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A result of Yu V. L I N N I K [1] states tha t if f1( . . . , £„ are independent 
random variables with the same distribution function F(x) of the form 
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(a integer, a > 3 , 0 < e < l ) 

and the density function exists, then, denoting by Fn(x) the distribution 
function of the variable 
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uniformly in x where r(x, ]/n) is a rational function of both variables. Fur ther-

then 

1 - F„(x)~n(l - F(xfrë)). 
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more, if x > n 2 a , then 
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Yu. V. L I N N I K raised also t he problem of f inding an analogue of this theorem, 
for the case when F(x) is of the form: 
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where G(v) is a functions of bounded variation. In the present note this prob-
a+e 

lem is solved. We assume t h a t \ d \ G(v) \ > 0 for every e > 0. 
a 

We s ta t e and prove t h e following theorem. 

Theorem. Let £v .. ., £n be independent random variables with a common 
distribution function F(x) of the form (5) and let us suppose that the density 
function exists. Then (3) and (4) are valid, but r(x, fn) is replaced by a function 
of the form 

M 

(6) R(x, n) f -g(x'v) 
J ttY"1 

dK(y) 

where q(x, v) is a rational f unction of x bounded as z-y- and a continuous 
function of v as K(v) is a function of bounded variation. 

Proof. For sake of simplicity, let us suppose, tha t t he variables are 
symmetrica], i.e. P(| , > x) = P(£,- < — x ) for x > 0 and tha t D2(|,) = 1. 
I t is easy to see, as in [1] t h a t though the supposition of symmetricitv simpli-
fies the calculations, it does not play a siginificant role. 

Let (p(t) be the characteristic function of . Then 

( Ü <p(t) = j' eitxdF(x) = h f t ) + 2 Re f eitxdF(x) 

where h f t ) is an analytical function. As t o the second t e rm of (7) we have 

~ °° 4 a + 5 

(8) J e«x dF(x) = J e"x d j * . ^ p - +hft), 

here hft) is 4a + 5 times differentiable. Now 
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where hjv(t) ( j = 1, 2) is a polynomial a n d {г} is the f rac t iona l par t of v. 

Г eitx С р'У 
(11) d x = h3v(t)+t+)-< ~ d y 

J xV) J y{'} 
1 0 

as k2v(t) = c(v)+1 we h a v e 

J g í í X 
dx = hiv(t)+c(v) t'. 

xv+l 
1 

Finally we obta in the following formula for the character is t ic funct ion cp(t). 

в 
(13) <p(t) = [ t'dG2(v) + 0(tia+s), (t>0,t-+0). 

ь 

As it is easy t o show, t h e r e exist bv Bl a n d G3(v) such, t h a t 

В в 
(14) ( j ' r d G t ( v ) Y = frdG3(v). 

b b, 

According t o our assumpt ions М(Д) = 0, D( | j ) = 1, t h a t is 

(15) <p(t) = 1 - — + 0 ( f ) (( > 0, 7 — 0 ) 
2 

and t h u s i t follows f rom (12) and (13), t h a t there exists e() > 0 such, t h a t for 
0 g t g e 0 в, 
(16) log <p(t) = - t + J V dG+v) + 0(t4 /ia+5\ 

For n 2 we have for t h e densi ty fn(x) ° f (2) 

(17) fn(x) - ILL Г (cp(t))» е-Ifnitx dl = VfL R p I ( y ^ n е-уnitxdt 
2л I л J 

as and hence fn(x) too, a re symmetr ical . I n the same way , as in [1] i t can 
be shown, t h a t 

I'gn 

(18) fn(x) = J ^ - R e J (cp(t))n e~1"itxdt + . 

Vn 
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From (16) w e have 

(V(t))n = e" log?(i) _ _ 

( 1 9 , 
" 2 -k=0 

(n J rdH*(v)f 
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= » 2 
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2 2 «* J ?" dHk(v) + 0(Ca+5) 
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where H*(v) a n d й + г ) a r e funct ions of bounded var ia t ion . Subst i tu t ing t h e 
expression in (19) for (</>(£))" in to (18) we ge t 

(20) 
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changing t h e order of i n t eg ra t ion in (20) we obtian 
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As 
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we have 
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[ e 2 r" dr = 0(e 
leg" 

T(log")s. 
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y 27. 2 J J' 
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Ь . 

e~'*T dr dHk(v) + 0{n-2a-2) . 

T h e following asymptot ic expansion holds for the integral 

( 2 5 ) J' e
 2rve-iXTdr 

rL + v 
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(see [2] p. 61) . 
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Finally we f ind for /п(х) 
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Y 2 л 
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e 2" + 
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where L is as large as we want . £ , 
I t can be shown by the same method as in [1], tha t for x < n 2 a 

(27) 

holds. 

to n2 

1 — Fn(x) ~ »(1 — F(x Yn)) 

It follows f rom (26) and (27), as in [1], integrating(26) f rom x (1 < x gL n2) 

(28) 1 — Fn(x) = 1 - <p{x) + R(x, n) + 0(n~2a) + О — x~L+l 

\n 

where R(x, n) is according to our s tatement of the form 

M 

(29) R{x, n) = Г --1— q{x, v) dk(v) . 
J nix"*1 

I t follows f rom (28) and (27) t h a t for n4 < x < n2  

(30) R(x, те) ~ 1 — Fn(x) ~ » ° f ' \ x Y~n)-> dG(v) . 
a 

For (29) the relation (30) mus t hold for x > те2 too. As for x < те2 the error 
т_ 

terms in (28) may be neglected in comparison with 1 — Fn(x) and for x > те4  

1 — Ф(х) is infinitely small in comparison with 1 — Fn(x), the theorem 
is proved. 

(Received February I, 1963) 
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ОБ ОДНОЙ ПРОБЛЕМЕ „БОЛЬШИХ УКЛОНЕНИЙ" 

J . P E R G E L 

Резюме 

Пусть , . . . , £„ случайные величины с функцией распределения вида 
(5), то имеет место (3) равномерно на всей оси, где вместо функцией г(х, Уп) 
пишется R(x, rí) вида (6), a q(x, v) — рациональная функция от х, К(у) — 
функция ограниченной вариации. 
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