
European Journal of Combinatorics 121 (2024) 103837

a

O
b

G
c

L

(

1
D
a
N

1
E
a
T
n

h
0

Contents lists available at ScienceDirect

European Journal of Combinatorics
journal homepage: https://www.sciencedirect.com/journal/

european-journal-of-combinatorics

On tangencies among planar curveswith an
application to coloring L-shapes
Eyal Ackerman a, Balázs Keszegh b,1, Dömötör Pálvölgyi c,2
Department of Mathematics, Physics and Computer Science, University of Haifa at
ranim, 36006, Tivon, Israel
Alfréd Rényi Institute of Mathematics and MTA-ELTE Lendület Combinatorial Geometry Research
roup, Institute of Mathematics, ELTE Eötvös Loránd University, Budapest, Hungary
MTA-ELTE Lendület Combinatorial Geometry Research Group, Institute of Mathematics, ELTE Eötvös
oránd University, Budapest, Hungary

a r t i c l e i n f o

Article history:
Available online 23 September 2023

a b s t r a c t

We prove that there are O(n) tangencies among any set of n red
and blue planar curves in which every pair of curves intersects
at most once and no two curves of the same color intersect.
If every pair of curves may intersect more than once, then it
is known that the number of tangencies could be super-linear.
However, we show that a linear upper bound still holds if we
replace tangencies by pairwise disjoint connecting curves that
all intersect a certain face of the arrangement of red and blue
curves.

The latter result has an application for the following problem
studied by Keller, Rok and Smorodinsky [Disc. Comput. Geom.
(2020)] in the context of conflict-free coloring of string graphs:
what is the minimum number of colors that is always sufficient
to color the members of any family of n grounded L-shapes such
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that among the L-shapes intersected by any L-shape there is
one with a unique color? They showed that O(log3 n) colors
are always sufficient and that Ω(log n) colors are sometimes
necessary. We improve their upper bound to O(log2 n).

© 2023 Elsevier Ltd. All rights reserved.

1. Introduction

The intersection graph of a collection of geometric shapes is the graph whose vertex set consists
f the shapes, and whose edge set consists of pairs of shapes with a non-empty intersection. Various
spects of such graphs have been studied vastly over the years. For example, by a celebrated result
f Koebe [11] planar graphs are exactly the intersection graphs of interior-disjoint disks in the plane.
nother example which is more recent and more related to our topic is a result by Pawlik et al. [17],
ho showed that intersection graphs of planar segments are not χ-bounded, that is, their chromatic

number cannot be upper-bounded by a function of their clique number.
We will mainly consider (not necessarily closed) planar curves (Jordan arcs). A family of curves

is t-intersecting if every pair of curves intersects in at most t points. We say that two curves touch
each other at a touching (tangency) point p if both of them contain p in their interior, p is their only
intersection point and it is not a crossing point.3

According to a nice conjecture of Pach [13] the number of tangencies among a 1-intersecting
family S of n curves should be O(n) if every pair of curves intersects. Györgyi et al. [7] proved this
conjecture in the special case where there are constantly many faces of the arrangement of S such
that every curve in S has one of its endpoints inside one of these faces. Here we prove the following
variant.

Theorem 1. Let S be a 1-intersecting set of n red and blue curves such that no two curves of the same
color intersect. Then the number of tangencies among the curves in S is O(n).

Note that it is trivial to construct an example with Ω(n) tangencies. Theorem 1 does not hold if
a pair of curves in S may intersect twice. Indeed, Pach et al. [16] considered the following problem:
what is the maximum number f (n) of tangencies among n x-monotone red and blue curves where
no two curves of the same color intersect. They showed that Ω(n log n) ≤ f (n) ≤ O(n log2 n), where
heir lower bound construction is 2-intersecting (but not 1-intersecting).

The number of tangencies within a 1-intersecting set of n (x-monotone) curves can be Ω(n4/3): it
s not hard to obtain this bound using the famous construction of Erdős of n points and n lines that
etermine that many point-line incidences [14]. An almost matching upper bound of O(n4/3 log2/3 n)
ollows from a result of Pach and Sharir [15].4

onnecting curves. Instead of considering touching points among curves in a family of curves S ,
e may consider pairs of disjoint curves that are intersected by a curve c from a different family
f curves C, such that c does not intersect any other curve. Indeed, each touching point of two
urves from S can be replaced by a new, short curve that connects the two previously touching
urves that become disjoint by redrawing one of them near the touching point. Conversely, if C
onsists of curves that connect disjoint curves from S , then each connecting curve in C can be
eplaced by a touching point between the corresponding curves by redrawing one of these two
urves. Therefore, studying touching points of such connecting curves are equivalent problems. This
ives the following reformulation of Theorem 1.

3 p is a crossing point of two curves if there is a small disk D centered at p which contains no other intersection point
f these curves, each curve intersects the boundary of D at exactly two points and in the cyclic order of these four points
o two consecutive points belong to the same curve.
4 A more careful analysis yields the upper bound O(n4/3 log1/3 n).
2
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Theorem 1’. Let S be a set of 1-intersecting n red and blue curves such that no two curves of the
ame color intersect. Suppose that C is a set of pairwise disjoint curves such that each of them intersects
xactly a distinct pair of disjoint curves from S . Then |C| = O(n).

If S and C are two families of curves, then we say that C is grounded with respect to S if there
s a connected region of R2

\ S that contains at least one point of every curve in C. If C is grounded
ith respect to S , then we can drop the assumption that S is 1-intersecting and prove the following
ariant.

heorem 2. Let S be a set of n red and blue curves such that no two curves of the same color intersect.
uppose that C is a set of pairwise disjoint curves grounded with respect to S , such that each of them
ntersects exactly a distinct pair of curves from S . Then |C| = O(n).

Note that we have also dropped the assumption that a red curve and a blue curve which are
onnected by a curve in C are disjoint. Therefore it is essential that C is grounded with respect to S ,
or otherwise we might have |C| = Ω(n2). Indeed, let S be a (1-intersecting) set of n/2 horizontal
egments and n/2 vertical segments such that every horizontal segment and every vertical segment
ntersect. Then each such pair can be connected by a curve in C very close to their intersection point.
ence |C| = n2/4.
Clearly, instead of curves, Theorem 2 could also be stated with a red and a blue family of disjoint

hapes, with no requirement at all about the shapes, except that each of them is connected.
A corollary of Theorem 2 improves a result of Keller, Rok and Smorodinsky [10] about conflict-

ree colorings of L-shapes.

oloring L-shapes. An L-shape consists of a vertical line-segment and a horizontal line-segment such
hat the left endpoint of the horizontal segment coincides with the bottom endpoint of the vertical
egment (as in the letter ’L’, hence the name). Whenever we consider a family L-shapes, we always
ssume that no pair of them have overlapping segments, that is, they have at most one intersection
oint.
A family of L-shapes is grounded if there is a horizontal line that contains the top point of each

-shape in the family. A (grounded) L-graph is a graph that can be represented as the intersection
raph of a family of (grounded) L-shapes. Gonçalves et al. [6] proved that every planar graph is an
-graph. The line graph of every planar graph is also known to be an L-graph [5]. As for grounded
-graphs, McGuinness [12] proved that they are χ-bounded. Jelínek and Töpfer [9] characterized
rounded L-graphs in terms of vertex ordering with forbidden patterns.
Keller, Rok and Smorodinsky [10] studied conflict-free colorings of string graphs5 and in particular

f grounded L-graphs. A coloring of the vertices of a hypergraph is conflict-free, if every hyperedge
ontains a vertex whose color is not assigned to any of the other vertices of the hyperedge. The
inimum number of colors in a conflict-free coloring of a hypergraph H is denoted by χCF(H).
here is a vast literature on conflict-free coloring of hypergraphs that stem from geometric settings
ue to its application to frequencies assignment in wireless networks and its connection to cover-
ecomposability and other coloring problems—see the survey of Smorodinsky [19], the webpage [1]
nd the references within.
One natural way of defining a hypergraph H(S) with respect to a family of geometric shapes S is

s follows: the vertex set is S and for every shape S ∈ S there is a hyperedge that consists of all the
embers of S \{S} whose intersection with S is non-empty.6 This is the so-called punctured or open
eighborhood hypergraph of the intersection graph. Similarly, for two families of shapes, S and F ,
he hypergraph H(S,F) has S as its vertex set and has a hyperedge for every F ∈ F which consists
f all the members of S \ {F} whose intersection with F is non-empty. Hence, H(S) = H(S, S).
Using Theorem 2 we can improve the following result.

5 A string graph is the intersection graph of curves in the plane.
6 If two shapes give rise to the same hyperedge, then this hyperedge appears only once in the hypergraph.
3
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Theorem 3 (Keller, Rok and Smorodinsky [10]). χCF(H(L)) = O(log3 n) for every set L of n grounded
-shapes. Furthermore, for every n there exists a set L of n grounded L-shapes such that χCF(H(L)) =

Ω(log n).

In order to obtain this result and many other results considering (conflict-free) coloring of
hypergraphs it is often enough to consider the chromatic number of a sub-hypergraph consisting of
hyperedges of size two, that is, the Delaunay graph. For two families of geometric shapes S and F ,
the Delaunay graph of S and F , denoted by D(S, F ), is the graph whose vertex set is S and whose
edge set consists of pairs of vertices such that there is a member of F that intersects exactly the
shapes that correspond to these two vertices and no other shape. Note that if S is a set of planar
points and F is the family of all disks, then D(S, F ) is the standard Delaunay graph of the point set
S.

A key ingredient in the proof of Theorem 3 in [10] is the following lemma.

Lemma 4 ([10, Proposition 3.9]). Let L ∪ I be a set of grounded L-shapes such that |L| = n and the
L-shapes in I are pairwise disjoint. Then D(L, I) has O(n log n) edges.

Theorem 2 clearly implies Lemma 4, since every family of n L-shapes consists of n pairwise
disjoint horizontal (red) segments and n pairwise disjoint vertical (blue) segments. Thus, Theorem 2
is a twofold improvement of Lemma 4: we consider a more general setting and prove a better upper
bound. Furthermore, our proof is simpler than the proof of Lemma 4 in [10] (especially the weak
version of Theorem 2 that we prove in Section 3).

By replacing Lemma 4 with Theorem 2 (or its weaker version) in the proof of Theorem 3 we
obtain a better upper bound for the number of colors that suffice to conflict-free color n grounded
L-shapes.

Theorem 5. Let L be a set of n grounded L-shapes. Then it is possible to color every L-shape in L with
one of O(log2 n) colors such that for each ℓ ∈ L there is an L-shape with a unique color among the
L-shapes whose intersection with ℓ is non-empty.

The upper bound on the number of edges in the Delaunay graph also implies upper bounds
for the number of hyperedges of size at most k, the chromatic number of the hypergraph and its
VC-dimension.7 This was already shown, e.g., for pseudo-disks [2,3], however, the same arguments
apply in general. We summarize these facts in the following statement.

Theorem 6. Let H = (V, E) be an n-vertex hypergraph. Suppose that there exist absolute constants
c, c ′

≥ 0 such that for every V ′
⊆ V the Delaunay graph of the sub-hypergraph,8 induced by V ′ has at

ost c|V ′
| − c ′ edges, then:

(i) The chromatic number of H is at most 2c + 1 (at most 2c if c ′ > 0);
(ii) The VC-dimension of H is at most 2c + 1 (at most 2c if c ′ > 0); and
(iii) H has O(kd−1n) hyperedges of size at most k where d is the VC-dimension of H.

Using a result of Chan et al. [4] this has another consequence about finding hitting sets. We follow
the statement and the usage of this theorem as in [2] (see therein the definition of the minimum
weight hitting set problem).

Theorem 7 ([4]). Let H = (V, E) be a hypergraph, where the number of edges of cardinality k for any
restriction of H to a subset V ′

⊂ V is at most O(|V ′
|kc), where c > 0 is an absolute constant and

≤ |V ′
| is an integer parameter. Then there exists a randomized polynomial-time O(1)-approximation

lgorithm for the minimum weight hitting set problem for H.

7 Recall that the VC-dimension of a hypergraph H = (V, E) is the size of its largest subset of vertices V ′
⊆ V that can

e shattered, that is, for every subset V ′′
⊆ V ′ there exists a hyperedge h ∈ E such that h ∩ V ′

= V ′′ .
8 The hyperedges of this sub-hypergraph are the non-empty subsets in {h ∩ V ′

| h ∈ E}; this is sometimes called the
race or the restriction to V ′ .
4
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Theorems 6 and 7 together imply:

heorem 8. Let H = (V, E) be an n-vertex hypergraph. Suppose that there exist absolute constants
, c ′

≥ 0 such that for every V ′
⊆ V the Delaunay graph of the sub-hypergraph induced by V ′ has at

ost c|V ′
| − c ′ edges, then there exists a randomized polynomial-time O(1)-approximation algorithm

or the minimum weight hitting set problem for H.

Thus, we have:

orollary 9. Let S be a set of n red and blue curves, such that no two curves of the same color
ntersect and let C be another set of pairwise disjoint curves which is grounded with respect to S . Then
he chromatic number of the intersection hypergraph H(S, C) and its VC-dimension are bounded by a
onstant, and for every k the number of hyperedges of size at most k in H(S, C) is kO(1)n. Also there
xists a randomized polynomial-time O(1)-approximation algorithm for the minimum weight hitting set
problem for H.

Note that the upper bounds on the chromatic number and VC-dimension can be deduced easily
in this case without using Theorem 6 (see Section 5).

Organization. In Section 2 we prove Theorem 1. In Section 3 we prove a weaker version of
Theorem 2 which is still stronger than Lemma 4 and suffices for proving Theorem 5. Then in
Section 3.1 we give an outline of the proof of Theorem 3 in [10] and explain how by plugging
into it Theorem 2 or its weaker version we obtain Theorem 5. Theorem 2 is proved in Section 4. For
completeness, we prove Theorem 6 in Section 5.

In order to avoid technicalities and pathological cases we assume henceforth that all the curves
that we consider are non-self-intersecting polygonal chains consisting of finitely many segments
and that every pair of curves intersect at finitely many points. Each intersection point involves
exactly two curves and is either a proper crossing of these curves or an endpoint of one of them
that belongs to the interior of the other curve.9

2. Proof of Theorem 1

We begin with the following definitions which we will use throughout the paper. Let C be a
set of curves in the plane. Then C induces a partition of the plane, which is called the arrangement
of C, AC , and consists of vertices, edges.10 and faces A vertex is either an endpoint of a curve or an
ntersection point of (two) curves; an edge is a maximal sub-curve that does not contain any vertices
n its interior; and a face is the closure of a maximal connected region of R2

\C. The vertices and the
dges of AC naturally induce a plane graph GC . The size of a face F , denoted by |F |, is the number of
dges that are adjacent to F , where the cut-edges (bridges) in GC are counted with multiplicity two.

We denote by EF the set of edges that bound F . Note that if EF contains a cut-edge, then |EF | < |F |.
We will use the following simple lemma, which essentially follows from ‘contracting’ some

urves into points to get a plane graph.

emma 10 ([10, Lemma 2.6]). Let S and C be two sets of curves such that the curves within each set
re pairwise disjoint and every curve in C intersects exactly two curves from S . Then D(S, C) is a planar
raph.

Next we prove Theorem 1’ which is equivalent to Theorem 1. Let S be a set of 1-intersecting red
nd blue curves, such that no two curves of the same color intersect, and let C be another set of
urves such that each curve in C intersects a pair of disjoint curves from S and no other curve from
∪ C. We will show that |C| = O(n). Observe first that it follows from Lemma 10 that there are at
ost 3n − 3 curves in C such that each of them intersects two curves from S of the same color.11

9 For L-shapes these properties are trivially satisfied after an appropriate small perturbation.
10 Not to be confused with vertices and edges of a graph.
11 We sometimes use the weaker bound 3n − 3 (resp., 2n − 2) for the maximum size of an n-vertex (resp., bipartite)
lanar graph, since it holds for every n.
5
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It remains to bound the number of curves in C that intersect curves of different colors. Next we
onsider only this set of curves C′. Observe that each curve c ∈ C′ contains a sub-curve c ′ whose
ndpoints are on edges of different colors that bound the same face of AS and whose interior is
ontained in that face. We replace every curve in C′ with one of its sub-curves with these properties
nd, by a slight abuse of notation, keep using C′ to denote the new set of (sub-)curves.
By slightly extending each curve in S , every intersection point of two curves becomes a proper

rossing of them. Denote by x the number of intersection points of two curves from S. Thus AS has
n+x vertices and n+2x edges. Let F be the face set of AS and let e denote the number of edges of
S . Then by Euler’s formula we have e = n+2x ≤ (2n+x)+|F|−2, and therefore, x ≤ n+|F|−2.
For each crossing point we now add 4 dummy curves that connect the four pairs of neighboring

edges of AS around this crossing point in its small neighborhood. These 4x curves are drawn such
that they do not intersect the other curves. For a face F ∈ F let C′

F be the curves in C′ whose
interiors are inside F . Then it follows from Lemma 10 that D(EF , C′

F ) is a bipartite planar graph
and therefore the number of its edges is at most 2|EF | − 4 (since a red curve and a blue curve
may intersect at most once, AS does not contain size-two faces). Since

∑
F∈F |EF | ≤ 2e we have:

|C′
| + 4x ≤

∑
F∈F (2|EF | − 4) ≤ 4e − 4|F| = 4n + 8x − 4|F|. Hence, |C′

| ≤ 4n − 4|F| + 4x ≤

4n − 4|F| + 4n + 4|F| − 8 = 8n − 8, and the number of edges in D(S, C) is at most 11n − 11. This
finishes the proof.

Remarks. (1) we have only used that curves from C do not connect neighboring edges of the
arrangement of red and blue curves, that is, edges that are consecutive along some face of the
arrangement—this is weaker than requiring that each connected pair of red and blue curves involves
disjoint curves.

However, if S is the union of three sets of pairwise disjoint curves instead of two, then we
can no longer claim that D(S, C) has linearly many edges when the curves in C may connect only
non-neighboring edges (of possibly intersecting curves). Indeed, consider a triangular grid formed
by n segments (n/3 segments of each of three directions). By slightly shifting the segments of one
orientation parallel to themselves, each of the Ω(n2) intersection points is replaced by a triangle
which is adjacent to at least one hexagon. For each such hexagon it is possible to connect two
non-neighboring, non-parallel edges by a curve that intersects no other edges. Thus the number of
these curves is Ω(n2).

(2) The only place where we used that each pair of a red curve and a blue curve intersects at
most once is for claiming that AS does not contain size-two faces. Therefore Theorem 1’ remains
true even when each such pair intersects finitely many times, as long as there are no size-two faces
in AS .

3. Improving Lemma 4

In this section we improve the bound in Lemma 4 by proving the following weak version of
Theorem 2. This bound suffices for obtaining the upper bound in Theorem 5.

Lemma 11. Let S be a set of n axis-parallel line-segments and let C be a set of pairwise disjoint curves
grounded with respect to S . Then D(S, C) has at most 13n − 11 edges.

By a slight perturbation of the segments if needed, we may assume that parallel segments do
not fall on the same line—this does not decrease the number of edges of D(S, C), so from now on
we assume this is the case.

Recall that EF denotes the set of edges that bound a face F in the arrangement AS , where cut-
edges are counted once. Next we would like to bound |EF | where S is a set of axis-parallel segments.
The following fact is probably known, however, we provide a proof for completeness and since we
could not find any reference to it.

Lemma 12. Let S be a set of n axis-parallel line-segments, n > 1, and let F be a face of AS . Then
|E | ≤ 4n − 4. This bound is tight.
F

6
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Proof. By slightly extending every segment we may assume that if two segments intersect, then
they intersect in their interiors. This step cannot decrease |EF |.

The boundary of F consists of at most one outer closed walkW0 (which surrounds F ) and possibly
also some inner closed walksW1,W2, . . . ,Wk (which are surrounded by F ). Denote by xi the number
of appearances of intersection points of two segments that one encounters while going alongWi, and
by yi the number of segment-endpoints along Wi. Note that an intersection point might be counted
with multiplicity, whereas every endpoint is counted exactly once. Let ei denote the number of
edges along Wi, such that each edge is counted with multiplicity one, so ei ≤ |Wi|. By definition
|EF | =

∑k
i=0 ei.

Clearly, if |Wi| = 2, i.e., Wi consists of a single edge, then ei = 1 ≤ 4 = 2yi. Otherwise, ei ≤ xi.
Indeed, associate every edge along Wi with its preceding vertex (thus, a cut-edge is associated with
two vertices). If the preceding vertex of an edge e is a segment-endpoint, then the vertex before
that endpoint is an intersection point of two segments which is also associated with e. Therefore,
every edge is associated with an intersection point and every intersection point is associated to as
many edges as its number of appearances along the walk to which it belongs.

Suppose that we traverse an inner walk Wi such that F is to our left. Then at each endpoint
we turn 180◦ in the positive direction and at each intersection point we turn 90◦ in the negative
direction. As the sum of positive and negative turns should be 360◦, we have that xi = 2yi −4, thus
ei ≤ 2yi − 4. If W0 exists, then a similar calculation gives x0 = 2y0 + 4, thus e0 ≤ 2y0 + 4.

Let y =
∑k

i=0 yi be the number of segment-endpoints on the boundary of F . If there is no
outer walk, then either there are no intersection points, in which case |EF | ≤ n ≤ 4n − 4, since
n > 1. Otherwise, for at least one index j we have |Wj| > 2. In this case |EF | =

∑k
i=0 ei ≤

yj − 4 +
∑

i̸=j 2yi ≤ 2y − 4. As y ≤ 2n we get that |EF | ≤ 4n − 4.
If there is an outer walk, then we can only conclude that |EF | ≤ 2y+4. However, in this case the

opmost and bottommost horizontal segments and the leftmost and rightmost vertical segments
o not contribute any endpoints to y, thus y ≤ 2n − 8 and therefore |EF | ≤ 4n − 12. It is easy to
ee that this bound is tight by considering the outer face in an arrangement of h (1 < h < n − 1)
horizontal segments and n − h vertical segments in a grid-like arrangement. □

The last ingredient needed for proving Lemma 11 is the following.

Lemma 13. Let S be a set of red and blue curves, such that any two curves of the same color do
not intersect. Suppose that C is a set of pairwise disjoint curves such that each curve in C intersects
xactly a distinct pair of curves from S (each of them possibly several times) and there is a face F of the
rrangement AS that is intersected by every curve in C. Then |C| ≤ 5|S| + 2|F | − 3.

roof. It follows from Lemma 10 that there are at most 3|S|−3 curves in C such that each of them
ntersects two curves of the same color.

Denote by Er the red edges of F and let Crb ⊆ C be the curves that intersect a red edge of F and
blue curve. First we will bound |Crb|. Remove every red edge of AS which is not in Er . Note that
his might break a red curve into several pieces. Now we eliminate the possible multiple crossings
f Crb with members of S. Every curve in Crb has a sub-curve such that one of its endpoints is on
n edge from Er , its other endpoint is on a blue curve and its interior does not intersect any other
urve or edge. Pick such a sub-curve for every curve in Crb and denote this set of (sub-)curves by
′

rb.
Clearly D(S, Crb) has as many edges as D(Er ∪ Sb, C′

rb), where Sb ⊆ S denotes the set of blue
urves. Observe also that it follows from Lemma 10 that D(Er ∪ Sb, C′

rb) is a bipartite planar graph.
hus, D(Er ∪ Sb, C′

rb) has at most 2(|Er | + |Sb|) edges.
By applying the same argument for the similarly defined curves Cbr ⊆ C that intersect a blue edge

f F and a red curve, we conclude that |C| ≤ 2(|Er |+|Sb|)+2(|Eb|+|Sr |)+3|S|−3 = 5|S|+2|F |−3. □

Lemma 11 now follows from Lemmas 12 and 13. From these we get that the number of edges
n D(S, C) is upper bounded by 5|S| + 2|F | ≤ 5|S| + 2(4|S| − 4) = 13|S| − 11.
7
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3.1. An application for conflict-free coloring of L-shapes

In this section we outline the proof of the upper bound of Theorem 3 from [10], and indicate
ow using Theorem 2 (or just Lemma 11) improves on this by a log n factor, proving Theorem 5.
The proof in [10] uses a divide-and-conquer approach. The family of n grounded L-shapes is

artitioned with respect to some vertical line into three sets, L1, L2 and L3, such that: |L1|, |L3| ≤

/2; no L-shape from L1 intersects an L-shape from L3; each L-shape in Li intersects some L-shape
n Li, for i = 1, 2, 3; and χCF(H(L2)) = O(log2 n). By using the same set of colors for L1 and L3, and
pplying induction the O(log3 n) upper bound on χCF(H(L)) follows.
In order to show that χCF(H(L2)) = O(log2 n), Keller et al. [10] show that χ (H(L′

2)) = O(log |L′

2|)
or any L′

2 ⊆ L2 and rely on the following known result.

emma 14 ([8,10]). If an n-vertex hypergraph H as well as any induced sub-hypergraph of H can be
roperly colored with t colors, then χCF(H) = O(t log n).

The proper coloring of H(L2) (and its induced sub-hypergraphs) is obtained by representing
2 as the union of four subsets, with their notation L2 = I ∪ FM ∪ V ′

R ∪ V ′

L, where I is a set of
airwise disjoint L-shapes such that each of them intersects exactly two other L-shapes. Then it is
asically shown that χ (H(L2,FM ∪V ′

R ∪V ′

L)) = O(1) and that χ (H(L2, I)) = χ (D(L2, I)) = O(log n),
hus concluding that χ (H(L2)) = O(log n). The bound χ (D(L2, I)) = O(log n) follows from the
(n log n) bound on the number of edges in D(L2, I) as stated in Lemma 4. By substituting this
ound with our linear upper bound that follows from Lemma 11 or Theorem 2, we get that
(D(L2, I)) is upper bounded by a constant and therefore so is χ (H(L2)). Then by Lemma 14 we
ave χCF(H(L2)) = O(log n) and the bound χCF(H(L)) = O(log2 n) follows by induction as before.

. Proof of Theorem 2

In this section we prove Theorem 2. We will use the following bound on Davenport-Schinzel
equences.

emma 15 ([18]). Let S be a sequence that consists of n symbols, such that no two consecutive symbols
re the same and S does not contain a sub-sequence of the form a, b, a, b. Then the length of S is at
ost 2n − 1.

We will also need the following fact.

roposition 16. Let S1 = a1, . . . , an and S2 = b1, . . . , bn be two sequences, such that there is no
ndex j for which aj = aj+1 and bj = bj+1 (that is, if aj = aj+1, then bj ̸= bj+1 and vice versa). Then
here is i ∈ {1, 2} such that Si contains a sub-sequence of length at least ⌈(n + 1)/2⌉ in which every
lement is different from its preceding element in the sub-sequence.

roof. We construct two sub-sequences S ′

1 and S ′

2 in an incremental and greedy manner. First, S ′

1
ontains only a1 and S ′

2 contains only b1. Then, for every j > 1 we append aj (resp., bj) to the sub-
equence S ′

1 (resp., S ′

2) if it is different from the last element that was added to the sub-sequence.
learly, for every j > 1 at least one sub-sequence is extended, otherwise there is j such that aj = aj+1
nd bj = bj+1. Therefore, the total length of S ′

1 and S ′

2 is at least 2 + (n − 1) and thus one of them
s of length at least ⌈(n + 1)/2⌉. □

Let S be a set of n red and blue curves such that no two curves of the same color intersect.
Suppose that C is a set of pairwise disjoint curves grounded with respect to S , such that each of
them intersects exactly a distinct pair of curves from S. Recall that we wish to show that |C| = O(n).
ote that we cannot use Lemma 13 since the size of a face in AS can be arbitrarily large.
Observe first that it follows from Lemma 10 that there are at most 3n − 3 curves in C such that

ach of them intersects two curves in S of the same color. We thus discard such curves from C and
ssume henceforth that every curve in C connects two curves from S of different colors.
8
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Fig. 1. The sub-curves c1 and c3 belong to C1 whereas c2 ∈ C2 .

Let F be a face of AS such that every curve in C intersects its boundary. By trimming every curve
n C if necessary, we may assume that each such curve has one of its endpoints on an edge of the
oundary of F that belongs to a red (resp., blue) curve s ∈ S , its other endpoint is on a blue (resp.,
ed) curve s′ ∈ S , and its interior does not intersect any curve in C ∪ S except for possibly s and s′.

Let C1 ⊆ C be the curves with exactly one endpoint on the boundary of F and let C2 = C \ C1 be
he curves with two endpoints on the boundary of F . Note that we may assume that the interior
f every curve c1 ∈ C1 intersects at most one curve, namely the curve that contains that edge of F
hat c1 intersects. Furthermore, we may assume that the interior of every curve c2 ∈ C2 does not
ntersect any curve (including s and s′, as defined above). Indeed, otherwise c2 contains a sub-curve
hat qualifies for C1 and we may replace c2 with this sub-curve (see Fig. 1 for an illustration).

emma 17. |C1| ≤ 8n − 4.

roof. We can assume that the interior of each curve in C1 is disjoint from the interior of F ,
therwise we could take one of its sub-curves. The boundary of F may consist of several connected
omponents. Let s be a curve in S. Clearly, it is impossible that s contributes to edges on two different
omponents. Furthermore, it is also impossible that there are curves c, c ′

∈ C1 that connect s to
wo points on different connected components of F , since one of c and c ′ must then intersect the
oundary of F at two points. Therefore, it is enough to consider one connected component. That is,
et C′

1 ⊆ C1 be the curves with an endpoint on a specific connected component of the boundary of
and let S ′

⊆ S be the curves that intersect at least one curve from C′

1. Then it is enough to show
hat |C′

1| = O(|S ′
|), since by summing for every connected component of the boundary of F we get

C1| = O(|S|).
Let C′′

1 ⊆ C′

1 be the curves whose endpoints on F belong to red curves. We may assume without
oss of generality that |C′′

1 | ≥ |C′

1|/2. Let p1, p2, . . . , pk be the endpoints of the curves in C′′

1 on F
listed in their cyclic order along the boundary of F . For i = 1, 2, . . . , k, let ci ∈ C′′

i be the curve
whose endpoint is pi and let ri and bi be the red and blue curves, respectively, that are connected
by ci. Observe that it is possible that bi = bj or ri = rj for i ̸= j. However, it is clearly impossible
that for some i we have bi = bi+1 and ri = ri+1, otherwise ci and ci+1 would connect the same pair
of curves. Therefore, it follows from Proposition 16 that one of the sequences S1 = b1, b2, . . . , bk
and S = r , r , . . . , r contains a sub-sequence of length at least ⌈(k + 1)/2⌉ ≥ k/2.
2 1 2 k

9
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If neither S1 nor S2 does contain a sub-sequence bi, bj, bi′ , bj′ such that bi = bi′ ̸= bj = bj′ then
it follows from Lemma 15 that k/2 ≤ 2|S ′

| − 1 and hence |C′′

1 | ≤ 4|S ′
| − 2 and |C1| ≤ 8n − 4. The

ollowing two propositions thus finish the proof of Lemma 17.

roposition 18. S1 does not contain a sub-sequence bi, bj, bi′ , bj′ such that bi = bi′ ̸= bj = bj′ .

roof. Suppose for contradiction that such a sub-sequence exists. Let αi be the curve that consists
f ci, ci′ and the sub-curve of bi between the endpoints of ci and ci′ on bi. Define αj analogously.
onsider a closed curve c ′ that consists of αi and a curve within F that connects pi and pi′ . Due to
he alternating sub-sequence of symbols, the points pj and pj′ lie on different sides of c ′. It follows
hat αj, which connects these two points, must cross c ′, which is impossible since bi and bj do not
ntersect and the interiors of the curves in C are intersection-free. □

roposition 19. S2 does not contain a sub-sequence ri, rj, ri′ , rj′ such that ri = ri′ ̸= rj = rj′ .

roof. Suppose for contradiction that such a sub-sequence exists. Consider a closed curve c ′ that
onsists of the subcurve of ri between pi and pi′ and a curve within F that connects pi and pi′ . Due to
he alternating sub-sequence of symbols, the points pj and pj′ lie on different sides of c ′. It follows
hat rj, which connects these two points, must cross c ′, which is impossible. □

emma 20. |C2| ≤ 22n − 18.

roof. Recall that the boundary of F may consist of several connected components. We consider
irst the curves C′

2 ⊆ C2 which connect edges of AS that belong to different connected components
f the boundary of F .
For each connected component choose either ‘red’ or ‘blue’ uniformly at random. If ‘red’ (resp.,

blue’) is chosen for a certain connected component, then we delete all the red (resp., blue) curves
hat contain edges of this connected component. Every curve in C′

2 survives (with probability 1/4) if
oth curves that contain its endpoints survive. Since red and blue curves from different components
o not intersect, it follows from Lemma 10 that the surviving curves define a bipartite plane graph
hose vertices correspond to surviving red and blue curves and its edges correspond to surviving
urves in C′

2. The expected number of vertices of this graph is at most n/2 and the expected number
f edges of this graph is |C′

2|/4. Thus we have |C′

2|/4 ≤ 2 · n/2 and hence |C′

2| ≤ 4n.
It remains to bound the number of curves in C2 that connect edges of AS that belong to the same

onnected component of the boundary of F . Let C′′

2 ⊆ C2 be such curves for a certain connected
omponent and let S ′′

⊆ S be the set of curves that contain edges of this component. Note that it
s enough to show that |C′′

2 | = O(|S ′′
|), since then by summing for every connected component of

he boundary of F we get |C2| = O(|S|).
Denote the edges of the certain connected component of the boundary of F that we consider by

1, e2, . . . , ek ordered as they follow each other on the boundary of F (cut edges appear twice), and
et s1, s2, . . . , sk be the corresponding curves (with possible repetitions). We partition e1, e2, . . . , ek
nto alternating runs: The first alternating run is the maximal sequence of edges e1, e2, . . . , ei that
elong to exactly two curves (necessarily a blue curve and a red curve). The next alternating run is
he maximal sequence of edges ei+1, ei+2, . . . , ej that belong to exactly two curves, and so on and
so forth. Let m denote the number of alternating runs. The following proposition will be needed to
finish the proof of Lemma 20.

Proposition 21. m ≤ 2|S ′′
| − 1.

roof. Let S1 be the sequence we get by starting with s1 and adding s2i+1 if it is different from s2i−1,
or i = 1, 2, . . . , ⌊k/2⌋. Similarly, let S2 be the sequence we get by starting with s2 and adding s2i if
t is different from s2i−2, for i = 1, 2, . . . , ⌊k/2⌋. By definition, every element in these sequences is
ifferent from its preceding element. Furthermore, after each alternating run an element is added
o one of S and S , thus their total length is at least m. On the other hand, as in the proof of
1 2

10
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Proposition 19 we may conclude that none of S1 and S2 contains a sub-sequence of the form a, b, a, b.
Therefore, by Lemma 15 the total length of S1 and S2 is at most 2|S ′′

| − 1. Thus, m ≤ 2|S ′′
| − 1. □

Clearly, C′′

2 contains at most m curves that connect two edges which belong to the same
alternating run. Next, we bound the number of remaining curves C′′′

2 , that is, those connecting edges
from different alternating runs. To this end, for each alternating run choose either ‘red’ or ‘blue’
uniformly at random. If ‘red’ (resp., ‘blue’) is chosen for a certain alternating run, then we delete
all red (resp., blue) edges of that run and the curves in C′′′

2 that have an endpoint on one of them.
Thus, every curve in C′′′

2 survives with probability 1/4.
Consider the graph such that each of its vertices is the union of the remaining edges of a certain

alternating run and whose edges correspond to surviving curves in C′′′

2 . By Lemma 10 it is a planar
(bipartite) graph. Since the expected number of surviving curves in C′′′

2 is |C′′′

2 |/4, we conclude that
|C′′

2 | ≤ 4 · 2m + m = 9 m ≤ 18|S ′′
| − 18.

By summing for every connected component of the boundary of F and recalling that |C′

2| ≤ 4n,
we have |C2| ≤ 22n − 18. □

From Lemmas 17 and 20 we have |C| ≤ 3n− 3+ 8n− 4+ 22n− 18 = 33n− 25. This concludes
the proof of Theorem 2.

5. Bounding the number of hyperedges

In this section we recall how linear upper bounds on the size of Delaunay-graphs of induced
sub-hypergraphs of a hypergraph H imply upper bounds on its chromatic number, VC-dimension
and number of hyperedges of size at most k.

Proof of Theorem 6(i). Let H be a hypergraph as assumed. Then the average degree of the
Delaunay-graph of every induced sub-hypergraph of H is at most 2c (and strictly less than 2c if
c ′ > 0) and thus it has a vertex of that degree or smaller. Now we can easily get a proper (2c + 1)-
coloring (even a 2c-coloring if c ′ > 0) by induction. Remove a vertex v with the smallest degree in
the Delaunay-graph of H and let H′ be the hypergraph which is induced by the remaining vertices.
As H′ still has the above property, by induction it has a proper (2c+1)-coloring (even a 2c-coloring
if c ′ > 0). Now color v with a color that is different from the colors of all of its neighbors in the
Delaunay-graph of H. We claim that this is a proper coloring of H. Indeed, if a hyperedge contains
at least two vertices other than v, then it is non-monochromatic by induction, otherwise it contains
exactly two vertices, one of them being v and then it is non-monochromatic by the choice of color
for v. □

Proof of Theorem 6 (ii). Suppose that the VC-dimension of H = (V, E) is d. Then there exists
a subset V ′

⊆ V of size d such that it induces a hypergraph containing all the subsets of V ′. In
particular, it contains the

(d
2

)
hyperedges of size two, and thus

(d
2

)
≤ cd− c ′, by the properties of H.

If c ′
= 0 then

(d
2

)
≤ cd can be rearranged to d ≤ 2c + 1. If c ′ > 0 then

(d
2

)
< cd can be rearranged

to d < 2c + 1, i.e., d ≤ 2c. □

The proof of part (iii) is more involved, but it does not require new ideas; we follow standard
techniques and the proofs in [2,3] (almost verbatim).

For a hypergraph H = (V, E) and an integer k ≥ 2 we denote by Ek (resp., E≤k) the set of
hyperedges whose size is exactly (resp., at most) k. We say that H is c-linear for some constant c , if
|E ′

2| ≤ c|V ′
| for every induced sub-hypergraph (V ′, E ′). We first consider an upper bound for |E≤k|,

following the methods in [2,3].
For k ≥ 2, a pair of vertices of a hypergraph H is k-good if there exists a hyperedge of size at

most k in H which contains both vertices.

Lemma 22. Let H be an n-vertex c-linear hypergraph for some constant c. Then for every k ≥ 2 there
are at most neck k-good pairs in H.12

12 The e in neck stands for Euler’s number.
11
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Proof. Set q = 1/k and remove every vertex of H independently with probability 1 − q to get a
ertex set V ′ which induces a sub-hypergraph H′

= (V ′, E ′). A k-good pair of H becomes a size-two
yperedge of H′ with probability at least q2(1 − q)k−2. On the other hand |E ′

2| ≤ c|V ′
| since H is c-

inear. Let g denote the number of k-good pairs of H. Then gq2(1−q)k−2
≤ E[|E ′

2|] ≤ cE[|V ′
|] = cqn.

hus, we get g ≤
cn

1
k (1−

1
k )

k−2 ≤ neck, as required. □

emma 23 ([3]). Let G be an n-vertex c-linear graph for some constant c. Then, for every h ≥ 2, the
umber of copies of Kh (the complete graph on h vertices) in G is at most tc,h n, where tc,h =

(2c)h−1

h! .

orollary 24. If H = (V, E) is a c-linear hypergraph, then |E≤k| ≤ bc,k n, where bc,k depends only on
and k.

roof. Define a graph G whose vertex set is V such that there is an edge between each pair of
-good vertices. It follows from Lemma 22 that G is (eck)-linear. By Lemma 23 for every 2 ≤ h ≤ k
he number of copies of Kh in G is at most (2eck)h−1

h! n. Therefore |E≤k| ≤ bc,k n where bc,k =

+
∑k

h=2
(2eck)h−1

h! . □

Note that the constant bc,k in Corollary 24 is huge. Next, we will use this bound to obtain an
upper bound of the form |E≤k| ≤ O(kd−1n), where d is the VC-dimension of H (often quite small).
he constant hiding in the big-O notation depends only on c and d.
The following is a well-known property of hypergraphs of bounded VC-dimensions, a stronger

orm of the Sauer–Shelah-lemma, used also in Buzaglo et al. [3].

heorem 25. Let H be a hypergraph with VC-dimension d. Then it is possible to assign to each
yperedge a subset of at most d of its vertices, such that distinct hyperedges are assigned distinct subsets.

roof of Theorem 6 (iii). Let H = (V, E) be an n-vertex c-linear hypergraph with VC-dimension
t most d and let k ≥ 2 be an integer. We wish to show that |E≤k| ≤ O(kd−1n) using an argument
imilar to the proof of Lemma 22, where the constant hiding in the big-O notation depends only on
.
By Theorem 25 we can assign to every hyperedge h of H a signature h′

⊆ h of size at most d.
et q = 1/k and remove every vertex of H independently with probability 1 − q to get a vertex
et V ′ that induces a sub-hypergraph H′

= (V ′, E ′). We say that a hyperedge h ∈ E≤k survives if
∩ V ′

= h′, where h′ is the signature of h. Observe that a hyperedge h (of size at most k) survives
ith probability

q|h′
|(1 − q)|h|−|h′

|
≥ q|h′

|(1 − q)k−|h′
|
≥ qd(1 − q)k−d,

here the first inequality holds since |h| ≤ k and the second inequality holds since q ≤ 1 − q and
h′

| ≤ d.
By Corollary 24 we have |E ′

≤d| ≤ bc,d|V ′
|, where bc,d is the constant from the corollary. Therefore,

qd(1 − q)k−d
|E≤k| ≤ E[|E ′

≤d|] ≤ bc,d E[|V ′
|] = bc,dqn.

his implies that |E≤k| ≤ bc,d(1 − q)d−kq1−dn ≤ bc,d kd−1 n. Since d ≤ 2c + 1 by Theorem 6 (ii) we
ave that the number of hyperedges of size at most k is O(kd−1n) where the constant hiding in the
ig-O notation depends only on c . □

emarks. Theorems 2 and 6 together imply Corollary 9. Observe also that Lemma 11 and Theorem 6
mply that there exists a proper 26-coloring ofH(S, C), for every family S of n axis-parallel segments
nd a family C of pairwise disjoint curves. Furthermore, this hypergraph has VC-dimension at most
6 and has (k25n) hyperedges of size at most k.
However, it is easy to get better upper bounds on the chromatic number and the VC-dimension

f these hypergraphs, even when S consists of red and blue curves instead of segments. Indeed, the
C-dimension is at most 8, since a shattered set of 9 vertices would imply 5 = ⌈

9
⌉ shattered curves
2

12
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of the same color, which would give a plane drawing of K5. Furthermore, recall that the Delaunay-
graph of the red (resp., blue) curves with respect to the curves in C is planar, and therefore 8 colors
uffice for coloring the red and blue curves such that the corresponding hypergraph is properly
olored (four different colors are used for each of the two).
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