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Bregenne

Lenr HacTOAINEH 3aMeTKH — DPACIIMPHUTHL Pe3yiasTaThl padorst [1], Bermen-
amell Ha BEHrepPCKOM sI3bIKe. Paim mONHOTH MBI IOBTODHM 3HeCh M peayibTa-
T [1].

Teopema 1 (cm. [1]). Hyemov & u  — Hesasucumsie odunaroso pacnpedeaer-
Hble cayuainble 6eKmopy. 6 d-meprom eskaudosom npocmpancmee. Tozda

P(E+n|>0)>5P(E >a) (1)

Jdcrua foKasareabcTBa. 1. Bemmazy, 2, 53z << |2y |, | 2|,
| 3 |) — BeKTOpPH] B 3-MEpHOM eBKIHI0OBOM IIPOCTPAaHCTBE, TO CYMECTBYeT
aapa z;, %7 (1 << i <<j< 3), ynoBuerBopsOmAaA YCIOBUIO |x; + Zj | > z.
2. Bexroph Ty, Ty, T3 B d-MEPHOM eBKJIULOBOM IPOCTPAHCTBE OIPENedAIT
3-MepHOe IOANPOCTPAHCTBO; TAKUM 00pa3oM, yTBepskJeHne 1 WMee® MECTO U B
d-MepHOM IPOCTPAaHCTBeE.

3. yers x4, Z3, « . -y &, (@< | %; |, 1 << i << n) — BekTopH B d-MepHOM
opocTpaHCTBe, a G — rpad ¢ BepmHUHAMA Z;, . . ., Tp, B KOTOPOM BEePINHHEI
Z; ¥ x; CBA3aHLL pe6POM TOTMa M TOIBKO TOTHA, Korja | z; + z; | > z. Beaen-
cTBHe yTBep:kmeHdsa 2 rpad He WMeeT NYCTHX TPeYroJdbHHKOB. Torma momuo
OpPAMEHNUTH CIEYIOMYIO TeopeMy:

Teopema Typaua ([2]). ITycmv G — epag ¢ n sepwuramu, He umerwuli nyc-
mozo nodepagpa, uucao eepuur komopozo pasho k, u yeavie wucaa g u r (0 <
< r <<k — 1) onpedeasiomcs coomnowernuem n = g (k — 1) + r. Tozda uuc-
10 pebep 6 G ne menvwe wucaa peep 6 epaghe T, i, KOMOPLLE seasemcs 06vedure-
Huem r noanwx epagos ¢ q + 1 sepwunamu u k — 1 — r noanwzr epagos c q
sepwunany (¢ noanom 2page kaxcovie dee epuLundl coedurenst pedbpom).

Haa oupenenennoro eeime rpada G, oueBumHo, &k = 3, mODTOMY COTJIacHO
reopeme Typama MuHUMaIbHOE 9ucI0 pedep B G paBHO n (n — 2)/4, eciiu n =
= 2q, u (n — 1)%4, ecaiu n = 2¢ + 1. MuaumMaxbHOE 9HCHO pebep rpada G —
9TO MHHUMAJbHOE IMCIO HeYHOPAZOUeHHHX map (i, f), yAOBIETBOPAWOIAX yc-
aoBuwo |z; x| >z (i 7). Tak wak|2; 4+ 2; | = 2| 2; | > z, To Munm-
MaJIBHOe YHCJIO0 YHOPANOUeHHHIX map pasHO n (Yyn — 1) 4 n = n%*2 B cay-
qae n = 29 u pasuo Y/, (n — 1) + n = (n? + 1)/2 > n%*2 B ciywae n =
= 2¢ + 1.

4, Ilycrs xy, &y, . . ., Ty — BEKTOPH, & W 1] — He3aBUCHMEIE CAydaifHEIEe
BerTopsl ¢ P (§ = 2;) =P (n = z;) = 1/m. Ilpeamonoxum, 9T0 YHCIO BeK-
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TOPOB, YNOBIETBOPAIOMMUX YCIOBHIO |z; | > z, paBHo n. CixemoBaTenbHo,
9HCI0 YNOPANOYEHHHIX Hap i, j, A KOTOPHX |Z; + Z; | > z, He MeHbIe-
n%/2, m mosTomy

1

P(E+n|>0)>4+ 2= L P (5 >

n2
m2

9. Jlnsa mo6oro ciydaiiHoro BeKTOpa & CYIMECTBYET HOCIAEN0BATENBHOCTE-
CIyIadHHX BeKTOPOB, OIMCAHHEIX B I.4, KoTopas ciabo cxomurea K &, Takum
obpasom, TeopeMa 1 mmeeT MecTO Juis I0GHIX CIYyJaHHEIX BEKTOPOB B d-MEePHOM
IpoCTpaHCTBE.

Crenyomuil npuMep HOKaskBaeT, 9T0 KoagdunuenT !/, B onenke (1) nenp-
3s ysenmutb. Ilycrs 7, T;, 3 — BEKTOPH B IJIOCKOCTH C JJIHHAMH |z, | =
= |z, | = x, | 23| = Yoz — &; yroa mexxny z, m z, paser 120° + &, a yrau
MERIY Iy ¥ 3 M M&KIY T, B 3 paBHH 120° — 1/, (¢ => 0 m mocraTouso maio);
mycrs, HaKOHeI,

PE=2)=PE=2)=pP2, PE=a)—=1—p.

Jlerko BHmpmeTs, UTO |Z; + Ty | =z — & M |&y + 23| = |2 + 25| =
=z V3/2 + &, Hrak, |E 4+ | > z Trorma m ToaBKO TOTAa, Korga £ =
=1 =, uam § = 1 = z,; 3HAUMT,

P(t+n|>a) =25 = LP(E[>0).

Henpeprisabie BapnaHThl HEKOTOPBIX KOMOMHATOPHBIX 3afad

Brauaaze MBI DOKasKeM, KaK MOKHO cOPMYyJIHPOBATH HEIPEPHBHEE BapH--
AHTH HEKOTOPHX KOMGHHATODHBIX TEOPEM.

ITycts X — roHeuHOe miH GeckoHedHOe MHOMKecTBO. COBOKymHOCTE G =
= (X, E) HasuBaercs opuenmuposanhum g-zpagom, ecau E C X, t.e. E
COCTOMT W3] yHOPANOUIeHHEIX HAGOPOB e = (zj,, . . ., Z;,), The T e X. Ham-
neit HaGop (xiy, - . ., Z;,) Ha3HIBAeTCA pebpor. Hparusie peﬁpa HCKIIOYEHE!.
Yucno pebep rpada G 6ymem ob6oamagars N (G) Ecam Y C X, 1o nodepag
Gy = (X, E)y comepmur Te pebpa e rpada G, HAIsA KOTOPHX T & Yj =
T o

[Iycrs §; — HeKoOTOPHH KJIacC f{-BePIIMHHHIX OPHEHTHPOBAHHBIX g-Ipa-
¢os. Huacc &, naswBaercsa cummempuunvim, eciu us (I, E) & Y, cnenyer
(T, E') & G, rne E’ monygaerca m3 £ ¢ HOMOIMBIO IPOM3BOIBHOI IepeHyMe-
panunm Bepmuu. Hiace &, nasmBaerca nacaedcmeennvim, ecau us (I', E) =
& %; u E' C E Burexaer (7, E') & 4;.

Ilpegnonoskum, aro I' = {1, 2,.. ., t}uG = (T, E) = Y, umeer cuexymo-
mee CBOMCTBO: (X, - . ., @, . . ., xig) & F rorga m TOIBKO TOTrHa, Korga
(Ziy -+ oy by . .., x;,) &€ E, uuave roopA, a u b sksusasenmuwl ¢ G. Ias ta-
kux G rpadp G* (a, b) = (I' \ {b}, E* (a, b)) oupenenserca CIeyIomum 06-
pasom: E* (a, b) cocTouT M3 mOCIeTOBAaTeNbHOCTEH (.r O ), e (i, - - -

o L) EE m xzj = &, ecum x;, 7 b, nxl = aq, ec.m Ty = =b (mxaqe ro-
BOPs, MBl CKJIeNBaeM BepIIWHE ¢ H b). Haace ,ﬁ, (a, b) cocrout U3 BCeX TaKUX
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*
rpados G* (a, b), rae a u b okBuBaienTHH B G. Ecin knace 4y cummerpuden,
* 2 %

10 % (a, b) He 3aBmcHUT OT BHIGOPA CKJICEHHBIX BepmuH au b, 1. e. G; (a, b) =
=2

ITo rpady G* wmocrpoumm t-Bepmmumsii rpadp G* = (T, E*), roe E* =
= E* |J {Bce naGopm (zi, ..., z;,) ouaementos ma T, comepmamue b 1o
S e 0 G* £ :
KpaitHeit Mepe oquH pa3s}. llyers 4, cocromt us Bcex rpados G*, mocTpoeHHBIX

*

zo rpadam G* = G;. Karace §; nasmBaercsa donycmumblm, eClIW OH] CAMMET-
PHYeH, HACHEe[CTBEH M

ol G s

Hpavep 1. llycre ¢ = 2, t = 3 u Gy = {3-Bepummuunie rpadsL] He umelo-
e IPOTHBOMONIOKHEO OPHEHTHPOBAHHKX pebep Wiau mMmeomue He fojee 2 me-
‘Tek}. JIerko BugeThb, 4T0 KiIacc Gy JOUYCTHM.

Bypeum rosoputs, uto 4; <= D (c), ecan B 1:060M1 KOHETHOM OPHEHTHDOBAH-
HOM n-BepmamHOM] g-rpade G, Koropsii He mveer moArpada Gr = 9, (| T' | =
= #)* u koropwiid (B caywae ¢ > | X |) He aBaserca moprpadoM HEKOTOPOro
rpada B fgt,f

N (G) > cn’. (3)

Hpumep 2. llycrs Kiaace Gy Takoi ke, Kak B opumepe 1, u G — n-Bepmun-
HEIA OPHEeHTHPOBAHHHIL 2-rpad, KoTopuii He umeer monrpadon us &,;. Ito 3Ha-
q9AT, 9YTO cpeldu JIOOBIX TpexX BepmuH rpaga G cymecrByeT mapa BepIIHH, COe-
OUAEHHEX OPOTHBOIOJIOKHO OPMEHTHPOBAHHBIMA pedpaMa B 410 G COmep:KuT
Bee metan. 1lo reopeme Typana (mpu & = 3) 9mciio map OPOTHBOIONOKHEO OPH-
eHTHPOBAaHHEIX pebep He Menbme n (n — 2)/4. IloaTomy obmee wmeno pebep
B G (¢ y1eroM n neresas) He Mensme n%/2, 1. e. Y3 &= D (1/,).

Teopema 2. [Tycms (X, 0, p) — npocmparcmeo ¢ Koneunoi mepot, E
C X% — usmepumoe mroxcecmso ¢ npoussedenuun (X, o, p)é = (X%, og pg).
M pednoaoscun, umo waace G, donycmum, G; = D (c), epagp G = (X, E) He
codepacum t-eepusunnozo nodzpaga Gr = Gy u (6 cayuae t > | X |) G He sae-
aaemes nodzpagom Hekomopozo epagpa ud G;. Tozda

e (G) = pg (E) > cpg (X9). (4)
Hokxasartexascrtso. 1. OueBuamo, IT0 TeOpEeMa cOpaBeqIHBA B CIy-
qae t >n, X = {2, ..., T}, p(@) =a(1<< i< n): pe (@) = asN (G)

" e (X8) = asn? i

2. Temeps ME JoKaskeM, 4TO eCIH TeopeMa mMeeT mMecTo s X = {z,, . . .
coo Znh p(r) = a; (1 < i< n), To ona copaBegimea B gass Y = {y;, . . .
LIRIRE Yn-1)s lJ" ) = (1< i n—2), P‘" (yn—l)::!an—l + @n. Ilyers
G;f= (Y, £y) (£, CZY¥9 — rpa, yaoBIeTBODPAONHAI YCIOBUAM TEOPEMHI,

T'padp G, = (X, E,) ompefeasaerca ciaexylomum oopa3oMm: e = (Zi, . . ., zig) =
= FE, Torma u TOIBKO TOTHa, Korma (Yi, . . ., yig) = E,, rie y, = y,-4. Pa-
BEHCTBA

e (Es) = pg () m  pg (X8) = pg (Y9) (5)

* CumBox | A | obo3magaeT UMCIO DJICMCHTOB MHOMKecTBa A,
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ouesnaHbl. [Ipegmonoxum, aro B G, mmeerca moarpad (Gy)r (| T | = ) w3 ;.
Ecan muoxectBo T He CONepHAT OXHOBPEMEHHO Z,_; H Z,, TO H B G; CymecTBy-
eT {-BepMIMHHLLT HoArpad U3 &, a aT0 NPOTHBOPEIHT OnpefedeHnio G;. Kean
o, =T, z, =T, 10 ((G)1)* = G m ((G)1)* = G (M cxmemBamm z,_
ujr,), rae ((Gy))r)* — (¢ — 1)-Bepmuunnii rpap, msomopdueni (¢ — 1)-Bep-
muagromy noarpady P = (U, E) (U = {y;: x; = T \ {z,)}) rpada G,. Ilycts
y =Y \ U — #exoropasa Bepmuna rpapa G,, u R = (U {J {y}, E'), rne
E’' = E | ] {Bce mabopuax (4, ..., yig) anemenTtos us U | {y}, comep:xa-
mue y o Kpalineir mepe oxmu pas}. Ouermamo, rpad R maomopden rpady
((GZ)T)"?. Onrako ((G,)r)* = %, corracuo (2) u moarpad (G)uyw = (U U
U {y}, E") yaosxereopaer ycaosuio £” (C E’: u3 HacIeqCTBeHHOCTH CIeyerT,
gro rpad (G,) ., uH3oMoppen Hexoropomy rpady ms G,. Taxmm obpasom,
G, nmeer mogrpad us G, Ho 910 HpoTUBOpeInT onpedeaeHuio G,. CiaemoBarenn-
1o, G, To/Ke YIOBIETBOPAET YCJAOBHAM TEOPEMEl, U H03TOMY

g (E5) > cpg (X5). (6)

Yrepmaenue w, (£,) > cug (Y*) Boirexaer us (5) u (6).

3. U3 1 u 2 caenyer mo uHAYKIWA, 9TO TeOpeMa CIpaBelJuBa M B ciydae
t>n px) =ka(l<ign), tne a >0 — awboe grcno; k; (1 <L i<
< n) — Ieasle 9HCIA. c

4. Temeps MH JoKakeM TeopeMy B clydae HPOH3BOJLHOI0 IPOCTPAHCTBA
(X, 0, p) ¢ Koreqnoii mepoit. Ilycrs £ (C X° — u3aMepuMoe MHOKECTBO, yHAOB-
JeTBOPAIOIIEe YCIOBUAM TEOPEMEl, I h > ¢ — Iiexoe 4ucio. BeegeM pyHKIuo
fyy, « oo Un) (W = X, 1< i << k), PAaBHYIO YHCIY TAKUX YIOPATOYSHHEIX
mOCIe 0BATEABHOCTEH iy, ..., g (1L << nomal L j< g), 910 (¥iyy - - -

. Yip) = L. Beam y; = y; (i J), 10 G = (X, E) m, cirefoBaTelipHo,

Gyy,. ..., y,y HE COMCPIKAT {-BePMIMAHHOIO mogrpada Gr us ¥;. Torga BBERY (3)
By - - ) e
Ecam cpexm yy, . . ., Yn EMEIOTCA PaBHEIE DJIEMEHTEI, TO IIOCJIe/[HEe HEPABEHCTBO
¢clefyer m3 m. 3 3TOrO oKasaTeaberBa. TakuMm o0pa3oM, cIpaBefaIuBa OLEHKa
S - yn)du > S cnfdp = cnfp (X7). (7)
Xn. Xn
Tomomum
: : 1, ecaa (i, .-+ Vi )JEE, 1<<i;<<n(1<<ji<y),
I(lh---:zg,yh---; yn)z{ (y ,/lg) ey Sy ( < \g)
0 B mpormeHOM ciayuae.
n
QueBnpso, f(Y1,..., Yn) = 2 ity e oy By Uy y Yn), IMOITOMY
gy 'ig:L
i n . .
Sf(yl’syn)d.u‘: S( Z I(l’lv"'1T‘g:y11'°'1yn))d”‘:
2n 20 Ml gl
= > S e L ) e R T [ 1 (8)

il,...,’ig=1 xn
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Benm iy, . . ., ig — pasnWYHHE YUCIA, TO
VIGu.cwipm e wudds= S I, g de =
X" xn

= { ta=p@pxe. )

ExXxn-§

Ecau cpepm ¥4, . . ., Y, €CTh paBHEIE 3JI€MEHTH, TO

S I(ilv i igv Y - - -y yn) dP‘ w (Xn) (10}

xn
M3 (7), (8), (9) u (10) BuTexaer, uTo

ntn (X< f i <G e (B (X9 o+ (nf — 2w (X,
xn
3HAYMT,
g n! g
o (X9 < b (B) + (1 — ) (X9,

Tax xak n!/nf (n — g)! — 1, Korga n — oo, 10 cp (X¥) << pg (E). Teopema
J0Ka3aHa.

llyere X — muomecrso sepmun. Ecim E — MHOKeCTBO HeymopagodeH-
HHIX TOCJefoBaTelAbHOCTEH (i, . . ., a:,-g), 10 G = (X, F) HaswuBaerca neopu-
ewmuposarniim g-epagom. B crygae, Korma (zi, . . ., T;,) PABIWIHE B Kaik-
R0ii HOCIe0BaTeNbHOCTH, (F Has3HBaeTca 00HopodnbLu g-2pagom. Pebpo (zi,, . . .
-+ . Ti,) B HEOPHEHTUPOBAHHOM g-rpafe MOKHO NMOHHMATH KaK MHOMKECTBO
BCeX ITepecTaHOBOK (Ziy, . . ., ;,), T. e. KaK KIacC BCeX OPHEHTHPOBAHHBIX pe-
Oep, moaydaeMux ®3 (Zi, . . ., :c,g) Ecnm) G — meopueHTHpPOBaHHEI 07THO-
ponusii g-rpad, To G 0603HaTaET OPHEHTHPOBAHNKIL g-rpad, Coep:Kamui Bee-
Bo3MOKHEIe neTan (1. e. pebpa (z,, . . ., Z;,), B KOTOPHX He BCe HIeMEHTH
Pa3TWIHE) W BCe OPHEHTHPOBAHHEIE BapuaHTH pelep m3 G. Ecam ¥, — Heko-
TOPHiA KIACC {-BePIIMHHEIX HEOPHEHTHDOBAHHHX ONHODONHHX g-rpados, To
yt obosHagaer Kiaacc Bcex rpados G, rme G & Y, U Bcex rpados, He comep-
Aamuax Beex merens. Haace §; HeKoTophix {-BePIIAAHEEIX HeOpHEeHTHPOBAHHEIX
OIHOPONHEIX g-rpaloB HABKIBAETCS Jonycmumbim, eCIH KIACC §; MOMYCTHM.

Herpynuo mokasaie, 4T0 ecim G — n-BepmuHEBEH HEOPHEHTHDPOBAHHLIH
OIHOPONHHIT g-Tpad u

N(G)>(Z)—(1—c)j_|, (1)
g!

10 11 G mMeeT MecTo (3). Heficrearensno, aucio pebep, comepsKamux MelbIIe

g BepmuH, paBHO n® — n!/(n — g)!, a 4MCIO OpHeHTHPOBAHHHX BapHAHTOB

pebep B G He megpme g! ((g) — (1 — c)n!/g!). CixegoBarensHo,

~. n né n!
V@ e ((;) o)t gy = e

T. e. (3) mMeer Mecro.
IIpamep 3. HenpepuBrsii Bapmaur Teopemur Typana. Teopema Ty-
pPaHa yYTBep;K[aeT, 9TO €CIAW n-BePIIUHHHIE HEOPHEHTHPOBAHHHEHA 2-rpadp G
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He umeeT k-BepmmHHOro mnycroro moxarpaga (¢, = {k-BepmumHHBIE myCTOR

Tpad}), TO
N(G)>r(q—|2_1)—|—(k—l—r)(g),

rmen =qk—1)+r (0< r<<k —1). Oynkuma (g) =gq (9 — 1)/2 aB-
JIAeTCA BEIIYKJIOH, I03TOMY
1 1 E—1— k—1
r(q—z% )+(kﬁ1_r)(g)>(k_1)((r(a+ )+ ( ; ) 9)/( )):

2
{nj(k—1 n2 n
= ==t : 2 )) =Ie—D T°
Ilpu g = 2 mpasas gacts (11) umeer Bun (cn® — n)/2, cnegoBaTenbHoO, B HamIeM
cryuae (11) Bemoauserca mpm ¢ = 1/(k — 1). Haace %, — momyCTHMEIi,
3HAYAT, MOKHO HMCHOIB30BATh Teopemy 2: Ecau HeopuenmuposanHvlli 2-zpag
G nad (X, o, p) codeprcum éce nemau u He umeem k-sepuunnozo nodepaga, ko-
MOopHLL cO0ePHCUM MOALEO NEMALL, MO

1
Mo (G) =57 Ma (X2).

Ecim X — eamuuunbii matepBad u pu — Mepa JleGera, T0 9T0 yTBep:KIenne
B caydae k = 3 mMeer HarAAAHYI PopMy: OyCTh G — HU3MEPUMOE MHOMKECTBO
B eIHHHYHOM KBajpaTe, CAMMETPHYHOE OTHOCHTEIBHO JUArOHAJH; eCIH KaK-
JIBIH TPAMOYTOJABHHUK, CTOPOHBI KOTOPOTO IAPaJlelbHEL CTOPOHAM KBajipara,
a oJHA W3 BepPIIMH JIGKHUT Ha JHATOHAJM, WMeeT elle OfHYy BepmuHy B G, To

w, (@) > 1/, (em. pme. 1).
nl

7
X

Puc. 1

M

IIpumep 4 OGobmennas npobinema Typama. (IIpenmaymas npoGie-
Ma JUIA HeOpMeHTHPOBAHHHX OJHOPOAHBIX g-rpados.) JTa mpodiema eme He
paspemena. Hanpumep, B ciydae g — 3, & — 4 Ka/KeTCsd, 9TO ONTHMAJbHBIH
rpad mMeer CaeAyOIy0 KoHCTpyKiuio, Bepmunsl rpaga pasmendioTcs na ra-
xme kaaccel A, B, C,4To mx pasMepsl «mo9TH paBHs». Onrumanbsmii rpad G
COflep:RUT Bce pedpa, JdesKamume ofHoM Kjacce, W Bce pefpa, mMeiomue JBe
BepmuAHK B A oy B B, unu iBe Bepmunrs B B wogny B C, uiu JBe BepIIAHEL
B B u oy B C. Jlerxo BAfieTs, gro B sToM caydae ¢ paBHARoCh 651 4/9. IIycTh
<g y — Hamiaydmas Kouctaura B (11) maa oGoGmenHoi mpolaembl Typana.
W3 mpumepa 3 mMul yixe smaem, uTo ¢, = 1/(k — 1). B paGore [3] noxasawo,
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n k
YTO MHOHEMAJbHOEe UYHCIO pefep He MeHbIIe (g )/( g)' Hs atoro nerko
BHETh, 9TO
k\"1 :
Co k= (g) . (12)

B padore [4] noxasan Goiee cmibHEINA pe3ynbTaT: MEHEMaJAbHOE YHCIO peep
He mensme nfki~f (g — 1)4-1g—%, Orcioma caemyer, 4To

_ gy |
A gg) . isg"l . (13)

Omnenxa (13) myume (12), ecam k£ >>g. 9T oeHKH elle JajeKH OT caMoiil TOU-

noit. Hanpumep, B cryuae g = 3, k = 4 mu1 umeem us (12) ¢34 > Y/,, HO Ha

CaMoM fiene, BUAUMO, c3, 4 = 4/9. 0630p JIATEPaTypPH, TOCBAIIEHHOM DTOM IpO-
61eMe, MOKHO HaitH B [5].

Haum morpeGyercs opmo} oGoGmenne teopemss 2. Ilycrs T ={T, J ...

- 4UT (T:NT; =, i#]) — pasGuenme muomecrsa ' sepmun, u G (¢, .J. .

o t) (i = | T;|) — mexoropmii kmacc ¢-Bepmunmnx (¢ = |7 |) opuen-
THPOBAHHEIX g-rpados. Hmace 4 (t,, ..., ¢,) HaseBaeTca cuMMempUUHbLM,
ecaw, #8 (T, E)e= % (&, ..., &,) cwepyer (I, ENE= G (4, ..., t,), IRE

E’ nonyuaercsa 3 £ ¢ mOMOIIbIO NPOH3BONBHOI ITepecTAHOBKH BePIIH B Of-
oM muoskectse T; (1 < i< u). Onpenenenue nacrencrsennocTn ne TpeGyer
H3MEHEeHHA,
[pennonomum, ato a, b= T; (a~b) urpadp G = (T, E) =9 (¢, . . .
., t,) mMeer cxenymmee} csoﬁCTBO'] s s lia . oy 2 € E torma m
TOZBKO TOT/IA, KOTMA (i, + .+, b,7. 5, 4;,) & E. [lan Taﬂn\GrpaQJ 8 =11
N\ {b}, E*) oupegensnerca cnenymmm; obpasom: £* COCTOMT U3 HOCICIOBATC -
HOCTEH (Ziy - . ., xlg) The (ZTiy ... i) EE mjz; = Z;, ecam z; # b,
31 :t:1 = a, ecnn r;; = b. Jlua xamporo rpada G* HOCTpOHM t-BepmmHHLBIE I'pad
= (T, E*), rtne E* = E* (] {Bce] mocienoBaTenbHOCTH] DIEMEHTOB W3
T cofepkamme b mo Kpaiimeir Mepe opmu pas}. Hiace & G o) e
crout w3 Beex Takmx rpados G*. Kmace 9 (2, - . ., t,) HasEIBaeTca donycmu-
AMbLM, €CIM OH CHMMETPHYEH, HACHeJCTBEH K
GHed - )T G, 20 AL W),

Y

Henpepusnas ¢pynknus f (@, . . ., @) (@; >0, i =M1, ..., u) HasmBa-
eTcsa 00ropoOHOT, eCIH A N06G0T0 HeOTPHIATEIBHOIO YUCIA ¢
ied
T8 o 5700,) = F (B wniny )

Paso0bem HexoTOpPHM 006pasoM BepIIMHH OpPHEHTHPOBAHHOTO g-rpada
Ha TmogMHOKecTBa Ay, ..., A,:

Udf=X, AN4=g, i)

i=1

My namem & (¢, . . ., t,) & D{(f), ecan qus 1:060T0 KOHEYHOTO OPHEHTHPO-
u

BaHHOTO g-rpada G, KOTODHIT He WMeeT ¢ -BepMHAHHOTO (t — > min (14, t; )\
i=1
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noarpada Gr-, aBagomerocs moarpagom u Hekoroporo rpada ms G (4, . . .
’ ’ u :
Gt)eTiC A, |T;|=min (| 4; ), &), U Ti = T',)| Bunoansaerca me-
i=1

paBeHCTBO

N(@G)Z=7(Acls -« | Ay

Teopema 3. [Tycms (X, 6, p) — npocmparcmeo ¢ KonewHol mepoii, X = LJ X;
i=1

(X; N X; = &, i = j) — pasbuenue mrnoxecmsa X u E C X*® — uamepumoe
muoxcecmeo 6 npoussedenuun (X, o, p)° = (X%, og, Wg). Ilpednoaoscum, wmo
raacc G (ty, - . ., tu)) donyemum, f odnopodna, 59 (1 - - «» t) &= D (f) u epagh

G = (X, E) ne codepmcum t’ eepmuunoao( E, min (| 4;], t; )\ nodepaga G-,

Asatiougecocs, nodzpagom U HeKomopozo epagb‘a TERCE (4 e tu) L Moy P2
| T}| = min (| 4; |, t), | Ti=T:. Tozda
Pe (B) > f(p (X9« -0 1 (X))

IoxkasaTeabCTBO aHAJIOTMIHO JIOKA3ATEIbCTBY TEOpeMbl Z.

Hpumep 5. Jemma 1. Ecau neopuenmuposannuii 00Hopodnuii (6es ne-
mear) 22pap G = (X, U Xe B) (XxN Xa=0, | Xyl =ny, | X,| =
= n,) He codeprcum nYcmozo MpeyzoibHUKA ¢ MOYHO 00HOU sepuiuinoli us X,
mo

N (G) = g (ny, na),

20e g (ny, na) = Nty ~(n1 ;F 1) , eCAUNy < Na, U g (N, Np) = ("}f), eciil g =>Ns.

HoxaszaTeabcTBO UpOBefieM MHAyKumedr mo (n;, ny). Jlerko Bm-
IeTh, ITO B caydaax n, = 0 u n, = 0 memma copasegumsa. [lycte n; > 1 1
n, > 1. Bufepem smxementst x, u3 X, u z, u3 §X, rak, urobwm} (2, x,) & E.
(Ecau rakoit mapst Her, 10 "N (G) > nyny, > g (ny, ny).) B G cymecrByer mo
Kpaiineii mepe n, — 1 peGep, cofepsRamux x, WK I, TAK KaK TPEYIOJIBHUKH
(T4, Z2, ), Y= X, \ {2,}, Henycrrie. I[lo manykmuu, rpad Gx,yx.\ix:, x,} CONEP-
SRET mo Kpaiimeit mepe g (n; — 1, n, — 1) pefep. OTm mBa MHOmecTBa pebGep
He mepeceKaloTcs, CJIef0BATEIBHO,

N@>gm—tm—1)+n—1=m—1)@—1)—(F)+n—1=
—;nlnzf(nlé‘— 1),

€CIH N, < Ny, H
== n
¥© >(Mg Ytm—1=(3),

@CTH Ny > N, JleMMa [OKasaHa.

Ifyers § (1, 2) = {3-BepmmEBBe rpadn, He HMeM@Ee IPOTHBOMOJIOKHO
OpHEHTHPOBAHHKX pebep miaum HMeomue He Goiee 2 meTenb} (Kak Js B IpuMe-
pe 1). Kaace @ (1, 2) momycriv. IlpeAnonosum, 910 OPHEHTAPOBAHHLM 2-rpad
G = (X, UIX,, E) (X, N X, () e mmeer moarpada Gr = 9 (1, 2) ¢
| T N X,| =1



474 I'. 0. X. Kamona

Bossmem pasGuenme E = E, |J E, |J Ej, rne E3 — MHOMeCTBO meTexsb,.
a E,, E, — TaKue MHOMeCTBa, 94TO COOTHOmeHHA (Z, ¥) = E, u (y, z) = E,
He MOTYT BHIOIHATHCA OfHOBpemenHo. Ilycts MEomectBo E; conepmuT Bee-
HeOpHEeHTAPOBAHHLIe NApH (7, ), rae (z, y) & E;. Jlerko Bugers, 410 Tpad-
G, = (X, U X,, E;) ynoBiaersopser YCIOBHAM JeMMH, H IOITOMY

IE1|:|E1I>g(n1’n2)1

rae ny = | X, |, ny = | X,|. HogoGusim o6pazom | E, | > g (ny, ny). C apyroit:
CTOPOHE, rpad G COfep:KAT Bee MeTlH, T. €. | Ey | = n, + n,. CrenoBarensHo,

NG =|El=E| +]|E|+]|Es]| >

2n1112 —(n +1)ny+ny + ny > 2nin, — 1}, ecau n, < Ng,
ny (ny — 1) + ny + ny > n3, €Cau ny > Ny,

ny (1 2) eD (f (nlv nz))’ rne f(nh n2) N 2”1”2 . nl (n] = 112) u f (nlv n2) o
= nj (n; > n,). Tak Kak dynxnua fonHOpoONHa, TO B CHIY TeOpeMH 3 cupa--
BeJIuBa

Teopema 4. llyems (X; J Xy, o, p) (X, N X, = @, | X[ >1, | X, | >
> 2) — npocmparemso ¢ kKoneumoii mepoii u E C (X, U X,)2=X2—
usmepumoe mHodxcecmeo, obaadawuee ceoticmeamu (z, 2) = E u (z, y) = E =
= (y, ) © E (x, y = X). Hycms mnoacecneo E' cocmoum us ecex mex Heyno-
padouennwix nap (z, y), daa xomopwx (z, y) &= E. Ecau Heopuenmuposannsii
epagp G = (X, E') ne codepacum nycmozo mpeyzoavhuka ¢ mourno 0dHoL eep-
wunoti uz X,, mo

2p (Xq) p (Xo) — p(XD),  ecau (X)) << (Xo),

llz(E)>[ (X3, ecau P (X;) >p (X,).

Hpumep 6. Jlemma 2. Ecau neopuenmuposannnii zpag (6es nemeav)y
G=(X,U Xy, B)(X; N Xy =, | Xy | = ny, | Xy | = ny) nme codeprcum
nYycmozo mpeyzoAbHUKA ¢ MeHbWwe wem & sepuunamu us X,, mo

N (@) > h (ny, ny), (14)
20e h(nl’ nz) = Ny ["’2__2'”_1.] + ([(nz _‘2n1)/2]) _,r_ (](n2‘ '%"znl)/zl) , ECALL Tis > Tiys
u h(ng,n) = (’?) , €cau ny > ny; adecw [a] — yeaas wacms a, Ja| = — [—al.

JlokaszaTearbcTBO aHaJOrWYHO MOKABATEABCTBY JeMMHL 1.

Kax merpynHo OpOBEpHTH, CYMECTBYeT TaKOi JOIYCTAMEIf Kiace 9 (1,3),
9T0 eCIH OPHeHTHPOBaHHEE 2-rpad G = (X, | X,, £) = 9 (1,3), 10 B G
HeT TPeyroJbHHKa, KOTODHIA He COMeDKAT HmapH TPOTHEONOJIOKHO OPHEHTH-
poBaHHKIX peGep ¢ MeHbIIe YeM 2 Bepmmuamu u3 X, 1 G uMeer Bce netiau B X,..
Onnaxo, cornacuo (14),

(n3 —n)/2 4+ niny,  ecan  ng > ny,

2
ns, ecIn  Ng < M.

2k (nq, ng) + ng >{
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Cuaenosareasso, 5 (1,3) & D (f (ny, ny)), ¥ mis HeupephBHEX rpadoB G =
=(X, U X,, E) = 9 (1,3)

() > (W (X3) — w(XD)/2 + p(Xy) p(Xo), ecm  p(Xo) > p(Xy), 15)
L n(X3), ecmn  (Xy) 3> p(Xo).

Hpumep 7. Jemma 3. Ecau HeopueHmuposaHHwl 2pag (6e3 nemeas)
G (X, U XnE) (X;NX, =, | Xy| =nn | Xy| =n)) ne codeprcum
nyemozo mpey2oabhuka ¢ xoms 6vl 0010l 6ePULULHOL U3 X,, mo

N (G) >k (n1, na), (16)

2de k(ny, ny) = ([(n’ +2n2)/2]) -+ (](nl +2n2)/2[) , AU Ny < Ra, U k (1, Ra)=

= NNy — Mg, ECAU Ny > Ns.

MoxasaTeahcTBO aHAIOTHIHO JOKA3aTeABCTBY JeMMsl 1.

Kak HerpyaHO mOKa3aTh, CYM[ECTBYeT TaKoi HOmyCTHMENL kmace G (2, 3),
a0 ecam opmenTHpoBanmeii 2-rpad G = (X; |J X, E) = G (2, 3), 10 B G
HeT TPeyroJbHHKA, KOTOPHIA He COAEPKHT TApPH NPOTHBONOIOKHO OPHeHTH-
poBaHHBIX peGep ¢ XoTA OBl ofHOIl Bepmuuoil U3 X,, u G HMeeT BCe IETIH B
X,. Onnaro corxacuo (16)

3(ny + ne)?/8; ecmm 2 < ny <R,

2 (ma, 1g) + g = [ (P, o) 3n.n./2, ecanm 3 < ng < ng.

CnegoBatensuo, 4 (2, 3) = D (f (ny, ny)), W AaA HempepeBHHX rpagos G =
=X UXnE)=92,3) (X, NX, =3, | Xi|>2,]X:]>3)

(X)) 4+ p(X)P/B,  ecnm  p(X1) < p(Xa), .
”B(E)>{ SRS, e (X)) (an

OGurue mpocTpaHcTsa

IIyers X — agguTaBHAS KOMMYTaTHBHAA Tpynna u p (z, y) — uneapuanms-
nas mempuka B X, T. e. JeHCTBUTeNbHAA QYHKNUA, YAOBICTBOPAKMAA YCIO-
BHAM

p(z,y) >0, p(ry) =0z=y(@yeX), (18)
pxy) =02 (zy<&X), (19)

p(z,y) +p (¥ 2 >p2) (=Y zeX), (20)
p +2,y+2=pEy @y zEX). (21)

Jdemma 4. Ecau X — addumusnas 2pynna ¢ UHEAPUAHMHOIL Mempuroi,
a1, 4y, a3 = X, mo cywecmsyem maxas' napa a;, a; (i # j), wmo

Pl Fiag, 0) LA ED) (22)

Hoxaszarteanbctso. Cormacuo (20) u (21)

pla +a5,0) +p(0,a +as) >p (@) + as, a; + a3) = p (0, a3 — ay). (23)






