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Abstract. In this paper, we consider the existence of normalized solutions for the fol-
lowing Kirchhoff-type problem:

— <a —i—b/N |Vu|2dx> Au=Au+ |[ulP"2u+plul"u inRY,
R

with prescribed L2-norm:
/ lu|?dx = c?,
JRN

where N =2,3,a > 0,b > 0and ¢ > 0 are constants, A € R, 2 < g < pzZ—i—%and
p > 0. The number 2 + % behaves as the L2 -critical exponent for the above problem.
We prove the multiplicity of normalized solutions for the above Kirchhoff-type problem
with L2-critical nonlinearity (that is, p = 2 + %) in the two cases: 2 < g < 2+ % and
2+ g <g<2+3%.

Keywords: Kirchhoff equation, constrained minimization, variational method, Po-
hozaev manifold.
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1 Introduction and main results

In this paper, we investigate the multiplicity of normalized solutions for the following
Kirchhoff-type problem

- (a + b/N Vu|2dx> Au = Au+ |ulP~2u+plul"?u inRN, (1.1)
R

with prescribed mass

/N lul?dx = 2,
R
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where N =2,3,a > 0,b,c > 0, A € R appears as a Lagrange multiplier, 2 < g < p =2+ %
and p > 0. Let L(RM)(1 < s < +o0) be the Lebesgue space with norm |u]s = ( [ |u[*dx)'/s,

1
H'(IRN) be the Hilbert space with the norm [[ul| = ([ (|Vu[*+ [u[*)dx)?.
R
Problem (1.1) is a special form of the following Kirchhoff problem

— (a—i—b/N ]Vu|2dx> Au = f(x,u) inRY,
R

which is also a variant of Dirichlet problem

~(a+b [ [vufar) au=fnu) i, (12)
U = O on aQ/

where O C RV is a bounded domain with smooth boundary. It is well-known that problem
(1.2) appears naturally in the context of physics. Problem (1.2) is the stationary case of a
nonlinear wave equation

Up — (a + b/Q |Vu]2dx> Au = f(x,u), (1.3)

first proposed by Kirchhoff [9] in 1883. Problem (1.3) is a generalization of the classical
D’Alembert’s wave equation which describes free vibrations of elastic strings. The param-
eters in problem (1.3) have specific physical meaning: f is the external force, a is related to
the intrinsic properties of the string, and # means the displacement while b denotes the initial
tension. Since then, problem (1.3) has received much attention, see [1,11,12,14,15] and the
references therein. Since Lions in [11] proposed an abstract functional analysis framework,
Kirchhoff type problem has been intensively studied during the last decades. From a mathe-
matical perspective, problem (1.2) is not a pointwise identity as the appearance of the nonlocal
term [, |Vu|?dx. The nonlocal term causes some mathematical difficulties and the investiga-
tion of problem (1.2) is more interesting and challenging. Such a nonlocal model also appears
in other fields as biological systems describing a process depending on the average of itself,
for example one species” population density.

A way to study problem (1.1) is to search for solutions with L?-norm constraint, and such
solutions are known as normalized solutions and A € R appears as a Lagrange multiplier. In
addition, the study of L>-norm constraint problem can give a better insight of the dynamical
properties, like orbital stability or instability, and can describe attractive Bose-Einstein con-
densate. Normalized solutions of problem (1.1) can be obtained by looking for critical points
of the energy functional E,(u) constrained on S., where

a b S|
Eopu(u) := E/}RN |Vul|?dx + 1 (/]RN |Vu|2dx> — P./]RN |u|de—lI;/IRN |u|9dx,
and
5= {u e H'(RV) : / lu|2dx = CZ}.
RN

Many interesting results on the normalized solutions of Kirchhoff problem are also ob-
tained not long ago, see [2,3,5,6,8,13,17,23]. Especially, many experts considered the existence
of normalized solutions for problem (1.1) with combined nonlinearities. For the case u > 0,
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under different ranges of p and ¢, Li and Lou in [10] proved a multiplicity result for problem
(1.1). In detail, if 2 < g < ¥, & < p < 6 and < min{y/, 4"} , two solutions for problem
(1.1) were obtained. If % < g < p < 6, problem (1.1) has a mountain pass type solution. Hu

and Mao in [6] considered the following minimization problem

Mg, = ulgg Ea,y(”)/ (14)

c

and they proved that if 2 < ¢ < ¥ and 2 < g < p < ¥, problem (1.4) has a minimizer for
every ¢ € (0,cy). At the same tlme when c satisfies the suitable conditions, the nonex1stence
of minimizers for problem (1.4) was considered 1n the following four cases: (i) g = ¥ 0 and
p— 3,(11) 10—q<]ﬂ< 3,(111)2<q<p— (1V)2<q<p, <p<e. Moreover if
3 < g < p < 6, they also obtained the existence of normalized solutlons for problem (1.1) by
using constraint minimization on a suitable submanifold of S.. For the Sobolev critical case
(thatis, p = 6), Feng, Liu and Zhang in [3] proved the existence and multiplicity of normalized
solutions for problem (1.1) under suitable assumptions on y and c for the following four cases:
2<qg< %, q= 130, 130 <g< 134, 1; < g < p = 6. Some similar results were also obtained in
[10,23]. For the case u = 0, the existence, multiplicity and uniqueness of normalized solutions
for problem (1.1) have been considered in [13,19-22]. For the case u < 0, we refer to [2,6], and
for the nonlinear Kirchhoff-type equations in high dimensions see [8].

As far as we known, there are few papers to consider the existence and multiplicity of
normalized solutions for problem (1.1) with L2-critical nonlinearity (thatis p = 2 + %) in the
two cases: 2 < g < 2+ 1+ and 2+ 5 < g < 2+ £. The object of this paper is to prove
the existence and multiplicity of normalized solutions for problem (1.1) in those cases under
suitable assumptions on y and a.

Before stating the main results of this paper, let us recall the Gagliardo—-Nirenberg inequal-
ity (see [18]): for any s € [2, ]\%NZ) if N>3ands>2if N =1,2, we have

1

Sl = g Vs (15)
s

where 7 := N(Z;Z) and with equality only for u = Qs, and up to translations, Qs is the unique
positive solution of

-2 -2
—N(S4)Au—|—< S4 (2—N))u:|ulszu in RN,

and satisfies

2 S
VQs3 = 1Qs3 = ZIQsl:.

8\ oo
C* _ b’Qp|2N 8—2N
) 2

Fors:p:2+%andforanyuESc,wehave

Especially, let p = 2+ £, define

2

8
12/ ¢ \¥ _ ., b
7|u|p <13 <|Qp| ) Vuli = (—) IVuli (1.6)
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Set

2974

24| Q14 2a(2 — q74)
A=)\ b= qy)) ((£)F —1)

iz ( (1.7)

Now, our main results are following.

Theorem 1.1. Let2 < g <2+ 5, p =2+, ¢ > c* and 0 < y < p,. Then problem (1.1) has two
radial solutions, denoted by ., and 1.,. Moreover, i, is a local minimizer of the functional E, ;, on
the set

Ag, :={u € S., : |Vul5 < Ro}

for a suitable Ry = Ro(c, p) > 0 with E, (i) < 0 and i, solves problem (1.1) for some A, < 0,
and 1., is a critical point of mountain pass type for E,, with E, (1) > 0 and 1, solves problem
(1.1) for some /A\C,y < 0.

Theorem 1.2. If2+ § <g<p =2+ %, u > 0and c < c*, we have the following results:

(i) ifa = 0, mo := infyes, Eo (1) has a radial minimizer i, and 1 solves problem (1.1) for some
A <O0.
8-2N
(i) leta=5(1— (&) ™ )(ﬁ —D|vil3 > O,fczr any a € (0,a), problem (1.1) has two radial
solutions, the one is a global minimizer ., with A., < 0, and the other is the mountain pass
type solution u., with A, < 0.

Remark 1.3. Theorem 1.1 complements [6, Theorem 1.2], where Hu and Mao considered the
case ¢ € (0,c*) and obtained a minimizer of the functional E,, on S.. However, we deal with
the case ¢ > ¢* and obtain two solutions for problem (1.1) under suitable assumptions on the
constant y > 0. In the proof of Theorem 1.1, since the functional E,, is not bounded from
below on S. for ¢ > c*, we will restrict the functional E;, on the Pohozaev set P.,. We can
get a local minimizer for E,,|p,, and use mountain pass theorem to get the second critical
point. We emphasis that (1.7) has been used to ensure that P, is a smooth manifold and the
existence of mountain pass type solution.

To the best of our knowledge, Hu and Mao in [6] proved that if N = 3, % <qg< %,
p= %, c < c* and pu > 0 satisfy appropriate condition, problem (1.1) with has no minimizer.
However, we try to prove the existence of normalized solution for problem (1.1) with 2 4 % <
q < p =2+ £ for the suitable constant 2 > 0. Furthermore, there are few results about the
existence of normalized solutions to degenerate Kirchhoff equations, that is, a = 0, so we first
establish the existence of minimizer mg, = inf,cs, Eoy,(u) < 0, which is a normalized solution
of the degenerate Kirchhoff equation. And then, we establish 1, := inf,cs,, E; (1) < 0 with
the help of the minimizer of mg.. At last, we will prove the existence of the second solution
with the mountain pass type for problem (1.1).

To overcome the lack of compactness, we work in H} (RY). Although the energy functional
E;; has a bounded Palais-Smale sequence on the mass constraint set S.,, unfortunately, we
can not deduce whether E, , satisfies the Palais—Smale condition. To overcome this difficulty,
in the proof of Theorem 1.1, we will constrain the energy functional E,, on a submanifold
of S., corresponding to the Pohozaev identity. In the proof of (2) of Theorem 1.2, we use
Jeanjean’s method in [7] and construct an auxiliary map I, ,(u, T) := E, (7 * u), which has
the same type of geometric structure on S, x R as E;;, on S,.
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2 Preliminaries

In this section, we will introduce some notations, then we recall a version of linking theorem.
Finally, we give the compactness analysis of Palais-Smale sequences for E, ;|s_,. Let

H; (RY) = {u € H'(RY) s u(|x]) = u(x)},
Seri=S.NMHNRN) = {u € S.:u(x) =u(|x])}
For u € S;, and T € R, define the fiber map preserving the L2-norm
(T*xu)(x):= e%Tu(eTx) for any x € RV,
We introduce the auxiliary functional I, ,, : H'(RY) x RT — R by

a9t
q

then we easily see that the functional I, is of class Cl. In addition, we define the Pohozaev
set by

eZTa ) e4Tb . e4r p q
Ia,]/t(u/T> = Ea,,ll(T*u) = T’vu|2+T‘vulz_?’u‘P_V ‘u|q/ (2-1)

Pc,y = {u € SC,T . Py(u) = 0}
with A
Py(u) = a|Vul3 + b|Vul; — %|M|5 — pvqlulg-

Lemma 2.1 ([4, Theorem 2.7]). Let ¢ be a C'-functional on a complete connected C'-Finsler manifold
X and consider a homotopy-stable family F with extended boundary B. Set

c=c(p, F) = inf max¢(x)

AeF x€A
and let F be a closed subset of X satisfying
ANF\B # @ forevery A e F (2.2)
and
sup ¢(x) < c < inf ¢(x). (2.3)
XEB xeF

Then, for any sequence of sets (Ayn), € F such that lim,cosup, ¢ = c, there exists a sequence
(xn)n in X\B such that

nh_r& ¢(xn) =c, nh_r){)\o lde(xu)|| =0, nli_rgodist(xn,l-") =0, ,1152‘0 dist(x,, A,) = 0.
Lemma 2.2. Leta >0, >0,c >0,y >0,2<g<p= 2+%. Let {u,} C S, be a bounded
Palais—Smale sequence for Eg s, at energy level m # 0 with P, (u,) — 0 as n — co. Then up to a
subsequence u, — u strongly in H'(RN). Moreover, u € S, and u is a radial solution for problem
(1.1) for some A < 0.

Proof. The proof is divided into three steps.

Step 1: Lagrange multipliers A, — A in R. Since H}(RN) < L(RN) is compact for s €
(2, 2%5), from the boundedness of Palais-Smale sequence {u,}, there exists a subsequence of
{uy,}, still denoted by {u,}, and u € H!(RN) such that

u, = u in HY(RY), u, — u in L5(RY), u, —u ae. onRYN.
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Because {u,} is a Palais-Smale sequence of E|s
exists A, € R such that

by the Lagrange multipliers rule, there

cr’

(a+b|Vu,|3) /IRN Vuanodx—y/IRN |1 |10, @dx

_/IRN lun|P2uppdx — Ay /]RN uppdx = 0,(1) (2.4)

for every ¢ € H'(RY), where 0,(1) — 0 as n — 0. In particular, taking ¢ = u, in (2.4), we
have
Anc® = a|Vug[5 + b|Vup|3 — plun|d — |l + 0a(1).

The boundedness of {u,} in H}(RN) N LI(RN) N LP(RY) implies that {A,} is bounded as
well. Hence, up to a subsequence, we have A, — A € R.

Step 2: A < 0 and u # 0. Recalling that P, (1,) — 0, we have
An€® = p(vg — Dlunlg + (rp — 1) funp + 0u (1),
hence, let n — o0, we have
Ac? = (v = Dulg+ (vp = Dlul}.

Since y > 0and 0 < 77,4, 7y < 1, we deduce that A < 0, with “="ifand only if u = 0. If A, — 0,
we have lim,_ e ]un|§ =0 = lim,—eo \un\z. Using again P, (u,) — 0, we have E;;(u,) — 0,
which is a contradiction with E,; (u,) — m # 0 and thus A, = A < 0and u # 0.

Step 3: u, — u in H'(RV). Since u, — u # 0 in H(RY), we get B := lim, 0 |Vuy|3 >
|Vu|3 > 0. Then, (2.4) implies that

_ q-2 _ p—2 _ —

(a+bB) /]RN VuV gdx y/]RN |u| 1" updx /]RN |u|P~“ugpdx A/}RN updx =0 (2.5)

for any ¢ € H'(RN). Combining (2.4) with (2.5) and taking ¢ = u, — u, we obtain
(a+bB)|V(uy —u)|3—Auy, —ul3 -0 asn — .

Since A < 0, we conclude that {u, } converges strongly in H'(RY). O

3 Proof of Theorem 1.1

In this section, we deal with the case 2 < g < 2+ %, p=2+ %, c > c¢*, p > 0 and prove
Theorem 1.1. First of all, it is well known that any critical point of the functional Eqp belongs
to Pc,. Conversely, if u € P, we get BTIW(u,O) = 0. Now, we consider the decomposition
of P, into the disjoint union P, = PCJ,FV UPl, UP, where

CH cu
Py ={ue€Peyu: 2a|Vul3 4 4b|Vul; > yq’y?\uﬂ + p’y%|u!5} = {u € Pey : 0¢clypu(u,0) > 0},
Py = {u € Py : 2a|Vul5 +4b|Vuly = pgyi|ull + pyilulb} = {u € Pey : 9celay(u,0) = 0},

Pey = {u € Pey: 2a|Vul3 4+ 4b|Vul; < yq'yfl|u|g + p’y%|u|5} ={u € Pey: 0celayu(u,0) <0}
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By (1.5) and (1.6), we have

8—2N

a b C N c1— a4 Yaq
Eap() 2 31VuB+ 7 (1= (5) 7 ) IVu = vl 31)
2 4 (c ) 2/Q, 11 2

for every u € S;,. Therefore, to understand the geometry of the functional E, ;[s,,, it is useful
to consider the function i : R™ — R:

a, b ¢\ (oY)
h(t) := t—l—(l— — >t2—y_t2.
2 4 (c > 2/Q, ! 2
Now, we study the properties of h(t).

Lemma 3.1. Letc > ¢*,2<qg <2+ %, p=2+ %, 0 < u < py, where y, is defined in (1.7), the
function h has a local strict minimum at negative level and a global strict maximum at positive level.
Moreover, there exist 0 < Rog < Rj, both depending on ¢ and w, such that h(Ry) = 0 = h(R;) and
h(t) > 0 forany t € (Ro, Rq).

Proof. Since

wi (a, i b c\ 99 1797
e (7 3o (7
2 4 (c) Z‘qu

for t > 0, we have h(t) > 0 if and only if

=97 , a, wi b NS N
o(t) > TN with p(t) = S 47 (1 - (=) ) 2t

It is not difficult to check that ¢ has a unique critical point f on (0,0), which is a global
maximum point at positive level:

2a(2 — qv,) /
b4 —q7,) ((£)F -1)

f:=

and the maximum level is

o 2a(2 — q7,) o
¢(f) (4—974) (b(4cm) ((%O% 1)) -
Yo

From 0 < -+ <1, u > 0 and ¢ > c¥, it is obvious that lim;_,o+ () = 0~ and lim; , h(t) =
c1—97q

-2
21Qq37

—oo. Therefore, h is positive on an open interval (Ro, Rq) if ¢(f) > u which is ensured

by

1-171

2
2a|Qq|3 " 2a(2 - q,)
0 < < * = — .
H<H (4 — gyq)cT b(4 — q7,) <(C%)8—73N B 1)

It follows immediately that & has a global maximum at positive level in (Rg, R;). Moreover,
since lim; o+ h(t) = 0, there exists a local minimum point at negative level in (0, Ry). The
fact that /1 has no other critical points can be verified observing that /'(¢) = 0 if and only if

8—2N

Yqqct— 17 . 2419 C\ W 4-q1g
Y(t) =pu——— with¢(t):=at 2 +b(1—(— tT
2|Qq|g 2 (c )
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Clearly 1 has only one critical point, which is a strict maximum, and hence the above equation
has at most two solutions, which necessarily are the local minimum and the global maximum
of h previously found. O

We now study the structure of the Pohozaev manifold P, ;. Recalling the decomposition

Lemma3.2. If2<q <2+ 4, p=2+%and 0 < p < p,, then 772;4 = @ and P, is a smooth
manifold of codimension 2 in H'(RN).

Proof. Otherwise, let u € P u from Pey(u) = 0 and d7lau(u,0) = 0, we have
2 4 g _ 4
a|Vuly +b[Vuly — pyglulg - ;|”|p =0,

2a|Vul5 +4b|Vu|s — ugyguld — pryylully = 0.
By (1.5), we obtain
2%
(2= gr9)a| Vul3 + (4 = qv)b|Vuls = 1 (pyy —gr)lul} < 4= qu)b (=) © [Vl
cI=a7

qv
Sl Vil
2|Qql>

2a|Vuls = pyg(4 — qvq)[uld < ugve(4—qv,) 2

Then, the lower and upper bounds of |Vu|; are given by

a(2—q7,) : gy (4 = qg)ct e\ =
T gyw|zs< ! 2 ) :
b4 —q7y) ((£)F —1) 4a|Qy ]

which leads to

2—q1g

— 2
4a] Q| a(2—qyy)
9794 = 370)c" 7\ b4 — g7,) ((CL)% _1)

U > > W,

which contradicts to 0 < u < ., hence, 773]4 = @. P, is a smooth manifold of codimension
2 in HY(RY), see proof of [16, Lemma 5.2]. O

Lemma33. Leta>0,b>0,2<q<2+ %, p=2+2, 0<pu<u* ifu€ P isacritical point
for Equlp,,, then w is a critical point for Eq|s,,, where u* is defined in (1.7).

Proof. From Lemma 3.2, we deduce that P, is a smooth manifold of codimension 2 in H! (R")
and P y = @. If u € Py is a critical point for E,|p,,, then by the Lagrange multipliers rule,
there exists A, ¢ € R such that

<E£W(u),(p> - A/]RN updx — ¢ <P;,(u),go> =0, VpcH (lRN> .
So u solves

—((1=28)a+ (1 48)b|Vul3)Au — Au+ (398, — 1)|ulTu + (p&yp — 1) |ul’u = 0.
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Combining with the Pohozaev identity, we have

(1—28)a|Vul3 + (1 - 46)b|Vul3 + pyq(Eq7g — 1)|ulg + vp(p&rp — ulp = 0.

Since u € P, and u ¢ P, we deduce from ¢(2a|Vul} +4b|Vu|3 — pgy3|uld — viplulh) = 0
that ¢ = 0. O]

The manifold P, is then divided into two components P/, and P,

.u, having disjoint
closure.
Lemma 3.4. For every u € S.,, we have

(i) if §|Vuls > %]u!ﬁ, the function 1,,(u,-) has a critical point s, € R and a zero ¢, € R, with
Su < Cu;

(i) if §|Vulj < %|u!£, the function I, ,(u,-) has exactly two critical points s, < t, € R and two
zeros ¢, < d, € R, with s, <c, <t, <dy;

(iii) [gn |V (T u)|* < Ry for every T < c,, and

Eqp(sy 1) = min {EW(T*L{) : T € Rand /N |V (T % u)Pdx < Ro} <0 (3.2)
JR

(iv) Forany u € S, with %|Vul} < %]uﬂ, we have
Equ(ty*u) = max{E;,(t+u): 7€ R} >0, (3.3)
and 1, is strictly decreasing and concave on T € (t,, +00);

(v) The maps u € S.r — s, € Rand u € S, — t, € R are of class Cl.

Proof. We recall that by (3.1)

Lu(u,7) = Egu(Txu) > h (/ ]V(T*u)\zdx) =h (eZT/ |Vu|2dx) .
RN RN

Thus, the function I, ,,(u, -) is positive on (C(Rp), C(Ry)) with

(C(Ro),C(Ry)) := <;ln (Ro/ /IRN \vuy2dx> ,%m <R1/ /IRN \vuyzdx» .

If 2| Vul} > %\u]p, from (2.1), I; (1, T) = +o0as T — +o0,and I, (1, 7) — 0~ as T — —oo.
Hence, it follows that I,, has at least a critical point s,, with s, local minimum point on
(=00, C(Ry)) at negative level, and I, has at least a zero point ¢, with s, < ¢, < C(Ryp). Note
that .1, (u, T) = 0 reads

4-N

9(t) = pyglul]  with (1) = ae *T|Vul+be

8 8—N(g—2

~N(-2) )
N2q2T|Vu|§—pe 2 Tulh. (34

But ¢(7) is increasing on (—oo,+o0), hence, Loy has exactly a critical point s, and a zero
point cy.

If 2| Vul} < %\u|f,, Iiu(u,T) = —o0 as T — +o0 and ¢ has a unique maximum point, and
Iu(u,7) — 0~ as T — —oo. Therefore, we conclude that I, , has exactly two critical points:
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Su, local minimum on (—oo, C(Ry)) at negative level, and t,, global maximum at positive level,
which also gives (3.3).
From s, < C (Ry), then it holds that

/ |V (5, % 1) [2dx = % / |Vul*dx < Ro.
RN RN

In addition, we have s, xu € Py, tyxu € Py, and Txu € P, implies T € {sy,t,}. By
minimality and 732;[ = @, we have 9l (u,s,) > 0, that is, s, xu € P;fy. In the same way,
ty xu € Pg,. In particular, I, (u, -) is concave on [t,, +00).

Finally, we show that u + s, and u + t, are of class C!. To this end, we apply the
implicit function theorem on the C! function ®(u, 1) := dclay(u, 7). We see ®(u,s,) = 0 and
0:®(u,5) = Ocrlayu(u,s4) > 0, and the fact that it is not possible to pass with continuity from
Pey to P, (since P u = ©). By the same argument, we have that u — £, is of cL O

From the proof of Lemma 3.4, we see that s, < C (Rp) < f, and

/ ]V(Su*u)fzdx < Rp < / ‘V(tu*u)\de,
RN RN
which implies

Py C {u € Sepr [ Vul3 < Ro}

and
Py C{u € Se,: [Vulz > Ro}.

For k > 0, let us set
Ay :={ucS,, :|Vul5 <k},
and

M, == inf Eg,(u).

MGARO

As an immediate lemma, we have:
Lemma 3.5. supp;, E,u <0< iang,, Egp.
Lemma 3.6. It results that M., € (—o0,0), that

M., =inftE,, =infE,,, andthat M., < inf E,,
Pc,y ,PJV .ARO \ARofp

for p > 0 small enough.
Proof. For any u € Ag,, we have

Eou(u) > h(|Vul3) > min h(t) > —oo,
) 2 W) > min (e
and hence M, > —oo. Moreover, for any u € S, we have |V(Txu)[3 < Ro and E,(T*u) <
0 for T < —1, and hence M., < 0.
Now, M., < inf% E,y from P;fy C Ag,- On the other hand, if u € Ag,, then s, xu €
Pj}, C Ag,, and

Eqp(su*u) = min{Ea,H(T*u) : T € Rand / |V (7% u)Pdx < RO} < Eqpu(u),
RN
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which implies that infp;,ry Esu < M.,. To prove that infparp Eopy = infpw E, ., it is sufficient to

recall that E,, (1) > 0 on Pg,.

Finally, by the continuity of h, there exists p > 0 such that h(t) > % for any t € [Rp —

p, Ro|. Therefore, we have

M
Eou(u) > h(|Vul3) > ZC'H > Mey

for every u € S, with Ry — p < |[Vu|3 < Ry. O

Lemma 3.7. M, can be achieved by some il € Sc,. Moreover, 1., is an interior local minimizer for
Eop ] Agyr and i, solves problem (1.1) for some A, < 0. Moreover, il is a ground state of Ea,y|Sc,w
any ground state of E, s, is a local minimizer of E, ;, on Ag,.

Proof. Let us consider a minimizing sequence {v, } for E, | Ag,- By Lemma 3.4, there exists a
sequence {sy, } such that sy, xv, € PJ, and

Eq (S0, * vn) = min {Ea,},(r*svn) :T€Rand /]RN |V(T*svn)\2dx < Ro} < Eqpu(vn),
where the last inequality follows from v, € Ag,. Besides, we also see that

/IRN |V (s, *vn)|2dx < Ro,

furthermore, by Lemma 3.6, we have

/]RN |V (50, % vn)|?dx < Rg — p.
Once again by Lemma 3.6, it holds that

M., = 7i)nf Eop= 71)n+f Eg .

(2743 a,u

Setting u, = s,, x v, and using the Ekeland’s variational principle, we may assume that {u,}
is a Palais-Smale sequence for E,;, on S., and P, (u,) = 0. Hence, we have

a N(g—2
Eou(un) = 1|V”n’% -E (1 - (q)> ’”n’Z = Mcyu + 0n(1).
q 8
It results to
N(q-2)
7o, 2 B, N@-2)\ e
— < (M 1 —(1-— 2 3.5
4|Vun|2 ~ ( o + )+ q ( 3 2‘Qq 372]Vun|2 ( )

which gives {|Vu,|>} is bounded, hence, {u,} is bounded in H!(R"N). From Lemma 2.2, up to
a subsequence, 1, — i, strongly in H'(RVN) , and i, solves problem (1.1) for some A, < 0.
Moreover, we have [y |Vil,[*dx < Ry — p and il is an interior local minimizer for M. .
Since any critical point of EW|SW lies in P, and M., = infpw E;y, we see that 7., is a
ground state for E,,|s.,. It only remains to prove that any ground state of E,,|s,, is a local
minimizer of E,, in Ag,. Let u be a critical point of E, |s., with E; ,(u) = M, = infp,, Eqp-
Since E, (1) <0 < iancTy E,u, necessarily u € PJ,. Then Lemma 3.6 implies that PJ, C Ag,.
This leads to |Vu|, < Ry, and as a consequence u is a local minimizer for Eg | Ag,- Lemma 3.4
implies that E,(u) < 0 for any u € PZ,, and |[Vu[3 < Ro. Hence, u is a local minimizer for

Ea’V’ARU' D
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In the following, we focus on the existence of a second critical point for E; s, ,. Let

~ o Qp(x)
Qp(x) =c |Qp’2 ,

we have Qp(x), Qp(x) € Scr

Lemllm 38.If2< g <24+, p=2+3% and c > ¢*, we have Jra ]VQ;|2dx — 400 and
Lnu(Qp,T) — —00as T — +-c0.

Ce%TQp(eTx)
1Qpl2

Qp(x) := for any T > 0,

Proof. A straightforward calculation shows that

T2 2T A 2
/]RN|VQP| dx = e /RNWQM dx.

From (1.5) with s = p and (2.1), we have

Iu,y(ép/T)

ae2t . bett " 2 AT o107 "

o [ PGP+ P ([ VG Par) =S [ G- [ (Gl
@t CIVOls e A g e (DIVQp 12 < c >5 2|Qply

2 1Ql3 9 1Qyl3 " 4108 42 \IQk/) 4aIQB

aCZeZT eVt f bc4e4r c 82N

= 2 _I’l L]|QP|q <1_(*) N >/

7 1Qpl; c
from ¢ > c*, we have I ,(Qp, T) — —c0 as T — +0o. O

Lemma 3.9. Suppose that E; ,(u) < M. Then the value t, defined by Lemma 3.4 is negative.

Lemma 3.10. It results that

O = inf Egp(u) > 0.
uePcy

We introduce the minimax class
b 1
={veamusm:wmepgwmﬁvwmé<memewu»sma@,

then I' # @. In fact, we have s L * Qp +u by Lemma 3.4 and Eq,y, (T * Qp) — —00as T — +o0

by Lemma 3.8, and T — T Qp is continuous. Thus, we can define the minimax value

0 = inf max E t)).
2 Y€l te[0,1] ay('Y( >)
Lemma 3.11. 0., > 0 can be achieved by some #, € Scr, and i, solves problem (1.1) for some
A < 0.

Proof. Since we want to use Lemma 2.1, next we verify the conditions of Lemma 2.1 one by
one. Let us set

Fi=TI, A=+(01), F:=P, and B:=Ph UEn",

where Ef , := {u € S¢; : Egu(u) < c}.
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We first show that F is homotopy-stable family with extended boundary B: for any v € T’
and any 7 € C([0,1] x S.; Scr) satisfying (¢, u) = u, (t,u) € (0 x Sc,) U (][0,1] x B), we want
to get 77(1,y(t)) € T. In fact, let ¥(t) = 7(1,7(t)), then ¥(0) = 1(1,7(0)) = 7(0) € P,
Besides, 7(1) = #(1,v(1)) =~v(1) € Ei];f””‘. Therefore, we have 7(1,v(t)) € T.

Next we verify the condition (2.2): by Lemma 3.5 and Lemma 3.9, we know FN B = @ and
hence F\B = F. We claim that

AN(F\B) = ANF=9([0,1) NP, #@, VYyel. (3.6)

Indeed, since 7(0) € P, with LIV (0)]3 < %|7(0) 1, we know S4(0) = 0 (see the definition of
sy in Lemma 3.4) and hence t, ) > s,(0) = 0. On the other hand, since E,,(7(1)) < 2M,, <
M., (see Lemma 3.6), we by Lemma 3.8 have t,;) < 0. By Lemma 3.4, we know £, is
continuous in 7. It follows that for every 7 € T there exists 7, € (0,1) such that tyz) =0,
that is, 7(7y) € P, and hence AN (F\B) # ©.

Finally, we verify the condition (2.3), that is, we need to show

infE,;, >0,y > sup  Egy.

2M,
& Py UE

By (3.6), for every € I', we have

E t)) > inf E,,,
tfél[oa’)l(] w(')’( )) > H}y au

so that o, > 0. On the other hand, if u € P, with bivul < %|u!5, then for s; > 1 large
enough
Yu:T€[0,1] = (1 —7)s, +7Ts1) *u € Scr

is a pathin I'. Since u € P, o we know t, = 0 is a global maximum point for I, and deduce
that

Eqp(u) > max Eap (vu(t)) = e,

which implies that 7., > o;,. Thus, we get o¢;, = 0., > 0. By Lemma 3.5, we know

Esp (u) <0 forany u € Pj " U Eiﬁ?c’" , hence we get (2.3). From Lemma 2.1, we obtain a Palais—
Smale sequence {u,} for the functional E,, on S., and P, (u,) — 0. Similar to (3.5), {u,} is
bounded. Hence, from Lemma 2.2, up to a subsequence, u, — 1, strongly in H! (IRN ), and
fic,; solves problem (1.1) for some A, < 0. O

Proof of Theorem 1.1. Theorem 1.1 comes from Lemma 3.7 and Lemma 3.11. O

4 Proof of Theorem 1.2

In this section, we deal with the case 2 + % <g<p=2+ %, u > 0,a > 0 and prove
Theorem 1.2. We first consider the existence of normalized ground state solution for the
degenerate Kirchhoff-type equations, that is, 2 = 0, by the following minimization problem:

= inf E .
Moe = 10f Eap (1)

Cc

And then, we discuss the the existence of normalized solutions for the nondegenerate
Kirchhoff-type equations, that is, a2 > 0.
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Lemma 4.l Ifa > 02+ 5% <q<p=2+%andc < c*, the functional E,, is coercive on S.
Moreover, mp, < 0.

Proof. Utilizing (1.5) and (1.6), we see that for any u € S,

b o\ 1=
o) 2 3 (1 (5) ) 19ulf = vull™,
210

hence, from 2 < 749 < 4 and ¢ < ¢*, we obtain that the functional E;,y is coercive on S.
For any u € S, set uf(x) = 2 u(tx) for any ¢ > 0, then u' € S, and

b 1
mo. < Eoy(u') = 7| Vul3t - ?|u|gt4 - Zyu\gtw 0" ast— 0t

hence, from y > 0 and 2 < 7,9 < 4, we obtain mp, < 0. O
In order to prove that the minimizer of m, . can be obtained, we now give two lemmas.

Lemma 4.2. If m,. < 0, we have m, < My + Mg ey forany 0 < ¢ <c.

Proof. The proof is similar to [19, Lemma 2.5], so we omit it. O

Corollary 4.3. m, is strictly decreasing in ¢ € (0, +o0).

Lemma 4.4. Let ¢ < c*, my, := infu € SCEO,V(u) has a radial minimizer 1, and il solves problem
(1.1) for some A < 0.

Proof. Let {u,} C S. be a minimizing sequence of my,. < 0, it can easily see that {u,} is
bounded in H'(IRY) by Lemma 4.1. Since Ey,, is even, we can suppose that u, > 0. Moreover,
let u;, be the symmetric radial decreasing rearrangement of u,, up to subsequence, we may
assume that there exists i € H} (RN) such that

up, = in HY(RY), u} —a in L*(RN), s€(2,2%), ul(x)—d(x) ae in RN, (4.1)
Hence, we have
Eo, (i) < liminf Eq, (u,) < liminf Eoy(un) = moc, |3 < ¢
From Eg, (i1) < mg. <0, it follows that ii # 0. By Corollary 4.3, it must hold that
Eo, (1) = mg,, |lii]5 = c*.
By the Lagrange multiplier rule, there is A € R such that
—b|Vi|3Aid = Adl + |iI|P 2 + pli|7 %4,
and then, combining with the Pohozaev identity, we have

512 =P M oy 19
Alil; = ; ’“\p+2q(N(q 2) —2q)lilg,

which implies A <0 from2+ & <g<p=2+3%. O
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Lemma 4.5. Let 2 + % <g<p=2+ %, there is a constant a = a(b,c,q) > 0 such that for any
a € (0,a), we have
Mg, = inf E, () < 0.
ues

c

Proof. From [21, Lemma 2.1], 7 satisfies the following Pohozeav identity:
a4 N(g—2)
b| Vil — =il — uy——+—=|al§ =0,
2 p p Zq q
and it follows that

o, = Eo, (i)

by 1, 1,
— 31Vl Lol -

1 2 8 1
=~— = bVﬁ4+<—1>ﬁ”
(4 N(q—z>)’ N2 1)

Hence, we obtain

~ a - ~
Ew(u) = E\Vu % + Eo,y(u)

_togpa (o2 a8 N1
‘z‘v“‘2+<4 N(q—2>>b‘w2+<w<q—z> 1)p’”"’
N

Let

b ¢\ 5 2 1
=5 (- (-3
=3 (-7 (v 3 v
for any a € (0,4), we have E, ,(ii) < 0, and hence m, . < E,,(ii) < 0. O
Lemma 4.6. Let 0 < a < dand c < c*, my, := infycs, Eq (1) has a radial minimizer iic,q, and i
solves problem (1.1) for some A¢, < 0.
Proof. The proof is similar with that of Lemma 4.4, and we omit it. O
7.2
Lemma 4.7. Let 0 < a < a,2+% <g<p= 2+%andc < c*, there exists 0 < K., < %

small enough such that

0 E < inf E ,
<i‘;§ au(1t) nt ap(1t)

where A = {u € Sc, : |Vul3 < Ko}, B={u € Sc,:|Vul3 =2K,}.
Proof. Let K > 0 be arbitrary but fixed and suppose that u, v € S., satisfies
|Vul3 < K and |Vo| =2K.

From (1.5), we have

a b
Ea,y(”) - Ea,y(“) > Eu,y(v) - E‘V”’% - jﬂv“‘%

aK  3bK? c\ 1= N(g-2)-4
=T+ b (E) T e =
1Qql2

a 3 o\ c1=97 N(g-2)-4
w5 (3 () o ),

q12
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and

a 2 b C % 4 Cq_q%] qv.
Eqpu(u) > §|V”\2+Z <1— (g) |V”\2—P‘W’V“z !

i |2
In summary, we can choose sufficiently small constant 0 < K., < % such that

0< E < inf E
sup ap(tt) < Inf Eqy(u)

where A = {u € S.,: [Vul3 < Keo}, B={u€ S, : |Vul3 =2K.,}. 0

Let u € S, be arbitrary and fixed, it is easy to see that |V (T *u)[3 — 0 and I, (u, T) —
0" as T — 0. Hence, there exists il., € S., such that ]Vﬁc,g]% < Keq and Eg p(fc,q) > 0.
Combining with Lemma 4.7, we can construct the minimax value for the functionals E,
and I,

Y. = inf max I, ,(h(t
¥e = Jnf mox u(h(t)

with T = {h € C([0,1],5., x R) : 1(0) = (#1c4,0), k(1) = (ilcq,0)}, and

= inf E,,(h(t
e = jnf max apu(h(t))

with T'. = {h € C([0,1],Sc,) : h(0) = #ica, h(1) = #i.,}, where ii., is obtained in Lemma 4.6.
We have the following lemma.

Lemma 4.8. If0 <a < Ez,2+% <g< pzZ—l-%andc < c*, we have
Ye = Ye 2 max{Equ(fca), Eqp(iica)} := e > 0.
Proof. For any h € T, we can write it into
h(t) = (hy(t), ha(t)) € Sepr X R,
Setting h(t) = hy(t) % hy(t), we have h(t) € T, and

trg[g,)l(] Ia,y (E(t)) = trg[g,)l(] Ea,y (Ez(t) *El(t)) = tlgl[oa,)l(] Ea,;t (h(t))/

which implies 9. > .. On the other hand, for any i € I, set E(t) = (h(t),0), we get he I,
and

Lz h - Eu ’
max w(h(t)) max u(h(t))

which provides that . > 7. Thus, we have . = .. Finally, 7. > max{Eq;(f¢), Eqy(fica) } >0
follows from the definition of .. O

In what follows, we give the relationship between the Palais-Smale sequence for the func-
tional I, and that of the functional E; ,.

Lemma 4.9. There exists a sequence {(vn, Ty)} C Scr X RT such that for n — oo, we have

(1) Ia,y (Un, Tn) — ’7c/
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(2) I yls., xR (0, Ta) — 0, ie., it holds that
Ocloy(Vn, ) = 0 and  (9ylau(vn, ), @) — 0
for any
peTy, = {@6 HY(RN) : /]RN Uy pdx = 0}.
In addition, setting u,(x) = T, * v,(x), then for n — oo we get
(i) Eqpu(tn) = ve
(it) Py(un) — 0,

(iii) Eglscr(un) — 0, ie., it holds that (E; , (un), @) — O for any
peT,, = {qg e Hl(lRN) . /}RN Uy pdx = 0} .

Proof. According to the construction of 7., we know that the conclusions (1) and (2) follow
directly from Ekeland’s Variational Principle. Next we mainly prove (i)—(iii).
For (i), it is obvious from

Ea,y(un) = Ea,y(Tn *Un) = Iu,y(vn/ Tn)

and . = ..
For (ii), we first have

4
Oclau (v, Tn) = €™a|Vu,|5 + €™ b| Vo, |5 — pe 17y, o, | — €4T"E!Un|5
4
= a|V (T *vn) 5+ bV (T x ) |3 — 1yq| T * 0nld — ?|Tn * Oy |}
4
= a|Vun|% + b|Vun|‘21 - .”’Yq|”n‘z - ;|“n|5

= Py(un).

Thus, (ii) is a consequence of d¢1,, (vn, Ty) — 0 as n — 0.
For (iii), by the definition of the functional I, ,, we have

@ulap (00, Ta), §) = 7 / Vo, Vgdx + e7b| Vol / V0,V gdx
RN RN
— pe M1t /RN |vn|‘7_2vn§5dx — o /RN |vn|p_2vn(ﬁdx,
where

=~ _ o glimNy . Sy —
q)eTvn—{q)eH(IR)./]Rangodx—O}.

On the other hand, for any

_ 1RNY . —
q)ETun—{q)EH(]R )./]RNunq)dx—O},
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from u,(x) = T, * v,(x), we have
<Et,1,]/t (uﬂ)/ (P>
— /IRN VgV pdx + b| Vit 2 /RN Vi, V§dx — i /RN ]2ty pilx — /RN P2ty

=g / . Voge 3 V(e x)dx + e*™b|Vu,|3 / N ane*%Vgo(e’T”x)dx
R R

n

— e [ o ()1 2o (x)e F gl )y
e [ o)l ou(e F ple )
R

Setti
etting - v )
p(x)=¢ 2 (e ™x),

we get (iii) if we could show ¢ € T,. In fact, ¢ € T, comes from the following equalities:

0= /]RN Up@dx = /]RN ewvn(emx)(p(x)dx = /]RN vy (x)e

Lemma 4.10. 7. > 0 can be achieved by some ., € Scy, and u., is a radial solution of problem (1.1)
for some A, < O.

_ Nm

2 p(e”x)dx = /]RN vppdx. O

Proof. By Lemma 4.1 and Lemma 4.9, we obtain a bounded Palais-Smale sequence {u,} C S,
for E; s, at level . > 0 such that P,(u,) — 0 as n — co. By Lemma 2.2, we have u, — i,

in H}(RN), and u., € S, is a radial solution of problem (1.1) for some A, < 0. O
Proof of Theorem 1.2. Theorem 1.2 comes from Lemma 4.4, Lemma 4.6 and Lemma 4.10. ]
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