
ON A COMBINATORIAL PROBLEM IN LATIN SQUARES 

P . E R D Ő S a n d A. G I N Z B U R G 1 

1. Denote by Sn an arbi trary lat in square with n elements {cq, a2, • • •, an }. 
A row and column of this square, intersecting on t he main diagonal (i.e. 
diagonal beginning a t the left lower corner) will be called corresponding. 

A f t e r striking ou t n — с a rb i t r a ry rows and corresponding columns, 
a square Tc with с X с entries remains. Such a square will he called a principal 
minor. It is clearly determined by denoting its с elements belonging to the 
main diagonal. 

Denote by Z,t (q, i2, ..., iq = 1, 2, . . . , wall different) t he number 
of columns in Tc containing the elements a,-,, a,-,, . . . , a,-f simultaneously. 
Let Z<9) be the minimum of Z(ii ,t>. _ >f i t . W e shall consider the following problem: 

Assuming tha t n and Z(4) are t w o given positive integers, w h a t is the 
minimal с (denoted by b), such tha t f r o m an arbi t rary Sn at least one Tc can be 
obtained with the prescribed lci4). 

The problem is solved by a method used a l ready in [1] and [2]. 
The question for the case of Z(2) arises in connection with so called 

generalized normal multiplication tables of groups (and other systems) [3], 
[4], [5]. Such tables a re complete (i.e. t he product of a n y two group elements 
appears explicitly in them) if and only if Z(2> 1. E.g. the following 

10 9 8 6 5 2 0 

8 7 6 4 3 0 13 

5 4 3 1 0 12 10 

4 3 2 0 14 11 9 

2 1 0 13 12 9 7 

1 0 14 12 11 8 6 

0 14 13 11 10 7 5 

is a generalized normal multiplication tab le of the group Z15 (the cyclic g roup of 
order 15). The multiplication is per formed according to the rule 

<7,7 9jk = 9ik< 
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where g i s t h e e lement p laced a t the in te r sec t ion of the г- th column and 
j- th row. 

I t can be d i rec t ly inspected t h a t in t h e a b o v e table lf2> = 1 and it is 
rea l ly complete. I t can also b e shown t h a t for n = 15 and /d2) = I, b ^ 7. 

2. From t h e defini t ion of b follows d i rec t ly 

( 1 ) И 
q. 

Assuming t h a t t h e main diagonal is occupied b y one element ax, one improves 
(1) to 

6 — 1 
ь ^ H 

n — 1 

. q q 

T h e following t h e o r e m gives an upper bound for b when H = 1. 
Theorem. In any given n by n latin square there can be found a principal 

minor of order not more than 
AL 1 

Cni+ l (log re)«+1 . 

(C a sufficiently large absolute constant) containing every q-tuple 
(a,lt ац, ..., aiq) (ix, i2, . . . , / = 1 , 2 , . . . , n all different) in some column. 

ч » 
Proof. W e shall show t h a t if 21 = \Cni+x (log e lements are chosen 

I " 

l 2 J j , 
ob ta ined will con ta in every «/-tuple in some column. 

For this i t will suffice to show tha t the n u m b e r of principal minors in which 

a t random on t h e main diagonal , then all b u t о of the pr incipal minors so 

I n У 

21 
\ n" 

wavs. 

a given «/-tuple (ax, a2, . .., aq) does not occur in a n y of its co lumns is о | 

W e shall now es t ima te this n u m b e r . 

First we choose t e lements at random. This can be d o n e in 
к 

Denote t h e chosen co lumns by ix, i2, . . ., it. I n every is (1 g s g t) t h e 
elements ax, a2, . ... aq occur in the rows d e n o t e d correspondingly by j[s\ 

. . . , W h e n choosing t h e remaining t e l emen t s on t he diagonal we have 
t o take care t h a t none of t h e t «/-tuples ( f x \ j 2 \ . . . , f j ) occurs amongst 
t h e t chosen e lements , for o therwise (a,, a2, . . ., aq) would occur in a column 
of our minor. 

I t is easv t o show t h a t t h e r e are a t leas t of these mtuples 
q2 - q + 1 

which arc d is jo in t (this follows f r o m the f ac t t h a t there are a t most q «/-tuples 
which contain t h e same e lement) . Denote t h e number of d is jo in t «/-tuples 
b y u. The n u m b e r of Z-tuples n o t containing a n y of the и «/-tuples efjuals b y a 
simple sieve process : 

(2) 
n — t U \ n — t — q ^ iu\in — t — 2q 

t 11 . t - q UJl t - 2 q 
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I t can be shown tha t the sum (2) is о 

n — t 

t 4 I 
if 27 = [0№?+1 (logw)'7+1] 

where G is a sufficiently large absolute cons tan t . Our proof of this fact uses 
s tandard probabilistic a rguments and is inelegant and therefore we supress 
it . (A proof due to Prof. N. G. D E B R U I J N is given in Addendum). 

Now the to ta l number of ways of choosing 21 elements on the diagonal 
so that no column of the obtained principal minor should contain the f i xed 
ç-tuple (ay, a2, . aq) is less t han 

/ ' n — t \ ( n 1 

t 1 
= 0 

27 
V nq ! 27 

= 0 
: nq 

Since there are, 
I <7 

(/-tuples we obtain for all but 
21 

choices pr incipal 

minors of order 21 with every (/-tuple in some column. 
This completes the proof . 
For q = 1 there is an explicit formula for the sum (2) (see [6] p. 316)-

t 
I n this case и = t and у ( jy« 

í! = 0 
t n — t — V n — 271 
V t — V 7 I 

Now 

n — 21 

t 

n 

2(1 

/27 
t 

n\ (n — 21)\ (n - 21) ! (2t)\t\t\ 

(n — t) \ t \ (n — 3 t ) \ t \ n \ (27)! 

(n — 21) (n — 21 - 1) . . . (n — 37 + 1) 
(n - t) (n — t — 1) . . . (n — 27 + 1) 

t 

= 1 

1 -
n — 27 + 1 

< 

n — t) 

1 - Ц < е -

1 — 
n — t - 1 

F o r 27 = \Crfi ( log n)*] = о if С > 2 

3. At present we can n o t decide if th i s theorem is close to being b e s t 
possible (from (1) i t follows t h a t in any case b > nql4+1). I t seems t h o u g h 
t h a t it will not be easy to improve it with t he method of this paper . Following 
a suggestion of Prof . H . H A N A N I we can show t h a t for any p pr ime or a power 
of a prime a quadrat ic table of p2 -f- p -f- 1 b y p2 -f- p + 1 can be constructed 
containing p3 + p2 + p + 1 elements, such t h a t any pair of these elements 
occurs at least in one column of the table a n d no element occurs more t h a n 
once in one column or one row of it. This can be done as follows: it is well 
known tha t f rom p2 + p + 1 elements p2 + p + 1 p + 1-tuples can be fo rmed 
with every pair of elements in one (and only one) p + 1- tuple . Now replace 
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every one of t h e above p2 + p + 1 elements by p new elements and a „ze ro" . 
The total n u m b e r of the obtained elements will now be p2 -)- p2 + p -f- 1 and 
they are d iv ided in p2-|- p + 1 p2+ p + 1-tuples. E v e r y pair of t h e new 
elements occur clearly in one of the p2 + p + 1-tuples. (Some of t h e pairs 
occur in p -f- 1 such p2 + p + 1-tuples.) I t is easy to see tha t the replacing 
can be pe r fo rmed in such a way, that no element occurs twice in one row of 
the obtained quadratic table . This table can now be extended to a latin square, 
since it fu l f i l s the condition of R Y S E R [ 7 ] . 

4. A n u m b e r of unsolved problems arise in connection with t h e above 
one: 

1) To f i n d bounds for b in case w h e n fc® > 1. 
2) Given three posit ive integers n, Dq\ d. What is the minimal с such 

t h a t f rom an a rb i t r a ry Sn at least one Tc can be obtained (if any) with 

m a x (Д,,„. . . , , , ) - l c ^ g d . 

3) Given an a rb i t ra ry Sn. What is t h e с of the maximal minor (not 
necessarily principal) in which all elements a re different. 

Addendum 

The following proof is due to P ro f . N. G. D E B R U I J N . 

2 
m 

t, 
1 

2л i 

m — q + 
\ t - q 

j (1 + х ) т х ' " 1 - т 

m — 2 q 

t - 2 q 

1 
dx, 

(1+®)« . 
where the integration is performed along a circle around 0. There is a saddle 

point near x = — , so we take the rad ius of the circle equal t o — . 
t t 

t imes what is a b o u t 1 — 1 -
m 

t 

it would be if и = 0. If и = 0 it has t h e value 

t = C1mq+1 ( log т)ч+1 , u = Qt, 
q2-q+ 1 

, so under the assumption 

g 1 , 

и and q a r e integers, q = 0(1) , we f i n d for 2 

m - M я lm] 

t 
exp — • — и = 1 

t m t 
exp ( — 0 O f + 1 logm) . 

So indeed i t is о т~ч j if C\ is large enough. 

(Received J u l y 13, 1963) 
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ОБ ОДНОЙ КОМБИНАТОРНОЙ ПРОБЛЕМЕ ЛАТИНСКИХ 
КВАДРАТОВ 

Р. E R D Ő S и A . G I N Z B L R G 

Резюме 

Авторы занимаются до сих пор не исследованными свойствами латин-
ских квадратов. Оценивают сверху порядок миноров, обладающих некотор-
ыми свойствами. Авторы указывают на то, что исследованные ими проб-
лемы связаны с, так называемой, обобщенной нормальной таблицей опе-
раций. В конце работы отмечены открытые проблемы, из них особенно третья 
кажется интересной. 
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