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Abstract. In this study, we introduce the k-Srivastava hypergeometric functions by means of
the Pochhammer k-symbol. Also, we obtain the relations between k-Srivastava hypergeometric
and classical Srivastava hypergeometric functions. Then, we show that with the help of these
relations, integral representations of k-Srivastava hypergeometric functions can be easily proved
without the need for lengthy proofs.
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1. INTRODUCTION

Various generalizations of special functions have been frequently encountered in
recent years [1,3-5,7-11, 14]. One of them is the k-generalization of special func-
tions, and some of the studies on this subject are as follows:

In 2007, for k € R™, Diaz and Pariguan [4] introduced, respectively, the k-gamma
function I'y(x), k-beta function By (x,y) and Pochhammer k-symbol (o), « as follows:

Fk(x):/ rle"xdt, Re(x)>0, (1.1)
0
| R v
Bk(x,y):%/ A1 —1)F1dr, Re(x) > 0,Re(y) > 0, (1.2)
0

(@ = {oc(oc+k)(oc+2k)...(oc+(n— k), n=12,... w3

1 n=0.

These functions and Pochhammer k-symbol have the following properties [4,9,11]:

Ly(x+k) = 2Tk (x),
Buny) = )
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~ Ti(o+nk)
(0 = BV OB (1.5)
(B)uk  Bi(B+kn,y—B)
Vux  Be(By—B) ' (16)
(W) mtnk = (O) (004 mk) i, (1.7)
Y (@, =kt i<

n=0

Clearly, taking k = 1 in (1.1), (1.2) and (1.3), the classical gamma function I'(x),
classical beta function B(x,y) and classical Pochhammer symbol (o), are obtained
respectively. That is,

[i(x) =T(), Bilx,y) =B(x,y), (W1 = ()

Note that, the relations between the definitions of k-generalizations given by (1.1),
(1.2), (1.3) and their corresponding classical definitions (that is, the k = 1 case), are
as follows (see [4]):

Te(x) = kiflr(%) , (1.8)
nio - 1n(22)
(@ =k (T) . (19

Moreover, Diaz and Pariguan [4] also introduced k-hypergeometric function defined
by
o (05 (B)ns x"
2F1 (0, By x) = —
’ ,;) (Y)n,k n!
(k€ Rtand y+# 0, —k,—2k,...).
For k = 1, k-hypergeometric function reduces to classical hypergeometric function
2Fa (0, Bsyvsx) = oF (o, B; v x)

and the relation between them is

2F1 (0, By s x) = 2F <O° b, Y'kx> ) (1.11)

(1.10)

1=

[ <

kK kK
In 2012, Mubeen and Habibullah [9] presented an integral representation of k-
hypergeometric function as

! . )
2Fra(o, Pivix) = /@([31;,1{"%_5)/0 it (l—f)Tﬁfl(l—kxt)*%dt,

(Re(y) > Re(B) > 0).
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In 2015, Mubeen et al. [10] defined the k-generalization of Appell hypergeometric
function Fj as

i ((X)m+n,k(B)m,k(B )nkx’ y

w0 (Dmenk - minl’

(k€ Rtand y# 0, —k,—2k,...)

1
|x|< <o (112

Fig(ou BB ysx,y) = k

and obtained an integral representation of this function as

i (v)
KL (0)Tr (Y — @)
B

x/oltfl(l—t)wl(l—kxt)'
(Re(y) > Re(ct) > 0).

Fii(ouB,Bsvix,y) =

(1 —kyt) " a,

In 2017, Kiymaz et al. [7] introduced k-generalizations of Appell hypergeometric
functions F>, F3 and Fj as

oty 8 (@B (B " Y 1
FZ,k(a7ﬁul39’Y='Yax)y) _méo (’Y)ch('Y/)n,k ! |X|+‘y| < k
! " v (a)m,k(al)n,k(ﬁ)m,k(ﬁ g X" " 1 1
F3-,k((x>avﬁ7B7’Y,x7y)_m§‘;0 (,Y Ak m‘n" ’x‘ < L’ |y| < k
’ > ( )m+n k(B)m+nkxmy
Fy (0, B3y, ¥ 5x,y) = ; ; x|+ <—
47k( B v, y) mﬁZ:() ( ) (,Y) m! n | |y| \/];

where k € R™ and y,y/ # 0,—k,—2k,.... They also presented following relations
between k-Appell hypergeometric and classical Appell hypergeometric functions (that
is, the k = 1 case), in the forms

Fr(oB,B 3 %x,y) = F (;f,i,i;Z;kx,ky) , (1.13)
Foy(a,B,Bv.Yix,y) = F (iiillkxky> : (1.14)
Fia(o.o BB vxy) = (ZiEikaky> , (115)

F4,k(0°7B;Y7YI§X,y)=F4 (Z,Q;Z,Z;kx,ky> . (1.16)
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In the same article, they gave integral representations and double Mellin transforms
to show that many properties of k-Appell hypergeometric functions can be easily de-
duced using relations (1.13)-(1.16) and the well-known properties of classical Appell
hypergeometric functions.

In 2020, Giirel Yilmaz et.al. [5] acquired some transformation formulas, reduction
formulas, linear and bilinear generating relations for the k-Appell hypergeometric
functions.

The purpose of this study is to firstly introduce the k-Srivastava hypergeomet-
ric functions using the Pochhammer k-symbol. Then, it is to obtain the relations
between k-Srivastava hypergeometric and classical Srivastava hypergeometric func-
tions corresponding to k = 1 case. Finally, it is to point out that many properties
of k-Srivastava hypergeometric functions, such as their integral representations, can
be easily obtained using these relations and the well-known properties of classical
Srivastava hypergeometric functions.

2. k-SRIVASTAVA HYPERGEOMETRIC FUNCTIONS

In this section, k-generalizations of the classical Srivastava hypergeometric func-
tions Hy, Hp and H¢ are defined using the Pochhammer k-symbol. The definitions of
these k-generalizations called k-Srivastava hypergeometric functions Hy i, Hp and
Hc . are as follows:

- (O{‘)m+P1k(Bl)m+n,k(62)n+p,k XMyt 7P

H, s (X, ) 11, X 0,2) = TR (21)
a0 P Bos 1, 120, 3.2) m,;%:':o (YD) mk (V2)ntp.k m!n! p!

(r<ls<lit<(l1-r)(1—-5));
‘- (a)m+p,k(l31)m+n,k(BZ>n+p,k X" y" 7P

H. o, ) V1,702,735%,,2) = TN (22)
50 BB, 1o, %3 ) m7,§:0 (YO mk(Y2)ng(V3)pk  min! p!

(r+s+t+2vrst <1);

oo o m . mn n xm an
Her(oBr,Baipinys) = Y ()t pk (Bt msni(B2) +p7k7'y7'7" 03
m,n,p=0 (Y)m+n+p,k m:n!p!

(r<lis<lLt<lirds+t—2\/(1-r)(1-s)(1-1)<2)

where k € R™; v,v1,%2,Y3 # 0, —k, —2k, ... and r := k|x|,s := k|y|,t := k|z|.
Throughout this paper, we assume that k is any positive real number.

Remark 1. For k = 1, the k-Srivastava hypergeometric functions Hy x, Hp and
Hc in (2.1)-(2.3) are reduced to the classical Srivastava hypergeometric functions
Hy, Hg and Hc. That is,

HA,l ((X, Bl s BZ;YI yY25X, Y, Z) = HA((xv Bl ’ BZ;Y] y Y25 %, Y, Z): (24)
HB,I ((X,, B] 5 Bz;YI »Y2:,Y35X,, Z) = HB((X, Bl ) BZ;Y] ,Y2,Y35X,, Z): (25)
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HC,] (avﬁluﬁZ;y;xayaz) = HC((X,Bl,Bz;’Y;X,y,Z)- (26)

Remark 2. Using properties (1.4)-(1.7), the k-Srivastava hypergeometric functions
can be also expressed as follows:

oo

®)m m+n,
Ha (o, Br, B, yoix, 3, 2) = ), (o) +(p,k([31) nk
m,n,p=0 Yl)m,k

" By (B2 +kn+kp,yo —Ba) X" y" 2¥

Bi(B2,y2 —B2) m! n! p!’

((X« + Bl )2m+n+p k(BZ)n-‘rp k
HB,k 05,51732;\(17\(27\(32%%2 = . :
( D Y YA N A
o Bilotkm+kp, By + km + kn) X" y" 2P
Bi(o,B1) m!n! p!’
He (o, Br,Bosvix,y,2) = Y, (Brdrrns(Bo)nepk
m,n,p=0 (Y)n,k
" Bi(o+km+kp,y— o +kn) X" y" 2P
Bi(o,y— o+ kn) m! n! p!’
Here By (x,y) is the k-beta function defined in (1.2).

Remark 3. Considering (1.7) and (1.12), the functions Hy ; and Hc  which have
the three-fold series representations in (2.1) and (2.3), can also be represented by the
single-fold series as follows, respectively.

- (a)m,k(Bl )m "

X
Hy (0B, Bos ¥ v2ix,3,2) = Y £ Fi (B2, B + km, o+ km: Y23y,2) —,
m=0 (Yl)m,k m:

and

He (o, By, Pasysx, y,2) = Z Wﬂ,k(%ﬁl +kn,l32+kn;7+kn;x,z)%.
n=0 n, :

Here Fj  is the k-Appell hypergeometric function defined in (1.12).
Theorem 1. The relations between the k-Srivastava hypergeometric functions

given in (2.1)-(2.3) and the classical Srivastava hypergeometric functions given in
(2.4)-(2.6) are,

HA,k(OCaBIa[32§Yl>72§x>y72) :HA <>a’7’kx7kyakz> ) (27)

HBJC((x‘vBlaBZ;YI7Y27Y3;x7y7Z) :HB <k7k7ka kukuk;kxukyvkz> b (28)

o Br B2 v,

H Y, =Hel|—,—,—;— . 2.
C,k((XyBlvBZ’Y’xyyvz) C (k7 k ) k ,k,k)%ky,kZ) ( 9)
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Proof. By using relation (1.9) in the definition of function Hy x in (2.1) and con-
sidering the definition of function Hy in (2.4), we obtain

oo

(x‘ m m-rn n xm & 'p
Ha(oBr, v, vosxyz) = ) (@t Pmins Bodnsps 2 1 2

m,n,p=0 (’Yl)m,k(yz)ner,k m! n! p!
K () K (B kP (B 37y 22
m,n,p=0 m(%)mkn+p(%)n+p m! n! p!

k
i (D) (B (B p ()™ (k) (kz)?

_m,mp:O (%)m(%)nﬁu m! n! p!

which completes the proof of (2.7). Similarly, we can prove relation (2.8) by using
(1.9), (2.2) and (2.5) as follows:

Hp (04, B1, B v, Y2, 136, 3,2) = ) (@t P Bodrp 2 7 2

mameo (VWmk(2)nk(V3)pe  m!n! p!
S R e K ek (R )y 6y 2
k() k! (22) kP (B,

(F)ntp (kx)™ (ky)" (kz)P
|

11! p!
PO m! n! p!

Finally, by using (1.9), (2.3) and (2.6), we have (2.9) as follows:

oo

Hea(ouBrpuvrns) = Y (W) m+p e (B)msn ke (B2)nrpi X" y" 2

m,n,p=0 (Y)m+n+p,k m! n! p'

S i km+P(%)m+ km (%) -‘rnkn p(B )n+pxmy P

m.n,p=0 kmnep (%)m+n+p m!n! p!
_ v (F)ms (Bk )m+n(%)n (kx)™ (ky)" (kz)P
- X Y ! ! !

m,n,p=0 (E)m+n+p m: n p:

o Bi B2 v,
<k k' k’k %k, k >

Remark 4. The convergence regions of the series (2.1)-(2.3) can easily seen from

the relations of (2.7)-(2.9) and the convergence regions of the classic Srivastava hy-
pergeometric series.
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3. INTEGRAL REPRESENTATIONS

In this section, we show that the integral representations of k-Srivastava hypergeo-
metric functions can be easily proved using relations (2.7)-(2.9) and the well-known
integral representations of classical Srivastava hypergeometric functions given in [2]
(see also [0, 12, 13]).

Theorem 2. The function Hy j has the following integral representations.

e (v) Tk (12)
KT (B)Te(Bo) (v — BTk (v2 — B2)

1 rl - -
[ [ER gt eyt
0 Jo
kxyEn

F 1k k) ¥ ( (1—kyn)(1 — k€ — kan)
(Re(11) > Re(B1) > 0,Re(y2) > Re(B2) > 0);

HA,k(aaBIaBZ;YI?YZ;X,yvz> =

)kdﬁdn, 3.1

Ha g (0, Br, Bos i, Y23, 9,2) = i Bzrli“kyzyz By /iﬁz H1-g) 2ot
(1 8) 1 (1 - 428) Papis (o B _ky@(l_kzg))d@ 62)
(Re(y2) > Re(B2) > 0);
By
Hy i(04, B, Basyr, Y25 x,3,2) = klzk((ﬁf))l(“k;gb—)ﬁz)/ g%_l(l—i)@_l
X (1+38) (10— (1+ 8] T 1428 - (14 W)keg] ¥
- x(14A8)
XzF‘*(“’B““’[1+xa—<1+x>ky&n1+xé—<1+>~>kzé]>dE” o
(Re(y2) > Re(B2) > 0;A > —1);
i (2) (b—c)[5 (a—c)h;ﬁ2
Ha g (0, Br, Pasvi, Yasx, 3,2) = KCk(B)Tk(Ya = B2) () -1
<[y - E - R -0 -0 - -6 a] F
< [(b—a)(&—c)— (b—c)(&—a)kz] T 2F x(0t, Br3yi;x0)dE, (3.4)

(Re(12) > Re(B2) > 0;¢ <a <b),

(b—a)*(E—c)? ,
[(b—a)(§—c) = (b—c)(E—a)kl[(b—a)(§—c) = (b—c)(E—a)ks]’

O .=
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Fk 'Yz *° Bz 0ﬂ+[51 7}
HAk((X BhBZ Y17Y29x ¥,z ) krk BZ Fk 'YZ Bz / E,, -1 1+§
-B
Tk

X (1+E—ky€) T (1+&—kek) T

. X(14+8)?
i (@Bt e e ) )

(Re(12) > Re(B2) > 0);

2T % . B 1 P 1
Hpa (0, Br, Bos v, Y25 %, 3,2) = ka(Bz)Fkg;z)—Bz)/o (sin>E) ¥ "2 (cos?E) “F 2

x (1 —kysmz&)Tl( — kzsin2E)
x

X2F1 k| o Brs Y1 dgc,

S < P (1 —kysin?&)(1 —kzsin2§)> :
(Re(Yz) > Re(By) > O).

Here 2 F i is the k-hypergeometric function defined in (1.10).

(3.6)

Proof. In [12] (see also [2, 6]), the well-known integral representation of Hy is
given by

. . B C(vy)(v2)
Ha (o, By, Bos v, Y23x,9,2) = C(B1)T(B2)I(y1 — B1)T'(v2 — B2)

1 1
X/O /0 (t’Bl*Inm*l(]_&)YI*BI*I(I_T])'YZ*BZ*I

1= 1o (1 ) e

Using this integral representation in (2.7) and making use of (1.8), we have

2, T
X (1—kym) * (1 —kxg —ken) <1_(1—kyn)k(l)i§I?X§—kZﬂ)> e

_ KA T (y)k T (v2)
= 5 5 B B
k'~ T (Br)k' ™ 7 Te(Bo) Ty —BOK = T Tk(1 — B2)
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1 _ _
//éﬁl 1 572_] é)“/lkﬁl_](l_n)%_]

s +
(1= kym) (1= ke —kem) & <1_(1—kyn)k(li§2xé—km)> e

which completes the proof of (3.1).

The other integral representations (3.2)-(3.6) of Hy x are proved similarly by con-
sidering (1.8) and (1.11) after the well-known integral representations of Hy given in
[2] are used in the right-hand side of (2.7). ]

Theorem 3. The function Hg ) has the following integral representations.

(o4 a_ Bi_y
Hp (0, B1,Bosvi, Y2, V350, ,2) = kl“: OCFkB;?)l / gi-l(1-¢&)x
XX4J< ((X+ BI7B2;’Y17’Y27’Y3’~X§<1 - é’;)7 ( F:):Z&) d&a (37)

(min{Re(oc),Re(Bl)} > 0) ;

Ti(a+Bi) (b—c)k(a—c)*
kT (o) Tk (B1) (b_a)‘”,f‘l—l

o R

xXa 1 (004 B1,B2: Y1, Y2, 73:x01,¥02,203) d&, (3.8)

(min{Re(at),Re(B1)} > 0;c <a < b),

(a=c)(b—c)E-a)(b—§) (a—c)(b—8) _ (b—c)(E—a),
b—aPE—cp T b-a)E-0 7"

Hp (0, B1, Bos 1,72, 135%,,2) =

O =

HBk((X BhBZ Y1,Y2,Y3:X,Y,2 ) m/oz(sinz(g)% %(COSZ§)B71—%

X Xa i (0 + B, B2s¥1,72,735X61,Y02,203) dE, (3.9)
(min{Re(ar),Re(By)} > 0),

61 :=sin?*Ecos’ &, 6, 1= cos’ &, 03 :=sin’E;

2 (a4 Br) (1+A) %
KLy (o) Tk (B1)

HB,k<a7[31762;Y1aY2aY3;xay7Z) =

1

x/g (sinzé)%_%(coszé)%_i

0 (1+Asin2E)"F

X Xa i (0+B1, B2s¥1,72,35X61,Y02,263) dE, (3.10)
(min{Re(a),Re(B1)} > 0;A > —1),
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(14A)sin*Ecos?E cos?& (1+A)sin’E
1 (14 Asin?E)2 02 = 1+7usin2?;’63 o 1+ Asin?§ ;
Hp i (04, Br, Bas 1,72, 135X, ,2) = m
X/§ (sinzg)%_%(coszﬁ)%l_%
0 (cos2&+ Asin? E_,)@
X Xa (0 +Br, P23 Y1, 72, ¥3:X01,¥62,203) dE, (311
(min{Re(ar),Re(By)} > 0;A > 0),
Asin?&cos? & o cos?& ' Asin?&

== ,0p = - ,03 ' = ———— 5.
(cos2& + Asin’E)2 ? cos?& 4 Asin’ & : cos2& +Asin’E

Here, the k-generalization of the classical Exton hypergeometric function X4 (see
[15]) is defined as

X47k (aaﬁl;’YI7’Y27’Y3;x7y7Z): Z ( )m+”+l’ (B )’H‘P T

mam—o (W)mk(¥2)nk(¥3)px m!nl p!’

which has the following properties:

X4,1 (avﬁl;'Yla'YZa'Y3;x7y7Z) =Xy ((x7|31§Y17Y27Y3§X7)’7Z),

and

afir vy
X. ; ; =X4| —,—;—,—,—; . 12
47k(a7ﬁl’717727y3’x7yuz) 4<k7 k 5 k’ k’ k’kxakyvkz) (3 )
Proof. In [2], the well-known integral representation of Hp is given by

Halon B Bt o i) = o bl [Te i1 g

x Xy (004 B, Basvi, 12, v3:48(1 — &), y(1 — €),28) d€.

Using this integral representation in relation (2.8) and considering (1.8) and (3.12),
we obtain

a B Bovi 23
H, ; ; =Hp|—,—,—;—,—, —kx,ky,k
ka((xa617B29’Y17’Y27’Y3’x7yuz) B<k7 Lk kK kS X, Ky, KZ

(SRR Bt g o010
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kI*%Fk(OH—BO ! a_q By
= k 1— k
kl‘i‘rk(oc)kl‘?rk(sl)/ Se)
X Xax (4B, B2 vi, v2,¥3:28(1 = §),¥(1 = §),28) dE,

which completes the proof of (3.7).

The other integral representations (3.8)-(3.11) of Hp  are proved similarly by con-
sidering (1.8) and (3.12) after the well-known integral representations of Hp given in
[2] are used in the right-hand side of (2.8). ]

Theorem 4. The function Hc y has the following integral representations.

e (y)
k2T ()T (Br)Te(y— o — 1)

//&k LI R (I R o

(1 —kxE) %
% (1 — ko, — kym — k2& + ky&n + K2xzE2)  gan, (3.13)
(min{Re(a),Re(B),Re(y—o.—B1)} > 0);

He (o, B, Bas1sx,y,2) =

HC,k((XvBlaBZ;y;xvyaZ) Fk ,Y OC / %771 71(17kx§)%ﬁl
x(1—kat) P 5F1 <Bl sy g _/fié)(fzkzg))d‘i (3.14)
(Re(y) > Re(a) > 0);

HealoPrritens) = g LR [t g

X[1+AE — (1 +A)kxE] & [1+7»§ (1 +0)ket] 2

1w (1+AE)(1-8)
><2F1,k<51732ﬁ—0°’ [1+7»§—(1+7u)kx§][1+k§_(1+Mkz§]>d§7
(RC(Y) > Re(ot) > 0;A > _1);

(3.15)

Hes(an Bt = - B0 (0=alle o e

MO ()T(Y =)y ) P21

x(&-a)t (=) P (b—a)E—c)— (b—c)(E—a)l] T
x[(b—a)(&—c) — (b—c) (& — a)ke] T 2F x(B1, Bosy— 0 y0)dE, (3.16)

(Re(y) > Re(ar) > 0;¢ <a < b),
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(b—a)(a—c)(E=c)(b-)

o= [(b—a)(i—C)—(b—C)(é—a>kXH(b—a)(§—C)—(b—0>(§
HCk(O(,,Bl,Bz;’Y;x,y,Z) l"k Y a / g 131+52 v
X(14+&—kak) & (1+§ kz‘i) : “2F1 i (B1. By — 0 y0)) dE,
(Re(y) > Re(ar) > 0),
B 14§ '
(1 +E—kxE) (1 +E—kzE)’
He (0, Br.Boitixy.2) = 1 <2>F§£<Y§ %) | (st o)
% (1 — kasin?€) (1 — kzsin®E) T 2Fy ¢ (B1,Bay — 0y0) dE,
(Re(y) > Re(a) > 0),

B cos’E
(1 —kxsin?E)(1 — kzsin? &)’
Here, yF1 i is the k-hypergeometric function defined in (1.10).

—a)kz] ;

(3.17)

1

2

(3.18)

Proof. In [13] (see also [2, 0]), the well-known integral representation of Hc is

given by

I'(y)
[(o)C(B1)T (Y — o —Br)

/ / g0 lnBl —g)ro 1( n)Y*“*Blfl(l_xg)Bzfﬁl

B
x (1 —x&—yn—z&+yEn +xz8%) " dbdn.
Using this integral representation in (2.9) and applying (1.8), we obtain

He (o, B, Basysx,,2) =

HC,k((xa[ihBQ;’Y;xay)Z) = Hc (Z %{1 %CZ % kx kY7kZ>
o
D(HrEHr=2>)

y-o-pB
k ! -1

(1 B kxE_,) [52;51

[ [emE g

(1 ko — ko — ke + ko + R2aE?) © dd
_ KT (y)
K= (o)k!~ P LBk Th(y—a— B)
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Ba—B1

x/ol/olii—lni‘— (-8 (1) "0 (1 — k)

b
3

X (1 — kg — kyn — k2§ + kyén + k*x28%) © d&dn

which completes the proof of (3.13).

The other integral representations (3.14)-(3.18) of Hc are similarly proved by
considering (1.8) and (1.11) after the well-known integral representations of H¢ given
in [2] are used in the right-hand side of (2.9). O

Remark 5. For k = 1, the integral representations obtained in this study are reduced
to the well-known integral representations of the classical Srivastava hypergeometric
functions given in [2] (see also [0, 12, 13]).
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