ON THE INDEPENDENCE IN THE LIMIT OF EXTREME AND
CENTRAL ORDER STATISTICS

by
Arajos KREM

I. Introduction

Let &,&,...,¢&, be independent random variables with the same
continuous distribution function F(x) = P(§ < x). Let us arrange them
according to their size and introduce the notation

ﬁ:Rk(El’&z’"'!En) (lél‘é")
where the function R, (x,, x,, ..., x,) of n variables represents the k-th of
the w,, x,, ..., x, arranged in order of magnitude (k=1,2,...,n). The

random variables defined in this way are not independent, as the relation

H=fg <. =g
holds.
We shall investigate the independence in limit of the variables £ as
n— co. It is known that for constant h and k & and & are asymptotically
independent [1]. Furthermore it is known that the asymptotic independence

does not hold for the central members; more precisely if — — 4, — — 1,,
n n
0 < 2, < A, and if the limiting distribution of the vector (&, &) is normal,
then &F and &f are not asymptotically independent [5].
A. RENYT has informed me that H.J. RosBERG has proved the asymp-

totic independence of & and & under the condition > — 0 and suggested

to me to prove the same under more general conditions. According to his
advices, I have proved in my B. Sc. paper in April 1961 among others the
theorem of this paper, namely that & and & are asymptotically independent,

if % — 0. In the mean time H. J. RopBERG has independently proved the

same result see [4]. The proof given below uses the method of A. RENvI
The essence of the method is the following: Let us construct the variables

n=F¢&) and (= —logn, (=112 =),
it follows that
ng=F(&F) and (= —lognk_ .4+ (e =1:2,- -:am)e
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The variables {, have the exponential distribution function 1 —e ¥ (z = 0),
and

(1.1) :::ﬁ+i+...+ﬁ - 3 (k=1,2,...n) 1
n n—1 n—k-41

where 0; ( = 1, 2, ..., n) are independent random variables of exponential

distribution function with parameter 1. Thus the variables ¥ (¥, ..., (¥

form an additive Markov chain. Making use of (1.1), it can be proved that

the variables &F, &F, ..., & form a Markov chain too.

II. Lemmas

Lemma 1. Let be &, = &P + &2 where lim P(| &2 | > &) = 0 for arbit-

n— oo

rary ¢ < 0, furthermore let v, be independent from ED. If £ has a distribution
Sfunction F,(x) and n, has a distribution function G, (y), furthermore the limiting
distributions lim F,(v) = F(x) and lim G, (y) = G(y) exist, then

n— oo

n-—co

limP(& < z,m, <y) = F(x)-G(y)
N—soo
that is &, and n;, are asymptotically independent. &, has also a limiting distri-
bution function F(x).
The proof of this lemma is given e.g. in [3].
Lemma 2. Put

where M(&) denotes the expected value of & and D?(&) the varience of &. If k — oo,
n —k— oo then

* o
lim P(§, < #) = - Je Z g,

Nn—>oco . Vﬁ
Proof. Let us apply the central limit theorem under Ljapunov’s condi-
tions. Let &, &, - ., &k, be completely independent random variables
for any value of n(n=1,2, ...; k, = 1 integer). M(¢,,) = M,,, D({,;) =
=D,, and H,; = ]/M_([m (k=1,..., %, and put
3
Kn /T =
Sn: ZD%A and Kn: / : H?lk’
k=1 k=1
further
kll

Zn = ank
f=1

! For the proof of (1.1) see A. RENYI [2].
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and

kn
— M
C’ = Cn = M(Cn) o Cn kgl a3

D(,) S,

and let us denote by F, () the distribution function of the variable {;. Assum-
ing that the Ljapunov’s condition g

lim i =0
holds, we have
i b
lim F () =— | e 2dt
lim F (o) = o f
Now—aﬁ takes the role of &, ., and M(3,) = D*é,) = 1 (1 < j <k(n)),
14—
therefore
1 1 1
M C* = + 0T P e gy
L s e i A P e
1 1 1
Sz = D2(}) =—
B =0 (n—1)2+ (n—k -+ 1)
and
" P : 1
K= 3| 4= g |
’ JZ ln—j+1 jZ,("—f‘i-l)s
It is easy to see that
(2.1) 92> i

on the other hand

(2.2) Kg<32 1 2<3'k :*3’“0.
n—kj:1 (m—7+1) n—k nn—=~k) nn-—Ek)?

From (2.1) and (2.2) we obtain

Ky _ glc‘z(n+1)3(n—k+1)3Ng(_l_Jr 1

= ‘l—>0
Sg n*(n — k)4 k3 k n—Fk

as m — oo, because k— o and n — k — oo.
Since the condition of Ljapunov holds, by the central limit theorem the
lemma follows.
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Lemma 3. If k is constant, the limiting distributions of &, and C,_.,
exist, namely
X

(2.3 lim P(n % i el
2. mPnréE<x)=| ——dit
) £ (nCk ) J(k- a7
0
and
X

lim P(C¥ logn < x) e du
2.4 i (Y — n<xT)= | —au.
(2.4) A k+1 g J(k—l)!

— o0

Proof. Applying the above method, we have (see eg. A. RENYI [2])

k=1 gt
lim P(n {§ < @) = lim P(n(1 — nf_411) < n) = fﬁdt

0

and because of the symmetry of the uniform distribution

tk71 (’/7t

lim Prnn* < 2)= | —
fim Plugt <) = [

dt

0

On the other hand
Pinnt < z) = P{:ﬁ_,‘.ﬂ > log izJ = P({h_441 — logn > — logx),
x

therefore

. lk_] e—t
I P(E%_o..q —10on > —loga)— | — dt
i ( n—k+1 S g ) J (k—l)'
and from this we have

lim P i !
im P .., —logn<z)= .,
i (Ch—r+1 g ) J k—1)!

— oo

III. Proof of the asymptotic independence

Theorem. Iff]}—: — 0 the following relation is valid
limP(C, < 2,6, <y)=lmP(¢, <) limP((, <y).
N> n-—>eo Nn—>oo

Proof. Let us start from the identity

‘ . D@ . G- ME—
(3.1) £ gy G —Ch— MUk —oh)

D(&) D (&%)
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We apply Lemma 1 for the sum (3.1). In this case:

J & — i_ G—M& i &) @) — D (%) . &,
t D (%) 5 @

k-

U

(3.2)

yy

l ln = Cn Gpi=
We must show that the following three assertions are true:

1. £, and {, have limiting distributions,

2. the second member on the right side in (3.1) is independent from &,

3. the first member on the right side in (3.1) converges stochastically to 0.
The first assertion follows from Lemmas 2 and 3. The second assertion follows

from formula (1.1). In order to prove the third assertion, it is sufficient to
show that

D(Z%)
— —0
D (&%)
Let us now consider (1.1):
0 0, )
=24+ ...+—7" =12,....n
¢ wn n—1 n—h 4+ 1 ( )
where 0,, 0,, ..., 0, are independent random variables of exponential distri-

bution with expected value 1 and covariance 1; therefore we have

1 1 1 h
D2({%) = — -+ ... - —_
(%) 72 7 (n—l)"’+ +(n——h+ l)‘-’<n(n—h)
and v
1 1 1 g
Bl e o
nz  (n—1)2 (mn—k+1? (m4+1)(n—k+1)

From these follows that

of % e S
D((F) o h(n Hn—k+1) o h(n + 1)

0,
D2(C¥) nin — h) k nk b

therefore

So the theorem follows from Lemma 1. The assertion of the theorem is
valid also if the variables &, have an arbitrary distribution. The proof follows
easily from our theorem by applying a transformation on the variables &,.

I wish to take this opportunity to thank Prof. A. RExvy1 for his valuable
advices and for reading the manuscript.

(Received November 1, 1961)
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0 MPEJEJIbHOW HE3ABUCUMOCTU 3HAYEHUN KPAWHUX H
CPEJHUX 3JIEMEHTOB NOPSAAKOBbBIX CTATUCTHUK

A. KREM
Pesiome
[lycrb coyyaiinbie Benuuuubl & (k= 1,2 ..., 7) He3aBUCUMbI U 0IUHAKOBO
pacnpejiesensl U nycth F(xr) = P(& < ) ux obwas (yHKUMs1 pacnpejeseHus.
Ynopsitouum &; cornacHo ux Benmumne, & (k=1,2...,n) o3HayaeT k-Tyio

10 TIOPSIZIKE.
ABTOp B cBOeil paboTe MOKasblBaeT, UTO eCJM JUIsi UHJEKCOB h = h(n) u

h ,
k = k(n) BbinoJIHSIETCSA YyCIIOBUE e — 0, Torpa & u & OyaAyT acUMITOTHYECKH

He3aBuCUMBL. B Teopeme ucnosb3yercs ciefyromas Gopmysa, InpeioyKeHHas
A. REwnyr [2]:

) 0 )
(1.1) e T AT T TSI . S
n n—1 n—k+41
rae (¥ = —log F(&¥_,.)) (k=1,2,...,n) u 6,,0,, ...,0, He3aBUCHMBIE, IKC-

NOHEHUMANbHO pacnpejeséHHbple ciyyaiiHble BeJIMUMHB € MaTeMaTHYeCKUM
0)KUJaHueM, paBHbIM 1.
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