 

where iv . . ., iN, jv . . ., jM a r e non-negative integers , L is a posi t ive one a n d 
pv . . ., pN, qv . . ., qM are non-negat ive number s , fur ther 

/ = q -f ... +iN, J=h + . . . + jM, I + J ^L, 

P = p1+...+pN, Q = 9!+ . . . +gM> P+Qâi 1-

T h e marginal and the condit ional probabil i t ies are 

L\ 
Pi,...in 

P j, - ju 

i x \ . . . i N \ ( L - I ) \ 

L\ 

Pi,..is\j,...ju — . 

h \ . . . j M \ ( L - J ) \ 

(L-J)l 

pp . . . 1 - P)L~' I âk L , 

-qh...qj^l-Q)L-J J^L; 

iß... . i N \ { L - J - I ) \ 
Pi )'• ( VN in 

1 -
P L-J-I 

1 - ç J ' ' [l-Q 
1 -

l - Q 

I ^ L - J ) J ^L, 

{ L - l ) ! 71 ?M " f l « 1 ]м\1,...1п . , . . /M!(Z - 1 - J) ! 1 - P 1 - P 1 1 - P ) 

J ^ L - I ; I^L. 

I n order to calculate the max imal correlation for such dis t r ibut ions the for -
mule 

4 lL\ " L\ 
( 6 . 8 ) 2 » " • - P ) L - \ = 2 a j n P J T I T T n = 1 , 2 , . . . 

<=o 7' = » (L - j) ! 
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is to be appl ied where L is a positive in tege r , 0 JL p ^ 1 a n d ajn are app rop r i a t e 
coefficients with a n n = 1. 

Theorem 6.6. The non-zero eigenvalues of the pair of operators P;r P'i are 

PQ (6.9) К = 

and the maximal correlation 

(6.10) S(f,i7) = 

Proof. In consequence of 

(1-P)(1-Q) 

PQ 

n = 1,..., L 

PQ 
L ( l - P ) ( i - Q) 

2 к + • • • + iN)npi^jy.Ul...j„= 

L-J 

2 1 " 
1 и 

L-J 

2 I" 

(V 
ÍV 

1 
1 - Q 

P \ l 

l 

L-J-I 

2 
I! 

l - Q 
i = o 

the equa l i ty 

and analogously the e q u a l i t y 

l-Q 

L - J - I 

2 ' " [ î 
7 = i 1 

Í P 1 
11 

VN 

i l l - « J l l - « ) 

p ' (L- -J) ! 

ly 

Q ( L - J - j ) l 

P 

U - G J 

Q PKvn- = 

(L - V l ) . . .(L - j + 1) - M(<pn) 

7 1 = 1 L 

\ 

( ^ - ^ . . . ( Х - ^ - у + ^ - м ы 

71 = 1 L 
hold, where 

<Pn = ( f i + ••• +fjv)" and V>n = {Vi + • • • + Vm)" и = ! L-
Here a general ized form of Theorem 3 of [4] may be applied. Viz. as i t is 
obvious, t h i s Theorem m a y be generalized t o any pairs of Hilbert spaces and 
any pair of operators a d j o i n t to each o t h e r : the proof is analogous. T h u s (6.9) 
supplies eigenvalues. 

W i t h t h e aid of i d e n t i t y (1.4) it is p r o v e d tha t (6.9) provides all t h e non-
zero eigenvalues: 

î + с щ , t i ) = V 

(L — I) \ (L — J)\ 

V 

Í1 + ...+ is+ii+...+Jitä.L 

P 

i+J-^LI\J\(L-I-J)\2Y 

Pi,...iyV •],... ]M 

2 L-L-J 
Q 

1-P 

L-L-J 
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X 2 
I\J\ 

ji+...+iu=J 
Im ! 

PI  

1 — Q) 
<h PN 

1 -Q) 1 - P 

<7 M 

1 — P 

1-й 

2 
(L — 1) \ (L — J)\ J)\ p Tfi p L - ' - J ( Q ) 

J ) ! 2 U-eJ ( X 

X I « 
1 - P 

L - I - 7 

2 
(L — I ) \ (L — J)\ 

i+JÎl I U ] [ L - 1 - J - k ) \ ( L - I - J - l ) \ k\l\ 
<,k£L-I-J 

0 <,1<,L-I-J 

X ( - I ) f c + ' 
,1+fc 

Q 

\ - Q ) [i-P 

J + I L L , p , m f n ,n m r 

x 
— L m — 1 j f^p (L — m 

m ~ I
 ' 7=o 

p \m n \n L 

J 

m=0 n = 0 

-L+n—1 

n — J 

•Q) U - / 3 ) 

L L 

2 

X 

(1 -Q) 

Q _ \ a 

î - P 
n = 0 

( 1 - P ) ( 1 - Q ) 

m = 0 n=0 

L 

n m 

m n 

- 1 + 2 « -
n I 

Therefore (6.10) holds, too. 

6.4. Multihypergeometric distribution. Let t he j o in t d i s t r ibu t ion of 
(I V) b e 

РЬ-.Ы,:.] 

И1 

*1 »N I \ i l J 7 м 

L - А - В 

к - I - J 
•m iL I 

U 

where iv .. ., ц jM a re non-negat ive integers, Ax AN, Bv . . BM, 
L and к a re positive ones, f u r t h e r 

I = h + ... + iN , J = ji + • •• +1m ' I +J й к, 

A = A, + ... + An , B = BX + ••• + BM, A + B^L 

and к ^ L. 

The marginal and t h e conditional probabili t ies a r e 
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Pit-jM — 

IB м 

1м 

L - B 

k — J 
J g k , 

Pil—iy \jl...ÍM — 

A N 

ÍN! 

L - B - A 

к — J - I 

Pjl...ju\ii—ÍN 

Ш — IL-

[ i -

- В 

-J 

B1\ 
BM iL - A - B\ 

h 1M 1 к - I - J 

I g к — J; J g k , 

J iL к — I ; I g, к. 
L - A 

Analogously to (6.8) in t h e preceding example , in t he present case 

• I1' 
L— LA 

к — i I 
( = 0 

k\ 
Lx  

Ï 

L ( k - j ) l 

1 

n = 1, 2 , . . . 

is needed w h e r e к g L are pos i t i ve integers a n d ajn are app rop r i a t e coefficients 
w i th an n — 1. 

Theorem 6.7. The non-zero eigenvalues of the. pair of operators P>, P\) are 
i 

B\ 

(6.11) K = 
n 

L - A 

n 

L - B 

n 

n= 1 , . . . , к 

and the maximal correlation 

( 6 . 1 2 ) S ( £ , P ) = 

Proof. I n consequence of 

AB 

(L — A) (L — B)\ 

k-J 

1=0 

J? (h + • • • + hv)n Pil...h-\]l...jM = 
it+.-.+iy^k-J 

\L — В — 
n k — J - I 

( L - B 

k — J 

( A 

к AN I 

(k - J)\ 

L - B\ (k — J — j) ! 

Ï 
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the equali ty 

m 
7=1 r r 

and analogously the equali ty 

P?(Yn- M(v„))=2a7" 
j = I 

L — A 

j 

n = 1 , . . ., к 

(к - Vl) . .. (к - - j + 1) - M(Vn) 

и = 1 , . . . , к , 

hold, where 

Vn = { S ! + • • • + and Wn = + . . . + nM)n n — 1 , . . . , к . 

Analogously to the previous example, here (6.11) provides eigenvalues. Final ly , 
we prove t ha t these are all the non-zero eigenvalues: 

2 
Pi,—ÍN],:-ÍM 

i,+...+ ÍN+j,+...+ju£k Píi—íy- P j,...iu 

2 

I L - A - В f 

I - J J 
I+J^k iL — A 

\k — I 

2 — 

,L — В 

L — А — В 
к — I — J 

2 
í , + ... + !> = / I ll 
j,+ ...+ÍM'J 

Í i ) 

Вм\ 

ÍM I 

I+J^k L- A 
к — I 

L-B 
k - J 

2 * -
Л = 1 

The last equality is the consequence of the fac t , t ha t neither side depends on 
N and M and t h a t the left side of it is equal t o the left side of t h e first equal i ty 
for N = M — 1. Namely, in this particular case the left side of the last equal i ty 

is equal to 1 -f- 2 > since bo th the dimensions of L2
 0 and L2

 0 equal k, t h e 

number of possible pairs of eigenfunctions. 

6.5. The distribution of (f , rj) having t h e joint f requency function 

if (X2 + . . x2n)2 + ( y l + . . , + y2
M)2

 й I 
Í 

0 otherwise, 
where p > 0, q > 0 and 

' = J • • • J dx1... dxN dyl ... dyM . 
p » 

(*! + . . . + + (y\ 1 



4 8 CSÁKI—FISCHER 

T h e marginal a n d the condi t ional f r equency functions a r e 
Л1 

hl...N-(xv • ' ' > X N ) — 
tr 

2 P 
[1 - (x\ + . . . + хЪ)2]ч ; x2 +. . .+ X2

N < 1 , 

2 

Л |...м(2/1- • • • » Ум) — 

N 
т2 q N 

tr 
N 

+ 1 
[1 - ( у \ + . . . + у2

м)2]г- у1 + . . . + у2
м^1; 

г 
h..N.\t..Mxi> •••>хы\Уи • -->Ум) 

2 
N [ 1 - ( у \ + . . . + У 2

м у \ Р-, 

Я 2 
+ • • • + x2n â: [1 - (yl + • • . + Уы)2]р, у\ + • • • + Ум ^ 1 , 

h 1...м\1...ы{У1 Ум I xi> • • • > xn) M 

q _ M 
[ 1 - (xf + . . . + x b ) 2 ] 4 ' 

Л' 
P 2 

y\ + • • • + y2M á [1 - Ы + • • • + хы)2]", x2+ . . . + x 2
N ^ l . 

Theorem 6.8. The non-zero eigenvalues of the pair of operators Pfr P'l are 

NM 
(6.13) Я„ = 

and the maximal correlation 

(6.14) S (£,*?) = 

Proof. I n consequence of 

(pn + N) (qn + M) 

NM 

n= 1,2, . . . 

(p + N)(q + M) 

( x \ + . . . + X2
n)

2 AI . . .W- | I . . .M(®I , • • - , X N \ V V • • • > ? / M ) X 

XÎ+ . . .+ 

/К dX] . . . doCj^j — 
N 

pn + N 
[1 - (yl + . . . + y2

M)2\n, 

the equa l i ty 

Pt(<pn ~ M ( < p n ) ) 
N 

pn N 
( 1 - V i ) " - M ( tp n ) » = 1 , 2 , 

and analogously the e q u a l i t y 

P'l(y>n - M(Vn)) = 
M  

qn-f M 
( l - t f - М Ы 7 1 = 1 , 2 , . . . , 
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hold , w h e r e 
pn qn 

<Pn= ( Î Ï + ••• + £ n ) 2 a n d
 Vn = (vl + • • • + v h ) T n = 1 , 2 , . . . 

As in t h e a b o v e examples , h e r e (6.13) a r e e igenva lues a n d (6. 14) h o l d s , for 
(6. 13) g ives all t h e n o n - z e r o e igenva lues : 

H кг(хх, • • •, xM, yv . . . , ум) 
X 

M г 

X d.i\ . . . dxN dyx. . . dyM = 
2 
N 

r 2 J Г T. _ — 
. . . I [ 1 - ( х | + . . . + ^ ) 2 1 « X 

X 

Í (1-<тч) P aM~1dadx1 . . . dxN = 

M Г Í-- + 11 
2 

2 1)" 
P 1 

x 
, 2 n = 0 

X 

n > qn + ili 

I . . . j [ 1 _ (X2 + . . . ^ f ] » dxx .. . dxN = 
x! + . . . + x \ j < , l 

N\ 

^ v n ' qn + M J 

= V « . 

pn + N qn +M 

T h e in t eg ra l s w e r e ca l cu l a t ed by i n t r o d u c i n g spherical coo rd ina t e s . 
( R e c e i v e d D e c e m b e r 6, 1962.) 
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ОБ ОБЩЕМ ПОНЯТИИ МАКСИМАЛЬНОЙ КОРРЕЛЯЦИИ 

Р. CSÁKI и J . F I S C H E R 

Резюме 

Авторы рассматривают некоторые свойства обобщенной максимальной 
корреляции. Цель статьи — обобщение, соответственно дополнение некото-
рых результатов, полученных авторами а также другими исследователями 
данной области. 

В § 1 рассматривается понятие S (Я, , Я2) , характеризующее взаимное 
расположение подпространств Hv Н2 в общем Гильбертовом пространстве, 
являющемся в случае L2 равным максимальной корреляцией. 

Для этой цели авторы вводят в разделе 1.3 постулаты, основываю-
щиеся на величине ö(HvH2) определенной соотношением (1.7). Величина 
S(HVH2), определенная соотношением (1.8) удовлетворяет этим постулатам. 
Приведенные здесь теоремы являются также обобщениями известных резуль-
татов, относящихся к максимальной корреляции (скалярных) случайных 
величин, а теорема 1.6 дает новое определение величины S ( H V H 2 ) . 

В § 2 авторы показывают, что не существует такой не тождественно 
исчезающей функцией величины S(Я,. Я2), произведенные которой множества 
V(x, е) могли бы служить базисом топологии в множестве подпространств. 

В § 3 дается толкование понятия максимальной корреляции в неком-
мутативной теории вероятностей. 

В § 4 авторы рассматривают максимальную корреляцию между а-
алгебрами, обобщая при этом несколько их более ранних результатов 
(теоремы 4.1 и 4.4). В качестве частного случая рассматриваются макси-
мальные корреляции между стохастическими процессами а также между 
векторными случайными величинами. 

В § 5 авторы исследуют вопрос, в какой мере максимальная кор-
реляция, к а к число измеряющее стохастическую связь, выражает нагл-
ядное содержание понятия этой связи. Они характеризуют интенсивность 
стохастической связи между двумья случайными величинами возможной 
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малостью среднеквадратической ошибки одной из случайных величин, рас-
читанной от ее ожидаемой условной величины по отношению другой слу-
чайной величине при взаимно-однозначном преобразовании случайных 
величин. 

В этой связи они доказывают, что максимальная корреляция двух 
случайных величин равна сюпремуму корреляционных коэффициентов их 
взаимнооднозначных функций (теорема 5.1), значит она тем больше чем теснее 
связь в вышеуказанном смысле. 

В § б авторы определяют значение максимальной корреляции в не-
скольких частных случаях и примерах. Они показывают, что максимальную 
корреляцию векторных случайных величин с каноническим распределением 
дает наибольшая максимальная корреляция между их компонентами 
(теорема 6.2). Отсюда они водят, что максимальная корреляция векторных 
случайных величин с нормальным распределением равна их наибольшей 
канонической корреляции (теорема 6.5). В случае полиномиального распре-
деления максимальная корреляция даётся формулой (6.10), а в случае по-
лигипергеометрического распределения формулой (6.12). Максимальная 
корреляция приведенного в разделе 6.5 распределения даётся формулой (6.14). 

3* 
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