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Introduction 

Let [Q, P) be a probabil i ty space, Av A2, . . . be a sequence of e v e n t s 
(i.e. Aj (i = 1 , 2 , . . . ) is a n element of t h e u-algebra .9") and |2 , . . . be a 
sequence of random variables (i.e. I,- (i = 1 , 2 , . . .) is a real-valued measurable 
function de f ined on Q). W e use the following notations: gs(Av A2, . . .) is t h e 
smallest cr-algebra which includes the events Av A2, . . .. l 2 , . . .) 
is the smallest cr-algebra wi th respect to which £v |2 , . . . are measurable. The 

u-algebra TI AL(An, An + 1, . . .) is called t h e tail of the sequence Av A2, . . .; 
n— 1 

analogously t h e u-algebra jTjT á?(í„> l n + 1 , • • .) is called t h e tail of the sequence 
n— 1 

| 1 , |2 , . . .. The u-algebra & is called t r ivial if for each set A £ У P(A) = 0 
or P(A) = 1. Especially if t h e u-algebra is the tail of a sequence Av A2, . . . 
or |2 , . . . and JF is t r iv ia l then we say t h a t the tail of Av A2, . . . is t r ivial 
resp. the tail of £ v ij2, . . . is trivial. We say t h a t the u-algebras .9' and are 
equivalent {.T ~ 4 ) if for every V € .7" there exists a G € dfc such t h a t 1 

P(FoG) = 0 and conversely for every (J € dj there exists an F Ç .9 such t h a t 
P(FoG) - 0 . 

An impor tan t question of the theory of probabil i ty is the following: 
how can be characterized of t he sequence of events (random variables) having 
trivial tail. A classical resul t in this direction is the zero-one law of K O L M O G O -

ROV [ 1 ] : 

Zero-one law. Let Av A2 . . . (Çv |2, . . . ) be a sequence of mutually inde-
pendent events (random variables). Then the tail of the sequence Av A2, . . . 
( f j , £2, . . .) is trivial. 

In his paper [2] S U C H E S T O N obtains A characterization of the sequence of 
events having trivial tail. 

Another direction of t h e generalization of the zero-one law is thefollowing: 
we have a given sequence of events having t he tail 9 r , how can & be charac-
terized. In th is paper we characterize the tai l of a special t y p e of sequences of 
events, namely we will consider the sequence of equivalent events and f u r t h e r a 
more general class of sequences which will be called sequences of quasi-equiva-
lent events. The characterization of quasi-equivalent events from other po in t s 

1 Here and in what follows AoB denotes t h e symmetric difference of the events . 
A and B. 

П 
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of view will be given too. Namely we will ob ta in the generalization of the well-
known proper t ies of equivalent events for quasi-equivalent events. 

In t he present paper we use some concepts and resul ts of papers [3], 
[4] and [5]. For the convenience of the reader we recall these concepts and 
results. 

Definition 1 (see [3]). The sequence of events Av A2,... is called mixing if 

lim Р(Д„|Я) = A 

where 0 < Я < 1 and В is any event such t h a t P(В) > О (Р(Н |Л) denotes t h e 
conditional probabil i ty of t he event A under the condition B). 

Definition 2 (see [4]). The sequence of events Av A2, . . . is called s tab le 
if for every В € & the limit 

lim P(Ar\B) = Q(B) 
exists. I t is easy to see t h a t Q ( B ) is a measure defined on t he space {Q, 
which is absolutely continuous with respect t o the measure P. Let the Radon-
Nikodym derivat ive of Q (with respect to P) be A(eo), i.e. 

Q(B) = j A(co) dP . 
в 

The random variable A(eo) is called the local densi ty of the sequence Av A2, .... 
Definition 3 (see [5], [6]). The events An (та = 1, 2, . . .) are called 

equivalent if t he probability of the event AtlAit . . . Aik (г - =f= i, if j ф I) depends 
only on к and it does not depend on the indices iv i2, . . ., ik. The numbers 

ak=P(Au Ait.. . Aik) (k= 1,2, ...) 
are called t h e moments of t he sequence Av A2, .... 

I t is easy to see tha t a sequence of equivalent events is a stable sequence. 
The following five theorems are proved in [3], [4] and [7]. 
Theorem A ([3]). If {An} is a sequence of events such that 

lim P(An I A,() — Я (Л = 1 , 2 , . . . ) 

where 0 < Я < 1 and /1, = Q, then the sequence {An} is mixing. 
Theorem В ([4]). If {An} is a sequence of events such that 

lim P(An j Ak) = ЯА. ( 4 = 1 , 2 , . . . ) 

where Ax = Q and ~/.k is a sequence of real numbers (0 < ).k I ) then the sequence 
An is stable. 

Theorem С ([4]). If H is a Hilbert space and fn is a sequence of elements 
of H such that 

H m ( / „ , / * ) = * * ( 4 = 1 , 2 , . . . ) 
л-»-«» 

and 
ll/nll â с 

where С is a positive constant and Xk is a sequence of real numbers, then fn con-
verges weakly to an element f of the Hilbert space H. i.e. 

(fn, У)-*•(/, Я) (те^схА 

for every element g of H. 
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Theorem D (see [5], [6] and [7]). The real numbers cq, a2, . . . are the 
moments of a sequence of equivalent events if and only if there exists a distribu-
tion function F(x) defined on the interval [0, 1] such that 

l 
a f c = j xkdF(x). 

о 

Theorem E ([7]). Let {An} be a sequence of equivalent events. Let A = ).{o>) 
be the local density of the sequence [An}, considered as a stable sequence. Then 
we have 

P(AqAq . . . Ait\ A) = V1 (with probability 1) 
for 1c = 1 , 2 , . . . and ix < i2 < . . . < ik. I.e. the events An are independent under 
the condition that A takes on a fixed value. 

I n this paper we introduce t h e following two concepts. 
Definition 4. The events An (n = 1, 2, . . .) a re called quasi-equivalent 

if the va lue of the ra t io 

P (atlai,...a Ik I 
р(аи)р(а1г) . . . p(aik 

= ak (ij ф i, if jf=l) 

depends only on к and i t does not depend on the indices iv i2, . . ., ik (k = 1, 2, 
. . .). The numbers cq, a2, . . . are called the moments of the quasi-equivalent 
events Av A2  

I t is clear tha t a n y sequence of equivalent events and any sequence of 
independent events is a sequence of quasi-equivalent events. 

Another example for quasi-equivalent events is the following: 
L e t us consider two urns one of them containing Rx red balls and W, 

white balls, the other one containing R2 red balls and W.2 white balls. We sup-
pose t h a t Rx -f Wx = R2 + W2— N. We choose a t random one of the urns, 
with probabi l i ty p (0 < p < 1) and wi th probability q— 1 — p we choose the 
other one. From the chosen urn we choose at random a ball (we choose every 
ball wi th t he same probability). We p u t back the ball to the urn and we put 
in the f i r s t urn a red ball with probabili ty px (px < Rx\R2) and a white ball with 
probabil i ty qx — I —p x ; in the second urn we put a red ball with probabili ty 
p\ — A px (where A = RJRß and a whi te ball with probability q\— 1 —- p*[. 
In the n e x t step we choose a hall a t r andom from the urn from which we have 
already chosen the f i r s t ball. We put back this ball to this urn and we pu t in the 
first u r n a red ball with probability p.2 (p2 < R2\RX) and a white ball with proba-
bility q2 = 1 — p2; in t h e second urn we put a red ball with probabili ty /;* = 
= A p2 and a white ball with probabili ty <?§ = 1 — p%. We continue this process, 
so t h a t in the &-th s tep we choose a ball from the urn from which we have 
chosen t h e first ball and we put back this ball to this urn and we pu t in the 
first u r n a red ball wi th probability pk (pk < RJRß and a white ball with 
probabil i ty qk = 1 — pk; in the second urn we pu t a red ball with probabili ty 
p* = ),pk and a white ball with probabi l i ty q* = 1 — p*. 

L e t Ak denote t h e event that we choose in the A-th step a red ball. 
I t is easy to see t h a t the events An are neither independent nor equivalent 

if A f= 1. We prove t h a t they are quasi-equivalent events. Let Bx denote the 
event t h a t the first ball was chosen f rom the first u rn and B u denote the event 
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t h a t the first ball was chosen from the second urn. I t is clear t h a t the events 
Aiv Ait, . . ., Aik are independent under the condition Bv therefore we have 

P (AhAi2 ... Aa\B,) = P(A„\B,) P(Ait I B,) . . . P(H i 4 | Bj) 
and 

P ( A + i ! В,) = Д (Rx + j) P(vk = j) 
where vk denotes the number of red balls which was put in the f i rs t urn a t 
the first к steps. So we have 

1 N + к N + k 
where o.k = px -j- p., -(- . . . -(- pk. A simple calculation gives 

P(Ak) = P(Ak\B,)(p + kq) ( 4 = 1 , 2 , . . . ) 

and similarly 

P(Ak) = P(Ak\Bn)(pß + q) (4=1,2,...) 
so we have 

P(AuAlt... Aik) _ p 
P(d„) P(A,,) . . . P(Aik) (p + Xq)k + (pß+ q) к 

hi 
which proves our s tatement . 

Definition 5. The sequence of events Av A2, . . . is called quasi-stable if 
for every В € W the limit 

lim = „ ( * ) 
— P (An) 

exists. 
I t is easy to see tha t a stable sequence is a fortiori a quasi-stable sequence, 

and the set funct ion p is a probabil i ty measure on [Q, SA) which is absolutely 
continuous with respect to P 

In § 1 we give the generalization of Theorem В for quasi-stable sequences 
and the generalization of Theorems I) and E for quasi-equivalent events. 
§ 2 contains a strong law of large numbers for quasi-equivalent events and t h e 
characterization of the tail of quasi-equivalent events. 

§ 1. The generalizations of Theorems B, D and E 

In this § we formulate and prove Theorems 1, 2 and 3 which are the gene-
ralizations of Theorems B, D and E resp. The proofs of these theorems are 
very similar to the original proofs. We can only obtain the generalizations of 
the mentioned theorems under a restriction. Namely we have to assume t h a t 

lim inf P (An) > 0. 
fl— 
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Theorem 1. Let /1,, Av ... be a sequence of events for which 
lim inf P(Af) > 0 

П — oe 

and the limit 
» — Р ( Л ) 

exists. Let the random variables ak(co) and yk(co) (k — 1, 2, . . .) be defined as 
follows 

1 if w£Ak  
0 if Ak 

ak(w) = 
and 

, к ak((o) 
Р ( Л 

Then the events An(n = 1, 2, . . .) are quasi-stable and the sequence уп(ш) converges 
weakly to a random variable A(co) which will be called the. relative-density of the 
sequence { An}. 

Proof. I t is easy t o see t h a t t h e conditions of Theorem С are fulfi l led 
(if we subs t i tu te fk b y yk) because yk is an e lement of the Hilber t -space 
IA [Q, P } for which 

if k ^ k0(e), and 
lim (rjn, щ) = lim 1 Гan(w) ak{a>) dP - lim , = <*k . n^~P(An)P(Ak) J n—P(An)P(Ak) о 

If В is a n arbi t rary e v e n t and 

/ » м - ! 1 if 

( o if 
then b y Theorem С we have 

i i m p l a i b ) = И т ^ ß)=(я, ß) = г Adp 

в 

where A is t he weak l imi t of yn. So we have proved Theorem 1. 
Remark. A simple example shows t h a t Theorem 1 is no t valid wi thou t the 

condit ion lim inf P(-4„) > 0. 
П .00 

T h e generalization of Theorem D will he given in Theorems 2a 
and 2b. 

Theorem 2a. If Av A2, ... is a sequence of quasi-equivalent events with the 
moments av av . . . such that 

lim inf P( An) = К > 0 
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then there exists a distribution function F(x) defined on the interval [0, 1/Á'] 
such that 

1 IK 
ak = J xk dF(x) . 

о 

Proof. L e t the quasi-density of the sequence Av A2, . . . of quasi-equi-
valent events be X(co) and denote the indicator function of An by an((o). Let us 
p u t 

V n H = ^ l ( n = 1 , 2 , . . . ) 

P M n ) 
and 

- J**• • • -<**• • • *-•*>• 
а 

Thus by Theorem 1 we have 

ak = lim (yijH, ... , yit) = (yix гцг.. . yik_x, X) = (гц^ . . . r)ik_X, yik_,). ik*«-
Applying the same argument again we obtain 

ak = lim (уигцг . . . yik_t X, yik_) = (rUiyit . . . yik_,X, X) . it-, — 
Applying the same argument again к — 2 times we obtain t h a t 

1 IK 
ak = P(А/Аи . . . Aik) = j X"(w)dP = J' xk dFx(x) 

а о 

where F^(x) is t he distribution function of A(o>). (It is clear t h a t P(0 ^ X(m) ^L 
^.IjK) = 1). Thus Theorem 2a is proved. 

Theorem 2b. If X(a>) is a random variable such that 
P(0 ^ X(m) ^ l/K) = 1 and j'Avw)dP = l , 

à 
К is a positive number in the interval [0, 1 ] and ak is a sequence of the real numbers 
for which 0 < ak < К then there exists a sequence of quasi-equivalent events 
Av A2, . . . such that 
(1) P (Ak) = ak 
and 
(2) P { A i- Ai< — ^ - = M(AA) = o.k. Р(А,)Р{Аи)...Р(А1к) 

Proof. Le t us define a probabili ty space Û as follows: 

Q = I1XI2 

where Ix is t h e interval [0 ,1/ i f ] and I 2 is the interval [0, 1]. Le t the probability 
measure P on Q be the p roduc t measure 

P = p1Xp2 
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where is the Lebesgue—-Stieltjes measure on / , def ined by the distr ibution 
function FJx) = P {/ < x) and y2 is the ordinary Lebesgue measure on I,. 

To define the events An in Q we need to define a set of polynomials 

p£\x) (k = 0, 1, 2, . . 2"; n = 1, 2, . . .) 
as follows p(ft(x) = 0 and 

АпШ = 2 (vi''1 (1 - axxy-^(a2x)^ (1 - a2xy-V . .. (anxf' (1 -anx)^ 
7 = o 

7 + 1 
if к ̂  0, where eft denotes the Zth digit in the dyadic expansion of 1 
more exact ly 

j l " e(7) 
1 (e,- is 0 or 1). 

Thus for instance 

pft(x) = 0 
pft{x)=a1a2a3x3 

p2\x) = я1а2а3ж;!-|-а1а2ж2( 1—a3x) = axa2x2 

pf\x) — a1a2x2-\-al ж(1—a2x)a3xj-a1x( 1—a2x) ( 1—a3x) = axx 
pft(x) =axx + ( 1 —a j ж) a2a3x2 

pft(x) =a1x-\-( 1—ахх)а2а3х2-\-( 1—axx) a2x(\—a3x) =alx-\-( 1—ape) a2x 
pft(x) = a 1 x+( l—ape) a2x-f-( 1—ape) (1—a2x) a3x 
pf\x) = apr-f-(l—ape)a2ж+(1—ape) (1—a2x)a3x +(1—axx) (1—a2x) (1—a3x) = 1. 

The condition 0 < a k < К implies tha t pyMx)^Lp(ft(x) ^ . . . ̂  Pyftx) in 
the in terval [0, 1 IK]. 

Now, let B ^ b e t h e set of all poin ts (x, y) of Q for which p $ ( x ) ^ у < 
< P("l+iM a n d b t An b e t h e u n i o n of t h e sets Bft(k = 0, 1, 2, . . ., 2 " - 1 — 1 ) 
i.e. 

2 » - i - I 

An= £ 4n)-
k = 0 

I t is easy to verify t h a t the events An are quasi-equivalent and (1) and 
(2) hold. 

Theorem 3. Let {A n} be a sequence of quasi-equivalent events for which 
lim inf P (An) — К > 0. Let A(co) be the quasi-density of the sequence [An\ consi-
dered as a quasi-stable sequence. Then we have 

P(A,.AI2 ... AitJ A) = Afc P(Ah) P+y • • • P(Ait) = 
(o) 

= P(d i i I A) . . . P(Ah I A) (with probability 1) 

for к = 1 , 2 , . . . and ix < i2 < . . . <ik. By other words the events An are independent under the condition that the 
value of A(w) is fixed. 
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Proof. F i r s t of all we p rove (3) for к = 1. L e t us put 

1 if oj £ ak 

and 

ak(w) = 

vkh = 

0 if to $ A k 

OfcH  
Р ( Л ) 

L e t us assume t h a t 

{4) M(rjn\X) = X + en. 

Here en(co) is a Baire-function of Я by the defini t ion of the conditional proba-
bility. Let en(co) = qn(X(co)). Then we have 

М Ы = M (Я) = М(М( Ч п |Я) ) = M (Я + еп) = M (Я) + M ( О 

therefore М(еп) = 0 (n = 1, 2, . . .). Similarly we have 

М Ы , ) = М(А2) - М Ы ) = М [ М Ы | А ) ] = 

= М(А(Л + ек)) = М(А2) + М(Яек). 

Therefore M(Aefc) = 0. Similarly we obtain 

I IK M(A%) = f x"gk(x) dF \{x) =0 (k = 1. 2, ... ; n = 1, 2, ... ) 
ô 

where Fx(x) is t h e distribution function of k(co). (It is clear t h a t 0 A(w) gi 1/A.) 
T h e fact tha t t h e sequence {ж"} is a complete sequence in the space L2

F;J0, 1/A] 
(the space of funct ions in the interval [0 ,1/A] which are square integrable wi th 
respect to the measure def ined by the distr ibution function Fx(x) (implies t h a t 
gn(x) is equal t o 0 almost everywhere with respect to the measure defined b y 
Fx(x), so we have 

P(e,f = 0 ) = l ( i = l , 2 , . . . ) 
therefore 

M(»?n| A) = Я 
and 

5) p(an\x) = xp(an). 

T h e proof for к — 2 is completely similar to t h e above wri t ten proof. Let us p u t 

m (*гЫ я ) = я'2 + eik-

where eik is a Baire-function of Я. With these notations we have 

М Ы , ) = M (Я2) = М ( М Ы * I Я)) = M (Я2 + е ш ) 

so 

M(«,,.-) = О . 
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Similarly we have 

M ( W k ) = M (Я2) = M { f j f í j k ) = m(m{rifíjx I Я)) = M(A(A2 

so 
м м ) = о 

and in general we obtain 
M(eiftAn) = 0 (» = 1,2, . . . ) i . e . P(ef t = 0) = l . 

Therefore 
М(гг,.%|Я) = Я2 

a n d 
P(AiAk\X) = X2P(Ai)P(Ak) 

and using (5) we obtain (3) for к = 2. 
The proof of (3) for any value of к is essentially the same. 

Remark. F rom Theorem 3 easily follows t h a t P |o ^ Я ^ 
sup P(.4n) 

and that it is t he best possible estimation follows from Theorem 2b. 

§ 2. Some further properties of sequences of quasi-equivalent events 

In this § we prove a strong law of large numbers for quasi-equivalent 
events and we give the characterization of the tail of sequences of quasi-
equivalent events. 

Theorem 4a. Let Av A2, . . . fee я sequence of quasi-equivalent events such that 
lim inf P(An) — К > 0 . 

Let us denote the quasi-density of this sequence by A(w). Then we have 
2 ЦЦ ak(w) 

i P ( A : 
A(a>) I = 1 

where ak(co) is the indicator f unction of Ak. 
Proof. Let us represent the events Av A2,... in the rectangle 0, X [0,1] 

of the plane as we did in the proof of Theorem 2b. Then by t he strong law of 
large numbers we have 

2 у »*(«b' У) 

fo r every ж0 in t he interval 

— р ( Л ) 

1 о, 
к 

and for a lmost every у in [0, 1] (with 

respect to the ord inary Lebesgue measure). So b y the Fubini-theorem we have 

ak(x, у) 
iĉ T 

1 " 

n if-i Р(Л) 
A(x) 

almost everywhere in the rectangle 
< 4 

X [0, 1]. 

b A Matematikai K u t a t ó Intézet Közleményei VIII. A /1 -2 . 
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T h e val id i ty of t h e s t rong law of la rge numbers does not depend on the 
concrete representa t ion of t h e random var iables , therefore t h e proof is complete . 

By t h e same m e t h o d i t is possible to prove t h e following version 
of Theorem 4a. 

Theorem 4b. Let A1,A2, ... be a sequence of quasi-equivalent events 
such that 

lim inf P ( A ) = К > 0 . 

Let us denote the quasi-density of this sequence by A(œ). Then we have 

J K - И - ^ P ( A ) ] + O ] = 1  
I n k = l J 

where o.k(a>) is the indicator function of Ak. 
Theorem 5. Let Av Л2,.. .be a sequence of quasi-equivalent events for which 

lim inf P( A) > 0- Let A(co) be the quasi-density of the sequence {A}, considered 
л-»— 
as a quasi-stable sequence. Let us denote the tail of the sequence Av A2, - by lAf. 
Then 

In t h e proof of th i s theorem we can follow the known method of the 
proof of t h e zero-one law. 

Proof. Let A be an e lement of t h e cr-algebra a n d let dj be t h e class of 
measurable sets F with t h e proper ty t h a t 

P(AF |A) = P(A , Я) P(F I A) (with probabi l i ty 1). 

Then according to our Theorem 3 4 inc ludes the tr-algebra &(AV A2, . . ., An) (n = 1 , 2 , . . .). This f ac t implies t h a t JS includes the ст-algebra A6(AV A2,. . .) 
and the re fo re A £ dfc. So we have 

P(-4 I Я) = P(A I A) P(A j Я) 

i.e. P(A\X) = 0 or P(A\?.) = 1 with p robab i l i t y 1. This last fact impl ies t ha t 
there is а В £ J5(A) such t h a t P ( A o B ) = 0 and the re fo re there ex is t s a a-
algebra с á?(A) for which ~ 

Let us define the r a n d o m var iab le afco) (г = 1 , 2 , . . . ) as follows: 

ak( со) = 

Bv Theorem 4 we have 

It is clear t h a t 

1 if A 

0 if со $ A • 

1 y i « k H 

hm I V ^ 

(wi th p robab i l i t y 1). 

n f j P { A k ) 
С .j* 

i.e. 
С Л . 

So t h e proof of Theo rem 5 is comple te . 

(Received J u l y 10, 1963.) 
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0 КВАЗИЭКВИВАЛЕНТНЫХ ПОСЛЕДОВАТЕЛЬНОСТЯХ 
СОБЫТИЙ 
P. RÉVÉSZ 

Резюме 

Последовательность событий Аи Аг,... называется квазиэквивалентной, 
если значение дроби 

P А А • • • А ) — ( г , - ф г , е с л и x j f = - l ) 

зависит лишь от k и не зависит от индексов ilt г 2 , . . . , ik. И вполне независи-
мые события, и эквивалентные события, очевидно, квазиэквивалентны. Цель 
работы исследовать свойства последовательностей квазиэквивалентных со-
бытий. 

Основным результатом работы является следующий: Пусть квази-
эквивалентные события Aj, А2,... определены на поле вероятностей {Q,£fP\. 
Предположим, что 

l im inf Р ( А п ) > О, 
Л— ™ 

тогда существует случайная величина А(а>) такая, что 

p АА • • • АI *Н) = А* Р(Ah) Р(А12) ... P(Aik) = 
= Р ( Д , 1 | А ) Р ( Д , , | А ) . . . Р ( Д , - Д А ) . 

( 2 ) Р 
M ak(w) = l 

I » é i p A ) j 

где ak(co) индикаторная функция события Ak, 

(3) / У man>an+v . . . ) = JS(A) 
n=l 

где dS(An, An+1,... ) обозначает <т-алгебру порожденную событиями Ап, An+j,..., а обозначает и-алгебру порожденную случайной величиной 
А(со). Две сг-алгебры считаются равными, если любой элемент одной из 
них отличается от некоторого элемента другой лишь на множестве меры 
нуль и наоборот. Формулу (3) можно рассматривать как обобщение закона 
нуля и единицы. 

6 * 
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