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1. Introduction 
The concepts of f ree semigroups, groups, r ings a n d so on are well known 

a n d have several applications. The const ruct ion of f ree semigroups etc. is, 
r ough ly speaking, t h e following (see [1] and [2]): we t a k e the polynomials over 
t h e genera t ing sys tem given, and we iden t i fy some polynomials in order to 
m a k e t h e algebra of polynomials sa t i s fy t he given axiom system V de f in ing the 
class of algebras considered. The axioms in 27 a re open sentences, i.e. in a 
no rma l prenex f o r m t h e y contain no existential quant i f ie r . If i t does (e.g. in 
case of groups) t h e n we int roduce f u r t h e r operat ions (e.g. the opera t ion x _ 1 

in groups) so t h a t 27 can be t r ans fo rmed in to one conta ining only open sentences. 
Of course, t h e existential quan t i f i e r s cannot always be e l imina ted by 

in t roduc ing new operat ions. I t is m y aim to show t h a t even in th i s case free 
a lgebras can be de f ined . However, in such a s i tuat ion one should begin by 
consider ing t he not ion of subalgebra and homomorphism, since, as can he 
shown b y examples, t h e classical no t ions do no t work well. The modi f ied notions, 
called 27-subalgebra a n d 27-homomorphism coincide wi th the classical not ions 
if 27 contains open sentences only. 

§ 2 contains t h e nota t ion a n d t h e basic not ions . The concepts of 27-
I iomomorphism, 27-subalgebra and f ree 27-algebra a re given in § 3. T h e results 
on f r e e 27-algebras a re given in § 4, while t he existence theorem is conta ined 
in § 5. The notion of f ree K-algebra can be def ined over an a r b i t r a r y class К 
of algebras; how th is concept is connected wi th f ree 27-algebras is shown 
in § 6. 

I n t he Appendix a necessary a n d suff ic ient condit ion is given for t h e exis-
t ence of f ree algebras in the classical case, when 27 contains open sentences only. 

T h e proofs of t h e results a re n o t given. These will be publ ished in sub-
sequen t publicat ions. 

2. Notions and notations 

A universal a lgebra (briefly: a lgebra) St is a sequence < A , f 0 , f v . . • , / у , - - - У у < а  
where A is a set and f y is an w7-ary opera t ion on A i . e . f y £ AA";'; in th i s no ta t ion 
а , у deno te ordinal numbers , 0 g n y < ы. The sequence <n y } y < a is t h e t y p e of 
St, a is the order of St. 
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Gothic cap i t a l letters Sí, 33, . . ., $ deno te algebras while t h e 
corresponding l a t in capital le t te rs A, B, . . ., F denote the set upon which 
t h e y are def ined. 

All algebras considered are of t he same t y p e which i skept f ixed th roughou t 
t h e paper . We c a n associate wi th th is type a f i r s t order logic wi th equal i ty 
sign as follows: i t contains opera t ion symbols Py for every y < a and Py i s 
t h e symbol of a n ny-ary operat ion; t he individual variables are v, x, y, z, . . .; 
i t contains f u r t h e r t h e usual logical connectives Л , V, —1, —>, (x), (3x) 
( " o r " , " and" , " n o t " , " imply" , " fo r every x", " t h e r e exists an x"), and t h e 
equa l i ty sign = . 

Formulae a r e def ined as usual . Firs t we def ine terms: a n y individual 
var iab le x is a t e r m ; if Tv . . ., Tny are t e r m s t h e n so is Py(Tv • • -, ТПу). 
N e x t we def ine fo rmulae : if Tx a n d T2 are t e r m s t h e n 

T , = T 2 

is a formula (this is called a p r ime formula). I f Ф1 and Ф2 are formulae t h e n 
so a re Ф2 V Ф2, Ф1Л Ф2, пФг Ф^Ф2, (х) (Фг), (3х)(Ф 1 ) . 
E v e r y formula Ф can be wr i t ten in a prenex no rma l form: 

(2.1) (QlXl) ...(Qnxn){W) 

w h e r e ' P i s a f o rmu la containing no quant i f ier a n d t he Qf are quant i f iers . I f i n 
(2.1) W contains n o var iable o ther t h a n xv . . ., xn t hen Ф is a closed formula . 
If Ф is closed a n d n o Q, is an exis tent ia l quan t i f i e r t hen Ф is an open fo rmula . 

An axiom system S is a set of closed formulae . A 27-algebra 3Ï is a model 
of 27, i.e. every Ф ç 27 is satisfied on 31. 

< A , / 7 ) 7 < a i s a subalgebra of < Д <77>7<aif A is a subset of B, A is closed 
u n d e r gy and fy is t h e restriction of gy to A, for every у < a. 

The mapp ing ер : A —> В (a —> a<p) is called a homomorphism if 

fy(av • • •. any) <P = 9y(a 1 <pv • . • , any <p) {y < a). 
All these no t i ons are well-known; for more detai led (and more precise) 

t r e a t e m e n t the r e a d e r should consul t [3], [5], [6], [7] and [8]. 

3. The notion of inverse 

Let an ax iom system E be f i x e d and we suppose every Ф ç E is in p r enex 
normal form, e.g. 

(ЗА) (х)(Ву)(Пх,у)), 

or 

(3.2) (x)(3y)(z)(3u)(W(x,y,z,u)). 

I n (3.1) a n d (3.2) the fo rmulae W(x, y) a n d W(x, y, z, u), respect ively, 
conta in no quan t i f i e r . 

Le t Ф € E, Ф be of the fo rm (3.1), and le t 3Í he a Г-algebra, a, b € A. 
W e say tha t b is a n inverse (Ф-inverse) of a if 4'(a, b) holds. L e t Ф be of t h e 
f o r m (3.2). Then b is an inverse of a if 

(z)(3u){V(a,b,z,u)) 
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holds true. And d is an inverse of a and с if there exists an inverse b of a such 
that !F(a, b, c, d) holds. 

The general definition of inverse is now obvious; if b is a Ф-inverse of 
av . . ., an t hen Ф contains an existential quantifier preceded by n universal 
quantifiers and by some, say k, existential quantifiers; t he precise definition 
can be given by induction on к as in the example above. The details are l e f t 
to the reader . 

To say tha t 6 is a Ф-inverse of av . . ., an may sometimes be ambiguous. 
E.g. if Ф is of the form: (x) (3y) (3z) (W(x, y, z)), then b is a Ф-inverse of a 
either if (3z) (F(a, b, z)) or if there exists а с with (3z) c, z)) and Ф(а, c, b). 
Therefore, if we have two existential quantif iers between which there is no 
universal quantif ier than we have to distinguish between the inverses wi th 
respect to t h e f irst and second existential quantif ier . 

Since in the discussion we consider as examples axioms of type (3.1) 
and (3.2) th is problem will not arise. 

Let 21 and S3 be algebras and 58 be a 27-algebra. We say tha t 2Í 
is a 27-subalgebra of 33 if 21 is a subalgebra of 33, fur ther if av a„ € A, 
b € В, Ф € £ and b is a Ф-inverse of av . . ., an in 33 then b € A. I t is easy 
to see t h a t t he following results hold: 

3.3. A 27-subalgebra of a 27-algebra is again a 27-algebra. 
3.4. Le t 21 be a 27-algebra, H ç A. Then there exists a smallest 27-

subalgebra 33 of 21 such t h a t H С В. 
This 33 is said to be 27-generated by H, and H called a 27-generating 

system of 33-
If 27 is the usual axiom system for groups, i.e. the t y p e is <2,0) t h e 

operations being denoted by • and 1 and the axioms are 
(x) (y) (z) (x-(yz) = (x-y)-z), 

(x) (x • 1 = X Д 1 • X = x), 
(x) (3y) (x-y=lAyx = l) 

then a 27-subalgebra is a subgroup. (Note t h a t a subalgebra is a subsemigroup 
containing 1.) 

If 27 contains open formulae only, then every subalgebra is a 27-sub-
algebra. 

Now let 21 and 33 be 27-algebras cp : A -> B. Then cp is said to be a 
27-homomorphismifit is a homomorphism, fu r ther it carries inverse into inverse, 
i.e. if av . . ., an, b € A and b is a Ф-inverse of av . . ., an (Ф € 27) then b<p is a 
Ф-inverse of axcp, . . ., ancp and, conversely, if b is a Ф-inverse of bv . . ., bn  
(b, bv . . ., bn € B), av . . ., an € A such t h a t agp =bv . . ., ancp = bn then the re 
exists a Ф-inverse a of av . . ., an such t h a t acp = b. 

In case of groups any homomorphism is a 27-homomorphism. The same 
holds if 27 contains open formulae only. 

Let a class of algebras of type <2> be defined by the following axioms 
(the binary operation is denoted by U ) : 

(x) (x (J X = X) , 
(x) (y) (x\Jy = y\Jx), 
(x) (y) (2) ( (xUy)Uz = xU(2/Uz)), 
(x) (y) (3z) (w)(x = zUxA y = zUî/A ((* = u\Jx/\ y = u[Jy)-+z = z\Ju)). 

1 3 * 
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Then t h e class of 27-algebras coincides with the class of lattices, a 27-
subalgebra is a sublattice, a 27-homomorphism is a lattice-homomorphism. 
A subalgebra is a subset closed under union, which is a lattice, and the usual 
notion of homomorphism too does not function well, e.g. the homomorphic 
image of a distributive lat t ice (as a 27-algebra) can be non-distributive. Of 
course, this cannot happen if we consider 27-homomorphisms. 

3.5. L e t 91, S3 be 27-algebras, cp a 27-homomorphism of 91 into S3- Then 
the image of 91 under cp is a 27-subalgebra of S3-

3.6. The product of 27-homomorphisms, if exists, is again a 27-homo-
morphism. 

Now we define the not ion of free 27-algebra with ß 27-generators, where ß 
is any cardinal number. 

The algebra %(ß) = (F(ß),f0,fv . . . , f y , . . .}y<a is said to be the free 
27-algebra wi th ß 27-generators if 

(a) i5(/3) is a 27-algebra; 
(b)F(ß) contains a sequence of elements ( x y } y < ß 27-generating fy(/?); 
(c) let 91 be a 27-algebra, <ау)у<(3 a sequence of elements of A, then 

the mapping cp : xy^>- a (y < ß) can be extended to a 27-homomorphism cp of 
%(ß) into 91. 

I t is easy to see t h a t the cp in (c) need not be unique. 

4. Free 27-algebras 

First we formulate t h e unicity theorem: 
4.1. I f x$(ß) exists for some ß t hen it is unique up to isomorphism. 
We can prove somewhat more, namely 
4.2. L e t %(ß) and %'(ß) be f ree 27-algebras with the 27-generating 

systems (xy}y<.ß&iid (х'уУу<.р. Let cp be the mapping xy—> x'Y (y < ß) and 
cp any extension of cp into 27-homomorphism. Thenip is an isomorphism between 
W ) and %'(ß). 

The following theorems are analogues of well-known theorems for the 
classical case. However, i t seems to me tha t the tr iviali ty of the classical 
results does not imply t h e existence of an easy proof in this situation. 

4.3. Suppose tha t t h e free 27-algebra %(ß) exists. Then g(<5) exists 
for every ô < ß. 

4.4. Suppose exists for every n < со. Then i$(co) exists too. 
4.5. I f exists t hen so does §(/3) for every ß. 

5. The existence theorem 

We define multi-polynomials as follows: 
(a) P{xv . . ., xn) = {ж,} is a multi-polynomial; 
(b) if / is an operat ion then P(xv . . ., xn) = {f(xv . . ., жп)} is a multi-

polynomial; 
(c) let 3y be preceeded by n universal quantifiers in the axiom Ф; then 

P(xv . . ., xn), the set of all Ф-inverses of ОС̂, . . . , Dfiyi I® ^ 
multi-polynomial ; 

(d) if Px(xv . . ., xn), . . ., Pk(xv . . ., xn), P(xx xk) are multi-poly-
nomials t h e n so is P(PV . . ., Pk), where 
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x € P(P1{x1, . . ., xn), . . ., Pk(xv . . ., xn)) if and on ly if there exist 
yv . . ., yk, such t h a t x € P(y1 yk) a n d yt í Рх(хх, . . ., xn) for eve ry 
1 ^ г g. к. 

(e) t h e mult i -polynomials are those a n d only those which are g iven b y 
(a)—(d). 

Consider the condi t ion: 
(5.1) E v e r y mult i -polynomial in к var iable is b o u n d e d , i.e. there exis ts 

an integer n, such tha t a mul t i -polynomial P(xv . . ., xk) c anno t contain more 
than n e lements . 

Then we can prove 
5.2. I f %(lc) exists t h e n (5.1) holds. 
The n e x t condition is necessary, too , for the ex is tence of %(k): 
(5.3) L e t 21 and S3 be 27-aIgebras, 21 is 27-generated by ( x f ) i < k a n d 

iyî)i<k a re elements of B . Then there ex is t s a 27-algebra (£ P-genera ted by 
(Zi)i<k such t h a t the mapp ings <px : zt xt and <p2 : zt —>- yt can be e x t e n d e d 
to Á-homomorphisms. 

5.4. T h e conditions (5.1) and (5.3) a r e necessary a n d sufficient fo r t h e 
existence of т$(к). 

W e formula ted 5.4 fo r к < со. I t is t r u e for w as well. (5.1) t h e n says 
t h a t every mult i -polynomial is bounded. 

A special case of 5.4 is t he following: 
5.5. Suppose E con ta ins open sentences only. T h e n %(ß) exists if a n d 

only if whenever 21 a n d 93 are 27-algebras, 21 is gene ra t ed by x0, . . ., 
Xy, . . . (y < ß) and y0, . . . , yy, . . . (y < ß) a re elements of В then the re exis ts 
a 27-algebra (£ generated b y the e lements z0, ..., zy, . . . (y < ß) such t h a t 
(px : Zy -> Xy (y < ß) a n d q>2 : zy -> yy (y < ß) can be e x t e n d e d to h o m o -
morphisms. 

E.g. if E contains on ly equations t h e n such a © is t h e subalgebra of t h e 
direct p r o d u c t 21x93, g e n e r a t e d by t h e <xy, y f ) (y < a). 

One can obviously i n f e r a character iza t ion of equa t iona l classes f r o m 5.5. 

6. Free K-algebras 

Let К be a class of algebras. An a lgebra $(ß) is a f r e e K-algebra w i th 
ß genera tors if 

(a) ^ ( ß ) € K ; 
(b) F(ß) contains a sequence (xy)Y<ß generating %(ß)\ 
(c) l e t 21 € К and <aY)y</з be a sequence of e lements of A, t h e n 

cp : Xy —*- ay (y < ß) can be ex tended to a homomorphism ç> of £$f(ß) i n t o 21. 
The problem is t h e following: w h a t is the connect ion between f r e e K-

algebras a n d f ree 27-algebras. 
To se t t le this p rob lem we define t w o properties. 
We say t h a t the a x i o m system E h a s the Inverse Preserving P r o p e r t y 

( IPP) if whenever 21 is a Á-algebra, 93 a F-subalgebra of 21, ax an, 
b € В, Ф ç E, b is a Ф-inverse of av . . ., an in 93 then t h e same holds in 21 
as well. (The converse of t h i s s ta tement holds always.) 

The f r e e 27-algebra fs(ß) is called f r e e in the s t ronger sense if, in t h e 
definit ion, t h e 27-homomorphism <p is a lways uniquely determined. I f we 
write "%°(ß) exists" i t m e a n s tha t t he f r e e 27-algebra %(ß) exists a n d i t is 
f ree in t h e s t ronger sense. 
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6.1. I f exists a n d ô < ß t h e n exists too . 
6.2. I f exists for every n < со t h e n so does 
6.3. I f £f°(ft>) exists t h e n so does for every ß. 
Now we t u r n to the m a i n problem: 
6.4. L e t К be the class of 27-algebras <M, / Y ) y < a ; we suppose 27 has I P P 

and the f r e e 27-algebra f)°(oj) exists. T h e n we can d e f i n e new opera t ions 
fa ' fa -f i ' • • •>fy • • • (a У < ß) o n the 27-algebras such t h a t t he arising class 
К of algebras a n d the m a p p i n g 

fy)y<a <—> <A, fy~)y<ß 

have the fol lowing proper t ies : 
(a) <A,fy}r<a is a 27-subalgebra of < 5 , g f ) Y < a if a n d on ly if < A , f y ) r < ß  

is a subalgebra of (B , gy)Y<ß ', 
(b) l e t cp map A i n to B; cp is a 27-homomorphism of < A , f y ) v < a i n t o 

< В , gy)y<a if a n d only if i t is a homomorph i sm of ( f A , f y ) Y < a in to < В , gy}Y<p; 
(c) t h e f r e e A-algebras exist . 
T h e o r e m 6.4 is the b e s t possible in t h e following sense: 
6.5. Suppose tha t t h e conclusion of 6.4 hold for t h e axiom system 27. 

Then Г has I P P and g°(a>) exists . 
The s imples t i l lust ra t ion of 6.4 is g iven by an axiom system 27 in which 

all exis tent ial quant i f iers a r e of bound one, i.e. the inverses are unique. T h e n 
t h e new ope ra t ions fa, fa+v • • • are simply t h e Skolem-funct ions. 

7. Appendix 

Now w e suppose t h a t every axiom in 27 is an open formula , i.e. of t h e 
fo rm 

(7.1) (xx) ...{xn)(W(xx xn)). 

I n s t e a d of (7.1.) we will wri te s imply 
(7.2) W(xv...,xn), 

which con ta ins no quan t i f i e r . 
The con junc t ive n o r m a l fo rm of W b e 

. . . A V K , 

and we rep lace W in 27 by W v . . . . Wk. T h u s we may suppose t h a t every W € 27 
is of the f o r m 
(7.3) 

where every W l is a pr ime fo rmula or a nega t ion of a p r i m e formula. 
If e v e r y W € 27 is of t h e fo rm (7.3) t h e n we say t h a t 27 is in the normal 

form. 
Let 27 b e in the n o r m a l form. 27 is reduced if every IP 6 X is reduced in 

t he following sense: either 4 = 1 or the sequence <1, 2, . . ., 4 ) has no p r o p e r 
subsequence <+, . . ., i f ) (n < 4) such t h a t F is equivalent t o W: 

(7.4) VFU. 

More precisely to say, 27 is not equ iva len t to (27\{ l P}) IJ {P'}-
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If T i s not reduced then the re may be m a n y sequences <гх, . . ., г„> for 
which 27 is equivalent to (27 \{P}) U {P'}- A reduction is t h e following: 
we replace У by a P ' for which те = 1 or те is t he least possible. 

A reduction of 27 is the following: we reduce every P € 27. 
7.5. Let 27' be any reduction of 27. Then 27 is equivalent to 27'. 
7.6. Any axiom system 27 equivalent to an axiom system 27' which is in 

reduced normal form. 
7 . 6 i s d u e t o P E R E M A N S [ 4 ] . 

Now suppose 27 is in reduced normal form, IP 27 is of the form (7.3), 
where Px , . . ., PS(!P) are negations of prime formulae, . . ., Pfc arc pri me 
formulae (it is allowed that s (P) = 0 or s(P) = k). 

A P-specialization of T(xv . . ., xm) is P (P X Tm) if Tv . . ., Tm are 
t e rms and each Ti(T1, . . ., Tm), 1 g г g s(T) is identically false (i.e. 
~l Ti(Tv . . ., Tm) holds always in every 27-algebra). 

An axiom IP € 27 said to have property P if either «(IP) = к or whenever 
P ( P j Tm) is a P-specialization then there exists an s (P ) < i g fcsuch 
t h a t T,(TV . . ., Tm) is identically t rue. 

7.7. If P i s of the form (7.3) and к = 1 then IP has proper ty P. 
7.8. If P i s of t he form (7.3) and s(P) > k — 1 then P has property P . 
7.9. Suppose P in (7.3) is reduced, к > 1 and s(P) = 0. Then P does not 

have property P . 
An axiom system 27 has proper ty P if every axiom P € 27 has it. 
The main result of this section is the following: 
7.10. The free algebra г (̂оо) over the class of all 27-algebras exists if 

a n d only if 27 has property P . 
7 . 7 and 7.10 together yield a result of B I R K H O F F [1] and [2] while the 

combination of 7.8 and7 .9wi th7 .10g ive the two main results of P E R E M A N S [ 4 ] . 

One can easily sharpen 7.10 by giving a necessary and sufficient condi-
t ion for the existence of ^(те), n < со. 

(Received May 17, 1963.) 
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