
ON CLASSICAL OCCUPANCY PROBLEMS I. 

by 
A. B É K É S S Y 

1. Introduction Le t t h e r e be N " ce l l s " or "urns" , a n d suppose t h a t N 
"bal ls" a re th rown in t h e cells independen t ly of each o t h e r with t h e same 
probabi l i ty ] /n. As a resul t , there will b e cells occupied b y 0, 1, 2, . . . bal ls 
resp. Denot ing the number of cells, which con ta in exactly m balls by $(n, N, то), 
an "occupancy problem" is t o de termine t h e probabi l i ty distribution of t he 
random var iab les This well known p rob l em is t rea ted a n d the p robabi l i tés 
in question a re computed b y e lementary combinatorial methods e. g. in 
W . F E L L E R ' S book [1]. However , the expressions for t h e s e probabil i t ies a re 
ra ther inconvenient , so t h a t various a u t h o r s worked on determining t h e cor-
responding l imi t dis t r ibut ions. In this r e spec t there a r e some earlier r e su l t s 
due to R . von M I S E S [ 3 ] a n d to S. M. B E R N S T E I N [ 2 ] . Recent ly , I. W E I S S [ 4 ]  
has proved t h a t supposing » — V — N / n = const . , the number of t h e 
empty cells, more precisely t he standardized variables |(тг, N, 0) t ends t o be 
normally d i s t r ibu ted . Moreover , F. N. D A V I D and D. E. B A R T O N showed t h a t 
the same is t r u e more genera l ly for £(n, N, то). Their r e su l t s are summar ized 
in [10]. In a recent paper [5] A. R É N Y I general ized the t h e o r e m concerning t h e 
normal l imi t case in an o t h e r direction, he proved n a m e l y t h a t the condi t ion 
N]n = const , is not necessary, the suf f ic ien t (and at t h e s a m e time necessary) 
condition be ing D-+ w h e r e 

D2 = ne~a[ 1 — (1 + a ) e-"], 
N + 1 

a = , 
n 

but his p a p e r deals with t h e special case то = 0 only. The pu rpose of the p r e s e n t 
paper is t o generalize R É N Y I ' S result to m=f=0, or with o t h e r words, t o ex tend 
the corresponding theorem of D A V I D a n d B A R T O N . 

Theorem. If both n and N tend to infinity and o. = (N + l)/n is restricted by 

(1) nam e~a s- oo 

(since a may be eventually unbounded), whereas m — const., x = const, and 
m 2, then the asymptotic relation 

pmn,N,m)-E(n,N,m) 1 Г e—pi,dt 

I D(n, N,m) J ](2 n J 

5 9 



6 0 BÉKËSSY 

holds with 

(3) 

and 

(4) 

E(n, N, m) = n a ' " e~ 
m\ 

D2(n, N, m) : n a"1 e~ 
m\ 

1 — 
am I (a — m)2 

m ! 
1 + 

a 

As for m = 0 and m = 1, the same is t r u e with the o n l y difference t h a t 
for a not b o u n d e d from below the condition 

(5) 7 i a 2 - > o о 

is necessary ( ins tead of (1)). 
The condi t ions (1) and (5) a re equivalent t o D(n, N, m) —>- oo. 
If D2(n, N, m) —у у =/= 0, then the corresponding r a n d o m variables a r e 

distr ibuted o n t he limit according to Poisson 's law. In o rde r to give a m o r e 
detailed descr ipt ion, if n a m e " \ т \ ^ - у ф 0 because a t e n d s t o infinity, t h e n 

(6) P(f («, 2V, m) = k) -н* 7 

with no res t r ic t ion on m, (see e. g. [1], [3], [8] ), bu t if nam e~ajm ! - > у b e c a u s e 
a tends to zero , then (6) ho lds only for m 2, and for t h e exceptional ca se s 
we have 

(v/2)k p-rl2 

(7) P{£(rc, N, 0) - N + N = K) V-1 >- -
k\ 

and 

( 8 ) P РУ - £(U, N , 1) 1 } П{У12)КЕ-У12  

I 2 I JC\ k=0 

where у — lim no?. 

Remark. I t follows f r o m (8) that the probabi l i ty of N—£(n, N, 1) b e i n g 
an even n u m b e r tends to 1. T h i s somewhat q u e e r phenomenon may be r o u g h l y 
explained as follows. The va r i ab le A*"—£(«, N , 1) is the n u m b e r of balls p laced 
in cells con ta in ing more t h a n one ball. I n t h e case lim n a 2 < со the re a r e 
relatively few balls at all, t he r e fo re with p robab i l i ty tending t o 1 the small se t 
of cells con ta in ing more t h a n one ball consis ts of cells h a v i n g exactly t w o 
ones. 

2. The G-functions of the £'s. In t he course of proving WEiSs ' theorem, 
A . R É N Y I h a s found tha t a cer ta in genera t ing function of t h e character is t ic 
functions of £(n, N, 0) tu rns t o be a very s imple expression. I n fac t , denoting t h e 
characterist ic funct ion by Ф(п, N, 0, t), t h e G-funct ion 

G(n,z,0,t) = 
N=0 
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is simply (ez + eu — 1)". Similarly, the G-funct ion of the variables | ( N , n, те) 
is relatively simple, 

(9) G(n, z, m, t) 

where G(n, z, m, t) is defined as 

e 2 + ( e " - 1 ) — 
ml 

10) NT E {ei4(.n,N,m)y 
N = 0 

( т е г ) ' 

N\ 

In order to prowe (9), t h e starting point will be the jo in t distribution of 
the variables £ (for various те). Denote p(n, N, k0, kv . . . km) the probabil i ty 
of the event t h a t a f te r having distributed N balls, the n u m b e r of the cells 
containing 0, 1, 2 , . . . , m balls is i0> к2> . . .j kjjj resp. For the probabilities 
p(n, N, k0, kv . . ., km) the following recurrence relation holds: 

( И ) 

p(n, N + 1, k0, kv . . k m ) = p{n,N, k0, . . .,kn 
n kn . • • к „ 

n 
+ 

+ p{n,N,k0 + \ , K - 1, • • • > km) _(_ 
71 

+ p{n,N,k0,k1 + l , k 2 - 1, ...,jfcm)*L±i+ . . . 
71 

. . . + iV, fc0> . .., km_x + 1, km - 1) km-x + 1 + 
те 

+ p(n, k0, . . . , km_v km + 1) 
km+ 1 

те 

expressing the change in the probability of t he event characterized by t h e 
numbers k0, kv . . ., km a f ter having thrown one more ball. Denoting the cha-
racteristic funct ion by Ф (те, N, t0, tv . . ., tm) and the G-function 

N,t0,tv ...,tm) 
N = 0 

(•nz)N 

N\ 

by G(n, z, tQ, . . ., tm), we obtain f rom (11) the par t ia l differential equation 

1 dG 1 , ... ,. . 9G 
= G H ( e ' C . - W — I ) f-

71 dz 71 i 91„ 

(12) 

+ _L tei(t,-t,) _ + . . . 
те idtx 

1 г\г* 
. . . _ ) _ _ ! _ ( e / (<„ -<m- i ) _ 1) p 

71 id tm_x 

1 , , 
-j (e~,tm 

n 1 9 t m 
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which may be solved e .g . by the method of characteristics, and the solution 
satisfying t h e suitable ini t ia l condition G(n, 0, t0, . . ., tm) = e'nl° is 

(13) G(n, z, t0, t v . . . , tm) 
k=0 r 

From (13) t h e equation (9) immediately follows. 
Probabi l i t ies of va r ious events a re easily derivable f rom (9) or (13) by 

di f ferent ia t ing; e. g. the probabi l i ty of hav ing к cells, each occupied by m balls 
is (see [1]) 

1 d N + k 

nN k\ 9zN dxk 

( - l)fc7i! N1 
2 

ez + (x — 1) 

( - 1 ) ' 

m\ * = o 
2 = 0 

(n — s)N~ms 

„N и f^jf ( s - k)\ (n — e)ï (m!)s (N - ms)\ 

(Put (a ! ) _ 1 equal to zero for a < 0). 

3. Expectation and variance. By differenciat ing (9), we have fo r the 
expectat ion Е{£(я, N, те)} and for t h e quadrat ic m o m e n t E {£2(я, N, те)} 

(14) 

and 

(15) 

1 a N + l n 
E {£(«, N, m)} = — G(n, z, те, <),.„ = — 

nN idtdzN 2 = 0 n m 
( n - 1 ) N—m 

n in 
(n — l)N~m + , п(п~1) N — m 

m 
. > \ N - 2 m (n - 2) 

Supposing n —>• °° and N\n2—>-0, it follows from (14) t h a t 
asymptot ical ly 

(xm e,~" 
(16) E {£(», N, m)} — n = E(n, N, те) , 

те ! 

(where a = (JV+ 1 )\n). W i t h more difficult ies, — a l tough the computa t ion is 
quite e lementa ry — u n d e r the same condi t ions as fo rmer one has 

(17) 
D2 {f(n, N, m)} = E {£2(>i, N, m)} - E {£(», N, m)}2 

я a ' " 

те ! 

I" am er 

L m ! 
1 + 

a — m) 
= I)2(n, N, те) . 

The d i f f i cu l ty said above arises because of t h e fact t h a t E { | 2 } is asymptot ical ly 
equal t o E {|}2 and D 2{£} being their difference, one must take account of 
asympto t ic terms of lower order in E {£} and E {£}2 — too. 
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The r a t e D'-'/E t ends t o 1 for a—>- 0, b u t only if m 2, whereas for m = 0 

D2 a2 

— ~ — . 

E 2 
resp. for m = 0 

D2 

— ~ 2 a . 
E 

This pecul iar i ty shows t h a t for a—>- 0 t h e asymptot ic behaviour of t h e dis t r i -
bution of | ( n , N, 0) resp. | ( n , N, 1) will eventual ly be d i f fe ren t f rom t h a t of 
£(n, N, m) w i t h m ^ 2. 

4. Preliminary remarks concerning the proof of the theorem. I t follows; 
f rom (9) b y Cauchy's f o r m u l a tha t the character is t ic f u n c t i o n of |(ra, N, m) is 

( 1 8 ) 
1 NI Г zm T 

0(n,N,m,t) = — . ( K e z + (e" — 1 ) —-
2лi n" j m!J 

, - N - l dz. 

where t he p a t h of in tegra t ion may be t a k e n to be a long a circle a b o u t the 
point г = 0. Hav ing t he characterist ic f unc t i on in the in tegra l form (18), i ts 
asymptot ic behaviour can be effectively analysed by R i e m a n n ' s and Debye ' s 
method of s teepest decents well known in t h e analysis [9]. On the o ther hand , 
according t o t h e cont inui ty theorem, t h e asymptot ics of the character is t ic 
function and t h a t of the dis t r ibut ion correspond to each o ther . In the p re sen t 
case however, saddle po in t s on the z p lane , necessary fo r employing Debye ' s 
method, a re n o t real for r ea l values of t h e a rgument t. I n order to avo id t he 
inconvenience involved w i t h complex-valued saddle points , we r e g a r d in 
what follows t h e variable t as pure imaginary , in which case it can be shown 
tha t there exis ts a t least o n e saddle point b on the real pos i t ive z axis. As for t he 
validity of t h e cont inui ty theorem, I . H . C U R T I S S has shown [7] t ha t i t is suf-
ficient t o ana lyse the behaviour of ip(x) = Ф(—ix) for rea l x's in t h e both 
sided neighbourhood of x = 0. More precisely, in the sense of Curtiss' t h e o r e m 
it is suff icient to show t h a t for x real a n d constant t h e asymptot ic re la t ion 

У 
AT X I f Х Щ 

n,N,m, — • e x p 1 — •—} 
D\ j D J 

is valid (since we expect n o r m a l limit dis t r ibut ion) , whe re E and D h a v e t he 
values (3) a n d (4) resp. H e n c e it is to be p r o v e d tha t 

(19) 
N\ 1 

L < b ni j 
e* + p — 

m ! 

_N . , \xE 
™ 1 dz ~ exp j — 

I D + 7 

(where p deno tes eD—1 as abbreviat ion) u n d e r the res t r ic t ions imposed upon 
x, n, N and a previously. 

The saddle points b, d e f i n e d as values of z, for which 

d_ 
dz 

•p — I 2 
ml 

- N - l = 0 , 
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a r e now determined by the equat ion 

(20) b = a -(- (a — m) p 
bm e — f t 

m 

There lies on t h e real positive z axis at least one point b satisfying equat ion 
(20). (The la te r estimations will show tha t for sufficiently large n only one 
positive b exists.) 

Considering the integral (19), let us t a k e the path of integration through 
the saddle po in t b. Putt ing z = bw we have 

(21) 

where 

(22) 

and 

(23) 

W j n, N, m, — 

N\ 

= F.J 

n' ][2nn 
v 

bm 

m 

j - -t7= 
K v 

i У 2 л Ф е Ь ( и ' - 1 ) vwr. b m e ~ b  

! тп\ 
m „—Ь 

1 4 - p 
bm e 

The factor F in (21) is j apar t f rom a factor 

m ! 

n\ 

w -N-1 dw . 

n N ]/2nN 
the val ue of the integrand 

in the saddle point b, and as a matter of fac t , the asymptotical behaviour of 
ip is wholly governed by F, because the o ther factor J t ends to 1 in all cases 
considered la te r on. 

The proof of the theorem (including also the "Poisson-cases") may be 
conducted in th ree steps these beeing the analysis of the behaviour of the saddle 
point b, the fac tor F and t h e integral J respectively. 

5. The expansion of b. L e t us suppose f i r s t D->- t h e n p = o(l), more 
precisely 

(24) 

(25) 

p = exjD _ I = 0 + о 
1 

а уп of"''2 Уп 

If a is bounded away b o t h from zero and from infini ty, then 

fe = a + 0 
\\n 

because of (24), but (25) involves 
m 0-b bme a"1 e~ 

m ! m! 
1 + 0 

уп 
so that f rom (20) 

(26) b a 4- (a. — m) p 
am er 

m 
1 + 0 

уп 
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follows. Af te r repeated application of (20) and (25) also the more elaborate 
asymptot ic expansions, needed for t h e subsequent calculations 

(27) 

and 

b = a -(- (a — m) p 
a'" e~ (a-m)3 ^ a2m e~2a

 + Q 

( m \ ) 2 

1 

n ^tl 

(28) p b
me ,— b 

ml 

b — a a'" e~ 
... = p  
a — m ml 

(a -m)2
p2 

, 2 m o—2« 

( m ! ) 2 
+ 0 

K»J 

can be deduced. 
If a - > oo then f i r s t we have f rom (20) 

b > ca > m, 

for a large with а с posit ive and tending to 1. I t follows therefore t h a t 

bm e~b (ca)me~ 

m\ 
< 

m\ 
and 

bm e~b 

p( a — m) — — — = о 

= 0 (am e~ca) 

e - a l ( 2 + ч ) \ 

ml f n 

(where r \ - > 0), i.e. (25) holds in the present case, too. The expansions (27) 
and (28) are now deducible as former. 

If a —»• 0 and m ^ 2, then f rom (20) we have 

b , , b bm~] e 
— < 1 + m \ p \ — • —-— 
a a m\ 

b b 
- < 1 + m2 |p| i 

thus 6/a is bounded f r o m above. Wi th sufficiently large n it follows then 
b < С a < m with а С bounded f rom above so t ha t we have 

and 

thus 

(29) 

v 

ьт е~ь — о (am) 

b m e - b 

о 
ml 

a 
fv. 

b = a 1 + о 
V D ] ' 

With repeated application of (20) and (29) the expansions (27) and (28) are 
deducible again. 

For a — 0 and m = 1 we obta in in the same manner as former the 
asymptot ic expansions (27) and (28), bu t now with the remainder term 

О — k = | • Similarly, for a 0 and m = 0 the second of the expansions 
K». 

(30) 

(31) 

b = a P a e~a — P2 °-2 e~2a + О 

b — a 

1 

n\n 

pe~° = — = pe~ fpa e~2a + о 
an ]fn 

f \ Matematikai Kutató Intézet Közleményei VIII . A/l—2. 
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corresponding t o (28), has the r ema inde r t e rm 0 
a n ]/re 

instead of 0 
n |/re 

As D—y y = const, ф 0, we take p = ex—1 = const, and t he asymp-
to t i c behaviour of b may he expressed by 

(32) Ь = a - j - ( a — /те) — ( 1 + o ( l ) ) 

if a—oo (wi thout restriction on n) or if a—>- 0 b u t m =f= 0,1. For a—>- 0 and 
m = 0,1 it is enough to show t h a t 

ь 
1 + p ( 1 + p) ь 

where now у = lim na2. 

6. The asymptotic behaviour of the factor f . I n order t o have a con-
venient form fo r F , we m a k e use of Stirl ing's formula and of the equation 
(20). Thus we o b t a i n 

(33) log F = n(a — m) p 
bm e~b 

n log 

n log 1 +p 

m\ 

a —m bme'b 

1 + p-
bm e~ 

m\ 

ml 
+ «(1) 

a s s tar t ing-point . Supposed D — t h e t e r m s with logari thmic factors in 
(33) can he e x p a n d e d down t o o( l ) , and regard t o 

D 2D2 f - L 
1D3 

a n d to (28), we easily obtain 

xE (34) \ o g F + 

d 2 

However, th i s simple p rocedure can on ly be applied if the t e r m s 

pyn e-bjm\ a n ( ] p m . c—6/m! have t he order 0(1/j/re), t h a t does not hold 
a 

i n t he cases a — 0 , m = 0 a n d m = 1. If m = 0, then 

log F = па. ре~ь -(- (те — n a) log( l + pe~b) + o( l ) . 

a n d in order t o avoid the men t ioned diff iculty, let us put 

log( l + pe~b) = log(l +p) + l o g f l P ( 1 ~ e Ь) 

1+p 

t h e term p(l—e~b) beeing 0 ( l / f r e ) . Similarly, if m = 1, t h e n 

log F = n(a — 1) pb e~b + 7/ log(l -f pb e~b) — те a log 1 + a — 1 
pb e -b 
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Considering tha t f r o m (20) 
a. — 1 , b 

1 H pb e~b = — , 
a a 

and t h a t the q u a n t i t y bja may be expressed in t h e case m = 1 more con-
ven ien t by 

b _ 1 

a 1 — (a — 1) pe~b 

we m a y put 
, i. . a — 1 

я a log 1 H pb e~b = 
a 

l /i I \ 1 и p(l — e~b + a e~ = — na log( 1 + p) — n a log 1 — — 
1 + P i 

A f t e r expanding t h e logarithmic t e r m s and using (28) the resul t will be (34) 
again, nevertheless, the computa t ions are, however e lementary, somewhat 
more cumbersome, because the remainder t e rm in (28) as said above is now 
considerably grea te r then 0(n~'l•). 

Supposing T) —>- y = const. =f= 0 the corresponding results are 

log F = — y p + (n - N) log(l + p) + o(l) 

f o r m = 0 , a —y 0 , 

log F = Alog( l + p) - i-y p(p + *) + o(l) 
2 (p + l)2 

for m — 1, a —T- 1 w i t h y = lim n a2, and 

\ogF = yp + o(l) 

wi th y = lim n ame~°/яг! in all o t h e r cases. 

7. The asymptotics of the integral j . As to t h e integral (23), according t o 
Debye ' s method, one must find a n d take the s teepest descent 's p a t h th rough 
t h e critical saddle po in t . This is, however, in general not necessary, it is suf-
f ic ien t to find such a line as a p a t h of in tegrat ion, which is convenient t o 
app ly Laplace's m e t h o d (see e .g . [9]). The f a c t t ha t the in tegrand will be 
eventua l ly complex-valued, does n o t matter , r a t h e r the d i f f icu l ty arises t h a t 
in t h e present case t h e integrand has two parameters , both t end ing to inf ini ty , 
their r a t e a beeing n o t previously f ixed . Applying Laplace's me thod according 
to i ts sense, the in tegra l will be d iv ided into th ree par ts ; the f i r s t , „essent ial" 
p a r t Jv containing t h e close vicini ty of the saddle point b, t ends t o 1, whereas 
t h e o the r two, "unessent ia l" pa r t s t e n d to zero. This will be p roved as follows. 

a) a—V oo) l im inf name"a > 0. We take t h e straight line th rough t h e 
saddle point parallel t o the imaginary axis to be the pa th in tegra t ion . I t is 
easy t o see tha t t h e new path is equivalent to t h e original circle. P u t t i n g 
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w = 1 -j- iu, we have 

Jí2rt 

f eiub(l + iu)~m f-p 
bm e-" \ " 

m\ 

\ 
bm e~b  

1 + v — i -
m ! 

(I + iu)n(-m~a) du . 

Divide the integral into three par ts , the "essent ia l" par t beeing 

Yn j \ — J f(U) du. 

- n - 1 / « 

where f(u), with respect to (20) may be wri t ten as 

о ibu 
log f(u) = n log I I + 

a — m 

b — m (1 + iuf 
1 г (a — m) log (1 + iu) 

Expand ing log / (u) in prowers of и t o 0(u3) we ob ta in 

log f(u) 
— m 

+ 0(nb3 u3), 

•h = 
yn 
v2 

n l/6 IJ 4 Л т + 1 
и2 [1 + o ( l ) + 0(a2u)]\du = 1 4 - 0 ( 1 ) , 

b e c a u s e of 0(a2u) = O^n'1!*) = o ( l ) a n d NV2n~1,5-> 
As to the "unessent ia l" par t 

jo 
Yn 

] / 2 T 

we have the inequal i ty 

Y 
п-чs 

f(u) du, 

eibu(l 4- iu)~m 4- p 
bm e-b  

m ! 

1 + p 
b m e ,-b 

m\ 

( 1 + \P\ 
bm е~ь \ " 

m ! 

V 1 - I P I 
bm e~l 

m\ 

= 0(есУ") 

where с is bounded f rom above, so t h a t 

1 

and similarly 
( 1 + П - 0 ) 2 

J T - - m ) n - 0 ( К Я ) = о ( 1 ) , 

h = 
I/N ç 

у~2л 
J f(u)du = o{ 1 ) 
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b) lim sup a < oo. For t h e p a t h of in tegrat ion we t a k e t h e unit circle 
a r o u n d the point w = 0 on the то-plane. P u t t i n g w = we have from (23) 

. 7 = 
Yn 
Y~2n 

e x p {— 6(1 — e'")} -+- peln bm e~ 
m\ 

1 +P-
bm e —b 

mi 

e~iNu du = 

t h e essential par t be ing now 

YN 
yyn 

YN 

J g(u) du , 

•h = £ = = 
= ) g{u) d> 

du , 

where Ô > 0 is a rb i t r a r i ly small, b u t fixed. 
For the unessent ial p a r t 

YN 

y2 

V R 
= g(u) du 
л J 

with respect to (20) and (35) the inequali ty 

|/2| = 0(yn) • e-n«ki-co8i). max e x p 
a — m 

P\—Г Ie i 'mu+ÍKl—с'")  

b — m ml 

is easily obtainable. Since the func t ion С = exp [imu + 6(1— e1")}—e~b is 
bounded, 

(36) |72| = 0 ( | / W ) - 0 ( e x p { - nb( 1 - c o s 6 - o ( l ) | p | 6 m " 1 ) } ) 

follows. 
I f p - r 0, then t h e final resul t is 

(37) |/2| = 0(]/W) • 0(e~Ni) = o(l) 

(where l im inf p > 0). Fo r m = 0 t h e proof seems a t f i r s t sight to be incorrect , 
but considering t h a t for m — 0 t h e function С is hounded by 0(b) the t e rm 
o(l) in (36) can be n o w replaced by 0(b). 

T h e inequality (36) involves (37) also if p = c o n s t . , a — 0 , n a m - > const, 
for m J l 2, but the cases na2 -> const . , m — 0 or 1 need special considerations. 
If то = 1, then 

<Kuá* j eb 4- p 

= 0 ( Y N ) • max |l + ( p + 1) 6(e'" — 1) + 0(62)|", 
ö<.u<n 
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b u t w i t h r e g a r d t o b2 = 0 w e h a v e 

|/2| = 0(YN) [1 - 2 b(p + 1) [1 - cos Ô + 0(b)]]"!2, 

a n d p + 1 b e i n g a l w a y s p o s i t i v e t h e r e l a t i o n (37) fo l lows . For m = 0 t h e proof 
o f (36) is s i m i l a r t o t h a t f o r m = 1. 

T h e r e r e m a i n e d t o s h o w t h a t t h e e s sen t i a l p a r t • / , t e n d s t o 1. A s fo rmer , 
t h e l o g a r i t h m of \ogg(u) will b e e x p a n d e d t o 0(u3), b u t c a r e m u s t b e t a k e n t h a t , 
w i t h r e g a r d t o t h e poss ib i l i t y of b—>0, t h e r e m a i n d e r t e r m s h o u l d h a v e t h e 
f o r m 0(bu3), t h e r e f o r e i t will be c o n v e n i e n t t o u se a special f o r m o f log g(u), 
e a s i l y o b t a i n a b l e f r o m (20) a n d (35) : 

log g(u) = n log I + 
m 

m 
e x p {— b( 1 — e'")} — 1 + 

bm e~b . 
p (e 

m ! 
1) 

l e a d i n g to 

log g(u) = iu 
ъпи2 a m 

ги • 

2 b 

Nu'2 

m 
1 4 - 6 + m 2 p 

iNu 

ът-1e-b a2 b _ m 

ml b a— m 
4 - О (bu3) = 

[1 4 - o ( l ) 4 - 0 ( a ) ] 

a n d , h a v i n g in m i n d t h a t Ô is f i x e d , b u t a r b i t r a r i l y sma l l , 
д 

j i = 
Yn 

П 
L I e" 
я J 

~ [l + o(l) + 0<u>] 2 du 1 

fo l lows , m a k i n g t h e p roo f of t h e t h e o r e m c o m p l e t e . 

( R e c e i v e d J a n u a r y 11, 1963.) 
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О КЛАССИЧЕСКИХ ЗАДАЧАХ ЗАПОЛНЕНИЯ ЯЩИКОВ I. 

A. BÉKÉSSY 

Резюме 

Пусть события av а2, . . ., ап являются всеми элементами дискретного 
и конечного поля событий и пусть их вероятностное распределение равно-
мерно. Справшивается, сколько будет таких событий которые точно m ряда 
(m = 0, 1, 2, . . .) состоятся в некотором образце этих событий, состоящего 
из n элементов. Обозначим число этих событий через TV, m). Постав-
ленный вопрос может быть сформирован более наглядно посредством 
ящиков и шариков таким образом: если распределить TV шариков в п 
ящиках случайным способом, какое будет число ящиков содержащих 
точно m шариков. 

Статья содержит следующую теорему: 
если п-+ °° и N —у оо и m = конст. и если, кроме того 

гу е  
d- = п  

m ! 
1 

т\ 
1 ( а — m ) 2 

где а — ^ 1 , тогда предельное распределение стандартизированного 
п 

случайного переменного £(n,N,m) является нормальным. (Сравн. (2), (3), (4)). 
В качестве дополнения автор приводит в больших чертах также предельный 
случай d2 -*• у = k o n s t =f= 0. 

Теорему, высказанную в статье ранее доказал A . R É N Y I [ 5 ] для счаст-
ного случая m = 0, соответственно доказали ее для общего случая F. N. 
D A V I D И D . E . B A R T O N [ 1 0 ] , однако при более сильных ограничениях. 
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