HERMITE EXPANSION AND DISTRIBUTION OF
ZEROS OF POLYNOMIALS

by
E. MAKAT—P. TURAN
To Paul Erddés on his 50th birthday.

1. Some time ago one of us (see [1]) realised that in problems when
reality of zeros are concerned the Hermite-expansion seems to be a more
appropriate tool than power-series expansion. This fact lends interest to the
general problem to study the functional algebra of the Hermite-expansion
of polynomials, i.e., the influence of the coefficients of its Hermite-expansion
upon the distribution of its zeros. Various results have been reached in this
direction (see [2], [3], [4]) but to one problem, raised in [1], no progress was
made. This refers to the interesting question, does there exist a theory of the
Hermite-expansion corresponding to the LANDAU—FEJER—MONTEL-theory of
polynomials (see [5]). In this paper we are going to give the first theorem in
this direction. The Hermite-polynomials H (z) are always meant with the
normalisation

(1.1) e?H,(z) = (— 1)’ (e-#)®.

Writing 2 = v + 4y we assert the following
Theorem 1. The , Hermite-trinomial’ equation ({ arbitrary complex)
def,

(1.2) fl@) &1 + Hy(2) + LH,(2) = 0

has always at least one of its zeros in the strip |y | < A with a positive numerical
constant A.

This will be a simple consequence of the following

Theorem II. The equation (1.2) has for n = 36 at least one zero in the
strip |y | < é.

The proof of this theorem will not be very delightful; but a first proof
can be as ugly as it wants to be.

This paper seems to us fit for dedication to P. Erpds who enriched the
theory of polynomials by so many ingenious contributions.

2. For the proof we shall need some facts, more or less known from the
theory of Hermite-polynomials. They satisfy the recurrence-formula

(21) Hm(z) = 2Zf{m-—l(z) — 2i{m — 1) Hm—‘z(z) 5
further the formula

(2.2) Hinf2) = 2m H,y(2).
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We shall need also the deeper fact, due to G. SzeG6 (see [6] p. 128) (which we
use in a slightly weaker form) according to which, if &, stands for the maximal
zero of H, (x) = 0, then

(2.3) En < (2m 4+ 1)12—1,8(2m + 1)-18
and also the inequality of Van VEEN (see [9])
£,22(m 4 1) — 6,1 (m + 1)1
m=2.

This last inequality we use in the slightly weaker form

2.4 E.5Voma 82— — .
(2.4) > J2m + T

=D s

Applying (2.3) and (2.4) with m = n resp. n — 1 we obtain for n > 6

1
En T En—l < (27? J\‘ 1)1/2 s (‘2 n')1/2 - ) ,8 s
(2n 4 1)1s
L 1 4,4 15
nis  Y2u+ 1+ J2n  |n6 (2n 4+ 1)U
W 1,8
2.5 n~1614 4 —
(2.5) =t ( o

el LA LTI

" 4Vn n1/6 4n1/3

We shall further need two inequalities due to one of us (see [7]). The
first of these asserts the inequality

T
(m --1)1e™

of[ 1],
. A
and the second, that for
~emrizeLemF1

(2.6) | H s (&) Vom +1-2,

v

the inequality

L

(2.7) | Hopla)| < -2 (2m 4 1 —
[ﬁ]! (2m + 1 — 221/
2

holds. (We remark that the last one could have been replaced by a somewhat
weaker inequality due to J. BavLAzs (see [8]) which can be deduced much
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simpler.) Since from (2.3) we have evidently for m > 1 the inequality
2m + 1 — & > (2m + 1)1/3
and hence from (2.6) and (2.4) for m = 5

- ! 1 m-+2— 3 (m 1)
]Hm_l(fm)| P Ll)_ (2m + 1)1/“-e2{2 +2-8,8 12 (m+1)'2)
9 ([m +1 ”'
2
(m—1)!

(2m + 1)1/6 . em+1-63(m+1)1/®

SO ()L
=)
>

Thus with m = n — 1, n > 6 this gives

(n— 2)!

2[%]1

and taking in account (2.1) with m = n

| HpolEry) | 2 (20 — 1)1/8. en-o3mn

lHn(‘Sn—l)’ =2(n—1) ]Hn—z(‘fn—l) =
(2.8) =~ (n — 1! (2n — 1)1/6 . gn—63nths
=
—|!
E
As it is well-known we have &, | < & ; let us consider | H,(z) | on the
circle |z—§&, | =&, —&,_,. Let us observe that owing to the fact that

all zeros of H »(2) are real, the minimum of | H,(z) | on our circle is attained
only at z = &,_,. Hence from (2.8) we get the
Lemma On the circle |z — &, | = &, — &,_, the inequality

(n—1)!

il
2
holds, if only n > 6.

3. We shall need another inequality too, which is an easy deduction

from (2.7) and (2.2). Let K(8) stand for the circle |z + E =46, 6> 0 and

|Hp(z) 2 (2n — 1)1/6 gn-63n7

we want to have an upper bound for |H (z)| on K(6). Repeated use of
(2.2) gives
H®(z) = gk " o _(2)
" (n—k)! "
and hence on K(J)
|H (2 I—’E HO|— = +lk < o7 (28)% | H,_, —i‘.
k! 2] |7k . 2)|
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Using (2.7) this gives on K(9)

n i - 1/4
H ()| < n!Z (26) ’ 2n—2k+ 1\
=0 k!["* I! 2n—2k+—zl

(3.1)

1/4 — k) 1/4 !
e (%‘ els(1 4 25)n.max.u < [_4_) el/8 . . 201
!

k 'n—k 3 nl,
2 2]
This is what we shall need.
4. Now we turn to the proof of our theorem. On the circle |z — &, | =
= §,— &,_, we have from (2.3) and (2.5) for n > 6 the inequality

14+ H(2)|=|14+22| =14 2(28, — &) <
(41) <142{2n+1)V2—18(2n+ 1)V + 3,201} <3})2n + 1
and hence, if only
n!
n
:
then owing to the lemma and (4.1) we have
|CH(2)| > |1 + Hy(2)] -
But then Rouché’s theorem gives at once the existence of a zero in the circle

IZ—— En‘ é 'En_ fn—l

i.e., owing to (2.5) in the strip

(4.2) 1] (27 — 1)US en—83m0 > 32} 20 & 1

g
(4.3) \le| <8 < 8.

On the other hand, if only

m nl (4) |
(4.4) n '(3] 7
[2}'

then choosing 6 = b we have on the circleK[—l—\ , using (3.1),
2n 2n
) [
1+ H,y(2)| =2 z+——’:—>
4.5 n! (4)U4
. o il

B
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i.e., again Rouché’s theorem gives the existence of a zero in the circle

1 1 o y
z+ 5 < —, i.e., a fortiori in the strip

2n

: 1
(4.6) 12 = -

Obviously (4.2) and (4.4) cover all {-values if

1/4 O
(4.7) Ll ey 3nl2n 41 o—n+6,3m
4 n (2n — 1)1/8
5. Since, as easy to see, we have even for n > 1
m,l < 2013
(2n—1)16
(4.7) is true a fortiori if
(3 e e—98 > (i3 e—n+63"
|4
or if
(5.1) e > 6 (;,1/4 09/8+6,30"° 213
Since

4\1/4 1
6 (5) <tz oand %log n < 2,6nl3

(5.1) is in turn certainly true if

el e3122+9"1/3
resp.
n > 3,24+ 9nl/3,

But this true for » = 36 and hence Theorem 1I is proved.

6. In order to prove Theorem I we have to consider the case

(6.1) n<35.
Hence if
: 2
(6.2) T, .
max |H,(z)|
2+ 4| =1
(c, and later ¢,, . .. being positive explicitly calculable numerical constants)

then the equation (1.2) has owing to Rouché’s theorem a zero in the circle

11 A Matematikai Kutaté Intézet Kozleményei VIII, A/1—2.
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!z +% < 1, ie,in |Iz| < 1. Further if
1
max 11+ 22|
(6.3) Bl Bmiricten . mn
‘Hn(én—l)!

(in consequence of (6.1.), then the equation (1.2) has at least one zero owing
to Rouché’s theorem in the circle

o Gy =y & 4
ie,,in |Iz| < ¢y. If ¢; > ¢,, we are ready and our strip is
(6.4) |Iz| < max (€3, cg) .
If not, then the zeros of the equations (1.2) with
2|l L6, X35
are certainly in a finite universal domain, i.e., with suitable ¢, in
| 12| < & .
In this case the strip

|1z] < max (€3, c3, ¢y)

fulfills our requirement. Hence Theorem I is proved too.

(Received April 19, 1963.)
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PA3JIO)KEHHE B PSAI 10 MHOIOYJIEHAM 3PMMTA U PACIIPE-
AEJIEHUE HYJIEXD MHOIOUYJIEHOB

E. MAKAI u P. TURAN
Pe3iome

Ecnu H,(z) siBisieTcsi MHOTOUJIEHOM JpMMTa, ONpeJesieHHbIM (o pMYJIoi
(1.1), TorAa KOPHM MHOTOYJIEHOB OIpefeseHHbIX Gopmysoit (1.2) pasmelaroTcs
BONM3U AEHCTBUTEJILHOW OCH TJIOCKOCTH KOMILJIEKCHOTO TepeMeHHoro. TouHee,
CYIleCTBYeT IOCTOSIHHAS BeJIMUMHAa A, He3aBuUClIasi OT m U OT { TaKasi, YTO MHH-
Mble YacTH ¥ KOpHeil YJOBJIETBOPSIOT HepaBeHCTBY |y | < A.

11*
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