
ON SOME DISTRIBUTIONS CONNECTED WITH THE ARC SINE LAW 
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Introduction 
1. In the following we shall consider both cases of the f in i te arcsine law, 

namely the original form due to CHUNG and F E L L E R [ 2 ] and the general 
case of S P A R R E A N D E R S E N [1] as well. In connection with these theorems we 
shall determine some distributions and shall give for the discrete case combi-
natorial proofs based on one-to-one correspondences. In formulating our results 
we shall make use of the model of CHUNG and F E L L E R : 

Two gamblers A and В play a coin tossing game in which player A 
wins or loses a uni t according to whether t he result of t he coin tossing is 
„head" or „ ta i l" . Denoting his winnings in the г'-th trial by £f we have Р(|,- = 

= + 1 ) = Р(£,- = — 1) = — and the total amount of his winnings a f t e r 
2 

г trials by st — | x + | 2 + • • • + £;> («о = 0); we shall say t h a t A leads over 
В a t the г'-th tr ial , if either st > 0 or s, = 0 b u t s i_1 = -f 1. Among 2n t r ia ls 
A may lead in 0, 2, 4, . . . , 2?i tr ials and we shall denote by 2y2n the number 
of leading steps. As CHUNG and F E L L E R [2] have shown, y2n follows the f in i t e 
arcsine law; i.e. if | 2 , . . ., ij2n are totally independent, t hen 

(1) Р(У2п = </) = — 
1 (2 g 

я 

2 n — 2 g 
n~9 . 

g = 0 , 1 . 2 , n. 

The limiting distribution, obtained by P . LÉVY in [6] is 

(2) l i m P ( y . i n <na) 
л j f i 

dx 
л J y » ( l - x) 

= — arc sin |/c 

In §1 we shall determine the distribution of the number of trials at which 
the winnings of player A makes at least 2k. As given in Theorem 1.1, t h e 
following very simple modified form of the f ini te arcsine law is obta ined: 

(3) 

for g = 1, 2, 

(4) 

n and 

9) = 
1 

2 2 " 

2 g 

9 

2n — 2g\ 

n — g-\-k) 

2 ? г 

n + j, 

281 
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In order to obtain a simple combinatorial proof for this relation, we shall 
give a new proof for t he finite arcsine law. (It is to be remarked, t h a t (3) and 
(4) can be derived f rom the finite arcsine law with t h e aid of generating func-
tions too.) In this § we shall give a numerical example and consider the limit-
ing distr ibution. 

In §2 we shall determine the jo int distribution of two random variables: 
the number of leading steps and the number of winning series of player a. 
A winning series is a sequence {sv, s„+1, . . ., for which Sj 0, ; = v, v+ 1, 
. . . , y, b u t sv_y = s +y = —1. (We m a k e the agreement, tha t = —sx.) 

In § 3 we shall consider the case s2n = 0 for which C H U N G and F E L L E R 
in their ci ted paper found the well known result 

Р(У2„ = 9 : = 0) = 
n + 1 

0 = 0 , 1 , . . . » , 

i.e. in th is case y2n has a uniform distr ibution. 
In § 4 we shall t u r n to the general case. Let (|1 , | 2 , . . . , | n ) be a sequence 

of independent , identically distributed random variables with continuous 
and symmetr ic distributions. Let us denote the par t ia l sums bv S 0 = 0, 
S y = I j + | 2 + . . . + < = 1, 2, . . . , n and by Г<к> the number of S- s 
(i = 0, 1, . . ., n) exceeding the value of the partial sum at the fc-th ladder 
index (see [5] p. 82). We obtain the following simple result, corresponding 
to (3) and (4): 

(3') Р(Г< К > = Г/) = 
1 

2' J •in—к 
2 g 
g 

2 те — 2 g — k 

n— g 

for 0 = 1 , 2 , . . . , n and 

( 4 ' ) P ( R < * > = 0 ) = ± ^ = 7 

j=0 

2 те — j\ 
те 

Both (3) and (3') give the respective arcsine law for к = 0. 
Our formulas in §1—3 are derived for the special random variables 

= + 1 ; according to known invariance principles our limiting distributions 
are however valid for more general r andom variables as well. 

§ 1. The number of trials with an accumulated gain exceeding 2k 

1. In t h e following we shall make use of the geometrical description 
of the game. Let us consider in a coordinate-system the polygonal line whose 
vertices h a v e abscissae i and ordinates s, (< = 0 , 1 , 2 , ...,n). This figure 
will he called a path. 

Obviously n trials m a y occur in 2" different ways each with the common 
probability 2~". 

Let 2 y f f l denote t h e number of indices < (i = 1 , 2 , . . . , 2n) for which 
ci thers, > 2k or st = 2 / b u t Sj_y = 2 к + 1 , where к is a non-negative integer. 
There holds the following 
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Theorem 1.1. 

(3) 

(4) 

J_ j 2/ / 2n — 2g ' 

2 2 " [ g j [ и - g + k 

к 

P (т№ = Я) = 

2 2 l » + ?) 

1 , 2 , ... n — k, 

Let us now denote by Afjlg t h e set of pa ths (s0, sx, .. ., s2n) for which 
s2„ = s2n = 2/f and by g the set of paths («„, sv ..., s2n) for which 
гйк) = 9-

I t is trivial t h a t 

P ( 5 2 ( n — g ) = S2n = = 
1 [Щ 2п — 2д 

22 n 9) n — д + к 

and therefore by establishing a 
I— g) a n d Щп% f o i 

To begin with, we 
A(2kl 

shall 
i.e. for the classical arcsine law. 

Le t (s0, «j, . . ., s2n  
д = n we refer to lemma 2 in [3], for 1 g 

1—1 correspondence between the sets 

к 
g) and Bff lg formula (3) will be proved. 

give the* 1—1 correspondence for 0 

he an e lement of Bff 2g . For the cases д = 0 and 
< n we shall distinguish 4 cases: 

a ) « 1 = + 1 . « 2 U - 1 > 0 

b) « ! = — !, s2u-i > 0 

c) sx = + 1, s2n_x < 0 

d ) « ! = — 1, S 2 n _ 1 < 0 . 

Firs t we consider the case a). 
Let us denote by 2oq = 2(ax + a2) = j2, . .., 2(ax + . . . + a() = jt 

the .points where in t h e sequence (s0, sx, ..., s2n) a change of sign takes place, 
i.e. (s j(, «yi+1, . . . , sji+i) i = 0, 1, . . ., t are either winning or losing series; 
let be 2oq+1 = 2те — / . T h e winning series are of length 2a , , 2a3 , . . . for 
which ax -f- o3 + . . . = д. The las t series has t he property («•, 0, s J ( + 1 

^ 0 , 

(s2<e— 

S2n ^ 0). 
With respect to lemma 2 in [3] this last series corresponds to a path , 

> S 2 ( g - a , + , ) J 

s2g) for which 
as either (s;,_8, 

« 2 ( g - a , + 1 ) = s2a = 0. Now we define (s2l 
or (—«,-, 

2 ( g - a i + i - a i _ , ) > 
according to whether 

s2(g-a,+I)+i — 1 o r + 1- Further le t («2^-«+,-...-«_,«+,)> • • •> s2(g-a,+,-...-„, 

be either .. . or ( — , . . .—s y ,_ r i + 1 ) according to S 2 ( g - a i _ 1 - . . . - a , _ r f + I ) + i = 

= —1 or +1. Similar construction is made for (s2g, . .., s2n), i.e. we join the 
losing series one a f t e r the other, ref lect ing every second to obtain intersection 
between two consecutive ones. The f i r s t (s2g,.. .) will be defined by s j s 2 g + i = + 1 • 

The resulting p a t h («„, •• - , s2g, ..., s2n) is of type A(
2°f2g. 

I n the other cases, similar constructions can be performed. The winning 
series in (s0, sx, . . ., s2n) will he transformed in to («0. • • •, s2g) while the 
losing series into (s2g, s2g+x, .. ., s'2g) in such a way tha t in case b) and d) 
s i s2g+i = — 1 a n d in case c) s2g+i = +1-
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In the reversed procedure, i.e. if we start f rom a path (só, o f 
Af)2g the number of series occurring in section (s'0, s[ s'2g) and in section 
(s'2g, . .., s2n) are separately considered. If this number is greater in (só, . . . , s2g) 
than in (s2g, ..., s2n) we obtain case a) or b), according to whether s[sóg+1 = + 1 
or —1. If more intersections take place in the last section, we are led to case 
c) or d), according to whether s[sóg+1 = + 1 or —1. If the number of series 
equals in both sections, we obtain case b) or c), according to whether s(sóg+1 = 
= —1 or + 1 . 

This argument shows tha t the correspondence between the sets А$)2g 
and Bf ) 2g is one-to-one. 

Turning to the case I k 1 we remark tha t a one-to-one correspondence 
holds between A f ) 2(n-g) and Bf)2g as well. 

If 2r denotes the f i rs t index for which s, = '2k then — similarly to the 
foregoing — the section (s2r, s2r+v . .., s2n) can be corresponded to a section 
(s2n s2r+n • • •, s2n) for which s'2r = s'2(n_g) = s'2n = 2k. Thus the path 
(s0, sv . s 2 r _ v s'2n s'2r+1, . . ., s'2n) belongs to 
can be reversed, which proves formula (3). 

In order to prove formula (4) we have to substi tute in (3) the value 
д = о and instead of к the variable index j. In this case 

°2n 
q< 2A) 

2n,2g' 
This correspondence 

P( max s, = 2 j ) = P( max s, = 2 / — 1) 
0 ^ i < 2 n 0 ^ / < 2 n 

1 

22 n 
2 n 

71+ j 

for j = 1,2, . . ., n and 
n 1 12 n P ( max s, = 0) = — 

n 

Summation over j leads to our formula (4). 
The limiting distribution is given by 

Theorem 1.2. In case к ^ 

' I [ « - » • 
л J 

(5) lim Р(у<2к> < an) = dt + M 
1 - х 

л J Y~x(l — X) 
dx. 0 < a < 1 . 

The proof can easily be derived by means of well known asymptotic 
formulae. 

2. Let us now consider the shape of the distributions obtained in Theorems 
1.1 and 1.2. These distributions are of course, no t symmetric, namely the 
most likely value of y f p is 0 and the values close to те — к have small proba-

1 1 - - 2 L 
bilities, if к ф 0. The density function - e 1 _ x of the limiting 

л Уж(1 — x) 
distribution is infinite at x — 0 and i t is 0 at x = 1, if у ф 0. I t could be expected 
t h a t the probabilities are monotonically decreasing f rom x = 0, b u t this is 
no t always the case. 

Let us consider the limiting density function, 

fy(x) 
Л f z ( l — X) 

2У  
1 - х 
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and its derivative 

1 
f'y{x) = - -

2У  
1 - х 

л 2 x 3 / 2 ( l — x ) 5 / 2 
[2x2 + (4t/2 — 3) x + 1]. 

We can see tha t t he re is a critical value of y, namely y0 = / 2 — 1 

2 8 5 

for 

which / ' (x) = 0 holds for a single value of x, namely x = f f -

If У > 2/o> fhen f'y(x) < 0 for 0 x < 1; for 0 < у < y0, f'y(x) = 0 
has two roots, xAy) and xJy), for which — < x2(y) < -L - <xJy) < 1; in 

2 ]/2 
this case 

Ш 

< 0 , if 0 < x < x2(y) 

= 0 , if x = x / y ) 

> 0 , if a q ( 2 / ) < ж < x 2 ( y ) 

= 0, if X = X 2 ( l / ) 

< 0 , if X 2 (T / ) < X < 1 . 

Taking into account, that lim f'y(x) = 0, we obtain the shape of the 
X->-l 

density function. 
The value fy(x2(y)) of the local maximum tends to infinity as y s- 0. 

1/2" _ 1 
The. same proper ty holds also for finite n; for y I V2n there is 

2 
1 / 2 _ i   

a wave in the sequence of probabilities, for y^> — —1̂ 271, however they 

are monotonically decreasing. We give the probabilities for 71 = 15 with 
к = 1 and к = 2. 

g к = 1 к = 2 

0 0 , 4 1 5 3 0 , 6 3 8 4 
1 0 , 0 6 9 7 0 , 0 5 6 7 
2 0 , 0 5 4 0 0 , 0 4 3 2 
3 0 , 0 4 6 5 0 , 0 3 6 5 
4 0 , 0 4 2 1 0 , 0 3 2 4 
5 0 , 0 3 9 4 0 , 0 2 9 6 
6 0 , 0 3 7 7 0 , 0 2 7 4 
7 0 , 0 3 6 6 0 , 0 2 5 6 
8 0 , 0 3 6 0 0 , 0 2 4 0 
9 0 , 0 2 5 9 0 , 0 2 2 4 

1 0 0 , 0 3 6 1 0 , 0 2 0 6 
1 1 0 , 0 3 6 8 0 , 0 1 8 4 
1 2 0 , 0 3 7 8 0 , 0 1 5 1 
1 3 0 , 0 3 8 7 0 , 0 0 9 7 
1 4 0 , 0 3 7 4 — 

3 A Matematikai Kuta tó I n t é z e t Közleményei VI I I . A/3. 



2 8 6 CSÁKI-VINCZE 

§ 2. Joint distribution of the number of leading steps 
and the number of winning series 

According to the definition of a winning series given in our introduction, 
we formulate the following 

Theorem 2.1. Let us denote by Я2п the number of winning series, then 

Л = h Yin = 9) = 

2 g í 

2n — 2g] 1 19 I 
22" g(n _ g) 

l(2n-g+l) 
9 + 1 

+ ( l - l ) ( l + g) 2 n — 2 g 

n - g - l + lj 

if I = 1, 2, . . n, g = 1,1 +1, .. .,n —I; 
in the case of g = 0, also 1 = 0 and 

P ( * 2 o , Y i n = 0 ) = 

2 n 

n 
22П 

In the proof of Theorem 2.1 we refer to the considerations used in § 1 
for the proof of the arcsine law. 

In case a), i.e. —• + 1 , s2n_3 > 0 there are I — 1 complete winning 
series and one incomplete winning series, their total length being 2g; accord-
ing to Theorem 1 of [3] p. 283 the number of the possibilities equals 

2 
2g-l _i + 9[ 2 9 1 

9 - 1 9 \ 9 - l ) 

To each of these winning series there belong complete losing series of 
total length 2n-—2g, the number of the lat ter being— according to Theorem 
1.2 of [4] p. 101 — 

l—l 2 n — 2g 
n — g \n-g —l+l 

Hence case a) results in 

(I - 1) (* + 9) ( 29 U 2n — 2g 
g(n — g) \g — i)\n - g — i + i) 

possible paths. By the same argument we obtain in case b) 

in case c) 

1(1 + 9) 2 9 1 2 n - 2 9 
gß - g) 9-11 \n — 9 - 1 

l(n — g + I) ' H (2n - 2 g 

g(n - 9) 9-1) U - g-i. 
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in case d) 
l(n-g-1) 

g(n - g) 

2g U2n-2g 
g — l)\n — g — I, 

The sum of the values in a)—d) leads to our formula in Theorem 2.1. 
For the limiting case we have the following 

T h e o r e m 2 . 2 . 

У * 
4 f Г и - 2u' 

lim Р(Л2„ < у / 2 n, у2п < zn) = - — — e t ' - " ) du dv, 
л J J 0 ( 1 — г?)]3/2 

о о 

for y ^ 0 , l k z k O . 

This is a consequence of simple and known asymptotic relations. Integ-
ration with respect to y and z resp. leads to the known relations 

y 

lim Р(Л2„ < уУП) = ] j ~ J е~8"' du, 

z 

lim P(y2n < riz) = - Г U 

n ^ - л J | / m ( 1 — u) 
о 

§3. Some remarks concerning the case s2n — 0. 

I n this § we consider the case, when the game becomes balanced af ter 
2n steps, i.e. we assume throughout the condition s2n — 0. We shall consider 
distribution laws of t y p e dealt with in our § 1, i.e. concerning the random 
variables 2 yff and / i f f . The first relation gives t he number of steps in which 
the cumulative gain of A exceeds к and Iff denotes the number of series of 
this kind. Authors determined in their paper [4] t he following distribution 

P(y.2n > k, yW = g, Я<*> = I), 

where x2n denotes the maximum of the cumulative gain of A in the course 
of 2n games. 

For limiting distribution we obtained 

3(k) „ (k) K2n ~ „ л 2n - „ , /2П lim P > a, -fTL < у, TW- < г 
n — ( у 2 n У 2 n n 

1Í2 f f u*+2au - ^ f , , 

3 * 
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The extension of the distribution 

P(Ytn = 9 l s2n = 0 ) = 
n + 1 

g = 0,1, . . . n 

is obtained by substituting y = oo. For the density function 

/ X. v(2k> 
lim P M > a, z < < г + dz 

\\2-i 
Д í 
' Л J 

2a• 

3/2 
e 'C-d (Я dz 

holds. 
I t can be seen tha t — similarly to the arcsine law — the density is 

infinite for 2 = 0, it is however zero for z = 1 in consequence of the conditions 
2 " 0 and a > 0. 

The uniform distribution belonging to the case a = 0 can be obtained 
using the substitution 

2 a 2 

x = 
1 — V 

We obtain for our above expression 

w Í 
x 

f n J (x — 2 Й2)3/2 

2a' 
1 - z 

e~x dx dz, 

which is the analogon of the expression (5) in case s2n = 0. Substituting 
a = 0 we obtain 

lim P [2 < — < z + dz 
n-*~ I n 

1 f 1 j rf= e~x dx dz = dz . 

о 

§ 4. The case of continuous and symmetric variables 

Let i v | 2 , . . . , !„ be total ly independent random variables with a 
common continuous symmetric distribution function. Let fu r the r be S 0 = 0, 
S-t = + .. . + i f , i = 1, 2 n. An index г is called a ladder index 
if Sj < S j, j = 0, 1, . . . , i— 1. I t may occur t h a t г = 0 is the only ladder 
index, the probabili ty of which is in consequence of the arcsine law (the 
case 0 = 0) 

1 (2 n\ 
2 2 n 

If there are several ladder indices < i2 < . . . < it, then Su < Sh < . . . 
. . . < Si,. Using the above assumptions and notations, there holds the 
following 
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Theorem 3.1. Denoting Ъу Гф the number of terms in (S0, Sv ..., Sn) 
which exceed the following relations hold: 

(3') Р(Г<*>=«7) = (2 g 

9 
for g = 1 , 2 , . . . , n and 

(4') 

2 n — 2 g — к 

n — g 

]=0 

2 n — j 
1 

Remark: has formally the same distribution as у-ff h 
Let us denote b y cpft the probabili ty tha t r is the fc-th ladder index in 

(S0, Sv ..., Sr). Then using the arcsine law 

é i 22n-T\g)\ n - r - g j 

holds for g = 1,2, . . . , п. 
According to [5] p. 86—87 for symmetric variables 

У < р ? Н г 

r=k 

holds. As 
r = I 

1 12 j 

< p V z r = (1 - УI - z)k 

^ 22J I 1 
z> 

Yï 

P( V f f = g) is the coefficient of zn~s in the generating function 

о—2J? [29 

9 К Г -

( 1 _ ]A1 _ z)k. 

As the known relat ion 

к + 2a \ 1 

a = 0 Ж f z " = _ _ _ 
22a f l - z U + f l - z 

holds, the result is our formula (3'). 
Substituting g — 0 and j instead of к in (3') summation over j f rom 0 

to к gives (4'). 
(Received January 11, 1963) 
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О НЕКОТОРЫХ РАСПРЕДЕЛЕНИЯХ СВЯЗАННЫХ С АРКСИНУС 
ЗАКОНОМ 

Е. CSÁKI и I . VINCZE 

Резюме 

1. Пусть {£,} ( 7 = 1 , 2 , . . . , 2 п) последовательность независимых слу-

чайных величин, для которых Р(£, = + 1) = Р ( | , = — 1) = —. Пусть 

далее s„ = 0, s,- = + . . . + (г = 1, 2 , . . . , 2 и). 2 yf f l обозначает число 
индексов г, для которых или s, > 2 к, или sf = 2 к и = 2 к + 1. Тогда 
имеет место соотношение: 

(3) 

(4) 

9 1\п —9+к 
g = 1 , 2 , . . . , п 

p œ > = o ) = j L у 

+1! 

2 п 

Доказательство этих формул производится элементарным комбина-
торным методом. 

2. 1 — 1 обозначает число индексов г (0 < г < 2 /г), для которых s,- = 0 
и si_lsi+1 = — 1. Имеет место следующее равенство: 

Р(Я2„ = 7, у<°> = д) 

X ( 7(2 та — <7 + 7) 

1 

2 9 
9 - 1 

22п д(п - д) 

2п — 2д 

X 

п —9+1, 

I = 1 , 2 , . . . , n , g = 1 , 1 

+ (7 - 1) (7 

1 , 

9) 
2п-2д 

п - д - 1 + 1 

. , п — 7 

Р ( Я 2 п = 0 , у ( о ) = о 
2 2 " [ п 

3. Пусть {!,} (г = 1, 2,..., п) последовательность одинакого распре-
деленных независимых случайных величин с непрерывной функцией рас-
пределения F(x), обладающей свойством F(x) = 1 — F(— х) и пусть S „= О, 
8 , = ^ + . . . + ( i = 1 , 2 , . . . , » ) . 
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Индекс i называется ступенью, если S0 < St, S1< Si} ... , Si_1 < St. 
Пусть Д < í j < . . . < i, < ... обозначают все ступени в последователь-
ности (S0, Sv .. .,Sn). Г<р> обозначает число индексов j для которых 8j> 5,-
Тогда имеет место 

( 3 ' ) 

(4') 

Р ( Г < * > = Д) = (2 У 
22 п-

Р(Г(
п

к) = 0) = 2 
1 = 0 

2 и — 2д — к 
n —g 

2 п 

\п — j 

g = 1 , 2 , . . . , п 

В случае к = 0 формулы (3) и (3') переносятся на формулы специаль-
ного и общего арксинус законов. 
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