
ON THE CONNECTEDNESS OF DICHROMATIC RANDOM GRAPHS 

by 

I L O N A P A L Á S T I 

§ 1. Introduction 
A graph is given by a set of labelled points (vertices) Pv P2, . . . . Pn 

and by a set of pairs (Pt, Pf of its points, called t he edges of the graph. (See 
[2], [3].) Let us suppose t ha t i ф j (no loops are allowed). 

Л graph is bichromatic, if the set of its n poin ts can be split into two 
subsets Pv P2. . . . , Pm and Qv Q2, . . . , Q„_m (we can imagine t h a t all the 
points are coloured e.g. all the points Pf are red bu t all Qt are blue), so tha t 
no vertices of the same colour are connected by an edge. 

A graph is called a random g raph if its edges are chosen a t random 
so t h a t each admit ted choice has t he same probabil i ty. (See in [1] and [4].) 

P . E R D Ő S and A . R É N Y I considered in the paper [1] the random graphs 
r „ N wi th n vertices and N edges, t h e latter chosen a t random so tha t all 

possible 
N 

choices have the same probability. They answered t he question: 

what is the probabil i ty of the r andom graph obtained in such a way being 
connected. They showed t h a t if the number of the edges is equal t o Nc, where 

(1) Nc = 
n i 
— log n + cn 
2 

and с is an arbi t rary f ixed real number ([x] means t h e integral p a r t of x), 
and if P(l (n, Nc) denotes the probabil i ty of the r a n d o m graph PniNc being 
connected, then 

(2) l imP 0 (w,V c ) =e~*-u. 

The outline of the i r proof is t h e following. 
Le t us call a g r a p h to be of t y p e A if it consists of a connected sub-

graph with n — к vert ices and of к isolated points (k = 0 ,1 , . . .). Any graph 
which is no t of type A is called to be of type Л. L e t Р(Л, n, Nc) denote the 
probabil i ty tha t the r andom graph be of type A . 

I t has been shown in [1] t h a t 
(3a) lim Р(Л, n, Nc) = 0 

n—>™> 
holds if Nc is given b y (1). 

I t follows from (3a) tha t if P* (n, Nc) denotes t h e probabili ty t ha t the 
random graph rn ,N e should contain no isolated points , then 
(3b) lim (Р*(я, Ne) - P0(n, Nt)) = 0 . 
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I t remained only to prove t h a t 

(4) lim Р*(К, Nc) = e~e~2c, 

which could be achieved re la t ively easily; (2) follows evident lv from (3b) 
and (4). 

The problem had to be t r e a t e d in this w a y because no explicit formula 
is known for t he number of connected graphs with n vert ices and N edges 
which would admi t asymptot ic evaluation. 

Our aim is t o determine t h e probabil i ty of a biehromatic random graph 
being connected and to examine t h e asymptotical behaviour of these probab-
ilities. 

§ 2. Biehromatic random graphs 

Let the bichromatic r a n d o m graph / ' m y l N have m given labelled 
poin ts P2, . . . , Pm of one colour (say red), ' n given labelled points Qv 
Q2, . . . , Qn of another colour (say blue) and N edges, each of which connecting 
a r ed point with a blue point, chosen at random in such a way t h a t all possible 

[m n choices have the same probabi l i ty 1 (see in [5], [6]). 
N 

A bichromatic graph G is connected, if a n y P(- can be connected with 
any Qj by a p a t h in G. (This implies tha t any two points can be connected 
b y a path.) 

We shall deal wi th the case when m ~ A n (where A > 0 is a constant). 
F i r s t let be A = 1, то = те and le t us prove t h e following 

Theorem 1. If P(те, те, Nc) denote the probability of the bichromatic random 
graph Г„г n, Nc being connected, assuming that 

(5) Nc = [те log n + cn] 

(where с is an arbitrary fixed real number), then 

(6) lim Р(те, те, Nc) = e~2e~°. 

Proof. Likewise to the considerations of P . E R D Ő S and A. R É N Y I in [ 1 ] 
we shall call the biehromatic r a n d o m graph to be of t ype A i f i t ha s a component 
wi th exactly те — к red points a n d те — I blue points, fu r the r к isolated red 
poin ts (к = 0, 1, . . .) and I i solated blue points (I = 0, 1, . . .). All other 
g raphs belong to t h e type Ä. 

Let us f i r s t prove the following lemma. 
Lemma 1. Let P(Ä, те, те, Nc) denote the probability that the random graph 

rn,n,Nc is of type Ä. Then we have 

(7) lim P(Ä,n,n, Nc) = 0 , 

where Nc is given by (5). Thus if n is large enough then ,,almost all" graphs 
Tn,n,Ne are of type A, assuming that (5) holds. 

Proof of Lemma 1. Let us p u t U = loglog те. All graphs Гп< n> consist-
ing of the vertices Pv P2, . . . , Pm and Qv Q2, . . . , Qn and Nc edges belong 
t o one of the following two classes: Let us de f ine Е и as t he class consisting 
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of those graphs in which t he greatest component (i.e. wi th the greatest n u m -
ber of points) contains not less than n—U r ed points and n o t less than n — U 
blue points. All other graphs belong to the class Еи (i.e. those graphs in which 
the greatest components consist of less t h a n n—U red or less than те— U 
blue points). 

Let r and s denote t he number of po in t s outside a greatest component 
of the f i r s t colour and t h e second colour resp. 

If a g raph consists of t components such tha t the г-th component con-
sists of a,- red and bt blue points where of course 

t t 
2 ai — 2 bj = n 
i=i /=1 

and 
t 

2 «A > Nc i=i 

holds; then — according to the inequali ty concerning t h e arithmetic and 
geometric means — we obta in 

at + bj 

and thus 

therefore 

max (at + bj) \ 2 ( a i + bj) 
i V í=i 

2 N 
m a x (üj -)- bj) ^ -

4 Ne, 

Accordingly if the greatest component consists of те — r red and те — s b lue 
points, t hen 

. 2 Ne  те — r n — s - , 

whence 

i.e. 

thus 

. ^ Nc m a x (те — r, n — s) > —-те 

те — min (r, s) 
n 

N 
min (r, s) < n  

те 

Let us f i x the те — r red points, and the те — s b lue points belonging 
to the greatest component; t hen s(n — r) -f- r(n — s) edges could be established 
connecting these points wi th points outside, this component and these edges 
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cannot belong to the g raph ; thus if f'(Eu,n,n,Nc) denotes the n u m b e r of 
graphs not belonging to t h e class E v , t h e n 

(8) .f(EUtn,n,Nc)g 2 2 
n 0 < 

s&r 

n\ \ n 

Nc\
r \S 

U<r<n 0£s<;n — — n 

n2 — s(n — r) — r(n — s) I 
N r 

If P (Eu, n, n, Nc) deno tes the probabi l i ty of the event that the g raph 
Gn,n,Ne does n o t belong to t h e class Ev t h e n 

(9) P (Eu,n,n,Nc)g 
f(Êu,n,n,Ne) 

N, 
Now we h a v e (by the inequal i ty 1 — x g e x) 

(10) 
j те i j те 
[r U 

те2 — s(n — r) — r(n — 
Nc nr ns -NC(E + B)+Nelll 

p Vn n} n' 
r ! s! 

Making use of the assumption (5), we ob ta in according to (9) and (10), 

( I D 

where 

P(Еи, те, те, Nc) g 2 У, аг 

U<r<n 

s^r 

Ne 

(12) ars = 
1 те in 

UJ \s 

n2 — s(n — r) —• r(n — s) 
N, 

2 rs (logo + c)-cr-cs + 2 

/ • Is ! 

L e t us es t imate the sums on the right h a n d side of (11). 
Case 1. L e t us write (12) in the following form 

(12') a. 
e(2-c)r+(2-c)s+2 — (logn + c)-2r-2s 

- e " 
r\ s! 

and let us consider first t h e values of r and s for which 

t h a t is 

(13) 

7'S 
— (log n + c) ^ r + s , 
те 

log те + с < 1 л 1 
те ~ r ' s 
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(13) certainly holds, if 

(14) s ^ • 
log n + с 

If s satisfies (14) we say t ha t we have case 1. Thus 

M-c)r + (2—c)s + 2 

(15) a n g — 
r ! s ! 

holds, if (14) is valid. 
Case 2. Let us consider the terms in (11), for which (14) does not hold, but 

( 1 6 ) r + s g n . 

Applying Stirling's formula we obtain tha t , for sufficiently large n, these 
te rms are less than 

( 2 TS 

—j- (log » + c) + (r + s) ( 1 — c) — r log r — s log s 

Using the inequali tv 
2 

the expression in brackets in (17) is less than 

(18) i ? j t i l ! ( l 0 g № + c) + (i - C ) ( r + s ) - ( r l o g r + s log« ) . 
2 

Since x l o g x is a convex function, we conclude by Jensen ' s inequal i ty 

V I 5 
— (r log r — s log s) g — (r + s) log . 

2 
Thus (18) is less t han 9?(x)-f-z log 2 where 

x2 

9>(x) = — (log n + с) + (1 — c) x — x log x 
2 n 

and 
x = r + s . 

2 n 
According to (16) — <xgn. Now 

log n -f- с 

X 
cp'(x) = — (log n + c) — (log x + с) < 0 ; if e 1 _ c < x gn , 

X 
because is an increasing funct ion of x if 

с + log x 
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Thus it follows that 

2 n 
(19) <P(*)T<P 

log n + с 
, К n log log n 

g—2n-\  
log n 

where A' > 0 is a constant. T h u s for n n0 t h e sum of t h e terms on t he 
r igh t side of (11) for which (16) holds does n o t exced п2е~п and therefore 
t e n d s to 0, if TI —> » . 

Case 3. Tak ing into account t h a t ars — ar-s- where r' = n — s, s' = n — r 
t h e estimation of t he terms ars wi th r + s > n can be reduced to the estim-
a t ion of the t e r m s ar-s> with r' -f- s' g n, regarding the fac t t h a t from r + 

N 
+ s > n there follows that r' + s' < n fur ther t h a t from sgn it follows 

n 
N 

t h a t r' 2: —- > U — loglog n, if n is sufficiently large. 
n 

Thus we h a v e for (11) 
V , e(2-c)r e(2-c)s 

P(Eu,n,n,Nc)g4e2 2 -тт- 2 + o(\) g 
N, r ' S ! 

U<s<n 
(20) 

I ^ e<2-£h) 
^ e H l - p - d o d ) . 

l u < s « ! I 

As we have chosen U = loglog n, we obtain 

(21) lim P ( A | 0 g l 0 n , n, n, Nc) = 0 . 

Now we only need to show t h a t the probabi l i ty of obtaining a random 
g r a p h not being of t h e type A, b u t nevertheless belonging to t he class A,oglog„ , 
t e n d s to zero. T h a t is we have to show t h a t 

(22) lim P ( J A I o g l o g n , », n, Ne)= 0 . 

Since in these graphs the grea tes t component consists of n — r red and 
n — s blue points, therefore q > 1 denoting the number of edges con-
nect ing some of t h e r and s outside points, these outside edges can he chosen 

in I different ways; thus the remaining Nc—q inner edges mus t be selected 
I q I 

f r o m the (n — r) (n — s) possibilities, i.e. 
I(n — r) (n — s) j 

(23) P(A-Aloglogn, a , ( Г 1 I 
nl doglegп> 

г= 1 s=l 1 ' I ' ö I ?=1 1 ч 

T a k i n g into account the inequalities 

г Ç rs 

s ) r!s! ^ I q 
n 1 . » ' » • v r . = 2 „ _ 1 < 2 r 
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(n — r) (n — s) 
N c - q 

n2 ) 

a n d 

Ncj 
we ob ta in 

P(ÂEloglogn,n,n,Nc) 

_ (n2 — q)4 \ n2 — q j 

(24) 
l o g 71 ^ 2rs e~(r+s)c ^ ^ I 2(loglogn). l o g n 

n 
r = l S = 1 

г Ы 1 
= 0(1) 

Thus (22) holds and therefore t h e proof of L e m m a 1 is completed . 
The proof of Theorem 1. Denot ing by n, Nc) t h e n u m b e r of 

b ichromat ic r a n d o m graphs w i t h o u t isolated points , according t o t h e sieve 
m e t h o d we have ev ident ly 

P u t t i n g into (25) к - \ - l = h, we ob ta in a more o f t e n used form: 

2 n 
(26) 

where 

n, Nc) = 1)"^/, 
/ 1 = 0 

k=0 

71 J I П 

к j \h — к 
ti(ti — h) k(h — k) I 

N. 

Using t he following inequalit ies (similarly as was done in [1], p . 295): 

(27) 
2H+1 2 H 
2 ( - l)ho€h ^ n, Ne) < 2 ( ~ 1)" ^h 

ft = 0 / 1 = 0 

a n d tak ing into account t h a t for a n y f ixed value of h 

lim 
-cl1 

k\(h-k)\ 
N , 

we obta in 

-p—- n, Nc 
lim 1 

N, 

o-ch 

/ 1 = 0 H M(h-k)\ 
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and 
<УГ'(П, n, Nc) 2H+l h 

У . 
h=0 M &lc\(h-lc)\ 

N c 

Since H can be chosen arbi t rar i ly large, we obtain 

(28) lim - M ^ M ) = =  

— é *« Û " 

I t is however evident t ha t if (те, те, Лт
с) denotes the number of the connec-

ted graphs, then 

(29) 0 A ^ n , N c ) - ^ ( n , n , N c ) ^ p ( J > ^ ^ ^ 
те2 

N c 

Applying Lemma 1, Theorem 1 follows immediately. 
Le t us suppose now tha t X =f= \. 
Theorem 2. Let us denote by P(m, те, Nc_ k) the probability that the bi-

chromatic random graph Гт п ^ск be connected, assuming that m ~ X n and 

(30) NCik — [ire log тег + cm] 

(where. X > 1 and с are constants) ; then 

(31) lim P(7re, re, Ас Д) = e -«^ 
n-> oo 

holds. 
Proof. In this case we shall call the graphs consisting of a component 

with m — к red and re blue vertices and of к isolated red points (к = 0, 1, • • •) 
( tha t is one component contains all blue points) t o be of type B. Any graph 
Bm,n,Nc>. which is no t of type В shall be called to be of t y p e B. We shall 
prove t ha t the following lemma is valid. 

Lemma 2. Let P (B, m, re, N(k) denote the probability that the bichromatic 
random graph -Гт/,,лг„А °f the type B; then 

(32) lim P(B, тег, те, Nct) = 0 . 
П— 

Thus in case re is sufficiently large and Nck is the same as in (30), then ,,almost 
all' graphs TminiNck will be of type B. 

Proof of Lemma 2. The proof of Lemma 2 is similar to t h a t of Lemma 
1, therefore we give only the outlines of the proof. 

Let us denote by тег, re, Ncf] the number of bichromatic graphs, 
with тег red and re blue points and Ncl edges, which are of t ype B. Then we 
have clearly 

(33) ^Г(В, тег, те, A c , x ) A f У H И lmn ~ s(m — r)—r(n — , 
Г=0 8=1 M 
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The probability of the r andom graph Гт,п,ыс^. being of the t y p e В 
is equal t o 

(34) v mn \ 

N 
and t h u s 

(35) 

where 

(36) 

and t h u s 

(37) 

с, X 

Р ( Д m,n,Ncßg 2 2 brs 
r = 0 s = l 

b,s = 
mn — s(m — r) — r(n — s) 

N, c,k 

, m'n 
brs + e 

r! s! 

/ r s 2 r s \ , , 
s — ( m TT ~ mn) 

L e t now Ey deno te the set of those pairs (r, s) for which 

(38) O ^ r ^ a m , l ^ s ^ « — 1 

where 
A - 1 - <5 

(39) 

Then we obtain easily 

(40) 

0 < a < 
2 A 

( 0 < < 5 < A - ! ) . 

2 brs = 0 
Сr,s)£E, 

L e t now E.j deno te the set of those pairs (r, s) for which 

(41) 

For these terms we ge t 

(42) 

n 
am < r < m , 1 g s g — . 

2 

2 brs = o\Jzi 

Finally if E3 denotes the set of those pairs (r, s) for which 

(43) 

we get , in view of 

(44) 

(45) 

n 
0 gr gm , —< s g n — 1 

2 

2 Ksg 2 Ks+ 2 brs. 
( r , s ) € E . (r,s)£E, (r.s)ÍE, 

Thus i t follows f r o m (35), (40), (42) and (45) t h a t (32) holds. 
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Thus L e m m a 2 has been proved. 
Proof of Theorem 2. In th is case we denote by n, Nc x) the number 

of those graphs, which do n o t contain isolated red points. W e obtain 

(46) m\ l(m — k) n 

N. c A 

Since n, Nc x) lies between any two consecutive par t ia l sums of the 
r igh t hand side of (46), in t he case of any f ixed k, 

(47) 

Thus we obtain 

(48) 

(m — k) n 

mn 
N. cA 

m* 

T T 

I _ А Г С А 

m) 

H m -^"(m,n,Ncf 
mn 

N. с А 

2 ( - 1 ) k 

k=ü 

o—ck 

И 
е-с* 

F r o m the inequali ty where n, N c f ) denotes the number of connected 
g raphs 

(49) 0 ^ ^ ' ( m , n , N c J - 7 + m , n , N C i t ) ^ р ( Д m > ^ ^ ^ 

mn j 

Theorem 2 follows. 
I am indebted to Professors A . R É N Y I and T . G A L L A I for the i r valuable 

remarks . 

(Received September 10, 1963) 
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О СВЯЗНОСТИ ДВУХЦВЕТНЫХ СЛУЧАЙНЫХ ГРАФОВ 

I . P A L Á S T I 

Резюме 

Пусть двухцветный случайный граф Гтп Ы состоит из m пронуме-
рованных вершин Pv Р2,..., Рт, которые окрашены первой краской, из п 
пронумерованных вершин Qx, Qv..., Qn, которые окрашены второй краской, 
и из А случайно выбранных граней. Точки одинакового цвета нельзя 
соединять гранью. В работе показывается, что в случае m = Яте (где 
Я>1 константа) вероятность того, что двухцветный случайный граф Гт„ 
будет связным, стремится при те-»- оо к е~'е~" (с— произвольная константа) 
при условии, что число граней Nah = [ m log m + + cm] ([ж] обозначает 
целую часть числа ж) и Я > 1. В случае Я < 1 вероятность связности также 
стремится к пределу е~е~" при условии, что число граней 2VC= [те log те + 
+ си]. В случае m = те предельная вероятность связности двухцветных 
случайных графов равна е~-2е~° при условии, что число выбранных граней 
Nc = [те log те + сте]. 
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