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Abstract. This manuscript introduces a framework that focuses on the singularity of a
zero-double-Hopf system with 1 : 1 resonance in general retarded differential equations
(RDDs). Initially, practical algorithms are proposed to identify the zero-double-Hopf
singularity and the associated generalized eigenspace that corresponds to zero and
two pairs of purely imaginary eigenvalues. Subsequently, by utilizing center manifold
reduction and normal form techniques, we derive a reduced form of parameterized
retarded differential systems up to third-order terms.
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1 Introduction

In this paper, our primary objective is to analyze the zero-double-Hopf bifurcation with 1 : 1
resonance in relation to the following equation:

z(t) = A(e)z(t) + B(e)z(t — t) + F(z(t),z(t — 7),€), (1.1)
where z € R", € € R", A(e), B(€) € C>(R", Myuxn(R)) and F € C3(R¥"™,R") satisfies

F(0,0,¢) = 31;(0,0,6) = (31;(0,0,6) = 0.

The characteristic equation of (1.1) at (z,€) = (0,0) is

A(A) = det(Al, — A — e *"B) =0, (1.2)
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where I, is the n x n identity matrix, A = A(0) and B = B(0).
To understand the dynamic behavior of the given differential system (1.1), it is crucial to
examine the root distribution in equation (1.2). Several cases can arise, including:

e All roots of equation (1.2) have negative real parts, except for a double or triple zero root,
respectively. In these scenarios, if the transversality condition is satisfied, the system (1.1)
undergoes a Bogdanov-Takens bifurcation or a triple-zero bifurcation, respectively. The
Bogdanov-Takens bifurcation in neutral differential systems was studied in [4], while
both the Bogdanov-Takens and triple-zero bifurcations for neutral functional differential
equations with multiple delays were explored in [2].

e All roots of equation (1.2) possess negative real parts, except for a pair of purely imagi-
nary roots. In this case, if the transversality condition is met, the system (1.1) undergoes
a Hopf bifurcation. This case has been discussed in [10].

e All roots of equation (1.2) exhibit negative real parts, except for a pair of purely imagi-
nary roots and a simple zero root. If the transversality condition is satisfied, the system
(1.1) experiences a zero-Hopf bifurcation. This case has been examined for delayed dif-
ferential equations in [11] and for neutral differential equations in [1].

e All roots of equation (1.2) have negative real parts, except for two pairs of purely imagi-
nary roots +iw; and =+iw,. In this situation, a double-Hopf bifurcation may occur. The
corresponding normal form for scalar DDE has been computed in [3], while the same
has been derived for systems of delay differential equations in [9] for the case where
v g Q.

e All roots of equation (1.2) possess negative real parts, except for two pairs of purely
imaginary roots +iw; and Fiw,, where w; = w;,. In [14], a double-Hopf bifurcation with
1:1 resonance in a van der Pol oscillator has been studied. Where, the authors established
explicit conditions for the characteristic equation to have a pair of purely imaginary roots
with multiplicity 2 and they derived the corresponding normal forms up to order 2. In
[12], authors presented a framework for studying the double-Hopf singularity with 1:1
resonance in general delayed differential equations. They also derived the corresponding
normal form up to the third-order terms. To illustrate the application of their study, they
applied these findings to a van der Pol oscillator with delayed feedback.

Explicit expressions for the eigenspace, its dual, and the coefficients of the normal form related
to the zero-double-Hopf singularity in retarded differential equations have not been provided
thus far. In [7], the authors presented the second-order normal form associated with the
zero-Hopf singularity for one-dimensional delayed differential equations. However, it has
been demonstrated in [8] that the second-order normal form is insufficient for determining
and analyzing the bifurcation diagrams of the zero-Hopf singularity. Consequently, to obtain
comprehensive bifurcation diagrams for this singularity, it becomes necessary to compute the
third-order normal form, which poses greater challenges and complexities compared to the
second-order normal form.

The remaining sections of this paper are organized as follows: Section 2 establishes spe-
cific conditions for the examined system to guarantee the existence of the zero-double-Hopf
singularity. Section 3 applies the theory of normal forms to compute the normal form up
to third-order terms for this singularity. The concluding remarks are presented in the final
section of the manuscript.
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2 Existence of the zero-double-Hopf with 1 : 1 resonance singularity

In this section, our examination focuses on the existence of the zero-double-Hopf singularity

with 1 : 1 resonance in the analyzed retarded differential equation, considering the case where

€ € R3. We make use of the concepts and notations introduced in [5,6,13] for our investigation.
The system (1.1) can be expressed in the following form:

z(t) = L(€)zt + F(z1,€) = L(0)z; + E(z4,€), zt(0) = z(t +6), —-7<60<0, (21)

with F(z;,€) = (L(€)—L(0))z;+F(z1,€), L(€)p = f_OTd[iye(Q)M)(G), forallp e C=C([—71,0],R"),
with supreme norm.

In particular, Lz; = L(0)z; = Az(t) + Bz(t — 1) = f?Td[iyo(G)]zt(G).

The function 7. is a bounded variation matrix-valued function defined on the interval
[—7,0] as follows:

A(e)+ B(e), 6=0,
1e(0) = < B(e), —T<0<0,
0, 0=-—1.

2(t) = L(0)zs. (2.2)

As stated in [13], the infinitesimal generator for the solution semigroup defined by the system
(2.2) can be represented as:

Aop = ¢,
D(Ao) = {<p cc: ”;‘g € C,p(0) = L(0)<p}.

The adjoint innner product on C x C* is defined by:

(9.9 = 90000 = [ [ 90 —)dtno(s)lo(o)de.

where C* = C([0, 7], R™), with R"* is the space of all row n-vector.
The adjoint .Aj of Ay is defined as follows:

Ay =3,
0
D(Ap) = {y e, 5 e =d0) = [ wi-ormio) }.

Now, it is necessary to impose the following hypotheses:

(A1): The infinitesimal generator .4y possesses a pair of purely imaginary eigenvalues A =
+iw (w > 0) with an algebraic multiplicity of 2 and a geometric multiplicity of 1.

(A2): The infinitesimal generator 4y has a unique eigenvalue A = 0.

(A3): All eigenvalues of the infinitesimal generator Ay exhibit negative real parts, except for
the simple zero eigenvalue and the two pairs of purely imaginary eigenvalues.
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Let P denote the eigenspace of Ag, and let P* represent the adjoint space of P.
The space C = C([—7,0],R") can be decomposed as C = P& Q, where Q = {¢ € C :

{$,) =0V e Pl

Let ¢1, ¢, and ¢3 denote eigenvectors of P.

Therefore, we have Ay = iwey, (Ao —iwl, )P = ¢1, and Az = 0.
By employing the definition of Ay, we derive the following expressions:

{451(9) = iwgy (), —T<0<0, {452(9) = iwgx(0) + 1(8), —T<6<0,
$1(0) = Loy (0), 6=0, iwds(0) + ¢p1(0) = Loga(0), 6 =0
and
{453(9) =0, —7<0<0,
$3(0) = Log3(0), 6 =0.

Hence, the eigenvectors ¢y, ¢», and ¢3 can be written as follows: ¢1(8) = e™@9¢?, ¢(0) =
e (9 + 0¢9), and ¢3(0) = ¢, where ¢9,¢) € C"\ {0} and ¢J € R"\ {0}. These vectors
satisfy the following equations:

iwgd = (A+e ™B)¢?, (te ™TB41,)¢) = (A +e "B —iwl,)¢d and (A -+ B)pI = 0.

Consequently, we have P = span{¢1, ¢z, p1, P2, 3 }.
Now, let 11, ¢, and 3 denote the eigenvectors of Aj.
Hence, we have Ajy, = —iwy,, (Af + iwl,) 1 = ¢ , and Ajyps = 0.
Accordingly, the eigenvectors 11, ¢, and 3 can be represented as follows:
Pa(s) = ™YY, Pi(s) = e ™ (¢} —sy9) and ¢s(s) = 3, where ¢,y € €™\ {0} and
) € R™ \ {0} satisfying the following equations:

PI(A+e™B) = —iwy, ¢(te™ B+ 1,) = ¢?(A+ "B +iwl,) and ¢I(A+B) =0.
So, P* = span{{1, P, P1, P2, P3 }.

It is crucial to emphasize that the eigenvectors of P and P* must fulfill the following
conditions:

(P01, 1) = (Y1, ¢1) = (P2, ¢2) = (Y2, P2) = (P53, ¢3) =1 (2.3)
and
(¥1,¢1) = (1, ¢2) = (Y1, $2) = (Y1, ¢3) =0, (2.4)
($1,¢1) = (P1,¢2) = (Y1, $2) = (P1,¢3) =0, (2.5)
(2, 1) = (P2, P1) = (Y2, $2) = (Y2, P3) =0, (2.6)
($2, 1) = (P2, P1) = (P2, 2) = (P2, ¢3) =0, 2.7)
(W3, 1) = (P3,$1) = (Y3, ¢2) = (Y3,¢2) =0 (2.8)

Therefore, we can appropriately select values for 4)?, 4)8, 43?, 4_)(2), (])2, 1,5?, l[_Jg, l/)?, lpg, and l[)g
to ensure the satisfaction of equations (2.3), (2.4), (2.5), (2.6), (2.7) and (2.8).
Let ® = (¢1, 2, 1, P2, ¢3) and ¥ = (P, P2, Y1, Y2, P3) 7, then ® = ®J and ¥ = —] ¥, where

iw 1 0 0 0
0 iw O 0
J=10 0 —iw 1
0 0 0 —iw
0 0 O 0

o O O O
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3 Calculation of the normal form

In this section, our focus is on calculating the normal form up to the third order associated
with the zero-double-Hopf singularity. Our approach is based on the methodology introduced
by Faria and Magalhaes [5,6].

We assume that hypotheses (A1), (A2), and (A3) are satisfied.

Let BC the enlarged space of C, which is defined as follows:

BC = :[—1,0] = R" : ¢ uniformly continuous on [—T,0
¢ ¢ y

and with a possible jump discontinuity at 0}.

An element 1 € BC can be expressed as: i = ¢ + Xov, with ¢ € C, v € R" and

0, —-T1t<6<0,
X0(9)={

I,, 6=0.
Let 7 be the projection defined as

m:BC— P
¢+ Xov — < ¥, ¢ > +Y(0)0].

The differential system (2.1) can be reformulated as

1
X = ]x+z.—'fj1(x,y,e)

jz2 I’

. 1
y= .AQly + Z 7]}2(x,y,e)
=2/

(3.1)

where f]-l(x,y,e) = ‘I’(O)ﬁj(Cbx +y,¢€) and f]-z(x,y,e) = (I- n)lfj(CI)x +y,€), E(®x +y,€) =
Yiso jl!ﬁ]'(@x—l—y,e) and z; = ®x+y, withx e CCandy € Q' = {¢p € Q : ¢ € C}, and

The normal form associated with P of the system (3.1) can be represented as follows on its
center manifold:

1 1
X =Jx+ Eg%(x, 0,€)+ Eg%;(x, 0,€) +ho.t, (3.2)

where g} and g} are the second and third order terms in (x, €), respectively.

Let M; be the operator defined in VjS(C5 x ker 7r) with the range in the same space by
M;(f,g) = (M]1 f, M]2 ), with V;(Y) is the the space of homogeneous polynomials with degree
j, for a normed space Y, where

fi
f2

M7= | | = Def(s = 155,
4

fs

szg = szg(x, €) = Dyxg(x,€)Jx — Aqig(x,€),
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with f(x,€) € V?(C°) and (x,¢€) € VP (ker 7).
By using the above notation, g%(x, 0,€) and g%(x, 0,€) can be written as follows:
&(
&3 (

x,0,€) = Projy o,y f2 (x,0,€) = Projg f5(x,0,€) + O(le|?)
X,0,€) = Projyg, 1) fA(x,0,€) = Proj fi(x,0,€) + O([e[x),
where
. 3
f3(x,0,€) = f5(x,0,€) + S[(Dxfz)(x,0,€)Us (x,€) + (Dy f2) (x,0,€)U3 (v, €)]
Uj and U3 are defined by:
UL (x,€) = (M3) ™ Proj,, s, A (x,0,€) and  (MZUZ(x,€)) = f(x,0,e).

ker(M3}) is spanned by

2

2
j€5, €jX5€5, X2X4€5, X5€5,

€jX2€1, X2X5€1, €jX4€3, X4X5€3, €1€265, €1€365, €2€3€5, €

for j =1,2,3, with (e1, ey, e3,e4,e5)" being the canonical basis of IR’.
ker(M3) is spanned by:

2 2 2
€ X261, X3X4€1, X5X2€1, €jX2X5€1, €1€2X2€1, €1€3X2€1, €2€3X2€1,

2 2 2
€j X463, X4X2€3, X5X4€3, €jX4X563, €1€2X4€3, €1€3X4€3, €2€3X4€3,

3 2 2 2 2 2 2 2 3
€j€5, €1€265, €1€365, €;€165, €5€365, €3€165, €3€1€5, €j X565, Xg€s,

2
€jX565, €jX2X4€5, €1€2X565, €1€3X5€5, €2€3X565, X2X4X5€5,

for j = 1,2,3, with (ey, e, €3, €4, e5)T being the canonical basis of R>.
Consequently, S! and S? are spanned respectively by

2
€jX2€1, X2X5€1, €jX4€3, X4X5€3, €jX5€5, X2X4€5, X565
and

2 2 2 2 3 .
X5X4€1, X5X2€1, X3X2€3, X5X4€3, Xze5X2X4Xs5es5, forj=1,2,3.

Write

1.
EFz(zt,e) = Are1z(t) + Azerz(t) + Aszezz(t) + Bierz(t — T) + Baexz(t — T) + Bzesz(t — 1)

n n

+ Y Eizi(t)z(t — 1) + i Fizi(t)z(t) + ) _ Kizi(t — 7)z(t — 1),

with A(€) = A+ €141 + €242 + €3A3 + O(|e|*) and B(e) = B + €1B1 + 2By + €3B5 + O([e|?).
So
1.
51:2((1)36,6) = Hiye1x1 + Hyexxy + Hizezx + Hae1xp + Hseoxp + Heezxo + Hze1x3 + Hgerxs
+ Hoezxs + Hipe1x4 + Hi1€2x4 + Hipesxy + Hize1x5 + Hig€rX5
+ Hiseszxs + H16x% + H17x§ + H18x§ + ngxﬁ + Hzoxé + Hr1x1x2 + Hppx1x3
+ Hozx1x4 + HpsXx1x5 + Hosxox3 + HoeXoX4 + HozxoXx5 + Hogxzxs + Hygx3x5
+ Haoxaxs + O(|e[?|x]),
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and

1 . 1 5 n
SB(@x+y.e) = h(Pxe)+ Yo ) (Rixjyk(0) + Sixxjye(—T))
j=1k=1

n

+Z Tiy7(0) + Qi (—7)) + Y, (Payj(0)yi(—1)) + O(lel*|x]),  (3.3)

jk=1

with Ay, Ay, Az, B1, By, Bs, Ej, Fj, Kj, Rjk, S]-k, ij, T] and Qj, for 1 < j,k < n are coefficient
matrix. The values of H; for 1 <i < 30 are provided in the appendix.

Write
1,
81—"3 21,0 Z Q ) + Z Ql]zl t)zj(t —T)z(t — 1)
i,j=1 i,j=1
n
+ ) Ozt —1)z )+ Z af 7)zj(t — 1)z(t — 1),
ij=1 i,j=1
Qll i 012], 03 and Qf], for 1 <i,j < n, are coefficient matrices. So
14
8F3(<Dx,0) = G1x] 4+ Gox3 + Gax3 + Gyxg 4 Gsx2 + Gex3xp 4+ Gyx2xs + Ggxixy + Gox3xs

+ G10x§x1 + an%xg + G12x§x4 + G13x§x5 + G14x§x1 + G15x§xz + G16x§x4
+ Gi7x3x5 + Gigxix1 + Gioxixs + Gooxixs + Go1x3xs + Goox3xy + Gozxdxs
+ G24x§x3 + G25X§X4 + Goex1x2x3 + Gorx1x2x4 + Gogx1X2Xx5 + GogX1X3X4
+ Gaox1x3x5 + G31x1%4X5 + Gapxoxzxg + Gazxox3xs5 + GzgXoXgXs

+ Gasxaxaxs + O(|e[*|x]).

The values of G; fori =1,2,...,35 are provided in the appendix.

We have:
X1X2 + K2X2X5
1, 1. 1. . 0
Egz(x, 0,¢) = EPro]y fa(x,0,€) = QPrOJsl Y(0)F(Px,€) = X3X4 + Xg4X4X5 ,
0

X6X5 + X7X2Xs + AgX2

where a1 = lp(l)(H4€1 + Hsep + H6€3), Ky = I,I_J?Hy, K3 = IIJ?(Hmel + Hi1ep + H12€3), Ky =
WWHzo, a5 = 3 (Hizer + Hia€a + Hises), a6 = P3Hoe and a7 = 13 Hao.

Remark 3.1. We remark that H4 = Hlo, H5 = Hll/ H6 = le, H27 = Hg(). SO, K1 = Q3 and
Ky = Dy.

Therefore,
N1Xp + K X2X5
0
1, _ _
Egz(X, 0,€) = &1X4 + Ko X4X5
0
X5 + A7X2X4 + uch§
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Now, we will calculate the term ¢3(x,0,€).

1 1. . .
gg%(x, O’ 6) = 8 Pro]ker(M%) f?} (x/ 0/ 6)

1 ) 1 .
= < Projes f3(%,0,0) + 4 Proje[(Dx ) (x,0,0) U (x,0)

+ (Dyf3)(x,0,0)U3(x,0)] + h.o.t.

First,
51x§x4 + ,Bzxzxé
1 1 . 0
¢ Projs: f4(x,0,0) = ¢ Projsz ¥(0)F5(@x, 0) = Bax2x; g Baxsx? |,

Bsx3 + BexaXaXs

where B1 = Gy, B2 = l/_J?Ang, B3 = PGy, Bs = P)Gas, 5 = P3Gs and s = $3Gaq.
Since f»(x,0,0) = ¥(0)E,(Px,0), then:

UL (x,0) = U3(x,€) e—o= (M2) ™ Proj,, un) f3 (x,0,0).

Therefore,
’le%x4 + ’szzxé
0
1 .
1 Fr0js2 [(Dxf2)(x,0,0)U;(x,0)] = | yax3xz + yaxax? |,
0
75X§’ + YeX2X4X5
where
1. _ 2 1 1 1
m=s Y Hy [—UJ? ((iw)3 Hy, + () Hys + WH% + H26>
_ 5 2 1 1
+ 0( ——Hp + 2+ Hos + %H
P\ G2 Gl P T Gp P Gy
_ 2 1 1
—30H 0 H il
+ 21,01 23 [7,01 <(iw)3 16+ - Hhz (w)? 21>

_ 4 1 1
88 (G G~ G ) |
1 1

_ _ 1 1 - -
0 0 0 0
—yiH Hy + Hys + —Hy | + H H
Py 17¢2<i ER I PR 26) 2ip Y1 H26¥2 Hu7

2 1 1 1
<.3sz — H. 5 Hos + .H26)
iw) iw

(
1.
s o wp™ Gy

(
+ 3 (;)4sz - % z;) Hps + (i;>2H26):|
+ %@?st [T,U? <(iwz)3H16 + %HU - (Z.;)ZHm)

_ 2 1 2
0 0

+ 7 H ——H¢+—Hy— —+H
(21 191/Jz<(3i E 16+ 3 Hhz (Biw)? 21>
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1.0 of 1 1 1 1
~ 0 Ho 9 ( 5 Hop — 5 Hoy — 5 Hios + — H
+ 24]1 261/]2((1'10)3 27 (w2 P (w)r ® + iw 26)

1 o0 of 2 1 1
—¢%H —~ _Hy+-——H H
+2%”%<@mﬁ 16+ 2517 T (2)220

19 1 2o 1 2 07y 70 19 1 o 1
= ~¢%Hy ( — Hao — §0Hy709Ho + =~ O H: H
72 21,01 21( iw% + (iw)? le> 20 — Y1 HiyPy Hoo + 21,01 25 iw% + (iw)2¢2 20

+ 7 Hao [IP? <.1H27 - (2i1a))2H24) + <(2i1w)2H27 (212 E H24)} + ﬁlp?H%lngzo
1 o of 1 1
+ l/11 301/’2( - (21’w)2H24> + P71 Haot3 <in27 - (iw)zHM)

Y3 =71, Y4 =2

_ 1 1 -9 1 - 1 o0 70
Y5 = 21/13H24( Lt (fw s | Hao ZiwlIJ:«;HzﬂPszo
+ 1lngHzg i1/1? + 1 ¥9 ) Hoo + 1 W3 Hao 9 Hoo
2 iw (iw)? 2iw

1, 1 1 11 1
= -z H —H —H s —H
7 21’03 21 [ & ( iw2iw > + 2iw 30> iz <1w (2iw)? 2+ (2iw)? 30)}

1 2 1 1 1
+2¢§H24{ 1P1<( )3 22+( )2H23+( >2H25+ H26>

+¢g<(5) Hat (g )HB*( 1 >H26>}

L o or 70 0r 7o 1 1 1
— —gOHy 9 a0 — =) Hy ) ( —— H H H
i Va2 Hzo 21,03 2717 (fw)? 22+(iw)2 23 + 5 He

1 1 1 1 2
+ ElngZg [1/7(1) (Zin27 - WHM) + 1/1(2) < 2wy Hyy — (2iw)3H24>]

1o of 2 1 1 1
—ysH Hy, — Hys — ——H, —H
+ 2¢3 29 |:ll)1 ((lw)3 22 (Zw)z 23 (Zw)z 25 + lw 26>

4 2 ) 1
+ 1P(2) < (iw)? Hp, — (iw)? Haps — (iw)3H25 + (iw)zH%)}

1 1
+ 1P8H19‘/Jg <2in27 - 7(21@0)2 H24)

1o of 1 1 1 1
—Us H ——Hy — Hyz — H. —H.
+ 21703 301P2 ( (ZZU)?) 22 (ZZU)Z 23 (lw)z 25 + w 26)
To compute Projg. Dy f5 (x,0,€)U3(x,0), we define h = h(x)(#) = U3 and write
h(6) = : = N20000%F + M02000%3 + 1002003 + 000203 + 0000222 + H11000%1 %2

+ h10100X1%3 + N10010X1X4 + M10001X1X5 + Ho1100X2X3 + Ho1010X2X4
+ ho1001X2X5 + hoo110X3%4 + o101 X3X5 + o011 X4X5
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1 1 1 (1)
h%g%)oox% + h(égg)oox% + h(i)g;zooxg +ot h?%)11X4x5
H0000%T + Poz000%3 + Moo200%3 + * + -+ Hggo11 ¥4Xs

h%éoox% + hég())oox% + h(()?);ooxg" +ot h(()g())11x4x5

where h20000,102000, 100200, 100020, Fo0002, F11000, F10100, P10010, H10001, Ho1100, Ho1010, Ho1001, Hooi1o,

hoot01, hooonn € Q'
The coefficients of h can be determined by solving the equation (M3h)(x) = f2(x,0,0),

which can also be written as:
D:hjx — Agi(h) = (I — m) B (Px,0).

Next, by utilizing the definition of Ay and the projection 71, we derive the following system

of equations:
{h — Dsh]x = ®(0)¥(0)F(Px,0), (3.4)

h(0) — Lh = F(®x,0).
Here, /i denotes the derivative of h with respect to §. We have:

1:"2(<I>x, 0) = 2(H16x% + H17x% + ngx% + ngxi + HzoX% + Hy1x1x2
+ Hypx1x3 + Hyzx1x4 + Hogx1x5 + Hosxox3 + HoeXoXy

+ Hayxox5 + Hogxzxy + Hooxzxs + HaoxgXs).

By comparing the coefficients of each monomial, we establish the following relationships:

h20000 = Ho0200, Ho2000 = Ho0020, Hoo110 = F11000, Foor01 = H10001, Fo1001 = Fooor1 and Aiooro = Hot100-
By substituting (3.4) into the expressions, we find that the coefficients haoo00, /00200, H10100,

h10010, h10001, h00101, ]’100002, ]’111000 and h00110 satisfy the fOHOWil’lg equations:

Fa0000 — 2iwhaoeoo = 2®(0)¥ (0) Hye, (3.5)
1120000 (0) — L(h20000) = 2Hs,
Fop000 — hnooo + 2iwhpoo) = 29(0)¥ (0)Hyy, (3.6)
1102000 (0) — L(hooo00) = 2H17,
h = 2(13 ‘f 0)Hoyy,

00002 )Y (0)Hao (3.7)
1100002(0) — L(hooo02) = 2Hao,
F11000 — 2(haoooo + iwhi1000) = 2P (0) ¥ (0) Hay, (3.8)
7111000 (0) — L(h11000) = 2Ha1,
h = Zq) ‘I’ 0)H»»,

10100 )Y (0)Ha (3.9)
I10100(0) — L(h10100) = 2H22,
h —h =2®(0)¥Y(0)Hys,

10010 10100 ( ) ( ) 23 (3‘10)
h10010(0) — L(h10010) = 2Has,
h h =2P(0)Y(0)Hoy4,

10001 — {Wh1001 ( ) ( ) 24 3.11)
7110001 (0) — L(h10001) = 2Has,
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ho1010 — (M10010 + ho1100) = 2@(0)Y (0) Hag, (3.12)
F00101 (0) — L(hoo101) = 2Hos,
ho1001 — (10001 + iwhoioo1) = 2@(0)¥ (0) Hyy, (3.13)
h00110(0) — L(hoo110) = 2Hay.

By utilizing equations (3.3), we deduce that

0’1X%X4 + 0’2X2x%,
0

1 .
1 PI‘O]SZ Dyle ‘y:O,e:O LI% = 0'3xﬁX2 + 0'4X4x§,
0
(75x§ + OpX2X4X5
where
1. n . . )
o = Elpl (O) E(szhél)(]l()(o) + 52]']’1(()]1)010(—1') + R4]h(()]2)000(0) -+ S4]~h(()]2)000(_7)),
j=1
1._ n . . )
02 = §¢1<0) Z<R2]h(()0)002(0) + Szjhéjo)ooz(—T) + R5jh(()]1)001(0) + S5jh(()]1)001(—r)),
j=1
1 n ; : : )
03 = 5’#’1(0) 2(R2jh(()]())020(0) + SZjh(()]o)ozo(—T) + R4jh(()]1)010(0) + S4]~h(()]1)010(—r)),
j=1
"Pl( ) Z(R4fhgo)ooz(0) + 54jh(()]0)002(—7) + Rth(()]o)ou(O) + Sth(()]o)ou(—T))r
j=1
. () (1)
*1#3( ) E(R5]'h0]0002(0) + Stho]()ooz(—T)),
j=1
*1P3< ) Z(R2jh(()]o)o11(0) + 52jh(()]())011(—7) + Rthc()Jl)ow(O) + Sth(gjl)ow(—T)

N
H

+ R4fh((J]1)001 (0) + 54]'hé]i)001 (=7))-
Remark 3.2. 04 = 03 and 0» = 03.
We can explicitly determine the expressions of hoo00, 02000, H00002, H11000, 10100, F10010
h10001, ho1010 and hgipp1 in the same way detailed in [1,11].
By consolidating all the obtained results, we reach the following conclusion:
(B1+ 71+ (Tl)x%x4 + (B2+72+ (Tz)xzxé
0

1
ggé(x, 0,€) = | (Bs+ 73 +03)x3x2 + (Ba + Y4 + 04)x4x3
0

(Bs + 5 + (75)x§ + (Bs + v6 + 06) X2X4X5

Consequently, the system described in equation (3.2) can be reformulated as:

X1 = iwx1 + X3 + a1X0 + apxoxs5 + (ﬁl + 71+ U])X%X;; + (,32 + 72 + 0’2)x2x§,

5(2 = iwa,
X3 = —iwxs + X4 + a3x4 + 0aXaXs + (B3 + 73 + 03)x3x2 + (Ba + Y4 + 04)x4x3, (3.14)
X4 = —iZIJX4,

X5 = (X5 + a7x2Xq + agX3 + (Bs + 5 + 05)x3 + (B + V6 + 06) Xax4X5.
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Given that x; = %3 and x, = %4, the system (3.14) can be expressed equivalently as:

X1 = iwxy + x2 + a1 + a2x0%5 + (B1 4+ 1+ 01)x3xa + (B2 + 12 + 02) X223

5(2 = iwa,
X3 = —iwxs + X4 + A1x4 + RoXaxs + (B1 4+ Y1 + 01)x3x2 + (Bo + Y2 + 02) xax3, (3.15)
X4 = —iZUX4,

X5 = agXs + a7Xoxs + agx2 + (Bs + 15 + 05)x2 + (Be + Y6 + 06) X2X4X5.

Theorem 3.3. Assuming the validity of assumptions (A1), (A2), and (A3), the retarded differential
system (1.1) can be equivalently represented by the reduced system (3.15).

4 Conclusion

Despite the extensive literature on various types of singularities in retarded differential equa-
tions (RDDs), such as the Bogdanov-Takens singularity, Hopf singularity, zero-Hopf singu-
larity, saddle-node singularity, and double-Hopf singularity, the zero-double-Hopf singularity
in RDDs remains relatively unexplored. This paper addresses this research gap by providing
explicit conditions for the occurrence of the zero-double-Hopf singularity with 1 : 1 resonance
in general RDDs. By employing the normal form theory proposed by Faria and Magalhaes,
we transform the considered RDDs into a system of three ordinary differential equations. De-
tailed calculations and formulas are presented, facilitating their implementation in symbolic
computation systems.

However, an important question arises: How can we analyze the bifurcation diagram
associated with this singularity to examine and understand the dynamics of various systems
modeled by delay differential equations? Answering this question will be the focus of our
future research endeavors.

A  Appendix
In this part, we will define the notations:

= A1¢1(0) + Bip1(—7 T) H3 = Az 0) —|—B3(P1(—T

(0) (—1), H (0) (— ( )
H4 = A1¢2(0) + B1¢2(—T), Hs = Ax¢2(0) + Bago(—7), He = A32(0) + Bago(—7),
= A141(0) + B1g1(—7), Hs = A21(0) + B2gp1 (—7), Hy = A3¢p1(0) + Bs1(—7)
HlO = A12(0) + Big(—7), H11 = A22(0) + Bao(—7), Hio = A3$2(0) + B3 (—71),
(0) (—1), ( (

Hiz = A1¢3(0) + Bi¢3(—7), Hia = A2¢3(0) + Bogs(—7), Hi5 = Az¢3(0) + Bss(—7),
He = i,(Ei%i(O)ébl(—T) + Fi1:(0)¢1(0) + Kigi (—7)1(—7)),
Hy7 = é(EﬂPzi(O)‘Pz(—T) + Fi2i(0)$2(0) + Kigpoi (—T)p2(—7)),
His = Xn:(E@li(O)J’l(—T) + Fi1i(0)$1(0) + Kipri (— 7)1 (—7)),

1

= Ax¢1(0) + Bagpy

7

T

4

ke
I
D=

(Eip2i(0)2(—=1) + Figpi(0)$2(0) + Kigpoi (= T)p2(—7)),

N
Il
—
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n

Hao = L (Egu(0)3(=7) + Fpu(0)¢5(0) + K ~T)¢5(~7),

Hy = ) (Ei(¢1i(0)p2(—7) + ¢2i(0)p1(—7)) + Fi(¢1:(0)$2(0) + ¢2:(0)¢1(0))

i=1
+ Ki(p1i(— )2 (—T) + ¢oi(—T) 1 (—7))),

Hy = i, (Ei(¢1:(0)p1(—7) + ¢1:(0) 1 (—7)) + Fi(¢1:(0)$1(0)
+ $1:(0)$1(0)) + Ki(p1i(—=7)P1(—7) + Pri(—7)1(—7))),

Hys = ) (Ei(§2i(0)1 (=) + ¢1i(0)d2(—T)) + Fi(2i(0)¢1(0) + ¢1i(0)§2(0))

i=1

+ Ki(2i(—T)p1(—7) + pri(—1)$2(—7))),

Hay = l}i,( i(91(0)¢3(—7) + ¢3i(0)¢1(—7)) + Fi(¢1:(0)93(0) + ¢3:(0)1(0))
+ Ki(1i(—=T)p3(—7) + ¢3i(—T)1(—T))),

Has = 1 (E(u(0)42(-) + 4a(0)fs (7)) + E@u(0)2(0) + 4a(0f ()
+ Ki(1:(=1)p2(=7) + p2i(~T)$1(—7))),

Hae = l_il( i(92i(0)P2(—7) + $2i(0)P2(—T)) + Fi(2i(0)$2(0) + ¢2:(0)¢2(0))
+ Ki(¢2i(—T)P2(—7) + foi(—T)2(—T))),

Hay = 3 (Epa(0)95(=) + 4(0)a(=) + E(0)(0) + 42(0)42(0)
+ Ki(¢2i(=1)93(=7) + ¢si(=T)¢2(~7))),

Has = l‘;( i($1(0)¢2(—7) + P2i(0)1(—7)) + Fi(P1i(0)$2(0) + ¢2:(0)1(0))
+ Ki(@u(—1)$2(=7) + doi(—T)P1(—7))),

Hag = i( (#1i(0)¢3(—T) + ¢3i(0)¢1(—7)) + Fi(¢1:(0)3(0) + ¢3:(0) 1 (0))

+K(<P11( T)p3(—7) + ¢3i(—T)P1(—7))),
Hzp = 1( i(92i(0)p3(—7) + ¢3i(0) P2 (—7)) + Fi(2:(0)¢3(0) + ¢3:(0)$2(0))

Ki(¢2i(=T)p3(—T) + ¢3i(—T)f2(—T))).
Gi= ). [Qi91:(0)¢1;(0)¢1(0) + OF j1i(0) 1 (—T)P1(—T) + O3 i (—T)p; (0) 91 (0)
ij=1
+0

=

LT (— T (—7)],
Ga= Y. [O}¢2i(0)2i(0)2(0) + OF pi (0) i (—T) P2 (—T) + OF joi (=) 2 (0) 2 (0)

ij=1

+ Qi (= 7)o (—T)a(—7)],

13
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G =

Gy =

Gs =

Ge =

Gy =

Gs =

Gy =

H. Achouri

n

Y [€41:(0)¢1;(0)p1(0) + OF 1 (0)pj (—T)1 (—T) + OFri(—7)d1;(0)1(0)

ij=1

+OLpu(—T) P (—T) P (—T)],
i [ $2i(0) 2 (0)2(0) + OF jpai (0)foj (—T) P2 (—T) + OF pai (—T) b2 (0)2(0)

ij=1

+ O i (—T) oy (— D)2 (7)),

Y. [ i3i(0) 3 (0)3(0) + OF jp3i (0) 3 (—T) 3 (—T) + OF ipsi (—T)p3; (0)3(0)

ij=1

+ O isi (—T) 3 (—T)p3(—7)],

n

Y. [0 (¢1:(0)41;(0)92(0) + P1:(0)¢2(0)1(0) + ¢2:(0) 1 (0)¢1 (0))

ij=1

+ OF 1 (¢1(0)Prj (— )2 (—T) + 1 (0)Poj (—T)p1 (=) + 2 (0)pnj(—T) 1 (— 7))
+0, (4)11 T)¢p11(0)$2(0) + 1i (=) P2 (0)1(0) + i (—T)¢p1;(0)¢1 (0))
+Q4( 471] ) ( )+¢1z( T)(PZ]( T) ( )+(P21( )¢1J( T) (

i [ i,j(fPli( )¢1;(0)$1(0) + ¢1:(0)P1;(0)¢1 (0) + p1:(0)¢p1;(0)¢1(0))

i,j=1

+ OF i (¢1:(0) 1 (—T)r (— )+q>11(0) J(=T)P1(=7) + ¢1:(0)P1; (—T) 1 (7))
+07; (4>1z 4>1,0 $1(0) + ¢1:(—7)1;(0)1(0) + Fri(—7)1j(0)¢1(0))
+04( T)p1j(—T)P1(— )+¢1z( T)qh]( T)P1(—7) + P1i(—=7)P1;(—T) 1 (

Z [© 1](4’11( )¢1;(0)$2(0) + ¢1:(0)2; (0)¢1 (0) + p2:(0)¢p1;(0)¢1(0))

ij=1

+ OF 1 (1(0)Prj (=) P2 (=) + ¢1:(0)Paj (—T)p1 (=) + $2i(0) 1 (—T) 1 (— 7))
+ OF (1 (=) 1 (0)P2(0) + p1i(—T) P2 (0)p1(0) + Pai(— 7)1 (0)$1(0) )
+Q4(<P11( T)P1;(—=T)P2(—7T) + P1i(—=T)P2; (= T)P1(—T) + P2i(=T)P1;(—T)P1 (

Z [ (#1:(0)¢1;(0)$3(0) + $1:(0)p3;(0)¢1 (0) + ¢p3:(0) b1 (0) 1 (0))

ij=1
+ O (1 (0)r;(—T)p3(—T) + 915 (0) s (— D)1 (—T) + 93 (0)1;(—T)a (— 7))
+ 0, (q>h (pl]o $3(0) + ¢1:(—7)3i(0)¢p1 (0) + i (=) (0)¢1 (0))
—|—Q4( 471] T)P3(—7) + ¢1i(— 7)4)3]( T)Pp1(—7) + P3i(—7 )(Pl](

\_//\

T)r(

= i [ i,j((Pli( )¢2j(0)¢2(0) + 2:(0)P1;(0)P2(0) + ¢2;(0)¢p2(0) 1 (0))

=1

+ OF (01:(0) o (= T)p2(—T) + $2i(0)P1j (—T) P2 (—T) + ¢2i (0) o (—T) 1 (—7))
+ OF (1 (—T)¢2j(0)¢2(0) + P2i (—T)P1j(0)2(0) + i (—T)¢h2j (0)1(0))
+Qz4,j(4’1i(—T)¢2;( T)p2(—T) + ¢2i(—T)P1;(—T)P2(—T) + P2i (—T) P2 (—T) P1 (

-0l

)l

)l

—o)l

-0l
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n

G = Y [O}(#1:(0)2;(0)$2(0) + $2i(0)1;(0)¢2(0) + ¢2:(0) 2 (0)1 (0))

=1

+ OF 1 (1(0) 2 (= T)p2 (=) + i (0)P1j (—T)p2(—T) + 2 (0) o (—T) 1 (— 7))
+ OF (1 (—T) 2 (0)2(0) + i (—T)P1j(0)92(0) + P2i(—T)¢p2;(0) $1(0)

+ O (P1 (=)o (= T)p2(—=T) + Pi(=T)Prj (= T)p2(—T) + i (—T) o (—T)u (

G = i [} ($2:(0) 27 (0)$2(0) + 2i (0) 2 (0)2(0) + 2:(0) 2 (0) B2 (0))

ij=1

+ OF (B2 (0) o (—T)p2 (=) + P2i(0) o (—T)p2(—T) + 2 (0 )‘Pz;( T)pa(—7))
+Q7; (@2i(=T)$2(0)$2(0) + p2i (=) $2j(0)2(0) + i (—T)¢2(0)2(0))
+Q4(4>21( T)P2j (—T)p2(—T) + p2i(—T)P2; (—T)P2(—T) + P2i (—T) 2 (—T) P2

Gz = Z [ (93:(0)p27(0)P2(0) + 2i(0)¢3;(0)2(0) + ¢2:(0) 2 (0)p3(0))

i,j=1

+ OF(3i(0) o (= T)p2(—T) + ¢2i(0) 3 (—T)p2 (—T) + 2i (0) o (—T) 3 (—T))
+ OF(93i(—T)2(0)¢2(0) + P2i (—T)3i(0)2(0) + i (—T) 2 (0)$3(0))
+ 0 (@31 (=) 2j (= T)p2(—T) + p2i(—T) 3 (—T)p2(—T) + p2i (—T)2j (—T) p3(

Gu = ”21[ 1 (91:(0)@1;(0)¢1 (0) + p1:(0)¢1;(0)P1 (0) + P1:(0)1;(0) 1 (0))
ij=
+ OF 1 (1(0)Pr; (— )1 (=) + $1:(0)Prj (—T)f1 (=) + P1:(0) i (—T) 1 (— 7))
+ Q7 (01 (=) P1;(0)1 (0) + f1i (=) 1 (0) 1 (0) + Pri(— 7)1 (0) 1 (0)
+QZJ(4’11( )P1;(—=T)P1(—T) + P1i(—=T)P1;(=T)P1(—7T) + P1i(—T)P1;(—T) 1 (
Gis = “21[ 1 (92 (0)@1;(0)1 (0) + 1 (0)pa; (0)P1(0) + P1:(0)1;(0)2(0))
ij=
+ OF (92:(0)1j (=) 1 (=) + Pri(0)paj (—T)p1 (=T) + Pri(0)nj(—T)¢2(—T))
0)

+ 07 (92 (—1)P1;(0)p1(0) + P1i (—T)¢baj (0)1(0) + Pri(—7)P1;(0)2(0))

+Q;1,j(¢21( 471] T)P1(—7) + P1i(— T)‘PZJ( T)P1(—7) + P1i(— )‘Pl]( T)p2(—T
Gis = i1 [Q},‘(‘Pzi( )$1;(0)1(0) + P1:(0) 2 (0)P1(0) + ¢1;(0)h1;(0)2(0) )

i

+ 02 (G2i (0)P1;(—T)F1(—T) + P13 (0)Foj(—T)F1 (—T) + P1i (0)P1;(—T)Fa(—7))

+03, (4>21 4>1]o $1(0) + G1:(—7)$2(0)1 (0) + i (—T)1;(0)$2(0))

O (G2 (— 1) (—DPL(—T) + Pri(—T) b (—T)P1(—T) + Pri(—T)Prj(—T)Fa(—T

Gi7 = ”21[ 1](4731( )¢1;(0)$1(0) + ¢1:(0)¢p3;(0) 1 (0) + p1:(0)1;(0)¢p3(0))

1,]=

+ OF (951 (0)p1j (— 7)1 (— ) + Pri(0)psj (— 7)1 (—T) + P1i(0) i (—T)ps(— 7))

+ O3 (¢3i(—T) @17 (0)P1(0) + Pri(—T)p3i(0)1 (0) + pri (—T)P1;(0)3(0))

+OF (s (—T)P1j (— D)1 (—T) + Gri(—T)psi(—T)d1 (—T) + pri (— ) (—T) s

-0)],

—0)],

-0,

-0,

)]
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Gis = ) [Q};(#1:(0)$2i(0)p2(0) + §2:(0)1;(0)P2(0) + $2:(0)2; (0) 1 (0))

Gio =

Gy =

Gy =

Gy =

Gy =

ij=1

)3 [03,]-<¢2i<o>¢2]-<o>432

ij=1

Y [ ($1:(0)§2(0)2

ij=1

ij=1

+ 012] (‘Pll(O 473] )

+ 03 (4’11(
+ O (pri(—T

T)¢3i(0)¢
)4)3](

0)

3(—1

=T) 4 $2i(0)1j(=T)P2(—=T) + P2i(0) o (— )1 (—

0)+4721( 7)$1j(0)$2(0) +

—T) + $ai(— T)‘Pl]( )¢

+ Pai(
2(—

‘PZJ
) + (PZZ(

)1
)¢

1
(0))

2]( )¢

(0) + $2i(0)p2(0)$2(0) + ¢2:(0) 21 (0)¢2(0) )

—T) + $2i(0) 2 (= T) P2 (—=T) + P2i(0) o (—T)p2(—

+ 4’21( ) (0) (0)

—T) + ¢2i(—T) i (—T)P

Pai( =T
2(—

‘PZJ
) + 4’21(

)2
)¢

2
(0))

2]( T)

(0) + ¢2i(0)1;(0)$2(0) + $2:(0) $2(0) 1 (0))

=T) + $2i(0)1j(=T)P2(—=T) + P2i(0) o (—T)p1 (—

0)+<Pzz( T)$17(0)¢2(0) +

—T) + $2i(— T)‘Pl]( )¢

Pai( =T
2(—

¢2]
) + 4721 (

)1
)¢

1
(0))

2]( T)

—T) + ¢2i(0) 3 (= T) P2 (—T) + P2i(0) o (—T)p3(—

0)+<Pzz( T)3i(0)¢2(0) + ¢ai(—7

—T) + 2i(—T)P3i (—T) P2 (—
i [ i,j(¢1z‘( )3i(0)3(0) + p3i(0)¢1;(0)¢3(0) + ¢3i(0)¢p3;(0)p1(0))

4’2]
) + 4721 (

)3
T)

3
(0))

2]( T)

) + ¢31(0) 91 (—=T)p3(— 1) + 3 (0) 3 (—T)pr (—T

(0)+¢3z( 7)1 (0) 3(0) +

$3(—

T) + ¢3i( T)‘l’l]( )¢

P3i(—T
3(—

4’3]
) + (P?)l(

0)¢
7)

)
(0))
473]( T)

Z O i,‘(‘PZi( )3i(0)3(0) + P3i(0)¢2j(0)¢3(0) + ¢3i(0)¢p3;(0)2(0) )

i,j=1

+ OF (92i(0)p3j (—
T)¢3i(0) 3(0) + ¢3i(—T)¢2;(0)$3(0) +

+0F; (4>21
+ O (¢

473]

)¢

3 (—

3(—

) + ¢3i(0) 2 (=T)p3(—=7) + ¢3i(0)p3; (= T)p2(—

T) + ¢3i(— T)(PZJ( T)¢

P3i(—T
3(—

4’3]
) + (PSZ(

)2
7)

(0))
4)3]( T)

E [ 1](4>1z( )¢3j(0)¢3(0) + 3:(0)P1;(0)p3(0) + ¢3;(0)¢p3;(0) 1 (0))

ij=1

+ O (1i(0)¢j (—7)9

+ O (Pu(—r
+ O (Pr(—7

T)¢3i(0)¢
)4’3](

$3
)¢

3(—

3(—

) + ¢3i(0)Prj (= T) 3 (=) + ¢3i(0)¢3i(— )1 (—
(0) + ¢3i(—7)¢1j(0)¢3(0) +

T) + ¢3i(— T)q>1]( )¢

¢3i(—T
3(—

473] )47 (0))

)+‘P31(

1
7)

T)3i(—T)P

7))

7))

7))

7))

7))

7))

7))

1

2(

1

5

1

2

1

=)l

=)l

-0l

-],

-1))],

-0)l,

-0)l,



Gas =

G =

Gy =
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n

Y [0 (620(0)3i(0)#3(0) + $3i(0) 2 (0)¢3(0) + ¢3:(0) 3 (0) B2 (0))

i,j=1

+ OF 1 (2i(0) 3 (—T)p3(—T) + ¢3:(0) oy (—T)p3(—7) + ¢3: (0 )4’3]( T)2 (7))

+ O (i~ T<P3]0 )¢3(0) + ¢3i(—T) 2 (0)3(0) + P3i(—T)3(0)$2(0))

+Q4( 2i(— T¢3] T)P3(—T) + P3i(— T)¢2]( T)P3(—7) + ¢3i(—7 )4’3]( )¢ (—T))],

[ ( ) (92(0)1(0) + 11 (0)a(0)) + s (0) (1(0)B1 (0) + by (0)¢ (0))
ij=
o]

+ $1i(0) (¢1j(0)¢2(0) + ¢p2;(0 )¢1(0))> +sz,j<¢1i(0)(¢2j(_T)qsl(_T)+q—>1j(_7)¢2(_7))
+ ¢2i(0) (P1j(=T)P1(—7) + P1j(—T)p1 (7))
£ 3u(0) (py(~D)ga(=) + oy (~Tn(-)

+0Qf) <4’1i(—7) (927(0)¢1(0) + ¢1;(0)¢p2(0)) + ¢ai(—7) (¢1;(0)p1(0) + ¢1;(0)¢1(0))
+ ¢1:(—7) (¢1j(0)$2(0) + ¢2j(0)¢1(0))>

+0f <¢1i(—T) (92 (=T)P1(=7) + P1j(—T)Pp2(—7))
+ ¢2i(=7) (P1j(=T)P1 (=T) + P1j(—=T)p1 (7))
a0 (D) + (D) ) |,

.il [Q}] (4’11'(0) (#2(0)F2(0) + F2;(0)¢2(0)) + :(0) (¢1;(0)2(0) + ;(0)¢p1 (0))

ij=

+ $2i(0) (¢1;(0)$2(0) + 472]'(0)4)1(0))) +QF (4’11'(0) (¢21(~T)G2(—T) + oy (~T)a( 7))
+ ¢2i(0) (¢1j(—T)P2(—7) + P2 (—T)p1(—7))

- 3i(0) (¢ (—T)a(—T) + 4’2j(—T)<P1(—T))>
+ Qf’] <<P1i(—T) (¢27(0)P2(0) + 27 (0)¢2(0)) + 2i(—T) (¢1;(0)P2(0) + $2;(0)¢p1(0))
+ B 9(092(0) + 931(0)01 0))

e (¢u<—~c> (@2 (—T)a(—T) + By (—T)pa(—T)
+ ¢2i (—7) (1 (—=T)P2(—T) + oj (—T)p1 (7))
+ oi (—7) (1 (—T)p2(—7) + <P2]'(—T)¢1(—T))>],
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o= 3[04 (1(0) (01(0) + ¢ (0)02(0)) +2(0) (8, 0)0) + 93,011 (0)
ij=
+931(0)(11(0)92(0) + 931(0)910)) ) + O (#2(0) (9 (~T)ga(~) + ga(~T)a( )
+ $2i(0) (P1j(—T)p3(—T) + P3i(—T)p1(—7))

+93(0) (@y(=D)g2(=) + (D ()
+07, (cpu( —7) (¢2(0)P3(0) + ¢3;(0)¢2(0)) + ¢2i (—7) (¢17(0)3(0) + ¢3;(0)¢1(0))
+ ¢3i(—7) (¢1j(0)$2(0) + ¢2j(0) 1 (0))>

+0f <<P1i(—T) (92 (=T)Pa(—T7) + ¢3;(—T)p2(—7))
+ ¢2i(=7) (1 (=T)p3(—T) + P3;(—T)p1 (7))
+ ¢3i(—7) (¢1j(—T)¢p2(—7) + 4’2]‘(_1')471(_1')))}

n

G = ), [Q},j <4’1i(0) (#2/(0)@1(0) + ¢1j(0)$2(0)) + 2i(0) (¢1;(0)1 (0) + 1;(0)¢p1 (0))

ij=1
T §10(0) (61, (0)F2(0) + ¢2j<o>¢1<o>)) o2, (%(0) (B (— OB (—T) + 1y (~D)fa(—T))
+ $2i(0) (¢1j(—T)P1(—7) + Prj(— 1)1 (—7))

- 31i(0) (@1 (—T)a(—T) + 4‘>zf<—r)¢1<—r>))

+03; (451:‘(—7) (2j(0)1(0) + $1;(0)$2(0)) + 2i(—7) (¢1;(0)$1(0) + $1;(0)¢1(0))
+ 1i(—7) (¢1;(0)P2(0) + ¢2j(0) 1 (0))>

+0, (fPh‘(—T) (P2 (—=T)P1(=T) + P1j(—=T)p2(—7))
+ G2i(—7) (¢1j (= T)P1 (=) + P (=) (—7))
+ ¢1i(—7) (¢1j(—T)P2(—7) + (ﬁZj(_T)(Pl(—T))>}/

n

Gu= 3 104 (91(0) (93/0)81(0) + Py (0)g2(0)) + g0 (93,(0)61(0) + $1;(0)91 (0)
+ (0 ($11(0)93(0) + 93,(0)91 0)) ) + O (90(0) (g~ (~) + fuy(~T)a(~)
+ 90 (1~ (=T) + Fy (D)1 (=) + 0 (P (—TWa(=T) + ¢ (~Thn (7)) )
+ 03 (a0 @30)50) + 1,(0)93(0)) + 42(~7) Py OF1(0) + By O (0)

+ Bl (@5 (0(0) + 95,001 0)
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+0Qf (¢1i(—T) (¢3(=T)P1(—7) + P1j(—T)p3(—7))
+ ¢3i(=7) (P1j(=T)P1 (=7T) + P1j(—=T)p1 (7))
+Pu=D) (D) + (D) ) |

19
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Gz =

Gz =

G33 =
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]Z 104 (#100) (95017200 + F(0)93(0)) + ¢5:(0)(93,(0)62(0) + §5,(0)91 (0)

+ 400 (1i(0)93(0) + 93,(0)91 0)) ) + O (910) (g (~T)l ) + oy~ T)a(~)

+ 930 (P (—TPa=T) + (D)1 (=) + $(0) (P (TWa(=T) + ¢ (~Thn (7)) )
+05) (4= 7) (93/0F2(0) + E1(0)(0)) + () (P OF200) + a1 (0)1 (0)

+ B0 (@5 (050) + 95,091 0)

+0f (4711'(—T) (¢3i(—T)P2(—T7) + Poj (= T)p3(—7))

+ @3 (=) (P1j(—T)P2(—7) + P2 (—=T)P1(—7))

+ (=D (P Da(=D) + (D) ) |,

21 104 ($100) (95019200 + £/(0)92(0)) + ¢5:(0)(§1,(0)62(0) + 85,(0)1 (0)

ij=

+ 4(0)($1(0)02(0) + 931(0)61(0)) ) + 0% (#0(0) (9 (~T)da(~) + fa(~T)a(~)

+ ¢2i(0) (P1j(—T)P2(—=T) + P2j (= T)P1(—=T) ) + $2:(0) (P1j(—T) 2 (—7) + 4’2]‘(—T)451(—T))>
+03; (4311'(—T) (¢2j(0)$2(0) + P27(0)2(0)) + ¢2i(—7) (1;(0)2(0) + P2;(0)$1(0))

+ B0 (@0)92(0) + 1(0)61(0) )

+ 08 (Fu(=7) (9=l =) + B ~T)ga( 7))
T (=) (B (Do (—T) + Fay (D) (1))
+ oi (—7) (P1j(—T)p2(—7) + 4’2]‘(_7)4_)1(_1')))}

i [Q}] (9511'(0) (2j(0)P3(0) + ¢3(0)¢2(0)) + ¢2i(0) (¢17(0)¢p3(0) + ¢3;(0)1(0))

i,j=1

+ ¢3i(0) (¢1j(0)¢2(0) + 472]'(0)4_71(0))) + Q,ZJ <4_71i(0) (i (—T)p3(—T) + P3i(—T)P2(—7))
+ ¢2i(0) ($1j(=T)p3(—T) + ¢3j(=T)P1(—=7)) + $3i(0) (P1j(—T)¢2(—7) + ¢2j(—T)431(—T))>

+03; (451z‘(—’f) (¢2i(0)3(0) + 3;(0)¢2(0))
+ ¢2i(—7) ($1;(0)3(0) + ¢3;(0)¢1 (0))
+ gu(=D)(F0)92(0) + (0)1(0) )
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+0Qf (4_911'(—T) (92 (=T)Pa(—T) + ¢3j(=T)Pp2(—7))
+ ¢2i(—T) (P1j(—T)p3(—7) + P53 (—T)P1(—7))
+ 9D (B Da(=) + (D) ) |
Gas = il [Qll,j <4>2i(0) (57(0)$2(0) + 2;(0)93(0) ) + h3i(0) (¢27(0)$2(0) + $2(0)¢2(0))
ij=
+ 40 (¢21(0)93(0) + 93,(0)92(0)) )
+ 08 (4(0) (93i(~T)(~7) + i~ T)a(~)
+ $3i(0) (2 (—T)P2(—T) + Poj(—T)p2(—T)) + $2:(0) (P2 (—T)P3(—7) + 473]‘(—7)472(—T))>
+0Q}; <4’2i(—T) (¢31(0)P2(0) + ¢2j(0)P3(0)) + ¢3i(—T) (¢2j(0)P2(0) + 2 (0)$2(0))
+ ¢2i(—7) (¢2j(0)$3(0) + <P3j(0)¢2(0))>
+0f <<Pzi(—T) (¢3(—T)P2(—T) + Poj(—T)Pp3(—7))
+ ¢3i(—7) (¢2(—=T) P2 (—7)
+ fy(=T)0(=1)) + fa(—T) (93 (~T)oa(—T) + 3 (—Ta(-D) )|

n

Gss= ) [Q}] (9511'(0) (42j(0)P3(0) + ¢3(0)P2(0)) + 2i (0) (¢17(0)¢p3(0) + ¢3;(0) 1 (0))

ij=1

+ 930 (§1(0)62(0) + §2,(0)1 0) )

+ 08 (Fu(0) @ai(~2)9a(~7) + ¢3i(~T)a(~)

+ (0 (P~ (=) + (D) + 93(0) (o= + By (D) (7)) )
+ 08 (Bl (F1(0)93(0) + 93,(0)42(0) + s (~) By 012 (0) + 5 O)a 0)
(D @y(OF0) + F1(05(0))

+ 08 (Fu(-0) By ~D)ga() + (-l 7))
+ ¢i(—7) (431]'(—T)¢3(—T)
oy (— D1 (=) + pai( 1) (B (—Ta(—T) + @j(—r)qx(—r)))].
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