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Abstract. Optimization problems are omnipresent in the mathematical modeling of real
world systems and cover a very extensive range of applications becoming apparent in
all branches of Economics, Finance, Materials Science, Astronomy, Physics, Structural
and Molecular Biology, Engineering, Computer Science, and Medicine. In this paper,
we aim to delve deeper into the multiplicity findings concerning a specific class of
quasilinear periodic boundary value problems. In fact, as an optimization problem, we
look for the critical points of the energy functional related to the problem. Utilizing a
corollary derived from Bonanno’s local minimum theorem, we investigate the existence
of a one solution under certain algebraic conditions on the nonlinear term. Additionally,
we explore conditions that lead to the existence of two solutions, incorporating the
classical Ambrosetti-Rabinowitz (AR) condition alongside algebraic criteria. Moreover,
by employing two critical point theorems one by Averna and Bonanno, and another by
Bonanno, we establish the existence of two and three solutions in a particular scenario.
To illustrate our findings, we provide an example.
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1 Introduction

The target of global optimization is to find the best solution of decision models, in presence
of the multiple local solutions. Optimization plays an ever-increasing role in mathematics,
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economics, engineering, health sciences, management and life sciences. Many optimization
problems have existence in the real world including space planning, networking, logistic man-
agement, financial planning, and risk management. The objective of this paper is to ascertain
the existence of solutions for the following quasilinear periodic boundary value problem

{ p(u )M”+€( Ju = f( u(x)) + pg(x,u(x)), ae xel0,1],
u(1) —u(0) = u'(1) —u'(0) = 0

where f,¢ : [0,1] x R — R are L!-Carathéodory functions, A is a positive parameter and
1 > 0. We need the following assumptions:

(P

(Q1) p: R — (0,00) is a continuous and nondecreasing on [0,c0), there exist two positive
numbers M > m such that

m<p(x) <M, Vx e R (1.1)

(Q2) C € C(]0,1]) and there exist {; > o > 0 such that

Q<i(x) <, Vreoll. (12)

Exactly, as an optimization problem, we look for the critical points of the energy functional
related to the problem which are the solutions of the problem.

In recent years, various fixed-point theorems, critical points, and variational methods have
been effectively employed to explore the existence of solutions for quasilinear periodic bound-
ary value problems. References such as [2,9,14,17,20,21,23,26,27] and others have extensively
discussed this topic. For instance, Matzakos and Papageorgiou in [21] combined the varia-
tional method with techniques involving upper and lower solutions to establish the existence
of periodic solutions for quasilinear differential equations. Similarly, Papageorgiou and Pa-
palini in [23] utilized variational arguments, methods from the theory of nonlinear operators
of monotone type, and upper and lower solution techniques to demonstrate the existence of at
least two nontrivial solutions, one positive and the other negative for the following quasilinear
periodic problem

{—(Iu'(x)l’”u'(x))' = flxu(x)) =0, x€[0,0],
u(0) =u(b), w'(0) =u'(b), 2<p<oco

where f : T x R — R is a function. In [14], the existence of at least three classical solutions for
a Dirichlet quasilinear elliptic system was established through the application of variational
methods and critical point theory. Similarly, in [17], the utilization of a recent three critical
points theorem by Bonanno and Marano led to the confirmation of at least three solutions for
quasilinear second order differential equation on a compact interval [a,b] C R

{—u" = (Af(x,u) +g(u))W'(u), in (a,b),
u(a) —u(b) =0

where f : [a4,b] x R — R is an L!-Carathéodory function, g : R — R is a Lipschitz continuous
function, was discussed. Shen and Liu, in [26], utilized the symmetric mountain pass theorem
and genus properties in critical point theory to explore the existence of infinitely many solu-
tions for second-order quasilinear periodic boundary value problems with impulsive effects.
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Meanwhile, Wang et al., in [27], investigated the existence of at least three periodic solutions
for the problem (P{,’f’:) by employing appropriate hypotheses and a three critical points theo-
rem by Ricceri.

Additionally, in [15], variational methods and critical point theorems for smooth function-
als defined on reflexive Banach spaces were used to dlscuss the existence of at least three
solutions to an impulsive effects version of the problem (P; q) Furthermore, in [19], varia-
tional methods were employed to discuss the existence of at least three weak solutions for
the problem (P/\ %) in the case ¢ = 0. In [12], the investigation focused on the existence of
infinitely many classical solutions for an impulsive effects version of the problem (Pf g) in the
case u = 0, utilizing critical point theory. In [13], by using variational methods, the ex1stence
of non-zero solutlons and the existence of multiple solutions for positive parameter values for
the problem (P)L %) in the case u = 0, was discussed. Lastly, in [18], the existence of at least
one weak solutlon and infinitely many weak solutions for the problem (Pf "7) in the case y =0
was studied based on variational methods.

Our approach employs variational methods, with the primary tools being four local mini-
mum theorems for differentiable functionals. Specifically, we utilize a corollary of Bonanno’s
local minimum theorem to establish the existence of one solution under certain algebraic con-
ditions on the nonlinear terms, and two solutions for the problem under algebraic conditions
alongside the classical Ambrosetti-Rabinowitz (AR) condition on the nonlinear terms (refer
to [3]). Furthermore, by leveraging two critical point theorems, one by Averna and Bonanno,
and another by Bonanno, we ensure the existence of two and three solutions for the problem
(Pf g) in the case u = 0.

In comparison to previous findings, we introduce novel assumptions to establish the exis-
tence of solutions for the problem (P){’i’: ), thus extending recent related works.

Here, we present two specific cases of our main results focusing on scenarios with a single
impulse.

Theorem 1.1. Let ¢ : R — IR be a continuous function. Assume that there exist two positive constants
v and n with the property

2h(2n) + 2h(—2n) + 8112

min{m, {o} <7
and
e there exist v > 2 and R > 0 such that
0<v [ pls)ds < 9@
forall |E| > R.
Then, for each

min{m, Jo} 7>
he (O’ 8 Jy (s)ds >

and for every function g : [0,1] x R — R satisfying the following condition:
* there exist v > 2 and R > 0 such that

g
0< 1// g(x,s)ds < &g(x, Q)
0
forall |¢| > R and for all x € [0,1],
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there exists 8, > 0, for each p € [0,6,], the problem

{—P(u’)u” +0(x)u = Ae~'p(x) + pg(x,u(x)), ae x€<[0,1], (1.3)

u(l) —u(0) =u'(1) —u’(0) =0
admits at least two solutions 1y and uy in
{u:1]0,1] — R : u is absolutely continuous, u(1) = u(0), v’ € L*([0,1]}

such that
max |ui(x)| < 7.
x€[0,1]| 1( )’ Y

Theorem 1.2. Assume that ¢ : R — R is a nonnegative and continuous function. Moreover, assume

fhat 9(©) 9(©)
e T

and there exists a positive constant 7j such that foﬁ P(s)ds > 0. Then, for each A > A* where

= 95 72
Voo b h(2]) +h(=2) + 40,7

4 fl% 6(x)dx 770 Jo (s)ds

4

the problem (1.3) in the case y = 0, admits at least one nonnegative and one non zero solution in
{u:1]0,1] — R : u is absolutely continuous, u(1) = u(0), u’ € L*([0,1]}.

The structure of the paper is outlined as follows:

Section 2 presents our fundamental theorems and revisits relevant definitions. Section 3
discusses and proves the existence of one solution for the problem (Pj\[; ). Section 4 addresses
the existence of two solutions for the problem (P{,’i). Section 5 introduces a new multiplicity
result aimed at obtaining at least two and three solutions for the problem (P{fl ), specifically
in the case u = 0.

2 Preliminaries

The main tools utilized to prove our results in Sections 3, 4, and 5 are the following theorems.
For the following notations and results, we refer the reader to [22,24]. Let X be a real
Banach space. We say that a continuously Gateaux differentiable functional J: X — R satis-
fies the Palais—Smale condition (abbreviated as (PS)-condition) if any sequence {u,} such that
{J(uyn)} is bounded and lim, e ||J' (44)||x+ = 0 has a convergent subsequence.
Let ®, % : X — R be two continuously Gateaux differentiable functions. Set

]:CD—‘I’,

and fix r1, 1, € [—00,00] with r; < ro. We say that | satisfies the Palais—Smale condition cut off
lower at ry and upper at ro(in short ) (PS)[2l-condition) if any sequence {u,} such that {J(u,)}
is bounded, lim, e ||J'(tn)||x+ = 0 and 1 < ®(u,) < rp for all n € IN, has a convergent
subsequence.

Clearly, if 11 = —o0 and r, = oo it coincides with the classical (PS)-condition. Moreover,
if 1 = —o0 and r, € R it is denoted by (PS) 2] while if r; € R and 7, = oo it is denoted by
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"l(PS). Indeed, if ® and ¥ be two continuously Gateaux differentiable functionals defined
on a real Banach space X and fix r € R. The functional I = ® — ¥ is said to verify the
Palais-Smale condition cut off upper at r (in short (PS)I")) if any sequence {u,},en in X
such that {I(u,)} is bounded, lim;, . ||I'(4,)||x- = 0 and ®(u,) < r for all n € N, has
a convergent subsequence. Furthermore, if | satisfies [”](PS)[“LCondition, then it satisfies
W(PS) 2] _condition for all 01,02 € [—00,00] such that r; < 01 < 02 < 1.

In particular, we deduce that if | satisfies the classical (PS)-condition, then it satisfies
1] (PS) [e2]_condition for all 01, 0, € [—00, 00] with 01 < 0.

In the proof of our main results, we will apply the following four theorems.

Theorem 2.1 ([7, Theorem 2.3]). Let X be a real Banach space and let ®,¥ : X — R be two
continuously Gateaux differentiable functions such that inf,cx ®(u) = ®(0) = ¥(0) = 0. Assume
that there exist r > 0 and i1 € X, with 0 < ®(i1) < r, such that:

su u <r‘Y(u) u
() “Pow=™) ¥,
(a) foreach A € (igzg, Supq)(w;q,(u) ), the functional I = ® — A satisfies (PS)!"l-condition.

Then, for each

D(1) r
/\ E A — N/ Vi
' (T(”) SuP@(u)ng(”)>
there exists ug ) € ®1(0,7) such that Iy (ug ) = Ox+ and Iy (ug ) < Ir(u) for all u € ®1(0,7).

Theorem 2.2 ([7, Theorem 3.2]). Let X be a real Banach space, ,¥ : X — R be two continuously
Gateaux differentiable functionals such that ® is bounded from below and ®(0) = ¥(0) = 0. Fix
r > 0 and assume that, for each

r
A€ |0, ,
( SIIPHE(I,q(,OO,r) IF(”)>

the functional 1y = ® — AY satisfies (PS)-condition and it is unbounded from below. Then, for each

r
Ae |0, ,
< Supuedfl(—oo,r) ‘Y(M))

the functional I) admits two distinct critical points.

Theorem 2.3 ([4, Theorem A]). Let X be a reflexive real Banach space, ® : X — R a continu-
ously Gateaux differentiable and sequentially weakly lower semicontinuous functional whose Giteaux
derivative admits a continuous inverse on X*, and ¥ : X — R a continuously Gateaux differentiable
functional whose Giteaux derivative is compact. Assume that:

(b1) Ty eo(P(u) + A (1)) = oo forall A € [0,00);

(bp) there is r € R such that
igfq) <r,

and
P1(r) < 2(7)



6 S. Heidarkhani, S. Moradi, G. Caristi and M. Ferrara

where () .
Y(u)—inf-——0 ¥
o . D1(—oo,r)
1 (r) N MGQE{}{m,r) r — (I)(M) !
¢2(r) = inf sup Flu) — ¥(v)

®(0) — P(u)’

ued=1(—oo,r) veP1r,00)
and &1 (—oo, r)w is the closure of ®~1(—oo, ) in the weak topology.

Then, for each A € ( (le(r), fpll(r) ), the functional ® + AY has at least three critical points in X.

Note that ¢ (7) in Theorem 2.3 could be 0. In this and similar cases, here and in the sequel,
we agree to read § as oo.
We also use the following two critical points theorem.

Theorem 2.4 ([6, Theorem 1.1]). Let X be a reflexive real Banach space, and let ,¥ : X — R be
two sequentially weakly lower semicontinuous and Gateaux differentiable functions. Assume that ® is
(strongly) continuous and satisfies

lim ®(u) = co.

[[uf| =0

Assume also that there exist two constants r1 and ro such that
(Cl) infxy ® <r <ry

(c2) @1(r1) < @5(r1,12);

(c3) @1(r2) < @3(r1,12), where @y is defined as in Theorem 2.3 and

@5(r1,12) = inf sup  ——=————+
ucd1(—co,ry) vE®1[ry,1p) (U) B

Then, for each
A€ (1 min{1 1})
@3(r1,12)’ ¢1(r1)" @1(r2) J )’

the functional ® + AY admits at least two critical points which lie in ®~1(—oo,r1] and ®~1[ry,12),
respectively.

We remind the reader that Theorem 2.3 and Theorem 2.4 rely on Ricceri’s variational
principle [25].

For successful application of Theorems 2.1-2.2, we recommend referring to [8] to ensure
the existence of at least one and two solutions for elliptic Dirichlet problems with variable
exponent. Additionally, for the utilization of Theorems 2.3-2.4, we suggest consulting [10]
to guarantee the existence of at least two and three solutions for a boundary value problem
on the half-line. Furthermore, for effective implementations of Theorems 2.1-2.4, we advise
referring to [11,16] to explore the existence of multiple solutions for Kirchhoff-type second-
order impulsive differential equations on the half-line and to study an elastic beam equation
with local nonlinearities, respectively.

In this section, we will present several fundamental definitions, notations, lemmas, and
propositions utilized throughout this paper.
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Let us start by defining the finite T-dimensional Banach space

X = {u:[0,1] = R : u is absolutely continuous, u(1) = u(0), v’ € L*([0,1]},

which is equipped with the norm

= ([ (w0 + o) o)

Clearly, X is a Hilbert space and X* is the dual space of X.

Setting
v = [ [ r@rae) ae

for every y € IR, we have

h’(y)z/oyrl(é)dé and H'(y) = p(y)

for every y € R.
We define functionals ®, Y for every u € X, as follows

Dd(u) = / ))dx + 2/ x)[2dx

¥ (u /(/ fx(;‘d(j)dx+/\/ </ xg)dg)

I(u) =®(u) — A¥(u)

and

and we put

for every u € X. Clearly, I, is Gateaux differentiable.

2.1)

Definition 2.5. We mean by a (weak) solution of the BVP (Pf q) any function u € X such that

/h( dx+/ dx—A/fxu Jy(x)dx
0

—y/ x, u( x)dx =0
for every y € X.

Lemma 2.6. If u € X is a critical point of 1, in X, iff u € X is a solution of (Pf 8

Proof. If u € X is a critical point for I,, we have

/o W (u'( dx+/ dx

= [ Fleu)y@dx g [ g u)y(od
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for each y € X. This implies that i’ o 1’ has a weak derivative which equals (x)u(x) —
Af(x,u(x)) — ug(x,u(x)) and is thus continuous, so i’ o u’ is C1([0, 1]). Since /' is an invertible
C!-function, it follows that ' is also in C1([0,1]), hence x is in C?([0,1]). Set

e(x) = —l—/ dT—/\/fTu dr—y/ T,u(t))dt — C

such that fo x)dx = 0. Let y(x fo T)dt. Then y(x) € X and fol le(x)|>dx = 0, that is,
e(x) =0 for a.e. x € [0,1]. This shows that

— (W ou') (x) + Z(x)u(x) = — K" (' )u" (x) + T (x)u(x) = —p(u'(x))u" (x) + {(x)u(x)
=Af(x,u(x)) + pg(x, u(x))

for all x € [0,1]. Hence we conclude that x is a solution of problem (P{; ) belongs to C2([0,1]).
0

Proposition 2.7 ([27, Proposition 2.3]). If p(+) satisfies (Q1), then h' is strongly monotone.
Proposition 2.8 ([27, Proposition 2.4]). If p(-) and {(-) satisfy (1.1) and (1.2), respectively, then
(1) @ is well-defined in X,
(2) @ is Gateaux differentiable in X,
(3) @' is a Lipschitzian operator,
(4) ® is convex in X.

Put

F(x,t) = /Otf(x,s)ds and G(x,t) = /Otg(x,s)ds for all (x,t) € [0,1] x R.

3 Existence of one solution

In this section, we focus on establishing the existence of one solution for the problem (P/{ i).
For clarity and convenience, let us define

1
Gl = / sup G(x,&)dx forall 6 > 0
0 |g|<6

and
G, = inf G(x, for all 7 > 0.
" poafon S0 1
If g is sign-changing, then clearly G’ > 0 and G, < 0.
For our goal, we fix two positive constants 6 and 7, put

min{m, {o}6% — 8A fol supyy <o F(x, t)dx
0, =min = ,
g 8G*

i

h(2n) + h(=21) + Gy —Af#Fxn
. |



Multiple solutions of a quasilinear periodic boundary value problem 9

and
Sre=min{ ! (3.1)
M e 0 8 Ii SUP¢(0,1] G(xt) ‘
maxX Y min{mgor TSPl e T a2
where we read €/0 = +o0, so that, for instance, 5;\,8 = 400 when
su G(x,t
lim sup Pxe[o,li () <0,
|| —+o0 x
and G, = G’ =0.
Theorem 3.1. Assume that there exist two positive constants 7y and 1 with the property
2h(2n) 4 2h(—27) + 811> <
min{m, (o}
such that
(A1) f(x,t) >0 for every (x,t) € [0,1] x [0,3] U [3,1],
3
"4
N supy; <, F(x,t)dx ) Ji Fxp)dx
() Lo O i, )
(A3) minyejoq limsup s, % € (—o0,0].
Then, for each
| h(2n) + h(—27) + 4¢17? min{m, {o }?
AEA= 3 s
4 [\ F(x,n)dx 8 Jo supjy <, F(x, t)dx
4
and for every function g : [0,1] x R — R satisfying the condition
min limsup 278 ¢ (—o0,0), (3.2)

€01 |zl oo Z[?

there exists 5, , > 0 given by (3.1) such that for each u € (0,0, ), the problem (P{,’f) admits at least
one solution uy in X such that
uy(x)| <.

max ()] <
Proof. Our objective is to apply Theorem 2.1 to the problem (P{; )- Consider the functionals ®
and Y defined in (2.3) and (2.3), respectively. Our task is to demonstrate that these functionals
satisfy the necessary conditions outlined in Theorem 2.1. Since f,g : [0;1] x R — R are
Ll-Carathéodory functions, we know that ¥’ is a well-defined and Gateaux differentiable
functional with

V) = [ feruymdct [ gmutoyds

for every u,y € X. Since the embeddings X < L9(g > 1) and X < L* are compact (Adams
[1]), we have ¥’ : X — X* is a continuous and compact operator, and ¥ is sequentially weakly
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upper semicontinuous. Moreover, Again using the Lebesgue’s theorem, from the continuity
of i/ and the arbitrariness of {a,}, we know that ® is Gateaux differentiable in X with

@ w)y) = [ W6 @Y @dxt [ Lutyxdx 63

0

for every u,y € X. Furthermore, by the definition of ®, we observe that it is sequentially
weakly lower semicontinuous and strongly continuous. Combining this observation with
(1.1) and (1.2), we have

/01 W (' (x))dx = /01 </0”,(x) </0Tp(é)dé‘> dr) dx

and

1 1
Smin{m, Go}ul? < 5 [P+ S [ jut) Px < o)

M / 1 1
< 7/0 |u (x)Ide—i-gl/O lu(x)Pdx < Emax{M,gl}HuHZ (3.4)

for every u € X, which implies that ® is well-defined in X. By using the first inequality in
(3.4), it follows

lim ®(u) = oo,
[[u]] =00

namely @ is coercive. Further, we claim that ® admits a continuous inverse on X*. In fact, by
(1.1), (1.2), Proposition 2.7 and (3.3), we have

(@ () = ') u—y) = [ () — (0 (6)), 0 () — o/ ()l
+ [ el -y Ptx
1 1
> [Cnl )~y )P+ [ folutx) (o

> min{m, Go}||u(x) — y(x)|?
for all u,y € X, which shows that @’ is uniformly monotone in X. Put y = 0, then we have

min{rm, o} |[ull® < (@' (u),u) < || @' (1) [ x-[|ul]

= min{m, {o}[|ul| < [|®"(u)]

X*

which shows that @’ is coercive in X. Since @’ is a Lipschitzian operator, it is hemicontinuous
in X. According to Theorem 26.A of [28], ® admits a continuous inverse on X*. Additionally,
the functional ¥ belongs to C!(X,R) and has a compact derivative. Given that the embedding
X — L7 (where g > 1) is compact, there exists a positive constant C such that

[ulpagoa)) < Cllull

and it follows that
[ulr2(017) < Callull
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where C; is positive constant. Moreover, for A > 0, the functional I, is coercive. Indeed, since

u < 6, we can fix « such that

min lim sup G(x'f)
x€01] g0 1G]

min{m,{o}
2C2

and ux <

€ (—o0,k)

G(x,&) <& +o0

for each ¢ € R and x € [0,1]. Now, we fix 0 < ¢ <

AC?

assumption (Aj3) there is a positive constant p, such that

F(x,¢) < 562 + Pe

for every (x,¢)

X)) + LG u

. Therefore, there exists a positive constant ¢ such that

1 (mln{m Lot

€ [0,1] x R. It follows that, for each u € X, we have

u(x))ldx

1
(u) — N¥() > 5 min{m, Go} ]2 - A/ (x, u(
1 : 2 2
ZEIMM@MWH—AEAIM@MM+m
> ((gmingm, fo} = ACGe ~ uCi ) [l = Ape — e
and thus

Iim (®(u) — A¥(u)) = oo,

||2]]| =00

From the

o () Pk o)

which means the functional I} = ® — AY is coercive. Thus, by [5, Proposition 2.1] the func-
tional I}, = ® — AY verifies (PS)M—condition for each > 0 and so the condition (a;) of

Theorem 2.1 is verified. Fix A € (0, A*), thus

3
f; F(x,n)dx — £G, 1

ih(2n) + 3h(

Putr = %72 and

1,
2nx + 4,
w('x) = 17 577
—2nx+ 5,
1,
Clearly, w € X. Then, we have ®(0) = ¥(0) =0

®(w) = h(217)+ih( o)+ 2/

IN
»M»—\»M»—\ »N»—\ »M»—\

1
h(2) + gh(=2

31
h(217)+ih< ) + 0

h(2n) + ih( —2y) + Gy’

> —.
=2n)+ 2 A

2x24

~
~

B NI =

~
=R N e
—
. ~ ~

~

/ |w(x)|>dx
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and

1 1 Go (! 2

> = n(— 20
(w) = 7h(2n) + 7h(=2) +F [ ()P

1 1 31301

= @) + ph(=2n) + 5220

1 1 Co’?

> $h(@n) + gh(=2n) + =% (37)
From mmxe[i%}{w(x)} =1, maxxe[%%]{w(x)} = 37’7 and the assumption (A;), we have

_ /1/Wf(x,§)d§dx+/i/wf(x,é‘)dédx+/1 /Wf(xfé)dédx
A/ </ xg)dg>dx>//fxgdgdx+”G

x;ydx—i—VG

0

=)

Thus, by the assumption

\/8} (1;1(2;7) + ih(—Zn) + le72> <

min{m, (o

we have 0 < ®(w) < r. For u € X, taking into account

t 1
u()| < | [ (0] + ) < [ (0)ldr+[u()]
1
and
1 2
\</ lu' (T \dT—i—/ |t (x1)|doxg < (/ lu' (T ’2dr> —|—</ \u(r)|2d’r> ,
0
we have
< 2||u||. 3.8
max Ju(x)] < 2|ul 8

From the definition of ® and in view of (3.4) for every r > 0, one has

O (—co,r] = {ucX, ®x)<r}

c {MEX max [u(x)] < 8’}

x€[0,1] min{m, (o}

C {u € X, max |u(x)
x€[0,1]

IN
)
H—/

Hence, we have

1
sup Y(u)= sup Y(u) §/0 sup F(x,t)dx—i—%(ﬂ.

D(u)<r ued1(—oo,r) [t <7y
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Therefore, we have

1
SUP, g 1o ¥(10) Pt (oo (o Flxu(0)dx 4§ J) Gl u(x)) k)

r r
fo supyyj<, F(x, t)dx + & EGY
- min{m,{o} 3.9)
fry
and
3
¥ (w) N f; F(x,n7)dx + Afo (x,77)dx 610
Q(w) = Jh(2y) + {h(=2n) + G '
3
[ F(x,n)dx + £G,
> 4 .
~ 3h@y) + h(=2y) + up?
Since .
B min{m, {o}y* —8A [y supj, <., F(x, t)dx
8G7 ’
we have .
gJo SuPy<, FOx dx + §G 1
min{m, (o} > A
Furthermore,
ih(2n) + 3h(=2n) + uip? —U#F x,17)dx
u< ,
Gy
this means ,
 F(x,n)dx + §G, 1
4
> —.
Th(2n) + Jh(=2n) + >~ A
Then,
3
8 fol supyy <, F(x, t)dx + EGY _ 1 _ %4 F(x,i)dx + kG, (3.11)
min{m, {o} 7 A jh(2n) + gh(=2n) + Tup? '

Hence, from (3.9)—(3.11), the condition (a;) of Applying Theorem 2.1 with # = w ensures the
existence of a local minimum point u, for the functional I, such that 0 < ®(u,) < r. Thus, u,

serves as a nontrivial solution to the problem (Pf %), satisfying

max lup(x)] < 7. O
x€[0,1]

Now, we illustrate Theorem 3.1 through the following example.

Example 3.2. We consider the following problem

{—p(u’)u” +u=Af(xu(x)) +pg(xu(x), aexec[01] (3.12)

u(l) —u(0) =u'(1) —u’(0) =0
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where p(t) = 3 — 2cos(t) for every t € R, {(x) = 1 for each x € [0,1] and

e~ 3, for every (x,t) € [0,1] x (—o0,1),

f(x,t):{4 x

e ", forevery (x,t) € [0,1] x [1, +00).

By the expression of f, we have

F(x,t) = 11*06_”4, for every (x,t) € [0,1] x (—oo,1),
e X (%ln(t) + 11—0) , forevery (x,t) € [0,1] x [1, +00).

Hence, lim ¢ ng"zé ) — 0, thus (A3) holds. Choose v = 1072, and = 1. By simple calcula-
tions, we obtain m =1, M =5 and (o = {1 = 1. Since

3
fol supy; ., F(x, t)dx _e-1 _ 075 _ 025 _ min{m, (o} f; F(x,n)dx
72 10% = (160 +80cos(2))e  2h(2n) + 2h(—2n) + 8(1n?’

thus (A;) holds true, then all conditions in Theorem 3.1 are satisfied. Therefore, it follows

that for each
A e (80 +40cos(2))e  10%
4(80'75 _ 30.25) 4 8(6 _ 1)

and for every function g : [0,1] x R — R satisfying the condition

min_lim sup G(x,ZC) € (—0,0),
*€01) fgjne 1]

there exists 6, , > 0 such that for each y € [0,0,,), the problem (3.12) admits at least one
solution 1, in X such that

uy(x)] < 1072
52[3,’1‘}‘ A(x)]

4 Existence of two solutions

In this section, our objective is to establish the existence of two distinct solutions for the
problem (P){; ). The following result is derived by applying Theorem 2.2, without the need for
assumption (Ajz).

Theorem 4.1. Assume that there exist two positive constants vy and 1 with the property

\/zmzﬂ) +2h(—21) + 8172

min{m, (o} <
and
(Ay) there exist v > 2 and R > 0 such that
0 <vF(x,¢) <&f(x¢) (41)

for all |¢| > R and for all x € [0,1].
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Then, for each

- 2
re o, 1m1n{m, G}y ’
8 Jo supy <, Fx, t)dx
and for every function g : [0,1] x R — R satisfying the condition (As), there exists 5, > 0, for each
u € [0,6,], the problem (P){’i) admits at least two solutions uq and uy in X such that

max |ui(x)| <.
max i (x)] < 7

Proof. Our aim is to apply Theorem 2.2 to the space X with the norm is defined in (2.2) and
to the functionals ® and ¥ defined in the proof of Theorem 3.1. The functional I, satisfies
the (PS)-condition. Indeed, assume that {u,},en C X such that {I,(u) }nen is bounded and
I (u,) — 0 as n — oo. Then, there exists a positive constant ¢g such that

| (un)| < co, |13 (1)) <o VneN.

Therefore, we deduce from the definition of I} and assumption (A3) that

co-+ €l 2 V1) = 14 0) 1) = i, o} (5 = 1) 2
[ G (2)) 000 1 ()
e [ 06 () — 806000 a2
> mingon, o} (5 1)

for some c¢; > 0. Since v > 2, this implies that (u,) is bounded. Consequently, since X is a
reflexive Banach space we have, up to a subsequence,

u, —~u in X.
By I} (u,) — 0 and u, — u in X, we obtain
(I) (un) — I () (up —u) — 0. (4.2)

From the continuity of f and g, we have

/01 (f(x, un(x)) — flx,u(x))) (un(x) —u(x))dx — 0, asn — oo

and

/01 (g(x, un(x)) — g(x,u(x))) (un(x) —u(x))dx — 0, asn — oo.
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Moreover, an easy computation shows

(8 o) — 100) Gt — ) = [ 006,0) = ) (0) — ()
+/1g () (1t () = 1)) (1 () — 11())dx
[ () £ () (n(2) — )
[ (g (x) — 8 () () — ()
2mmm@ww—w%

Thus, the sequence u, converges strongly to u in X. Therefore, I, satisfies the (PS)-condition.
Moreover, by integrating the condition (4.1), there exist constants a1,4a5, 43,44 > 0 such that
that

F(x,t) > m|t|" —ax and G(x,t) > as|t]' —ay

for all x € [0,1] and t € R. Moreover, for any u € X, one has

5 min{m, o} [ull? < @(u) < 3 max{M, g1} ]l @3)

Now, choosing any u € X \ {0}, for each T > 0 taking (4.3) into account one has
I\(tu) = (®+AY)(Tu)
SMHTMHZ /\/ (x, Tu(x)) dx—y/ (x, Tu(x))dx

max{M, {1 } T*

<
- 2

|u]|?> = AtVay /0 |u(x)]Vdx + yT"ug/O |u(x)|'dx — Aay — pay.

Since v > 2, this condition guarantees that I, is unbounded from below. Thus, all hypotheses
of Theorem 2.2 are satisfied. Therefore, for each

. 2
re o 1mm{m, Co}y /
8 Jo supjy<, F(x, t)dx

the functional I, admits two distinct critical points that are solutions of the problem (P{/ﬁ ). O

Remark 4.2. Theorem 1.1 immediately follows from Theorem 4.1.

Remark 4.3. In Theorem 2.1, it is observed that if either f(x,0) # 0 for some x € [0,1] or
g(x,0) # 0 for some x € [0,1], or both conditions hold true, then Theorem 4.1 guarantees
the existence of two nontrivial solutions for the problem (Pf 8 ). However, if the condition
f(x,0) # 0 for some x € [0,1] and g(x,0) # 0 for some x € [0 1] does not hold, the second
solution u; of the problem (P{; ) may be trivial, but the problem still has at least one nontrivial
solution.

Remark 4.4. Using similar arguments as those provided in the proof of [7, Theorem 3.5], the
non-triviality of the second solution guaranteed by Theorem 4.1 can also be achieved in the
case where f(x,0) = 0 for all x € [0,1], provided that an extra condition at zero is imposed.
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Specifically, this condition entails the existence of a non-empty open set D C [0,1] and a set
B C D of positive Lebesgue measure such that

lim sup essinfrep F(%,{) =00 and liminf essinfrep F(%,¢) > —o00.

-0+ 45 g—=07 45

See [18, Theorem 3.1] for more details.

5 Another multiplicity result for the case y = 0

In this section, we focus on establishing the existence of at least two and three solutions for
the problem (P){'i ) in the case y = 0. To achieve this, we define

1
FC:/ sup F(x,t)dx and F.= inf F(x,c)
0

MSC xE[O,l]
for every ¢ > 0.

Theorem 5.1. Assume that there exist two positive constants 7y and 7] such that

2h(277) + 2h(—27f 72

\/ (27) + 2h(=27) + 857> _ 5.1)
min{m, {o}

and suppose that the assumptions (A1) and (Az) in Theorem 3.1 hold. Moreover, assume that

7 1E—F7
(As) SminGl? < TR T2 T8

Then, for each

A e h(277) + h(—277) + 417> min{m, {o}7*
2F; —4F7 ¢ 8F7 ¢

the problem (P{,'i) in the case y = 0 admits at least three solutions in X.

Proof. Put Iy = ® + AY, where

®(u) :/Olh(u/(x))dx—k;/Olg(x)\u(x)|2dx (5.2)

and
¥ () = —/OlF(x,u(x))dx

for all u € X. Standard arguments demonstrate that ® and ¥ are Gateaux differentiable
functionals, and their Gateaux derivatives at the point u € X are given by

1 1
@' (u)(v) :/o h/(u’(x))v'(x)dx—k/0 Z(x)u(x)o(x)dx

and

1
¥()(0) = = | flxu()olx)dx
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for all u,v € X, respectively. Hence, a critical point of the functional ® + AY, gives us a solu-
tion of (P\ y) in the case y = 0. Our goal is to apply Theorem 2.3 to ® and Y. By sequentially
weakly lower semicontinuity of the norm and continuity of &, the functional ® is sequentially
weakly lower semicontinuous. Moreover, from Section 3, ® is continuously Gateaux differ-
entiable while Proposition 2.7 gives that its Gateaux derivative admits a continuous inverse
on X*. The functional ¥ : X — R is well defined and is continuously Gateaux differentiable
whose Gateaux derivative is compact. Then, it is enough to show that ® and ¥ satisfy (c1)

and (cz) in Theorem 2.3. Now, we fix 0 < € < mig%’f(’}. From the assumption (Aj) there is a
1

function p; : [0,1] — R with pe(x) < co for all x € [0,1] such that

F(x,t) < et® + p(x)
for every (x,t) € [0,1] x R. It follows that for each u € X,
- 1
(1) — A¥ (1) > mm{;”'@}yw —A/ F(x, u(x))dx
0

; 1 1
mm{;n'@}Hqu—)\e/o uz(x)dx—/\/o p(x)dx

‘ 1
> (mintfo) e puprar - [ e
0

Im (P(u) +A¥ (1)) = oo,

[[uf| =0

v

and thus

which means the functional Iy = ® + AY is coercive. Now it remains to show that (¢;) of
Theorem 2.3 is fulfilled. Let 7 = %ﬂl,&)}?z and

i xelog],
2ix+1,  x€[} 1],
w(x) = 57 13
—2ix+%, x€[33],
7, x€[2,1].
Clearly, w € X. Then, we have ®(0) = ¥(0) =0,
1 _ 1 _ 9
(w) < h(27) + Fh(-20) + 0T
and
Lo + Lh(—om) + ST
d(w) > 4h(217) + 4h( 277) + g
Thus by (5.1), ®(w) > 7. Moreover
1 1
Y(w) = —/ F(x,w(x / (x,7)dx < —ZFy.
0 2

Taking (3.8) into account, for every u € X such that ®(u) < 7, we have

sup [u(x)| < 7.
xe[0,1]
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Thus,

1 1 _
sup ¥(u) = sup )/0 F(x,u(x))dx §/0 sup F(x,t)dx = F7. (5.3)

D(u)<r ued1(—oo7 [t <7

By simple calculations and from the definition of ¢(7), since ®(0) = ¥(0) = 0 and
@ 1(—oo,7) =P !(—oo,7), one has

1 ued-1(]—oco,7[) F—@(u) < -
~ mln{ml go} 72 - mln{m, go}’T/z .

On the other hand, by (5.3), one has

_ . Y(u)—Y(v) . Y(u)—Y(w)
7) = inf su — L > inf
4)2( ) ued-1(—oo,7) ve@*ll[:;)’f,oo) q)(u) - q)(v)  ued (o) (D(ZU) - @(u)
infy 1 (op) ¥ (1) — ¥(0)
- P(w) — P(u)
3
— fol SUp| <5 F(x,t)dx + f%‘* F(x,7)dx
- P(w) — D(u)
2F; — 4F7

= h(277) + h(—27) +4017%

Hence, from (As), one has
@1(F) < @a(7).

Therefore, from Theorem 2.3, taking also into account that

1 h(27f) + h(—277) + 40177

< -
p2(7) — 2F; — 4F7
and
1 < min{m, g0}72
@1 (77) - 8F7 !
we obtain the desired conclusion. O

Remark 5.2. When the assumption (As) of Theorem 5.1 holds, simple calculations show that
the condition

Ey
—277)+1641 72

7
(A6) min{m,fo} 7> < 4h(2177)+4h(

implies (As) of Theorem 5.1. Hence, if the assumptions (5.1) and (Ag) hold, then for each

A e (M20) +1(=27) +4G:7° min{m, Lo}y
2F; ' 8F7 ’

Pf &8

the problem (P,",

) in the case y = 0 admits at least three solutions.
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Now, we present an application of Theorem 2.4, which will be utilized later to derive
multiple solutions for the problem (P ) in the case y = 0, without the need for assumption

(As).
Theorem 5.3. Assume that there exist three positive constants 1, 7] and %y, with

8 1 1 72
71 < \/ ity (3820 + gs2m + <) 649

min{m, (o}

and

\/ ity (3820 + G820 +4r?) <7 55)

min{m, (o}

such that the assumption (As) in Theorem 5.1 holds and

1
(A7) min{m,{o}
Then, for each

~(h(27) +h(=27) + 487> . [ min{m,{o}7? min{m,o}73
A EA‘( 2F, ,rin 8Fn ' 8Fm ’

F1 ET2 < Fy
B 4h(277)+4h(=27)+16{1772

max {

the problem (P{/’f) in the case y = 0 admits at least two solutions uy, and up, such that
max,co1) [t1,4(X)| < 71 and max,co 1) U2 (x)| < Y2-
Proof. Put
fx,=72), if (x,t) € [0,1] X (=00, T2),
flat) = flxt),  if (x,1) €10,1] x [~72,72],
f(x,72), if (x,t) € [0,1] X (92, 00).

Clearly, f : [0,1] x R — R is a Carathéodory function. Now put F(x, &) = fo x, t)dx for all
(x,¢) €10,1] x R and take X and @ as (2.1) and (5.2), respectively, and

¥ (1) = —/OlF(x,u(x))dx

for all u € X. Our goal is to apply Theorem 2.4 to ® and ¥. It is well known that
lim, |00 @(#) = 0o and ¥ is a differentiable functional whose differential at the point u € X

is
1_
- [ Fru@)eds
0
for any v € X as well as it is sequentially weakly lower semicontinuous. Furthermore ¥’ :
X — X* is a compact operator. Thus, it is enough to show that ® and ¥ satisfy the conditions
(c1), (c2) and (c3) in Theorem 2.4. Let

- mln{m,&)} ) . mln{mlg()} 2
Pp= —L o0 Pp = ——

8 v 8 2

and w as in the proof of Theorem 5.1. Due to the assumptions (3.4), (5.4) and (5.5) we have
71 < ®(w) < 7 and infx @ < 71 < 7o. Moreover, arguing as in the proof of Theorem 5.1 and
taking also into account Remark 5.2 we obtain

8 fl SUP ;| <4, F(x, t)dx 8FT
min{m, (o} 53 ~ min{m, o }7%’

¢1(71) <
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8 I su]P|t|<- F(x, t)dx 8FT2
min{m, {o} %3 min{m, Co}75

¢1(72) <

and
2F;

* (= = > .
P2072) 2 oy T (—2q) + 4
Hence, from (Ay), the conditions (cz) and (c3) of Theorem 2.4 hold. Therefore, from Theo-
rem 2.4 we obtain that, for each A € A, the problem

{ p(u')u'" + L (x)u = Af(x,u(x)), ae x€[0,1],
u(1) — u(0) = u'(1) —u'(0) = 0

admits at least two solutions u;, and up, such that max,cpq |uia(x)] < 71 and
max,co,1] [U2,1(x)| < 72. Observing that these solutions are also solutions for the problem

(P{’f ) in the case p = 0, the conclusion follows. O
Now, we provide some remarks on our results in this section.

Remark 5.4. In Theorems 5.1 and 5.3, we 1nvest1gated the critical points of the functional I
naturally associated with the problem (P }) in the case y = 0. It is worth noting that, in
general, I, can be unbounded from below in X. For instance, when f(t) = 1+ |t|2t for all
t € R with ¢ > 2, for any fixed u € X\0 and : € R, we obtain

MHWHZ /\/ x, iu(x))dx

max{M, {1}/
2

Iy ()

IN

IN

4
L
el = AdCal|u]] = ACs 4 [Ju]]” — o

where C4 and Cs are positive constants, as ¢+ — co. Hence, we can not use direct minimization
to find critical points of the functional I,.

Remark 5.5. We observe that if f is non-negative, Theorem 5.3 represents a bifurcation result,
indicating that the pair (0,0) belongs to the closure of the set

{(u/\,/\) € X x (0,00) : u, is a non-trivial solution of (Pf q) U= 0} C X xR

Indeed, if A goes to zero, by Theorem 5.3 we have that 4; — 0, i = 1,2 and since
max,coq] [4ia(xX)| < i, i = 1,2, there exist two sequences {;} in X and {A;} in R (here
uj = uy,;) such that

)Lj — 0+ and HMJH — 0,

as j — oo. Moreover, since f is nonnegative, ¥ (1) < 0 for all # € R and thus
(O,A*) SA— IA(MA>

is strictly decreasing. Hence, for every Aj,A> € (0,A%), with A1 # Ay, solutions u,, and u,,
ensured by Theorem 2.4 are different.

Remark 5.6. If f is non-negative, then the solutions guaranteed by Theorems 5.1 and 5.3 are
also non-negative.
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Now, we highlight some results where the function f has separated variables. Specifically,
consider the following problem

{ p(u )" + 7(x) u(x)), ae. xel0,1],

u=A f.0
w(1) — u(0) = (1) - /( i)

where 6 : [0,1] — R is a non-negative and non-zero function such that 6(x) < co for all
x € [0,1] and f : R — R is a non-negative and continuous function. Put

forall ¢ € R.
The following existence results are consequences of Theorems 5.1 and 5.3, respectively, by
setting f(x,t) = 60(x)f(x) for every (x,t) € [0,1] x R

Theorem 5.7. Assume that there exist two positive constants 7y and 7j, with

2h(277) + 2h(—277) + 804177
min{m, (o}

such that

(As) 6(x) > 0 for every x € [0,1] and f(t) > 0 for every t € [0, 3] U [3,1],

3
£ 6(x)dxF(7)
1 f x)dxF(y J1
(A9) min{m,o} ‘ 72 2h(217)4+2h(—217)+8§1172’

(Aqo) limsupm_m \g(|2) € (—o0,0].
Then, for each

1e 1 h(2q) +h(=27) +48:7” min{m, o} 7
3 4 1 — ’
4 [} 0(x)dx E(7) 8 [ 6(x)dx F(7)

the problem (Pj:’e) admits at least three solutions in X.

Theorem 5.8. Assume that there exist three positive constants 1, 7] and %y, with
_ 8 Loinay, L o Co?
= [ Zo(2 Zo(—2 207
n< \/min{m,go} <4g( )+ 4g( )+ 8

¢ ity (3820 + 3820 +4?) <7

min{m, (o}

and

such that

(A11) 6(x) > 0 for every x € [0,1] and f(t) > 0 for every t € [0, 3] U [3,1],

3
o ¥ 0(x)dxF (i)
Jy 6(x)dx F(1) F(%2) Iy
(A12) moin{m,gg} max{ 7%1 ’ 7%2 } < 2h(2 )7)4 2h(—27)+8C172"
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Then, for each

1 h(27) + h(—277) + 4017 min{m, o} . V2R
AEA = , 17 ’
= 4f§9(x)dx F(17) 8f019(x)dx mm{F(’yl) F('yz)}

the problem (P{/g) admits at least two solutions uy \ and uy )\ such that max,cpq1) [u1,1(x)| < 71 and
maXye(o,1] |u2,A(x)] < 72.

Now, we point out a special case of Theorem 5.7.

Theorem 5.9. Assume that
lim o) _ lim &) _ 0 (5.6)

g0t & Jg—oe [E]

and there exists a positive constant ij such that F(ij) > 0. Then, for each A > A*, where

A= inf
4]? 6(x)dx 77° E(7
1

7

1 h(277) + h(—=27f) + 40177
7)

the problem (P){'a) admits at least one nonnegative and one non zero solution in X.

Proof. Let A > A*. Then, there is 7 > 0 such that

A > inf -
4f1% 0(x)dx 770 (i
i

1 h(277) + h(=27) + 40,77
; .

From (5.6) we obtain

fi Pz P SO

u—07* u U—r00 u

So we can pick 47 and %, such that

8 1 1 72
T < \/ ISR <4g(2'7) +g8(=20) + @8’7)

min{m, o}

and

¢ ity (3820 + g8-2) + 4?) <7

min{m, {o}

WPy fO) _ min{mio} 7, q SWPuizn ) min{mi) 7
m 8 [y 0(x)dx F(7T1) T2 8 fi 0(x)dx F(72)
obtain the conclusion. O

Hence, from Theorem 5.8 we

Remark 5.10. Theorem 1.2 immediately follows from Theorem 5.9.
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