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1. 

First we recall some definitions. 
Following A . Y A . K H I N C H I N (see e.g. [ 1 ] , p. 1 5 7 ) a distribution funct ion 

F(x) is called unimodal if there exists at least one value x = a (called t h e 
vertex of the distribution function) such t h a t F(x) is convex for x < a and 
concave for x > a. Let us notice tha t F(x) is t hen continuous a t every poin t 
x = a. 

Following G . PÓLYA (see e.g. [2], p. 70), a function y)(t) defined for all 
real t is called a convex characteristic function if 

a) ip(t) is real-valued and continuous, 
b) for t > 0, y(t) is convex, 

(I) c) lim ip(t) = 0, 

d) ф ) = 1, 
e) for t < 0, rp(t) = y>{—t). 

As proved by G. PÓLYA, such a function is in fact the characteristic funct ion 
of a distribution function; moreover this distribution funct ion is absolutely 
continuous. 

2. 

There exist representation theorems concerning the characteristic 
functions of unimodal distribution functions and convex characteristic func-
tions, resp. 

Theorem 1. The function cp(t) is the characteristic function of a unimodal 
distribution function F(x) (with the vertex at x = 0) if and only if it can be 
represented in the form 

t 

<P(t) = 7 j X(u)du 
о 

where %(u) is some characteristic function. 
This theorem is due to A . Y A . K H I N C H I N ( 1 9 3 8 ) . For its proof see e. g. 

[1], pp. 157—160, supplemented bv the corrections of K . L. CHUNG, ibid., 
pp. 252—253. 

This proof also involves tha t Theorem 1 is equivalent to the following 
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Theorem 1'. The function F(y) is a unimodal distribution function (with 
the vertex al y = 0) if and only if it can be represented in the following form: 

( 2 . 1) fory< 0 , F(y) = - j j ^ d u = J ( l - * 
X 

dV(x) , 

(2.2) for y>0, F(y) = l - |' J ^ M d u = l - j 1 _1) dV(x) 

y " 

(see [1], pp . 158—160) where V(x) is some distribution f unction (exactly, this 
is the distribution function possessing the characteristic function y f u f ) . 

Evident ly , F(—0) = V(—0), F(+0) = 7 ( + 0 ) . 
Our investigations will be based on this lat ter version of Theorem 1. 

Theorem 2. The f unction y>(t) is a convex characteristic function if and 
only if for t > 0 it can be represented in the form 

(2.3) rp(t) = J Jl —|}«ВД ( O O ) 

t 

where G(x) is some distribution function for which G(x) =0 if x ^ 0 and 
G(+ 0) = 0, and 

( .4) for t < 0, ip(t) =%p(-t). 

Evident ly , rp( + 0 ) = y(—0) = y>(0) = 1. 
This is A simple consequence of A result due to D . D U G U É ( 1 9 5 5 ) and 

of some remarks of M . G I R A U L T (see [ 3 ] , pp. 6 — 7 and [ 4 ] , p. 2 9 2 ) . T h e rep-
resentation (2.3) is to be found in [3], p . 6. 

3 

Our aim is to show that there is an intimate interconnection between 
Theorem V and Theorem 2 in 2. 

A. Theorem 2 can be deduced by the aid of Theorem V. Namely, l e t y>(t) 
be a convex characteristic function and let us consider the funct ion F(y) 
defined by 

0 if y £ 0 

1 - f ( y ) if y > 0 
(3.1) F (У) = 

(see Fig. 1.). F(y) will be a unimodal distr ibution funct ion with v e r t e x at 
x = 0; fu r the r , F(+0) = 0. Then, by (2.2), for у > 0 we have 

( 3 . 2 ) F(y) = 1 - J 1 _ y-\dV(x) 
x 
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where V(x) is some distr ibution function; fur ther , F( + 0 ) = V( +0 ) = 0. 
Now let 

(3.3) 1Г(х) = ( ° Í f 

j V(x) if x > 0 . 

Then , for t > 0, by (3.1), (3.2) and (3.3) we have 

(3.4) xp(t) = j Jl _ l W ( x ) = J | l _ £ dW(x) 

Fig. 1. 

(3.4) is identical wi th the representat ion (2.3), since W(x) is evidently of the 
same type as G(x) in (2.3). Since, per definitionem, f(l) = ц>(—t) for t < 0, 
all these facts involve that t he conditions (2.3), (2.4) are necessary for t h a t 
xp(t) be a convex characteristic funct ion. — Conversely, if %p(t) is any function 
sat isfying the conditions (2.3) — (2.4) then it is easily seen t h a t y>(t) satisfies 
also the conditions under (I). 

Thus the conditions (2.3) — (2.4) are also sufficient for t h a t yi(t) be a 
convex characteristic function and , consequently, the deduction of Theorem 
2 f r o m Theorem 1 ' is completed. 

B. As to Theorem 1', for 

if x ^ 0 
if x > 0 

Theorem 1' is obvious from t h e identities 

(3.5) FM 

У 

Í 
i _ i ад (y< o) 

(3.6) FM dF0(x) (У> 0) . 

If F(y) ф F0(y) i.e. if F(y) is non-degenerate, Theorem 1 ' can be deduced 
from Theorem 2. The way of showing this consists in revert ing t he sequence 
of ideas in A in some sense, — having to distinguish, at any ra te , three par-
t icular cases. 
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a) Let Fx (x) be a non-degenerate unimodal distr ibution funct ion with 
ver tex a t x = 0 for which Fx (x) = 1 if x > 0. Then , per definitionem, the 
funct ion 

Л ( 0 
(3.7) Vi (0 = 

if t < 0 
F ß - 0) 

1 if t > 0 

may be regarded over ( — 0 ) as the pa r t lying over (—°o ( o) of a convex 
characteristic funct ion and, by (2.3) and (2.4), we have 

(3.8) Vi (t) = j i + ч е д (t< 0) 

where G, (x) is a dis t r ibut ion funct ion for which Gx (x) = 0 if x g 0 and 
G x( + 0) = 0. Then, by (3.7) and (3.8) 

(3.9) 
y 

Fi (У) = - Fi(- 0) J [l - - | j dGJ-x) (y< 0) . 

Upon introducing t he distribution funct ion 

едЛ^-ОН1-^-*)] if 
1 [ 1 if x > 0 

(RJ— 0) = F ß - 0), Д х ( + 0) = 1) we then have [cf. (3.9) and (3.6)]: 

(3.10) Fßy) = I 11 - f dRßx) if y < 0 

(3.11) = i - У - dRßx) if y > 0. 

Consequently, (3.10) and (3.11) are necessary for t h a t Fßx) be a unimodal 
distr ibution function. 

b) Let F2 (x) be a non-degenerate unimodal distribution funct ion with 
ver tex a t x = 0 for which F2(x) = 0 if x g 0. Then , per definitionem, the 
funct ion 

0 if t < 0 

(3.12) V j t ) = 1 - if * > 0 
1 - F2(+ 0) 
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may be regarded over (0, as t he p a r t lying over (0, of a convex charac-
teristic func t ion and, b y (2.3), we h a v e 

(3.13) V>2(t) = M M dG2(x) (t> 0) 

where G2(x) is a d is t r ibut ion func t ion for which G2(x) = 0 if x g 0 and 
G 2 ( + 0) = 0 . Then, b y (3.12) and (3.13) 

(3.14) F г (У) = 1 - [1 - F2(+ 0 ) ] J | l - Ц dG2(x) (У > 0 ) . 

Upon in t roducing t h e distr ibution f u n c t i o n 

R f x ) = f ° 
( [ 1 -

if x ^ 0 

F2( + 0)] G2(X) + F 2 ( + 0) if ж > 0 

(R2(-0) = О, R2(+ 0) = F 2 ( + 0)) we t h e n have [cf. (3.14) and (3.5)]: 

y 
(3.15) F2(y) = J 1 - 1 dR2(x) if y < 0 

(3.16) F2(y) = 1 - j 1 ~ f ] d R M * ) i f У > 0-

Consequent ly, (3.15) a n d (3.16) are necessary for t h a t F2 (ж) be a un imoda l 
d is t r ibut ion function. 

c) L e t F(y) be a non-degenerate unimodal d is t r ibut ion funct ion , F(y) ф 
ф Fx (y), F(y) ф F2 (y). Then, over (—oo, o), i t is of t h e same t y p e as Fx (x) 
over (—oo, o) and, over (0, oo), it is of t h e same t y p e as F2 (ж) ove r (0, oo). 
Then we have , with respec t to (3.10) a n d (3.16): 

J' 1 — dSx(x) if у < 0 

F(y) = 

1 - J j l - 1 j dS2(x) if у > 0 

where Sx(x) and S2(x) a re dis t r ibut ion funct ions of t h e tvpe of Rx (x) and 
R2{x), r esp . [hence Sx (— 0) = Fx (— 0), А Д + 0 ) = 1, S2 (—0) = 0, 
S2(-1-0) = F ( + 0 ) ] . Def in ing the d i s t r ibu t ion func t ion R(x) by 

R(x) = 
N^x) if x g O 
S2(x) if ж > 0 

12 a Matemat ika i Kuta tó In t éze t Közleményei V I I I . A/3. 
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we finally have 
y 

(3.17) F(y) = ( f l — — I d R { x ) i f y< 0 
J I x I 

(3.18) F(y) = 1 - Л 1 — + dR(x) if y > 0 У 
x 

У 

(F(—0) = R(—0), F(+0) = й ( + 0 ) ) . Consequently, (3.17) and (3.18) a re 
necessary for t h a t F(x) he a unimodal d is t r ibut ion function. 

As to t h e converse considerations, if Fx (y), F2 (y), F(y) are funct ions 
satisfying the condit ions (3.10) — (3.11), (3.15) — (3.16), (3.17) — (3.18), 
resp. then it is easily shown t h a t they are un imoda l dis tr ibut ion funct ions 
(with the ver tex a t у = 0). Thus t h e validity of (3.10) — (3.11), (3.15) — (3.16), 
(3.17) — (3.18) is also sufficient for t ha t Fx(y), F2(y), F(y) be unimodal 
distr ibution func t ions (with the ve r tex at у — 0). Consequently, t h e deduction 
of Theorem 1' f r o m Theorem 2 is completed. 

This w a y of deducing Theorem 1' (and, implicitely, Theorem 1) by t h e 
aid of Theorem 2, whose proof is relatively simple, seems to have some advan-
tages with respect to the original one presented in [1], pp. 157-—160, which 
is, in view of t h e remarks of K . L. C H U N G r e fe r r ing hereto (see [ 1], pp. 252— 
253), ra ther complicated. 

(Received J a n u a r y 21, 1963; in revised f o r m September 9, 1963) 
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О СВЯЗИ МЕЖДУ ТЕОРЕМАМИ ПРЕДСТАВЛЕНИЯ ХАРАК-
ТЕРИСТИЧЕСКОЙ ФУНКЦИИ ОДНОВЕРШИННОГО ЗАКОНА 

РАСПРЕДЕЛЕНИЯ И ВЫПУКЛОЙ ХАРАКТЕРИСТИЧЕСКОЙ 
ФУНКЦИИ 

P . M E E G Y E S S Y " 

В 1938 г. А. Я- Хинчин дал известное представление характеристичес 
кой функции одновершинного закона распределения. В 1955 г. D . D U G U É 

сообщил формулу представления выпуклой характеристической функции. 
В работе устанавливается тесная связь упомянутых двух теорем пред-
ставления. 

R E F E R E N C E S 

Резюме 
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