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ABSTRACT

In this paper we introduce a construction for a weighted CW complex (and the associated lattice cohomology) corres-
ponding to partially ordered sets with some additional structure. This is a generalization of the construction seen in [4]
where we started from a system of subspaces of a given vector space. We then proceed to prove some basic properties
of this construction that are in many ways analogous to those seen in the case of subspaces, but some aspects of the
construction result in complexities not present in that scenario.
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1. INTRODUCTION

The lattice cohomology of a singularity was originally defined in the context of a complex nor-
mal surface singularity (X, 0), whenever the link is a rational homology sphere. The link of such
a singularity is a plumbed (graph) 3-manifold, where the plumbing graph can be chosen as one
of the resolution graphs of the germ. In particular, it is connected and negative definite. In such
a situation, using the combinatorics of the graph, a lattice cohomology Hy, (X, 0) was construc-
ted, with an extra grading (the spin®-structures of the link), with the Euler characteristic of the
cohomology being the Seiberg-Witten invariant of the link [16]. In [16] it was conjectured (and
in some cases verified) and in [25] proved that it coincides with the Heegaard Floer cohomology
of the link. For some more connections with topology (e.g. applications of the graded roots) see
5,9, 10, 11].

In order to define a lattice cohomology, one usually needs a lattice Z°, or more generally a
CW complex X and a suitable integer-valued weight function on the set of cells (see Section 2.1).
In various geometric contexts the lattice itself arises rather clearly and naturally, however how
to retrieve a useful weight function from the geometric structure can often be much less obvious.
E.g. in the classical case, the lattice is generated by the vertices of the graph, while the weight
function is obtained from a Riemann-Roch expression.

The analytic version H, (X, 0) of the lattice cohomology associated with a normal surface
singularity was defined in [1, 2], and even a graded Z[U]-module morphism H;}, (X,0) —
Hj,,(X, 0) was provided. In this analytic case the Euler characteristic equals the geometric genus
of the germ.

Later, in [3], for any n-dimensional complex isolated singularity (n > 2) an analytic lattice
cohomology was constructed — though its topological analogue is not currently known (conjec-
turally it is the embedded contact homology of the link). Also, an invariant applicable to isolated
curve singularities was constructed in [4], which is a categorification of the d-invariant, and
presents a variety of useful properties on top of that, like a connection with flat deformations
of the singularities.

In the case of all these analytic constructions, the weight functions arise from particular Z°-
filtrations connected to the analytic structure (e.g. the multivariable divisorial filtration in the
higher dimensional case), with a more general derivation of the weights and the cohomology
induced by a filtration described in [4].

When proving functoriality under deformations, it was necessary to further abstract away
the combinatorial structure to which we associate a lattice cohomology. Filtrations were re-
placed with systems of subspaces of a given vector space (the set of subspaces that comprise
the filtration), and a CW complex with a weight function was defined purely based on the prop-
erties of this set.

In the present paper, we will even further generalize this construction to partially ordered sets
equipped with additional structure corresponding to the codimensions of pairs of subspaces.

The original aim of this generalization was to be used when proving the aforementioned
functoriality in [4]. Though this more general construction turned out not to be ultimately
necessary for proving it on the H° level — which is what ended up being included in the final
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version of that paper — we expect it to still be useful further down the line, e.g. when dealing
with the higher cohomologies. For further details about that application, see Theorem 4.4. Also,
due to the generality of the setting, we hope that the construction of the CW complex and its
cohomology could be applicable in a variety of topics when these kinds of partially ordered sets
naturally occur.
We now provide a quick summary of the concepts involved in this construction (for the
details, see Section 3).
DEFINITION 1.1. A(n integrally) metrized poset is a poset (P, <) together with a function
d: {(x,y)ePxP|x>yorx <y} ZsyU{oo}

such that

(M1) d(x,y) = 0if and only if x = y;

(M2) d(x,y) = d(y,x);

(M3) max(d(x, v),d(y, z)) <d(x,z) <d(x,y)+d(y,z)forallx >y > z.
We call such a function a partial metric on (P, <) (as it is only defined between comparable pairs
of elements).

DEFINITION 1.2. Consider an integrally metrized poset (P, <,d) as above. We call a subset C C P
a combinatorial (P, <, d)-cell (or (P, d)-cell for short) if it is of the form

Cz{ACH@iHQQ}Mﬂ ()

GeH
for some x € P and a finite set G C P with d(x,G) = 1 for all G € G, where A denotes the meet
operation — thus, in particular, the meet needs to exist for all non-empty sets H C G.
We define the root, tip and generators of a (P, d)-cell C as
R(C) =V,
T(C) = AC,

G(C)={yeCld(ROC).y) =1}
respectively. Note that the join and meet above always exist: for the set C of the form (x), they
would be x and A G respectively.
Furthermore, we define the dimension and height of the (P, d)-cell C as

dim C =|G(C)], htC = d(R(C), T(C)).

Using this purely combinatorial definition, we proceed to construct a CW complex where to
each of these cells C, we associate a topological cell o(C) in that CW complex, and the above
defined “dimension” of a combinatorial cell will correspond to the dimension of the topological
one. These topological cells will be glued together in a way that respects the following (com-
binatorial) notion of faces:

DEFINITION 1.3. For a given combinatorial (P, d)-cell C, its faces are the elements of
{D C C | D is a combinatorial (P, d)-cell}.
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The construction gives us the CW complex X(P, <,d). Since we intend to consider a lattice
cohomology on this complex (for the definition, see Section 2.1), we add weights to the original
poset that are compatible with the metrized structure, as well as to cells of the associated CW
complex. This is also where the height of a cell comes into play: it is used to determine the
weights of the higher dimensional cells.

DEFINITION 1.4. We call (P, <,d, w) a weighted (integrally) metrized poset (WIMP) if (P, <,d) is
an integrally metrized poset, and w : P — Z is a function bounded from below, where for any
x,y € P with x > y, we have

w(y) < w(x) +d(x,y). (%)
The weighted CW complex associated to (P,<,d,w) is the complex X(P,d) together with the
weight function
w(2(0)) = w(R(C)) +htC.
This definition of the weights is inspired by the construction in [4]. The condition () is re-
quired to ensure the compatibility of the weight function on the CW complex (cf. Definition 2.2).
Putting all of this together:

DEFINITION 1.5. Given a WIMP (P, <,d, w), we define its lattice cohomology H*(P, <,d, w) as
that of the weighted CW complex (X(P, <, d), w) (cf. Definition 2.3).

2. PRELIMINARY

2.1. The lattice cohomology associated with a system of weights [16]

The construction of the lattice cohomology associates a graded Z[U ]-module to a CW complex
X endowed with a set of weights. For a more detailed description, refer to [4]. The original
definition can be seen in [16, 17, 18], where X’ is a cubical complex generated by a free Z-module,
i.e., a lattice.

Now let us summarize the definitions, first setting some notations regarding Z[U]-modules.

NOTATION 2.1. Let X be a CW complex (for definitions and properties see e.g. [24]). Let {sky X}4>0
be the skeleton decomposition of X. The ‘g-dimensional cells’ of X, i.e., the images of the
characteristic maps k,, : D7 — X, constitute the set Q;, = Qu(X), and this forms a basis in
Cq = C4(X) = Z(Q,), the free Z-module generated by them.

The elements of Q, will also be referred to as ‘closed cells in X’ to differentiate them from

their relative interiors D; 1= 0g \ sky_1 X, which we call the ‘open cells’.

Using the above setting, in order to define an ‘interesting’ cohomology theory, we consider
a set of compatible weight functions {wy},.
DEFINITION 2.2. A set of functions w, : Q, — Z is called a set of compatible weight functions if
(a) wy is bounded from below;
(b) for any o, € Q, and any point p € og \ Og» consider r < g such that p € sk, X \sk,_; &,
and o), the unique open cell of sk, X with p € o). Then in any such case we require
wq(ag) = wi(oy).
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The index q of wy, may be omitted henceforth if it causes no confusion, i.e., we set w = Usw,.
Such a pair (X, w) is called a weighted CW complex.

Let S, = Sy(w) C Q. denote the set of closed cells o, (of any dimension) with w(g,) < n. By
property (b), these form a subcomplex of &, as such the weighted structure can also be viewed
as a Z-filtration S,,, € Sy, +1 C -+ where m,, = minw, (S, = @ for all n < m,,).

To a CW complex X and compatible weight function w, we associate the lattice cohomology
H*(X, w) (or when the pair (X, w) is clear from the context, H* for short). Here we summarize a
geometric realization of this cohomology. For a more complete picture and another construction
as the homology of a cochain complex, see [16, 4].

DEFINITION 2.3. For each n € Z define S, = S,(w) = U,es, 0 € X. We have S, = @ whenever
n < m,, = minwy, and S,,, C Sy, +1 C - form an increasing chain of subsets of &X.
For any g > 0, set
HY(X,w) := P HIS,. 2).

n>m,,
Then HY is Z (in fact, conventionally 2Z)-graded: the d = 2n-homogeneous elements H} consist
of HI(S,, 7).
Furthermore, H? has a Z[U]-module structure: the U-action is given by the restriction map

Fut1 © H1(Spi1,Z) — HY(S,,Z). Namely, U * (aty)n = (fpr1@n+1)n- Thus, we obtain a doubly
graded Z[U]-module

H* (X, w) = P HI(X, w).

q=0

Moreover, for g = 0, the choice of a fixed base point x,, € S, C S, provides an augmentation
(splitting) H(S,, Z) = Z & H’(S,, Z), hence an augmentation of the graded Z[U]-modules

H = (EB z)ea(@ﬁo(sn,Z)) = (EB Z)@erd.

n>m,, n>m,, n>m,,

2.2. Weighted systems of subspaces [4]

In [4, Section 6.1], we introduced the concept of a (weighted) system of subspaces, and construc-
ted an associated (weighted) CW complex. First, we recall the definitions essentially as-is, but
we will then immediately note where some of the restrictions may be omitted or relaxed.

DEFINITION 2.4. Given a fixed vector space O, we say that a set A is a ‘system of subspaces’
(of O) if O € A, A is closed under intersection (i.e., if Vi,V, € A, then V; nV, € A), and
codim(V € @) < o forany V € A.
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DEFINITION 2.5. Given a system of subspaces A in a vector space O, we call a subset C C A a
combinatorial A-cell if it is of the form

Cz{ﬂG‘Q)::HQQ}U{V}

GeH

for some V € A and a finite set G C A with codim(G C V') = 1 for all G € G. We emphasize that
all partial intersections must be contained within A.
We define the dimension of the combinatorial .A-cell as dim C = |G|. We call the spaces V and
G € G the root and the generators respectively, while Nge¢G (or V if G = @) will be referred to as
the tip of C. The root, tip and the set of generators are respectively denoted as R(C), T(C), and
G(C), while the combinatorial .A-cell obtained from a root R and set of generators G as C(R, §).
We further define the height of the A-cell C as htC = codim(T(C) C R(C)).

REMARK 2.6. (a) Note that the root, tip, and generators are uniquely determined by the set
C, so the above Definition 2.5 makes sense. Indeed,

RIC) =YV, TO) =V, GC)={W €C|codim(W C R(C)) = 1}.

The last identity holds since all intersections of some distinct G, G’ € G have codimen-
sion > 2.

(b) We always have ht C < dim C. The inequality can be strict e.g. in the case when all the
generators are distinct subspaces of some V = R(C) containing a fixed codimension-2
subspace W = T(C), and their number is dim C > 3.

DEFINITION 2.7. For a given combinatorial .A-cell C, its faces are the elements of
{D C C| D is a combinatorial A-cell}.

We then proceed to construct a CW complex X'(.A) where to each of the above defined com-
binatorial cells C we associate a cube o(C) of the same dimension, and glue these together in
such a way that the geometry of the CW complex corresponds to the above described, purely
combinatorial notion of one cell being the face of another. Since most of the construction will
be done later in a more general form (cf. Section 3.2), we omit it from here.

Note instead that merely for Definition 2.5 to work, basically all the conditions on A that
we introduced in Definition 2.4 are superfluous: neither @ € A, nor A being closed under
intersection, or elements of .4 having finite codimension is required. Omitting the intersection-
closed property means that we need to be generally more careful about what is and is not in
A though. In particular, in this case the existence of some V € A and a finite set G C A with
codim(G C V) = 1 for all G € G does not guarantee that a corresponding combinatorial cell
with root V and set of generators G exists.

In the generalization defined in Section 3, we will indeed make no analogous assumptions.

REMARK 2.8. If we do keep the assumptions in Definition 2.4, then the homotopy type of X(.A)
is quite simple: all connected components will be contractible (for a proof, see [4, Lemma 6.1.12]).

>
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EXAMPLE 2.9. Otherwise this is not the case: assume that V = (ey, e, e3) is 3-dimensional, and
(the non-intersection-closed) .A consists of the subspaces 0, {e;), {e1,e3), V, (2, e3), (e2). Then
X(A) ~ S.

Next, we add weights to the picture:

DEFINITION 2.10. We call (A, w) a weighted system of vector spaces (WSS) if A is a system of
subspaces as in Definition 2.4, and w : A — Z is a function bounded from below. Additionally,
for any V,W € A with W C V, we require

wW) < w(V) + codim(W C V). (2.1)

DEFINITION 2.11. Let (A, w) be a weighted system of vector spaces, and consider the associated
complex X = X(A). For an A-cell C, let

w(a(0)) = w(R(C)) +htC.
This forms a set of compatible weight functions on X, and the resulting pair (X, w) is called the
weighted CW complex associated to (A, w).

In the original case of (intersection-closed) systems of subspaces, the weight function will
give us most of the interesting structure, see Remark 2.8. In particular, we get a lattice cohomo-

logy:
DEFINITION 2.12. The lattice cohomology of a WSS (A, w) is the lattice cohomology of its asso-
ciated weighted CW complex, and is denoted by H*(A, w).

3. METRIZED POSETS AND THEIR CW COMPLEXES

Observe that for the concepts in Section 2.2, what we need is essentially a set with a partial or-
dering (containment), and a way to measure how far away two comparable elements are (codi-
mension). In the following pages, we will abstract away the particular setup used in 2.2, and
then proceed to adapt the construction of the CW complex accordingly.

3.1. Combinatorial structure

To begin with, we introduce the following concepts, describing the kind of structures to which
we aim to associate a CW complex, as well the class of subsets within such a structure that will
give us the cells in that complex.

DEFINITION 3.1. A(n integrally) metrized poset is a poset (P, <) together with a function
d: {(x,y)€ePxP|x>yorx <y} ZsoU{co}
such that
(M1) d(x,y) = 0if and only if x = y;

(M2) d(x,y) = d(y, x);
(M3) max(d(x,y), d(y, z)) <d(x,z) <d(x,y)+d(y,z) forallx >y > z.
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We call such a function a partial metric on (P, <) (as it is only defined between comparable pairs
of elements).

A graded poset is a poset (P, <) together with a function g : P — Z such that

(G1) if x >y, then g(x) < g(y);

(G2) if x > y and g(x) = g(y), then x = y.
In particular, this grading naturally induces a metrized structure as well, with the choice d(x,y) =
lgGx) = gl

For the sake of simplicity, we sometimes omit the ordering < from the notation for the poset
(and objects constructed from it) when it is obvious from the context.

DEFINITION 3.2. Consider an integrally metrized poset (P, <,d) as above. We call a subset C C P
a combinatorial (P, <, d)-cell (or (P, d)-cell for short) if it is of the form

c:{/\G|@¢Hgg}u{x} (%)
GeM
for some x € P and a finite set G C P with d(x,G) = 1 for all G € G, where A denotes the meet
operation — thus, in particular, the meet needs to exist for all non-empty sets H C G.
We define the root, tip and generators of a (P, d)-cell C as

R(C) = v,
T(C) = AC,

G(C) ={y e C|d(R(C),y) = 1}

respectively. Note that the join and meet above always exist: for the set C of the form (x), they
would be x and AG respectively. The set G(C) may in fact be larger than G though, but starting
from the entire G(C) instead would still ultimately give us the same set C (cf. Remark 3.3). The
(P, d)-cell obtained from a given root R and a set G in the manner described in (*) is denoted as
C(R, Q).

Furthermore, we define the dimension and height of the (P, d)-cell C as

dimC = |G(C)], htC = d(R(C),T(C)).

REMARK 3.3. The generators of C needed to be explicitly defined as those elements y € C with
d(x,y) = 1 where x is the root. That is because unlike with the original case of a system of
subspaces A and d = codim (see Section 2.2, in particular part (a) of Remark 2.6), here potentially
not all elements of G(C) are needed to “generate” the entire C as meets: d(x,y Ay’) = d(x,y) =
d(x,y") = 1 can occur for some y # y’. Nonetheless, we do still want to include all of these in
G(C); and starting from this (potentially larger) set to begin with in place of G in (x) will still
yield the same set C since the extra elements would be obtained as meets anyway. Consequently,
we can mostly dispense with this seeming ambiguity and declare the generators of a cell C to
mean G(C) as defined above.

A simple application of the property (M3) from Definition 3.1 yields the following statement,
similar to how it works for a system of subspaces:
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PROPOSITION 3.4. We always have ht C < dim C for a combinatorial (P,d)-cell C.
For constructing a CW complex, we introduce the following, still purely combinatorial concept:

DEFINITION 3.5. For a given combinatorial (P, d)-cell C, its faces are the elements of
{D C C | D is a combinatorial (P, d)-cell}.

3.2. Construction of the CW complex

Now, we start the recursive construction of a CW complex X associated with (P, d) whose cells
will correspond to the combinatorial (P, d)-cells of appropriate dimensions. The gluing of these
cells will be compatible with the above combinatorial notion of faces.

NOTATION 3.6. For any combinatorial (P,d)-cell C, let

o°(0) = {R(O) } x (0,9, and o(C) = {R(C)} x[0,1]9°.
We will glue the boundaries of the cubes o(C) to the lower dimensional skeleta when construct-
ing the CW complex. Hence, the sets 0°(C) will serve as the open cells of X. We call o°(C) the
topological open (P, d)-cell associated to the combinatorial cell C. We may view this as just the
open cube (0,1)%9). Or in the case of dim C = 0, this vertex is simply representing R(C) € P.
However, in the above notation of o°(C) we wished to insert the root of the cube as well.

The closed cubes o(C) will be called topological closed (P, d)-cells.

The exact method of gluing will be defined in the sequel. The general principle is that in
[0, 1]9©, each vertex u: G(C) — {0,1} will be glued to the 0-cell representing ({G | G €
¢(0), u(G) = 1} for u = 0, and R(C) for u = 0.

For the 0-dimensional skeleton, set

Sko X =Px {@},

i.e., the vertices of sky X" are essentially the elements of P.

Assume that we have already defined the (¢ — 1)-dimensional skeleton sk,_; X. For any o(C)
of dimension less than g let k¢ : 0(C) — sky_; & be the characteristic map of o(C) into sky_; X
with attaching map kc¢lyn(c).-

Next, we wish to define the attaching map of a fixed topological (P, d)-cell C of dimension g
(i.e., with |G(C)| = q). We need to give a continuous map

ke : 9o(C) = {R(C)} x 9]0, 1]9© - sky1 X.
Let us fix u € 9[0,1]99 = {u: ¢(C) - [0,1]| 3G € G(C) : u(G) € {0, 1}}, and set
Gow) =u1(0), Gi(w)=u"'(1), G.(w)=u"((0,1)).
Define also R, = Nweg,wuir@enW- If Gi(u) # @, then R, = Nyeg, ) W otherwise R, = R(C).)
Finally, set
C.(u) ={R,NG | G € G.(w}\{R,} C P.

Since Go(u) U G, (u) = @, |G.(w)| < q. Furthermore, the map G — R, N G (G € G.(u)) is usually
not injective, and the intersection R, N G can also be equal to R,. In particular, |G.(u)| < |G.(u)|,
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but the inequality in some cases can be strict. The element u defines the proper face C, of C,
with root R, and generator set G.(u). Furthermore, the point (R(C), u) from the boundary of the
topological cell o(C) is sent to the topological cell o(C,) = o(R,, G.(«)) by the map

(R(C),u) ~ (R, @) € {R,} x (0, 1) = o (R, G (w)),
where ii : Gy(1) — (0, 1) is defined as
#(G) = max{u(G) | G € C.(u), R, nG =G}, G € C.(u). (3.1)
Finally, the value axc((R(C), u)) via the attaching map of d0(C) is given by
axc ((R(C), w)) = ke, ((Ry, ) € skg—q X. (3.2)

This, in the case Q~*(u) = @, says that dkc sends (R(C), u) to the vertex R, € sky X.
REMARK 3.7. Let us summarize and refine some details. The element u € 9[0, 1]9C) defines two
topological cubes at two different levels and also a cell of sk,_; X.

The first cube is a |G, (u)|-face sitting in the boundary of o(C) = [0, 1]9©. Its interior is

D'(w) :={v: GC) = [0,1] | Go) = Go(u), G1(v) = Gy(w)},

while its closure is
D(u) ={v: 6(C) > [0,1]| Go(v) 2 Go(w), 61 (v) 2 Gy (W)}

The second cube is the topological cube/cell o(R,, QN*(u)) associated with a face of C, namely
with the combinatorial |§~*(u)|-cube C. = (Ry, QN*(u)) Its interior is o°(R,, g*(u))

The map from (3.1) (with the substitutions u~-v) defines a map veD (u) — e’ (Ry, C(w)).
This extends naturally to a continuous map 55(u) : D(u) » o(R,, Q~*(u)) by the very same for-
mula (3.1) (we simply allow v to take values of 0 or 1 for elements in G(C) \ (Gy(v) U G;(u))
too).

If @(u) = G.(u), then 55(u) basically is the identity, however, if |Q~*(u)| < |G.(u)|, then 55(14) is
a non-linear topological surjective contraction with all fibers contractible. For a concrete case
see Example 3.10.

The third object is the image of o(R,, C.(u)) via K, in sky_q X, it is a |Q~*(u)\-cell of this
CW complex. Its interior is homeomorphic with o°(R,, C.(4)), but the boundary of o(R,, C.(w)
might be contracted under the gluing procedure.

Regarding the gluing map dxc, for any fixed u, the gluing principle is the following: among
the coordinates of u, the 1’s determine the root R, of the open cell we are gluing into, the 0’s
determine which codimension-1 subspaces we omit from the old generators, and the values in
(0, 1) identify the exact point in the face o’(R,, é;(u)) to which we attach the point (R(C), u)
Finally, the map G.(u) — QN*(u), G — R, N G, guides the cube-contraction 55(14) viav — 0
(cf. (3.1)).
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REMARK 3.8. Once the continuity of dk¢ : dng(C) — sk,_; X is verified (cf. Proposition 3.9),
we can also consider the inclusion ic : d04(C) — 04(C) too. The fibered coproduct of these two
maps gives the following commutative diagram (which defines/identifies k¢ as well)

904(C) e sk X

I |

04(C) — " sk, & U0, (C)

From the continuity of dx¢ the continuity of k¢ follows automatically.

Regarding the map k¢ note the following fact as well. The formula (3.1) can be considered
even ifu € 0°(C), i.e., for u not on the boundary. In that case, we simply have Gy(u) = G;(v) = @,
and R, = R(C), G.(u) = G(C), with the map leaving such points fixed. This extension of dkc¢ to
04(C) is the map k¢ in the diagram.

Once the inductive construction of & is completed, we can consider the composition

04(C) =5 sky_y X L0y (C) = sk, X > X.

This is the characteristic map of the cell 0,(C) in X = X(P,d), also denoted by k.
In order to finish the inductive construction of the CW complex &, we verify the following:

PROPOSITION 3.9. Assume that sk, X was already constructed (hence all the maps dxc and k¢
are continuous for any (P,d)-cell C of dimension < q). Then, for any C with |G(C)| = q, dkc is
continuous.

Proof. Let us write R = R(C) and G = G(C).

In order to prove the statement, it is enough to prove that the restriction of 9k to any closed
face of o(C) is continuous. The interior of such a face can be defined as

D" = Dg, g, ={u €[0,11° | Go(w) = Go, Gi(w) = G1} € [0, 1]F,

for some fixed Gy, G; C G, not both of them empty. Let D be its closure in the cube [0, 1]6. They
can be identified with D°(x) and D(u) for a certain u considered in Remark 3.7.

Also, let G, = G\ (Gy U Gy).

If one only considers 6Kc|5n, we see that R, and QN*(u) are fixed, and thus the continuity can
be seen directly from the continuity of the max-function in (3.1). In other words, dxc would
be continuous if the topology on sk,_; X was obtained simply via taking the disjoint union of
its open cells. Now we need to check that dxc is in fact compatible with the attaching maps
corresponding to the cells in sk,_; X. That is to say, for any given such open face D = 5090,91’

let R and QN*(E) be the values of R, and Q:(u) forallu € D, Cy = C(RB, 5*(5)), and extend
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continuously the formula in (3.1) to a map
35 D— o(Cy)
as in Remark 3.7 (we simply allow v to take values of 0 or 1 for elements in G\ (G, U G;) too as
in the definition of 55(u)). Then, we claim that this map satisfies the identity
Kc; © 0 = Kclp- (3.3)
This can be checked directly: for any element (R,v) € D = {R} x {v € [0,1]¢ | vlg, = 0,v|g, = 1},
55((Rv)) = (R',v) € {R'}x[0,1]9, R =R5, ¢ =G.(D), v(G)=max{v(G) | R nG=G}.
That point (R’,v”) is in turn taken by k¢ to some (R”,v”) € [0, 119", where
R/ =n({R}Iu{G |V(G)=1}) =n({R}Iu{G € G |3G : v(G)=1,R' nG=G,GeG}) =
=n({R}U{R' NG |G€G.,o(G) =1,GBR}) =n ({RIUG U{G € C. | 0(G) = 1}) = R,
G"={R'nG |G €Gv(G)e(0,D}I\{R"} =
={R,Nn(R5NG)|G€G.,G2R5v(G) € (0, D}\{R}={R,NG |G € C.(0)}\{R,} =
= G.(v),
and for any G” € ¢’ = 5*(1)), we have
u”(G”) =max{t/(G) |G € ¢ ,R"nG =G"}=max{v(G) | GEGR' nG=G"} =
= max{v(G) |Ge G, R,NG =G"}.

So, the equality (3.3) is indeed true.

From (3.3), the continuity of k¢ |3 follows because both maps on the left hand side are continu-
ous: k¢ because of the induction hypothesis (since Cj is lower dimensional), 65 by its definition
(see above). Thus, k¢ is continuous when restricted to any closed face, and as these sets cover
20(C), the map k(¢ is continuous on the whole. O

EXAMPLE 3.10. For a better intuition about the above picture, it is worth considering an example
(this is the same as the one provided in [4]). Let P be a system of subspaces of a 2-dimensional
space, with {e;, e;} the canonical basis, and R = (e, e2), G; = {e1), G = (e2), G3 = (e; + e3),
T = {0} are all elements of P (and set d = codim).

These vertices together form a 3-dimensional combinatorial cell C of height 2: the names
of vertices reflect that. Between them we also have 6 edges in total: one connecting each (1-
dimensional) generator to both R and T. There will also be 3 different 2-dimensional cells.

Since htC < dimC, we can see that some of the contraction maps onto the boundary to-
pological cells will be nontrivial: some nontrivial configurations of points on the boundary of
o(C) = [0, 1]® will be mapped to the same point. Figure 1 illustrates this.

The black dots and the set of 3 thick black edges on the first diagram represent what will
collapse into a single vertex each upon the gluing: the latter ones will be attached to the vertex
T. The 3 blue edges and 3 blue faces (one in the back) will collapse onto a single edge each. The
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G,

FIGURE 1.

dotted lines on the rightmost blue face show some points that will be glued to the same point
on that edge. Lastly, the red faces will become the 2-cells.

Thus, we end up with a single 3-cell looking like what is seen on the second diagram. This
is the image of D(G) in X. (The black edges G;G,, G,G3, G3G; in the middle are not cells in &,
they serve only to illustrate the spatial arrangement of the faces.)

DEFINITION 3.11. For a metrized poset (P, <, d), its associated CW complex X(P, <,d) (or X(P, d)
for short) is that obtained by repeating the above described gluing for each integer ¢ > 0 (in
increasing order, taking the limit if the set of dimensions is not bounded).

3.3. Adding the weights

Finally, we introduce weights to this complex as well.

DEFINITION 3.12. We call (P, <,d, w) a weighted (integrally) metrized poset (WIMP) if (P, <, d) is
an integrally metrized poset, and w : P — Z is a function bounded from below, where for any
x,y € P with x > y, we have
w(y) < w(x) +d(x, y). (3.4)
For any WIMP (P, <, d, w), we introduce a weight function (cf. Definition 2.2) on its associated
CW complex from Definition 3.11.

DEFINITION 3.13. Let (P, <,d, w) be a weighted metrized poset, and consider the associated com-
plex X = X(P,d). For a (P,d)-cell C, let

w(2(0)) = w(R(C)) +htC.
The resulting pair (X, w) is called the weighted CW complex associated to (P, <,d, w).

REMARK 3.14. This definition of the weights on the higher dimensional cells is inspired by the
construction in [4]. There it arises naturally upon collapsing a cubical lattice with weights into
a CW complex of this kind: the weights of the cells in the resulting complex in that scenario
are the respective minimuma of the weights of cells collapsing onto them.

We can also now see that the condition (3.4) is needed to ensure the compatibility of the
weight function on the CW complex (cf. Definition 2.2):
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PROPOSITION 3.15. The above w forms a set of compatible weight functions on X(P,d).

Proof. This is a consequence of Definition 3.12, since for any face D of a (P, d)-cell C,
w(o(D)) = w(R(D)) +htD < w(R(C)) +d(R(C),R(D)) +d(R(D), T(D)) <
< w(R(0)) +d(R(C), T(C)) = w(a(C)). o

DEFINITION 3.16. Given a WIMP (P, <,d, w), we define its lattice cohomology H*(P, <,d,w) as
that of the weighted CW complex (X(P, <, d), w) (cf. Definition 2.3).

4. EXAMPLES

We illustrate how the presented the concept behaves through some simple examples.
EXAMPLE 4.1. Given a metrized poset (P, <,d) with the weight function w being identically 0,
we have

|P|, ifn=0

tk H°(X(P,d)), ifn>o0.

Indeed, W(D(C)) =0 for dim C = 0 but W(D(C)) = ht C > 0 otherwise, since then R(C) > T(C),
so the level set Sy just contains the vertices. But 1-cells can only have height 1, therefore two
vertices (elements of the poset P) are in the same component of S; if and only if they are in the
same component of X(P,d), i.e., one can connect them with down- or upward steps where the
distance (given by d) is 1. In particular, for connected X(P,d), we have HY,y = HY,,.

By a similar reasoning,

&H%R&@z{

HY,'(P,d,0) = H ' (X(P,d)) ifn>q.
This follows from the fact that all (< g)-cells have height at most g, as per Proposition 3.4.

Note that this is drastically different from the case we are used to, i.e., defining the weights
of higher dimensional cells to be the respective maxima of the weights of their vertices: setting
w = 0 everywhere on P does not imply the contractibility of all level sets. That is because in
this construction, we explicitly set the weights of higher dimensional cells to always be bigger
than that of their vertices, as motivated by the construction in [4]. The vertices here do not
correspond to the vertices in the original, cubical lattice, rather the one where “superfluous”
cells have been already collapsed, as described in section 6. The vertices that remain are only
those where something interesting is happening (the filtration jumps), and the cohomology
reflects that.

EXAMPLE 4.2. Let (P, <, g) be a graded poset (together with the induced partial metric d,(x, y) =
lg(x) — g(3)), and set the weights to be w = g. Then

rk H, (P, dg, g) < rk HY (X (P, dy))

for all ¢ > 0 and n € Z. Furthermore, if w is bounded from above, then we have equality for all
sufficiently large n.
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We can observe that

w(0(0)) = w(R(C)) +htC = g(R(C)) + g(T(C)) - g(R(C)) = w(T(0)),

which is exactly the maximum of the weight function on the vertices (since the weight function
w = g is increasing on P). Thus, we can essentially “push down” the level sets within themselves
(i.e., construct a suitable deformation retract) whenever we can do so within X(P, d,). A rigorous
proof of this fact is left to the reader.

After seeing these two examples, we can make the following basic observation:
PROPOSITION 4.3. Let (P, <,d,w) be a WIMP with w bounded from above. Then

HE,'(P,d,w) = H™' (X(P,d))
whenever n > maxw + q.

This simply follows from the fact that all (< g)-cells have height at most g, thus their weight
is bounded by n > maxw + ¢, and gluing higher dimensional cells does not affect the lower
singular cohomologies.

We will also mention a case that arises when studying the lattice cohomologies of systems
of subspaces, as in [4]; in particular when aiming to prove the functoriality of H* with respect
to deformations of curve singularities. This was, in fact, the original motivation for introducing
the generalized construction described in the present paper. Though neither the present gener-
alization to metrized posets nor the following example are included in the final version of [4]
as they were ultimately not needed for the statement proved (the functoriality of H°), it could
still be useful for e.g. dealing with the higher cohomologies.

EXAMPLE 4.4. When aiming to associate a map between lattice cohomologies to any deforma-
tion of an isolated curve singularity X;.o — Xp, one observes that the limits of the vector spaces
in the filtration 7 we consider (that form the vertices of the associated CW complex &;) can
end up being nontrivial subspaces of the corresponding vertices in &j.

To define a map, we might wish to extend the system .4 = Im F by incorporating the sub-
spaces below each element. One obvious option would be to consider the set

A={VewWcOaO|VeAWCcCV}L

We would then find a copy of the original X(A) within X(A) by looking at the subcomplex
spanned by the diagonal elements (V,V) — except that this is not the case. By Definition 2.5,
there will be no higher dimensional cells at all in this subcomplex, since the codimensions are
always at least 2 (or 0) for diagonal elements.

To fix that, we need to modify the definition. Consider the function

cd(Vew,V e W) = codim(V’ CV) + codim(W’ CW nV’)

instead of
codim(V @ W,V @ W) = codim(V’ C V) + codim(W’ C W)

for some V& W,V @ W’ € A with V/ @ W’ C V @ W. Intuitively, since we are only consider-
ing pairs (V,W) where W C V, when measuring the “distance” between V @ W and V' & W’
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(previously done simply via taking the codimension), we force the second component to be a
subspace of V’ before seeing how much further away W’ is.

For the weight function, we set W(V, W) = w(V) + codim(V, W).

One can verify that (A, ¢, cd, w) is indeed a WIMP. Also, since

cd((V,V),(W,W)) = codim(V, W),
we will naturally get an embedding
X(A,cd) = X(A, codim)
via a kind of diagonal map.

We now state this in a more precise manner.

DEFINITION 4.5. Given a weighted system of subspaces (A, w) with all V € A being subspaces
of O, consider the set

A=04(N)+1,W)<O0BO|VeAWLV}

where 11,1 : O - O® O are the standard embeddings of the two components in the direct sum.
For simplicity, we write «(V,W) = 1;(V) + 1,(W). Also, let

d(U(V,W),(V",W")) = codim(V’ C V) + codim(W’ CW nV’)

and
w: A—>2Z, WV, W)) =wV)+ codim(V, W).

These form a WIMP (A, d, w).
Let us further consider the weighted CW complexes (X, w) and (X, W) associated to (A, w)
and (A, d, W) respectively. Then the diagonal map A — A,V — «(V,V) gives us an embedding

§: XX, ol,0)>V,u)d (1(V, V), ((G,G) o u(G))> e o(uV,V),{(G,G) | G € G}).

In fact, one can show that this diagonal map is a (weighted) homotopy equivalence, i.e., it re-
spects the filtration of the CW complex induced by the weight and induces a homotopy equival-
ence on each level set. Indeed, this is exactly the reason it is worth considering: from a weighted
cellular map into such an “extended” CW complex, one can also naturally get a morphism into
the lattice cohomology of the original.

Do note, however, that X as defined here is usually extremely large (infinite dimensional,
and has uncountably many cells). It is still a CW complex: the definition of the attaching maps
ensures that the closure of each open cell is covered by a finite number of open cells, those
associated to the faces of the corresponding combinatorial cell. Still, this is not a complex that
is practical for any kind of computation. One can observe that this is rather similar to how sin-
gular homology is useful when dealing with maps between topological spaces, but for concrete
calculations, one tends to use, say, cellular or simplicial homology. We also see why it can be
advisable to relax some of the finiteness conditions imposed on weight functions in the clas-
sical construction of lattice cohomology — which we indeed did as a side effect of generalizing
to arbitrary CW complexes.

Unauthenticated | Downloaded 11/07/24 03:12 PM UTC

>

t



SSc. Math. (CoGeTo) 61(2024) 2,185-202 201

Acknowledgement

The authors are partially supported by NKFIH Grants “Elvonal (Frontier)” KKP 126683 and
KKP 144148.

REFERENCES

[1] T. Agoston and A. Némethi. The analytic lattice cohomology of surface singularities. https:
//arxiv.org/abs/2108.12294, 2021.
[2] T. Agoston and A. Némethi. Analytic lattice cohomology of surface singularities, I (the
equivariant case). https://arxiv.org/abs/2108.12429, 2021.
[3] T. Agoston and A. Némethi. The analytic lattice cohomology of isolated singularities. https:
//arxiv.org/abs/2109.11266, 2021.
[4] T. Agoston and A. Némethi. Analytic lattice cohomology of isolated curve singularities.
https://arxiv.org/abs/2108.12294, 2021.
[5] L Dai and C. Manolescu. Involutive Heegaard Floer homology and plumbed three-mani-
folds. 7. Inst. Math. Fussieu, 18(6):1115-1155, 2019.
[6] A.Dold and R. Thom. Quasifaserungen und unendliche symmetrische Produkte. Annals
of Math., 67(2):239-281, 1958.
[7] D. Eisenbud and W. D. Neumann. Three-Dimensional Link Theory and Invariants of Plane
Curve Singularities. Annals of Math. Studies, 110. Princeton University Press, 1985
[8] E. Gorsky and A. Némethi. Lattice and Heegaard Floer homologies of algebraic links. Int.
Math. Research Notices, 2015(23):12737-12780, 2015.
[9] J. Hom, C. Karakurt, and T. Lidman. Surgery obstructions and Heegaard Floer homology.
Geometry & Topology, 20(4):2219-2251, 2016.
[10] C.Karakurt and T. Lidman. Rank inequalities for the Heegaard Floer homology of Seifert
homology spheres. Transactions of the Amer. Math. Soc. 367(10):7291-7322, 2015.
[11] C. Karakurt and F. Ozturk. Contact Structures on AR-singularity links. Internat. J. Math.,
29(3):1850019, 2018.
[12] T.Laszl6 and A. Némethi. Reduction theorem for lattice cohomology. Int. Math. Research
Notices, 2015(11):2938-2985, 2015.
[13] J. W. Milnor. Singular points of complex hypersurfaces. Annals of Math. Studies, 61. Prin-
ceton University Press, 1969
[14] A. Némethi. On the Ozsvath-Szabé invariant of negative definite plumbed 3-manifolds.
Geometry & Topology, 9(2):991-1042, 2005.
[15] A.Némethi. Graded roots and singularities. In J.-P. Brasselet, J. N. Damon, D. T. L&, M. Oka,
editors, Singularities in Geometry and Topology, 394-463. World Scientific, 2007.
[16] A. Némethi. Lattice cohomology of normal surface singularities. Publ. of the Res. Inst. for
Math. Sci., 44(2):507-543, 2008.
[17] A. Némethi. The Seiberg-Witten invariants of negative definite plumbed 3-manifolds. 7.
Eur. Math. Soc., 13(4):959-974, 2011.

Unauthenticated | Downloaded 11/07/24 03:12 PM UTC

>

t


https://arxiv.org/abs/2108.12294
https://arxiv.org/abs/2108.12294
https://arxiv.org/abs/2108.12429
https://arxiv.org/abs/2109.11266
https://arxiv.org/abs/2109.11266
https://arxiv.org/abs/2108.12294

202 SSc. Math. (CoGeTo) 61(2024) 2,185-202

[18] A. Némethi. Normal surface singularities. Ergebnisse der Math. und ihrer Grenzgebiete, 74.
Springer, 2022.

[19] A. Némethi and B. Sigurdson. The geometric genus of hypersurface singularities. Journal
of the Eur. Math. Soc., 18(4):825-851, 2016.

[20] P.S. Ozsvath and Z. Szabd. On the Floer homology of plumbed three-manifolds. Geometry
& Topology, 7(1):185-224, 2003.

[21] P.S. Ozsvath and Z. Szab6. Holomorphic disks, link invariants and the multi-variable Al-
exander polynomial. Algebraic & Geometric Topology, 8(2):615-692, 2008.

[22] J. P. Serre. Groupes algébriques et corps de classes. Actualités Scientifiques et Industrielles,
1264. Hermann, 1959.

[23] J. Stevens. Kulikov singularities: A study of a class of complex surface singularities with their
hyperplane sections. PhD thesis, Leiden University, 1985.

[24] G. W. Whithead. Elements of Homotopy Theory. Springer, 1995.

[25] 1. Zemke. The equivalence of lattice and Heegaard Floer homology. https://arxiv.org/abs/
2111.14962, 2021.

Open Access statement. This is an open-access article distributed under the terms of the Creative Commons Attribu-
tion 4.0 International License (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribu-
tion, and reproduction in any medium, provided the original author and source are credited, a link to the CC License
is provided, and changes - if any — are indicated. (SID_1)

Unauthenticated | Downloaded 11/07/24 03:12 PM UTC


https://arxiv.org/abs/2111.14962
https://arxiv.org/abs/2111.14962
https://creativecommons.org/licenses/by/4.0/

	Introduction
	Preliminary
	The lattice cohomology associated with a system of weights 
	Weighted systems of subspaces 

	Metrized posets and their CW complexes
	Combinatorial structure
	Construction of the CW complex
	Adding the weights

	Examples

