
HERMITE EXPANSION AND DISTRIBUTION OF 
ZEROS OF POLYNOMIALS 

by 
E . M A K A I — P . T U R Á N 

To P a u l E r d ő s on his 5 0 t h b i r t h d a y . 

1. Some time ago one of us (see [1]) realised tha t in problems when 
reality of zeros are concerned the Hermite-expansion seems to be a more 
appropriate tool than power-series expansion. This fac t lends interest to the 
general problem to s tudy the functional algebra of the Hermite-expansion 
of polynomials, i.e., the influence of t h e coefficients of its Hermite-expansion 
upon the distribution of its zeros. Various results have been reached in this 
direction (see [2], [3], [4]) but to one problem, raised in [1], no progress was 
made. This refers to t he interesting question, does there exist a theory of the 
Hermite-expansion corresponding to t he LANDAU—FEJÉR—MoNTEL-theory of 
polynomials (see [5]). In this paper we are going to give the first theorem in 
this direction. The Hermite-polynomials Hv(z) arc always meant with the 
normalisation 

Writing z = x iy we assert the following 
Theorem I. The ,, H ermite-tr in omiaV ' equation (C arbitrary complex) 

has always at least one of its zeros in the strip \ y\^.A with a positive numerical 
constant A. 

This will be a simple consequence of the following 
Theorem II. The equation (1.2) has for n 36 at least one zero in the 

strip I y I ^ e3. 
The proof of this theorem will no t be very delightful; but a f i r s t proof 

can be as ugly as it wants to be. 
This paper seems to us fi t for dedication to P. ERDŐS who enriched the 

theory of polynomials by so many ingenious contributions. 
2. For the proof wc shall need some facts, more or less known f rom the 

theory of Hermite-polynomials. They satisfy the recurrence-formula 

(1.1) 

f(x) = 1 + Hx(z) + CHn(z) = 0 

( 2 . 1 ) Hm(z) = 2zHm_1(z) - 2 ( m - l ) Hm_2(z), 

further the formula 

( 2 . 2 ) H'm(z)=2rnHm_1(z). 
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We shall need also the deeper fac t , due to G . S Z E G Ő (see [6] p. 128) (which we 
use in a slightly weaker form) according to which, if £m stands for the maximal 
zero of Hm(x) = 0, then 

(2.3) £m < (2m + I ) 1 / 2 - 1,8 (2m + l)"1 /6 

and also the inequal i ty of Van V E E N (see [ 9 ] ) 

£2
M ^ 2 (m + 1 ) - 6 , 1 (m + 1 

m ^ 2 . 

This last inequali ty we use in t h e slightly weaker form 

4 , 4 
( 2 . 4 ) fm > У 2m + 2 -

(m + l)1/6  

m ^ 5 . 

Applying (2.3) and (2.4) with m = n resp. n — 1 we obtain for n ^ 6 

í n - < ( 2 n + I ) 4 / 2 - ( 2 N ) I / 2 - 1 , 8 

1 

( 2 . 5 ) < 

< 

гг.1/6 f i n -f 1 + У2п 
+ 

n1'6 

/ 2 + №-!/" 4,4 - 1,8 
< 

4 У n 
+ №-!/" 4,4 -

3i/e < 

У2 3 
+ те1/6 " 

1 
3 + У 2 ) 

4 f n 

3 
+ те1/6 " n1!6 3 + 

4 n 

( 2 N + L ) 1 / 6  

1,8 
№ I / 6 ( 2 Т Г + 1 ) 1 / В 

< 3,21г."1/6 

< 

We shall fu i ' ther need two inequalities d u e to one of us (see [7]). The 
f i r s t of these asserts the inequali ty 

/ "1 \ I 2 
(2.6) \hm^(u\^ [ m ; у2гп + 1 - й , 

m + 1 

and the second, t h a t for 

— )j2m + 1 ^ x ^ У2m + 1 

t h e inequality 

77? T s' 
(2.7) | Я т ( х ) | ^ 7 — ( 2 m + l ) i / 4 

( 2 M + 1 - X 2 Y I * 

holds. (We remark t ha t the last one could have been replaced by a somewhat 
weaker inequality due to J . B A L Á Z S (see [8]) which can he deduced much 
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simpler.) Since f r o m (2.3) we have evidently for m ^ 1 the inequal i ty 

2m + 1 — I2, ^ (2m + l)1/3 

and hence f rom (2.6) and (2.4) for m SÏ 5 

( m — 1 ) ! i { 2 m + 2 - 8 , 8 V 2 (M+!)«/>} 
(2m + l)1/6 • e2 > 

m + 1 

> ( W 111—(2m + 1)1/6. em+l-6,3<m+I)V» 
m + 1 "" 

Thus with m = n — 1, и ^ б this gives 

| # „ _ 2 ( £ N - I ) I ^ — — ( 2 n - L ) I /« • 

and taking in account (2.1) with m = n 

\Нп($п_г)\ = 2(п- 1)|ЯП_2(Ы1)^ 

( 2 . 8 ) ( » — 1 ) 1 
(2ra— i)i/e.en-6,3n>/,_ 

As it is well-known we have £n_x < £„; let us consider | Hn(z) | on t h e 
circle I z — £„! = £„ — £ n _ v L e t us observe t h a t owing to t h e fact t h a t 
all zeros of Hn(z) are real, t he min imum of | Hn(z) | on our circle is a t t a ined 
only a t z = £n_1 . Hence from (2.8) we get t h e 

Lemma. On the circle \ z — £n | = £n — £n_.1 the inequality 

I H n ( z ) ^ 1)1 (2RA — L)1/» E"=6 '3NL/ ' 

" j ] ' 
holds, if only n 6. 

3. We shall need another inequal i ty too, which is an easy deduction 

= ô, ô > 0 a n d f r o m (2.7) and (2.2). Let K(Ô) s t and for the circle z + — 

we want to have an upper bound for | H n ( z ) | on K(ô). Repea ted use o f 
(2.2) gives 

H<n
k\z) = 2k 

and hence on K(ô) 
(га — je) ! 

Hn-k(z) 

i k = О 

1 
( . + 4 1 

к i f 
9 V ? (2ô)k 

Hn-k 
1 

2 I 2 T - ? U 

(2ô)k 

2 
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Using (2.7) this gives on K(ô) 

\Hn(z)\^n\ V 
(20) s\k In — Ik + 1 , 1 / 4 

k = ° / ! 

(3.1) 

n — к 
• E 1 ' 8 < 

! -2k-\  

< | i 
1/4 LY, _ 

ei/8(l + 20)" • max • < 
' n — к 

1/4 
gl /8 п ! 

— • e ,2 i n 

This is w h a t we shall need. 
4. Now we tu rn t o the proof of our theorem. On the circle | z — | = 

= £n — f „ _ i we have f r o m (2.3) and (2.5) for n 6 the inequality 

| L + ^ 1 ( Z ) | = |L + 2 Z | ^ L + 2 ( 2 ^ - | N _ 1 ) < 

(4.1) < 1 + 2 {(2гг. + l)i/2 _ i g ( 2 и + l)-i/« + 3.2И.-1/6} < 3 \ 2 n + 1 

and hence, if only 

n ! (4.2) CI ( 2 n - 1)1/« Е"-В,ЗП'/- > 2пу2п+ 1 

then owing to the l emma and (4.1) we have 

| С Я „ ( Г ) | > I I + АД!. 

But then Rouché's theorem gives a t once the existence of a zero in the circle 

£n-£n-1 

i.e., owing to (2.5) in t h e strip 

(4.3) 

On the o ther hand, if only 

(4.4) 

3,2 

\Iz\ <L e^ < e3. 

n\ ( 4 W 4 

< 

then choosing ô = — we have on t h e circle К 
2 n 2 n 

, using (3.1), 

| 1 + / 4 ( 2 ) 1 = 2 2 + - > 

(4.5) W' Í 4 B / 4 
> | С 1 Т ^ Т - Ы E 9 / 8 > ICI \Hn(z)\ 
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i.e., again Rouché's theorem gives the existence of a zero in the circle 

-2 'in 
•, i.e., a fortiori in the strip 

(4.6) \Iz\ < 
1 

12 

Obviously (4.2) and (4.4) cover all C-values if 

U/4 
(4.7) с _ д / 8 1 ^ Зте] /2те+1 c _ n t f i 3 n V , 

N (2 N — 1 ) ! /« 

5. Since, as easy to see, we have even for те St 1 

J / 2 R E " + 1 

(2ТЕ — L) 1 ' 6 < 2 те1/3, 
(4.7) is t rue a fortiori if 

or if 

(5.1) 

Since 

1/4 g-9/8 > 6 те7'3 e-"+e>3" , 

e" > 
4 )i/i ,,, 

1 g9/8 + 6,3n ' ^7/3 

4 )'/4 2 + - 7 
—I < e 12 and —log и < 2 , 6 те1/3 

3 

(5.1) is in turn certainly t rue if 

resp. 

gn > g3,22+9" 

n > 3,2 + bn 1 / 3 . 

But this t rue for те 36 and hence Theorem I I is proved. 
6. In order to prove Theorem I we have to consider t he case 

(6 .1 ) 

Hence if 

( 6 . 2 ) 

n <. 35 . 

K L < 
max \Hn(z) 

l* + i l = I 

(C[ and later c2, . . . being positive explicitly calculable numerical constants) 
then the equation (1.2) has owing to Rouché's theorem a zero in the circle 

11 A Matematikai Kutató Intézet Közleményei VIII. A/l—2. 



1 6 2 MAKAI—TÚRÁN 

j j i 

I z + — I ^ 1, i.e., in I Iz I ^ 1. Further if 
i 2 

max I + 2 z | 

(6.3) |C| > 

(in consequence of (6.1.), t h e n the equation (1.2) has a t least one zero owing 
to Rouché's theorem in t h e circle 

|Z — £n—i J ^ F„ — FN-! ^ C3 

i.e., in / 2 I 5i c.,. If Cj > c2, we are ready and our s t r ip is 

(6.4) Iz\ ^ max (e3, c3). 

If not, then t h e zeros of t h e equations (1.2) with 

cx ^ |C| ^ c 2 , n ^ 35 

are certainly in a finite universal domain, i.e., with sui table c4 in 

\Iz\ ^ c4 . 

In this case t h e strip 

\Iz\ ^ max (e3, c3, cA) 

fulfills our requirement. Hence Theorem I is proved too. 

(Received April 19, 1963.) 
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РАЗЛОЖЕНИЕ В РЯД ПО МНОГОЧЛЕНАМ ЭРМИТА И РАСПРЕ-
ДЕЛЕНИЕ НУЛЕЙ МНОГОЧЛЕНОВ 

E . M A K A I и Р . T U R Á N 

Резюме 

Если Hv(z) является многочленом Эрмита, определенным формулой 
(1.1), тогда корни многочленов определенных формулой (1.2) размещаются 
вблизи действительной оси плоскости комплексного переменного. Точнее, 
существует постоянная величина А, независшая от n и от С такая, что мни-
мые части у корней удовлетворяют неравенству | у | < а. 

л * 
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