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To determine the precise link between anatomical structure and function, brain studies primarily concentrate
on the anatomical wiring of the brain and its topological properties. In this work, we investigate the weighted
degree and connection length distributions of the KKI-113 and KKI-18 human connectomes, the fruit fly, and
the mouse retina. We find that the node strength (weighted degree) distribution behavior differs depending on the
considered scale. On the global scale, the distributions are found to follow a power-law behavior, with a roughly
universal exponent close to 3. However, this behavior breaks at the local scale as the node strength distributions
of the KKI-18 follow a stretched exponential, and the fly and mouse retina follow the log-normal distribution,
respectively, which are indicative of underlying random multiplicative processes and underpins nonlocality of
learning in a brain close to the critical state. However, for the case of the KKI-113 and the HO1 human (1 mm?)
datasets, the local weighted degree distributions follow an exponentially truncated power law, which may hint at
the fact that the critical learning mechanism may have manifested at the node level too.

DOLI: 10.1103/PhysRevResearch.7.013134

I. INTRODUCTION

In neuroscience, networks-based analysis is heavily needed
as the brain is a complex system made up of many interacting
neurons [1]. Understanding the structure of these connections
is crucial as the form is believed to be highly linked with func-
tion [2]. The objective description of the nodes’ and edges’
contributions to the network as a whole is made possible by
the network metrics. Regardless of how widely dispersed or
how closely spaced apart they are, nodes with similar qualities
can be grouped into a single structurally defined class [3].

In the literature, one may find many attempts to investigate
how the morphological and topological quantities are related
to neuronal development. For example, earlier works on the
structural neural circuits of the cerebral cortex characterized
the cortex as a mixing device whose cortico-cortical connec-
tions are primarily determined by chance and may be further
refined during the learning process [4]. An even older model
of neural networks, which Beurle thought might be shaped by
learning and plasticity, was based on random connectivity, an
unstructured substrate, in parallel with these neuroanatomical
concepts [5]. Recently, models were proposed in which net-
work optimization is taken into account. For example, Lynn
et al. [6] proposed a model in which following a random
edge pruning new link is added either by a preferential at-
tachment or randomly. This provides heavy-tailed connection
strengths in agreement with the connectomes they considered.
Others have even looked at combined topological and spatial

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2025/7(1)/013134(16)

013134-1

properties of neural networks by making an analogous physi-
cal construct of connectomes, which they called contactomes
[7], and found that optimization with certain boundary con-
ditions leads to degree and distance distributions close to
the neural connectomes in the fruit fly, mouse, and hu-
man, and unveil a simple set of shared organizing principles
across these organisms. While neuronal distance distributions
are known to follow exponential rule [8], degree distribu-
tions exhibit more fat-tailed-like distribution tails, typically
stretched exponential [9]. Scale-free behavior was found at
the global level of weights in the case of large human white
matter bundles [10] and in the case of neural links of the
hemibrain [11].

Brain criticality hypothesis states that the brain activity
persists between periods of rapid extinction and ampli-
fication [12]. According to theoretical and experimental
evidence, the brain functions close to this region [13-17],
which optimizes its computational capabilities [12]. In crit-
ical dynamics, a common marker of criticality in a system
is the presence of power-law distributed quantities. Pre-
viously, it has been hypothesized that functional brain
networks follow scale-free behaviors characterized by the
presence of power laws [18,19]. Power laws signal a certain
amount of self-organization, either through replication (as in
biological /metabolic networks) or growth and preferential at-
tachment (as in sociological /technological networks) [20,21].
Moreover, it has been proposed that the scale-free property
enables effective communication using a limited number of
core nodes that serve as information flow hubs, such as in the
case of transportation networks [22]. Although there are many
possible mechanisms that produce power laws [23], critical
behavior optimizes information processing. Power laws can
therefore be used as a tool to look into the criticality of neural
systems data [24].
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https://orcid.org/0000-0002-8384-3649
https://orcid.org/0000-0001-9259-5352
https://ror.org/03ftngr23
https://ror.org/04n0g0b29
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevResearch.7.013134&domain=pdf&date_stamp=2025-02-05
https://doi.org/10.1103/PhysRevResearch.7.013134
https://creativecommons.org/licenses/by/4.0/

CIRUNAY, ODOR, PAPP, AND DECO

PHYSICAL REVIEW RESEARCH 7, 013134 (2025)

TABLE 1. Properties of the giant connected components (GCCs)
of the considered networks.

Dataset No. Nodes No. Edges
KKI-113 799 133 48 096 501
KKI-18 797 759 46 524 003
HO1 Human (1 mm?) 13579 76 004
Mouse retina 1076 577 350
Fly (hemibrain) 21 662 3413 160
Fly (hemibrain reciprocated) 16 804 3251362
Fly (full brain) 124 778 3794 527
Fly (full brain filtered) 18 103 157 904
Fly (larva) 2952 110 677

One of the main neural processes that occur during a
living organism’s lifespan is learning. Learning takes place
because of the alterations in the strength and number of con-
nections that happen between existing neurons. Additionally,
frequently used pathways are reinforced and decay with in-
activity, more formally called long-term potentiation (LTP)
and long-term depression (LTD), respectively [25,26]. In this
work, we investigate how critical learning mechanisms (func-
tion) affect the weight and strength distributions of node
connections (form) of human and nonhuman connectomes
on both the global and the local scale. In the absence of
availability of baby connectome datasets, we utilize a fruit
fly larva and adult fruit fly data to study the developmental
changes that have occurred.

II. METHODOLOGY

The connectome is defined as the structural network of
neural connections in the brain [27]. At the size of a single
neuron, existing imaging methods are unable to fully resolve
the roughly ~10"" neurons that make up the human brain.
In this work, we employed coarse-grained networks, acquired
using diffusion tensor imaging, including ~10° nodes, which
is found to agree well with ground-truth data from histology
tract tracing [28,29]. Such large, whole-brain network data
are obtained from the Open Connectome Project repository
and have been previously analyzed [9]. The enormous number
of nodes results from the usage of various parcellations that
are closer to voxel resolution. For instance, the brain masks
of a conventional aligned magnetic resonance imaging (MRI)
with 1 mm resolution include about 1.8 million voxels. Here,
various connectome datasets are considered: human KKI-113,
KKI-18, HO1 (1 mm?), fruit fly (various versions with proper-
ties detailed below), and the mouse retina. All of these are
considered large enough to avoid finite-size limits. Table I
shows the network properties of these datasets.

The KKI-113 network contains 799 113 nodes and
48096 500 weighted and directed edges. On the other hand,
the KKI-18 contains 836 733 nodes and 46 524 003 weighted
and directed connections [9,30]. Additionally, the human HO1
(1 mm?) dataset contains 13 579 nodes and 76 004 edges [7].
To serve as a comparison, we also consider a fly’s full brain
with 124 778 nodes and 3 794 527 edges and a filtered version,
where cells labeled as GLUT, ACH, and GABA were removed
following Ref. [31], having 18 718 nodes and 157 904 edges

[32], a fly hemibrain [33] (with 21 662 nodes and 3413 160
edges) connectomes and its bidirectional version (with 16 804
nodes and 3 251 362 reciprocal edges). Additionally, to inves-
tigate the changes in a fly’s brain, we included a fly larva
dataset [34] with 2952 nodes and 110677 edges. Finally, we
also include the mouse retina data set, with only 1076 nodes
and 577350 weighted and directed edges [35]. The neural
mouse retina has the interesting property of exhibiting homeo-
static plasticity after the development stages characterized by
the remarkable ability to maintain a stable architectural and
functional organization [36]. Here, it would be interesting to
see how its edge weights and node strength distributions com-
pare with other organisms that exhibit more flexible plasticity
over time as a response to external stimuli.

As mentioned in the previous section, we take particular
interest in the global and local weight distributions of the
datasets that are considered. The global node strength w;
refers to the number of edges that surround a particular node i.
In weighted networks, the node strength is the generalization
of the node degree or how strongly a node is connected to
the rest of the nodes in the networks [37]. The weighted node
out-degree (node strength) s¢™ is the sum of the edge weights

of outgoing edges emanating from node i [37],
S?Ut = Zaijw,-j. (1)
J

Here, the weights w;; correspond to the number of links be-
tween two nodes in the network and a;; = 0, 1 are adjacency
matrix elements, describing the connections between nodes
i and j. Similarly, the weighted in-degree/strength s/ is the
sum of the incoming edge weights for links incident to that
node,

Si:n = Zaj,-wj,-. (2)
J

Additionally, we also present results on the distribution
of the voxel Euclidean distances of the largest human con-
nectome, the KKI-113, in addition to the previously reported
topological properties for other human connectomes [9].

III. RESULTS
A. Neuronal distances

To describe the spatial arrangement of KKI-113, we regard
nodes whose location coordinates (x, y, z) correspond to its
center. Here, we computed the Euclidean distance between
them and obtained the distribution displayed in Fig. 1. In
the literature, neuronal distances are known to follow the
exponential rule p(d) oc e=¢/% for the case of the inter-areal
cortical network connections in macaques, mice, and rats
[8]. Furthermore, there is evidence that the probability of
local connections also decays exponentially [38,39]. Previous
works have hypothesized that the establishment and main-
tenance of synapses in neural connectomes is connected to
wiring cost, which aligns with the concept of exponential
decay [40—-42]. By visual inspection, the distribution of the
neuronal distances for KKI-113 seems to agree with such a
concept with a characteristic value of dy = 15.72 mm cor-
responding to the mean of the data. As one may observe,
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FIG. 1. White matter fiber tract lengths of the KKI-113 are in
accordance with the exponential law with a distance scale dy =
15.72 mm and cross over to an even faster decay for d > 40 mm.

the tail is found to decay faster. This may be due to the
limitations of the Diffusion Tensor Imaging, which was em-
ployed for data acquisition, wherein there is a possibility of
underestimating long-distance connections [43,44] and over-
estimating local connections [45], as in the case of the typical
global tractography approach in which streamlines weighted
with their corresponding fiber lengths are traced to connect
pairs of given voxels [46]. Although a more recent work on
the use of diffusion MRI tractography and histological tract
tracing applied on ferret brain has shown good agreement
between anatomical experiments and the estimates done for
the case of mouse and monkey [29], increasing confidence in
the technique, we believe that the observed faster decay for the
case of KKI-113 was due to this imaging limitation and the
fact that the human brain is far more complex and contains
more white matter than any other nonhuman primates [47],
which may have introduced difficulty in delineating neuronal
connections, especially at large distances. Moreover, it has
been suggested that in larger brains, long-range connections
may require greater axon diameters in order to sustain fast
neural transmission [48,49] and that certain types of high-cost
connectivity may be less common in larger brains [50].

B. Global weights and local strength distributions

Recent works have shown that the computational complex-
ity of a single biological neuron is equivalent to that of 5-8
layers of deep neural networks (DNNs), which they attributed
to the treelike morphology of their dendritic branches [51]
as well as to their electrical properties [52,53]. The brain as
a complex adaptive system is made up of these individual
computational units, whose interactions (i.e., spike-timing-
dependent synaptic plasticity (STDP) [54], Hebbian Rules
[55], short-term plasticity [56]) can be considered endogenous
factors of neural dynamics that drive the brain to criticality
[57]. One common indicator of criticality in a system is the
presence of power-law distributed quantities and the scaling
laws among them. Although there are many other possible
mechanisms that produce power laws [23], we note that crit-
icality optimizes information processing [12] and, thus, there
is reason to believe that in the context of learning, the presence

TABLE II. Global weight distributions’ fitting parameters.

Power-law
Dataset exponent o KS distance D
KKI-113 3.11(1) 0.040
KKI-18 3.04(1) 0.052
HO1 Human (1 mm?) 3.7(12) 0.057
Mouse retina 3.1(5) 0.087
Fly (hemibrain) (FHB) 3.5(2) 0.013
Fly (hemibrain reciprocated) 3.4(2) 0.019
(FHBR)

Fly (full brain) (FFB) 3.06(4) 0.030
Fly (full brain filtered) (FFBF) 3.0(6) 0.17
Fly (larva) (FL) 3.5(3) 0.070

of power law is driven by such mechanism. Power-law distri-
bution analysis can therefore be used to look into the criticality
of nervous system data [24]. In the following, we present how
the critical learning mechanism influences the global and local
weight distributions of the datasets being considered.

Figure 2 shows and Table II summarizes the global weight
distributions of the KKI-113, KKI-18, human HOI (1 mm?),
mouse retina, the hemi- and full brains of fruit flies, and that
of a fruit fly larva. We employed the statistical framework
of Clauset et al. [58] to identify and measure the power-
law behavior. A pure power law allows for arbitrarily large
or small values and, because we are dealing with empirical
data, we can only fit a power law for a limited range of
values. Here, we determine the power law by assuming an
Xmin (Where xpnin > 0) and via the behavior of the tail of the
distribution. We checked the goodness of fit by computing the
Kolmogorov-Smirnov (KS) distance D and the standard error
coefficient o ( see Sec. 2 of the Appendix for the details of
Clauset et al.’s KS statistics implementation). The exponent
which minimizes the value of the KS distance is displayed
in the figure. Here, we find that on the global scale, the
distributions are found to follow a power-law behavior, with a
roughly universal exponent close to 3. The scale-free behavior
allows for effective communication due to the presence of
core nodes that serve as information hubs [20,22]. Note that
the global weight distribution of the KKI-18 [Fig. 2(b)] has
been previously investigated [10], with a power-law fit of
o = 3.05(5). This was obtained for data with a size of N =
41523 931. This time, however, we obtained a more complete
graph with N = 46 524 003, such that the power-law exponent
varied slightly with an exponent of o = 3.04(1).

In the case of the mouse retina [Fig. 2(d)], we observe
that its global edge weights also follow a power-law behavior
with exponent of ~3, similar to the other organisms. This is
despite the fact that unlike the other datasets, the mouse retina
is not expected to develop much structural change beyond the
development of the mouse (homeostatic plasticity), a neces-
sary adaptive mechanism to ensure the stability of the firing
rate in neurons to compensate for prolonged perturbations of
neuronal activity, e.g., visual and auditory cortices [59,60].

Figures 2(e) and 2(f) show the edge weight distributions
of the fruit fly data sets, where we found that ogy < Garva-
The larger exponent value for the larva, indicating a higher
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FIG. 2. The weight distributions of (a) KKI-113, (b) KKI-18, (c) HO1 human (1 mm?®), (d) mouse retina, () fly (hemibrain), (f) fly (full
brain, and its filtered version), and that of a larva all follow power-law behaviors in the global scale.

probability of finding nodes that have fewer links or weaker
connections to its neighbors, can be attributed to the fact that
at this stage, the fruit fly is still in its formative stages of
development. Moreover, this state of the larva network where
there is a lack of large values of edge weights may be thought
of as its “prelearning” phase, where neuroplasticity has not
yet occurred. Finally, the opposite can be observed for the
full brain of an adult fruit fly, which has the lowest value
of power-law exponent. This means a lower probability of
low-value weights and more likelihood of finding high-edge
weights, as indicated by its fat tail. The presence of high-edge
weights may be an indication of the structural and functional
reinforcements that have occurred throughout the phases of a
fly’s development.

We also considered a filtered version of the adult fly’s
full brain where the glia cells are removed. Glial cells are
non-neuronal cells that create myelin in the peripheral nervous
system, helping maintain homeostasis and providing support
and protection for neurons [61]. The volumetric ratios of glial
cells can vary for every species and every region in their
brains [62]. In spite of the inconclusiveness on the ratio of
neuron-to-glial cells, we still find value in investigating the
case of removing glial cells in the fruit fly, as previous works
have shown that these cells in the fruit fly share significant
molecular and functional (engulfment activity) attributes with
mammalian astrocytes [63,64]. Here, we observe that the ex-
ponent of the tails does not vary much with that of the adult

fly’s full brain and the only difference is that there is now a
lower probability of finding large edge weights.

If we follow this reasoning, one may ask why the global
edge weight distribution of the fly hemibrain, which is taken
from an adult fruit fly (both the reciprocated and unidirec-
tional datasets), is steeper than that of a fruit fly larva. One
reason is that by itself, the brain of a fly (Drosophilia) is sparse
compared to C.elegans, a larva zebra fish, and a mouse [31].
Additionally, this can be due to structural reasons, i.e., the full
brain connectome includes peripheral, visual neurons, while
the hemibrain only consists of the central nervous system.
Finally, the data acquisition when considering only a region
may have introduced more complications as, this time, some
nodes and their corresponding connections to other regions of
the brain may have been cut as well, leading to fewer edges (a
preponderance of lower edge weight values) in the considered
giant connected cluster (GCC).

Figure 3 shows the local in-, out-, and total (in+out)-node
strength distributions for all of the considered datasets. For
the case of KKI-113 [Figs. 3(a)-3(c)] and the human HO1
(1 mm?) datasets, the strength distributions are found to fol-
low an exponentially truncated power law, also consistent with
other large human connectomes [9]. The presence of a power
law, albeit truncated, may hint that the critical mechanism is
manifested at the node level too [65]. The truncation may be
due to some physical constraints. For example, Mossa et al.
attributed the truncation on the degree distributions of the
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FIG. 3. Local weighted degree (node strength) distributions no longer follow a power-law behavior. (a)-(c) The weighted local in-/out-
degrees of the KKI-113 are shown to behave as an exponentially truncated power law. (d)—(f) Meanwhile, KKI-18 follows a stretched
exponential. (g)—(i) The human HO1 (1 mm?) distributions, on the other hand, follow an exponentially truncated power law. Finally, the
weighted degree distributions of the (j)—(1) mouse retina, and the (m)—(0) hemi- and (p)—(r) full brains of a fruit fly and that of a larva, having
considerably smaller spatial sizes, all follow log-normal distributions.
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TABLE III. Local strength distributions’ fitting parameters.

Parameters

Dataset Fitting function Sin Sout Stotal = Sin + Sout

KKI-113 Expt. truncated power law C=117 C=117 Cc=1.17
s, = 0.189 s, = 0.189 s, = 0.189
B =0.150 B =0.150 p =0.147
k = 1371 Kk = 1378 Kk = 1682

KKI-18 Stretched expt. A, =104.12 A, =89.03 A, =209.48,c=0.45
y =0.44 y = 0.41

HO1 Human (1 mm?) Expt. truncated power law C=120 C=120 Cc=120
s, =1.17 s, =1.17 s, = —0.031
B =0.281 p =0.281 p =0.203
k =40.9 Kk =413 k=612

Mouse retina Log-normal
Fly (hemibrain) (FHB) Log-normal
Fly (hemibrain reciprocated) (FHBR) Log-normal
Fly (full brain) (FFB) Log-normal
Fly (full brain filtered) (FFBF) Log-normal
Fly (larva) (FL) Log-normal

n=>5.96,0 =0.81
uw=4750=0.79
u=497,0 =0.77
u=222,0=1.59
uw=144,0 =1.30
uw=23.41,0 =0.68

nw=571,0 =1.09
nw=471,0 =0.84
u=494 0 =0.80
un=236,0 =1.50
n=1390=1.35
un =343, 0 =0.65

n=6.62,0 =0.85
n=5450=0.78
uw=25.70,0 =0.72
n=23.020=148
n=1950=135
nw=412,0 =0.63

world wide web (www) and the University of Notre Dame do-
main to the limitation in information-processing capabilities
of the nodes. As there is a cost associated with information
processing, there was a need to filter incoming information
based on interest. By doing so, the new nodes in the network
only process a subset of the information from existing nodes
[66]. As the brain itself is an information-processing unit,
we believe that this may also explain the truncation in the
local weighted degree distributions of the KKI-113 and the
HO1 (1 mm?) datasets, wherein neuronal connections and
exchanges only occur with a subset of local neighbors. Ad-
ditionally, in systems that restrict the maximum number of
linkages that a node can have, such as the local neighbor-
hood being considered, the scale-free characteristic is not to
be expected. The ability of the nodes to link to an arbitrary
number of other nodes is necessary for the scale-free property
to appear.

Stretched exponential and log-normal distributions may
arise from multiplicative processes. In fact, in some cases,
Laherre and Sornette proposed the stretched exponential as
an alternative to the power law [67]. With multiplicative
phenomena, one instance can multiply rapidly, triggering a
cascade. When something is of this nature, individual in-
stances are not independent of one another. These behaviors
can be expected to arise from a high level of connectivity.
Here, we observe that such distributions not only describe
the possible types of events or cascade that flow through
these connections, i.e., electrical signal, infection, etc., but,
this time, they describe the level of connectivity itself (i.e.,
weighted degree). As shown in Fig. 3 and summarized in
Table I1I, local node strengths (siy, Sout, and syo;) of the KKI-18
[Figs. 3(d)-3(f)], the mouse retina [Figs. 3(j)—3(1)], and the
fruit fly [Figs. 3(m)-3(r)] are found to follow the stretched
exponential or log-normal distributions, respectively. The for-
mer is consistent with a previous work on other large human
connectomes [9]. We surmise that this multiplicative creation

of connections has resulted from neuroplasticity or the brain’s
ability to functionally and structurally reorganize as a re-
sponse to external stimuli [68—70]. Such connections are the
physical reinforcements that were created during the different
stages of development of the human, fruit fly, and mouse.

The formation of synapses in the brain is thought to
have begun with a mostly undirected “exploratory” extension,
which is followed by selective consolidation and contact dis-
solution in an early developmental model. The first process
might be termed random, whereas the second process trans-
mits specificity since it is primarily driven by neural activity
or biochemical interactions between participating cells [71].
As the brain connections were first thought to be random and
later shaped by learning and plasticity [4,5], this may explain
the observed log-normal behaviors that hint at the underlying
random multiplicative processes that have occurred in the
system.

It may appear difficult for spatially embedded networks to
exhibit scale-free behavior because of the inherent limitations
imposed by basic spatial and metabolic constraints [3] on the
density and number of connections that may be maintained at
any given node. An exponential and exponentially truncated
power law was seen in different spatial networks, including
transportation networks [72,73], which we have also observed
as in the case of the human connectomes, KKI-113, KKI-18,
and HO1 (1 mm?), as shown in Figs. 3(a)-3(i). For even more
constrained networks such as the case of the mouse retina
and fruit fly (hemi, larva, adult), Figs. 3(j)-3(r) show that
their node strength (sin, Souts Stotal) distributions follow the log-
normal distribution, characterized by a unimodal heavy-tailed
behavior described by the parameters © and o (the mean and
standard deviation of the natural logarithm of the strengths),
representing a characteristic value and variations in node
strengths. For these datasets, the proximity in value of the
parameters may hint at the degree of symmetry or reciprocity
of the connections at the local scale. This so-called reciprocity
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TABLE IV. Summary of source and sink nodes.

Dataset No. source nodes Max. squ (Sout) No. sink nodes Max. s, (Sin)
KKI-113 6684 2100 26.55 5686 536 18.03
KKI-18 2270 1663 52.54 2410 1300 53.68
HO1 Human (mm?) 2109 42 4.63 2145 42 4.33
Mouse retina 1 3977 3977 61 913 255.08
Fly (hemibrain) 0 46 250 62.20
Fly (hemibrain reciprocated) 3 17 9.67 1 3 3
Fly (full brain) 8565 640 18.85 8809 766 18.62
Fly (full brain filtered) 2023 31 1.84 2370 39 3.18
Fly (larva) 58 18 7.66 43 38 16.74

of pathways and connectivity has also been observed in the
macaque visual cortex [74] and mammalian cortex [75]. This
is also shown in the case of the full fly; see [76]. This may be
a manifestation of specificity in the form of link consolidation
[71]. Expectantly, the values of such parameters for the total
(in + out) strength distributions will be slightly larger.

We further witness the concept of specificity in the de-
velopment of the fruit fly. Comparing the parameters of a
larva [34] and that of a full-grown fly [76], we observe that
UrFrBR) < Mrr and opppr) > oFr. The same trend is ob-
served even if we consider the filtered version of the adult
fly brain. The decrease (rrpr) < Mrr) in the characteristic
node strength in the adult fly brain may be due to the disso-
lution of connections due to some metabolic processes and
other constraints [71]. The larger characteristic node strength
(degree/connections) in the larva may be because it is still in
the random exploratory stages of forming neural connections.
Additionally, these connection strengths cannot vary much
from each other (smaller o) as the larva only has very few
nodes to connect to, with such connections not yet being
reinforced due to external stimuli and factors [68-70]. The
opposite is true for the full brain of the adult fruit fly, which
contains more nodes and a larger spatial span of connections.

C. Strength distributions of source and sink
nodes in the network

Each network node’s contributions to the overall design of
a brain network can be measured once it has been defined.
The network participation indices, which Kotter and Stephan
studied, showed areas of relatively densely connected nodes
that were receiving (referred to as “receivers”) and emitting
(referred to as “‘senders”) connections [77]. There are in-
stances when these participatory network metrics that they
mentioned, such as extremely central nodes, also have high
degree. Information transit may be connected to these network
participation metrics [3]. In the following, we explore how
the distributions of nodes with purely incoming and outgoing
edges contribute to the network.

Table IV summarizes the source (nodes with only outgoing
edges) and sink (nodes with only incoming edges) nodes with
their corresponding average in or out strengths for all the
datasets being considered. For KKI-113, (pure) source and
sink nodes make up approximately 0.84% and 0.71% of the
network, respectively. On the other hand, KKI-18 is made up

of 0.27% source nodes and 0.29% sink nodes. The human HO1
(mm?) dataset consists of 15.53% source nodes and 15.80%
sink nodes. For the nonhuman connectomes, we find cases of
either having little or no source or sink nodes, such as the
case of the mouse retina (with only one source node) and a
fly hemibrain, both uni- and bidirectional edges dataset, that
contain only a few sink nodes. This may be due to the fact that
the mouse retina and the fly hemibrain are only sections of
an entire organism’s neuronal network. Notice, however, that
although these nonhuman connectomes have fewer nodes,
they have very high connectivity to the rest of their neighbors,
as indicated by their relatively high average node strengths.
Meanwhile, for a fly larva, being only in its developmental
stages, the source and sink nodes comprise 0.02% and 0.01%
of its entire network. Finally, for the full fruit fly brain, we can
observe that its source nodes comprise 6.89% of its neuronal
network, while its sink nodes make up 7.06% of it. Its filtered
version contains 0.11% source nodes and 0.13% sink nodes.
Even though Tables I and IV indicate that these nodes
only comprise a small fraction of the networks, some of these
nodes serve as hubs, which is evident in the large value of
the maximum s;j, and sq,. Because of this, they can be crucial
for neural integration and brain communication, making them
important participants in cognitive processes. Furthermore, at
times of stress, these network regions are prone to discon-
necting and malfunctioning [78]. For example, mapping the
locations of sources and sinks in a mouse retina revealed that
the prefrontal cortex and other higher-order brain regions are
the main neuronal output sources for the rest of the brain,
while the basal ganglia are important receivers of incom-
ing projections [79]. In this work, we slightly touch on the
topic of source and sink in the neuronal networks of humans
(KKI-113, KKI-18), the mouse, and a fruit fly. This time, we
explore the mouse retina and investigate the strength distri-
butions of the source and sink nodes. Additionally, as in the
case of humans, sources are found to be high-influence nodes
which inhibit the sink nodes from going into epileptic seizures
[80]. Figure 4 shows the probability distributions of the node
strengths of the source [P(Sout|sin = 0)] and sink [P(Sin|Sout =
0)] nodes in the network datasets being considered. Table V
summarizes the fitting parameters of this analysis.
Interestingly, for the human connectomes KKI-113, KKI-
18, and the human HO1 (1 mm?®) datasets, the strength
distributions of these sources and sinks follow power-law tails
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TABLE V. Source and sink node strength parameters.

Sinks Sources
(Suut = O) (Sin = 0)
Datasets Fitting Parameters Fitting Parameters
KKI-113 Power law o =234),D =0.056 Power law a=2.112),D =0.056
KKI-18 Power law a=2.03),D =0.082 Power law o =2.03),D =0.081
HOI Human (1 mm?) Power law o =4.021), D = 0.039 Power law o =2.5(05),D =0.075
Mouse retina Log-normal wy =3.09
Mixture o = 0.83
o, = 0.41
Fly (hemibrain) (FHB) Log-normal n=3.84
o =0.76
Fly (hemibrain reciprocated) (FHBR)
Fly (full brain) (FFB) Log-normal nw=224 Log-normal n =225
o=1.17 o=1.17
Fly (full brain filtered) (FFBF) Log-normal n=0.81 Log-normal u=0.28
o =0.83 o =0.82
Fly (larva) (FL) Log-normal n=2.68 Log-normal n=1.89
o =0.52 o =0.53

which have exponents slightly above 2. Note that for the
strength distribution of the HO1 source nodes, we find a sharp
knee-point (at s;; &~ 11) in its distribution followed by a steep
tail (with exponent o &~ 4). This sharp transition can signal
finite-size limitations since we are looking into a 1-mm3-
size region. However, for the case of nonhuman connectomes
[Figs. 4(e)—4(h)], we observe log-normal behaviors of source
and sink node strengths.

The mouse retina is expectantly smaller with only over a
thousand nodes and around half a million edges. By exam-
ining the distributions of nodes with either only incoming or
outgoing edges, we found that there is only one node in the
network that has no incoming edges (identified to be node 0
with s§" = 3977). Such voxel may be part of the retina that
is closest to the mouse’s brain, which distributes information
to all other neighboring nodes in the network. Additionally,
looking at the sink nodes, qualitatively it was observed that
after the first peak, there is another rise in the trend before
it goes down again. Note that events following log-normal
behaviors are independent random variables with mean and
standard deviation values that are also independent of each
other, which means that it does not matter how we regroup our
data. Having said this, we closely inspect the data by splitting
it into two: s, < 97 and s;, > 97. This value was selected be-
cause the intermediate bins are empty, signaling a decay of the
previous mode and the rise of the second modal curve. Here,
we saw that each range of data would follow a log-normal
trend and, as a whole, the entire dataset follows a bimodal log-
normal distribution (or log-normal mixture). In the literature,
such behavior can model the first-order kinetics of chemi-
cals when mixed [81], subsequent waves of a pandemic [82],
or market volatility structures [83]. In this context, the log-
normal mixture observed in the mouse retina dataset implies
clustering and differences in the concentration of connections.
Here, we observe that there is a high probability of finding
sparsely connected regions and the occurrence of densely con-
nected portions (with more than 100 incoming edges) of sink

nodes. According to earlier research [75], synaptic strengths
in the rat visual cortex follow a log-normal distribution with
a heavy tail, indicating a higher-than-expected abundance of
strong synaptic connections. Furthermore, stronger connec-
tions tend to be more heavily clustered [3], which may account
for the data point concentration at the log-normal mixture’s
second peak.

Finally, for the case of the fruit fly datasets (hemibrain,
larva, full brain, and filtered full brain), the in and out
strengths of the source and sink nodes still obey the log-
normal behavior, which may be hinted at from the behavior of
the local weight distributions shown in Figs. 3(j)-3(1). Similar
to the in and out node strength distributions, we can still find
that uppp < (rp and oppp > opp [Figs. 3(m)-3(0)]. Notice
that this time, upppr < wpp for both the source and sink
nodes. This is because there are more nodes in the filtered
version of the adult fly’s full brain (N = 18 103) still as com-
pared to the larva’s (N = 2952). In any case, we believe that
the same underlying mechanisms are responsible for these
observations which led to them following the same statistical
behaviors.

IV. POSSIBLE EXPLANATION FOR POWER LAWS
OF GLOBAL WEIGHT DISTRIBUTIONS

Long-time learning and memory were shown to be induced
via the long-term potentiation (LTP) synaptic plasticity, which
is related to the longevity (tr) of neighboring neuron pair
firing activity [84]. LTP results from coincident activity of
pre- and postsynaptic elements, bringing about a facilitation
of chemical transmission, that can persist for periods of weeks
or months.

According to this, we assume that the weights w;; & T
and their probability density function (PDFs) are also pro-
portional to the correlated activity durations p(w;;) & p(T)
7%, Note that a weight decrease in the case of neurons not
firing together should also be taken into account to model
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FIG. 4. The weighted in and out strengths of source and sink
nodes of (a), (b) KKI-113, (¢), (d) KKI-18, (e), (f) HO1 human
(Imm?), (g) mouse retina (in-strength only), (h) fly (hemibrain)
(in-strength only), and (i), (j) fly (larva and full brain).

forgetting and to avoid unbounded growth of w;;, but we
assume it to be a random process that does not affect the
scaling behavior. The correlated activity duration distributions
can be related to the autocorrelation functions of the variables,
which exhibit the asymptotic scaling Cys(t) oc t~*/%, where
A is the autocorrelation exponent and Z is the dynamical
exponent of the critical process [85]. Here we consider a
pair of active nodes, which in an uncorrelated system exhibits
paa(t) = pa(t)?, but right at the critical point, ps () o< pa(t)
[86]. A time integral of the two-point (pair) autocorrelations
provides the duration PDFs in the T — oo asymptotic limit as

to+T
[ cuonr = pio, 3
fo

where t, is the initial time of the avalanche, giving
rise to p(r) ~ 1t % =1 M?*! and an exponent relation
o=A/Z—1.

For a generic universality class considered to describe
brain criticality [13], i.e., the directed percolation (DP) in
the high-dimensional mean-field limit, the autocorrelation
function decays asymptotically with A/Z = 4 [87], and thus

p(w;j) o< p(t) 773 can be expected, in agreement with our
measurements for global weight distributions. This scaling
can be true for the mean-field behavior of several other basic
universality classes, such as DP-C (Manna) or the dynamical
percolation [87]. In lower spatial dimensions, the autocorrela-
tion exponent decreases, for example, in d = 2, it is A/Z =
2.5(3) [87], providing an estimate o = 1.5(3) for the two-
dimensional DP class. Model simulations assuming Manna
sandpiles are under way for direct confirmations [88]. We
assume that for white matter fiber tracts (i.e., in the case
of KKI-18), the aggregate of the neuron level learning rules
results in similar distributions.

However, it is still an open question if the critical brain
would belong to the mean-field DP universality class or to
another class and, if nonuniversal scaling [89,90], correspond-
ing to a Griffiths phase [91] or to an external drive [92,93].
In the case of the Shinomoto-Kuramoto model, possessing
periodic external forces, to describe the task phase of the
fruit fly brain, it was shown that the PDFs of the interevent
times decay with nonuniversal power laws, characterized
by exponents 2 < v < 4, depending on the strength of the
excitation [93] and on the actual communities. Similar
behavior was found for the Hurst and 8 exponents, which
describe autocorrelations. This community dependence has
been confirmed via fMRI and blood-oxygen-level-dependent
(BOLD) signal measurements [94] in the case of humans.

V. SUMMARY

In summary, we have investigated the weight distributions
of various human and animal connectomes to search for
power-law-tailed PDFs, which can be related to the learn-
ing mechanism of the brain in a critical state. These are the
largest, publicly available neural graphs. We found that the
global weight distributions can be fitted by power-law tails,
characterized by exponents slightly above 3, where the node
strength PDFs decay faster, and stretch exponentially or via
the log-normal way. The whole brain human fiber tracks,
obtained by MRI with deterministic tractography, using the
Fiber Assignment by Continuous Tracking algorithm methods
[95], exhibit the most power-law-like behavior, and even the
node strengths of the source and sink nodes are like that.

We have compared these results of adult (human and an-
imal) connectomes with that of an untrained, larva fly and
found that the latter has a narrow PDF, which starts in the
same way as the adult fly. This suggests that a certain degree
of learning already happens in premature brain development
or the initial axon growth mechanisms could also lead to fat
tails in the connection strengths [6]. This should be studied
more, using other connectomes obtained in the early phase of
neural growth.

We provided a possible model and a scaling relation, which
connects the critical autocorrelation function to the LTP plas-
ticity mechanism, which can explain the power laws that we
observe. Thus we rely on the mutual relationship between
structural and functional connectomes and claim that nonlo-
cal learning is dictated by a brain state close to criticality
[96]. Assuming mean-field critical behavior of the branching
processes, we derive a global weight exponent o = 3, which
is close to most of the values we obtained by analyzing
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different connectomes. But in the lack of the true whole brain
function model, we cannot give a precise weight exponent
estimate. This can also vary across modules following dif-
ferent dynamics. Note that learning via link strengthening
makes the connections more asymmetric, which enhances the
violation of the fluctuation dissipation and makes the brains
more nonequilibrium [97].

Finally, we have also determined the white matter fiber
tract distance distributions of the large KKI-113 human
connectome. We found that it follows the exponential rule up
to 4 cm size, but breaks down and decays faster for longer
lengths. Note that the distances are calculated from the x, y,
and z coordinates of nodes as we do not know the real wire
lengths.

Overall, the exploration of the relationship between
anatomical structure and function across species reveals scale-
free properties at the global level and diverse local-scale be-
haviors of the node structural degree tied to critical dynamics.
Our results suggest that human neural architecture achieves
a balance between efficiency and adaptability through a
dynamic interplay of global and local properties. While high-
lighting unique patterns in human connectomes, the study
situates these within broader principles shared across species,
offering insights into the structural basis for learning, self-
organization, and adaptability. These findings help us to
elucidate the key question about what makes us human.
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APPENDIX

In this Appendix, we present in detail the methods (i.e.,
binning, statistical fitting) employed in our analyses.

1. Data binning
a. The logarithmic and linear binning

In this work, we employed both linear and logarithmic
binning to our data. We did this because we are dealing with
datasets of varying sizes. Figure 5 shows a schematic of the
log binning that is employed.

Since the datasets vary in size, the number of bin sets also
varies. In general, the number of bin sets ensures that there are
no empty bins to avoid erratic trends. The choice of binning,
either linear or logarithmic, is based on the number of data

(a)
min_log10 max_logl10
range_log10 >
(b)
X1 = min_log10
+ binwidth_log10
X0 = . . XN = min_logl0
min_log10 . - === aBip]e=--- ‘ == == Bin2== ‘ - +N*hinwildth_log1() ‘ max_log10
X2 =min_logl0
+ 2*binwidth_log10
(c)
.-Bin].-.---Binz----.-------------.-------umax_logl()
Min =10X() 10X1 10){2 10X3
Logarithmically increasing bin sizes ———

FIG. 5. Schematic of logarithmic binning. (a) To be equally spaced in the logarithmic scale, the range of the data is defined by taking the
difference of the logarithm of the minimum and maximum of the data. (b) The range of data is divided by the number of bin sets. The more
data points, the larger the number of bins. (c) Logarithmic binning in the linear scale.
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TABLE VI. Summary of global weights data and employed binning.

Dataset No. data points, N Max. value Type of binning
KKI-113 48 096 501 1377.0 Logarithmic
KKI-18 46 524 003 854.0 Logarithmic
HO1 Human (1 mm?) 76 004 89 Logarithmic
Mouse retina 577 350 29.0 Linear

Fly (hemibrain) 3413160 4299.0 Logarithmic
Fly (hemibrain reciprocated) 3251362 4299 Logarithmic
Fly (full brain) 3794 527 2358.0 Logarithmic
Fly (full brain filtered) 157 904 524.0 Logarithmic
Fly (larva) 110 677 121.0 Linear

points, N, and the maximum value. For the case of linear
binning, the same schematics apply, except that we do not take
the logarithm of the data points.

In the following, we listed the type of binning employed
for every dataset presented in the main text.

b. Global weights distribution

Table VI presents a summary of the global weights data
and employed binning.

¢. Local node strengths’ distribution

Tables VII-X provide a summary of the local node
strengths’ distribution.

2. The power law

Functional brain networks have been proposed to ex-
hibit scale-free behaviors with power laws present [18,19].
Power laws indicate a specific degree of self-organization,
either by growth and preferred attachment or replication, as
in biological/metabolic networks [20,21]. When there is a
transition from an ordered to an unordered phase without a
characteristic length scale, power laws play a crucial role in
statistical physics. Both theoretical and practical data support
the notion that the brain functions near this important area
[13-16].

An observable x follows a power law if it is drawn from the
probability distribution

P(x) ocx™?, (A1)

where « is a constant parameter of the distribution known
as the exponent or scaling parameter. In reality, only a few
quantities follow a power law for all values of x. Many times,
the power law applies only for values greater than some min-
imum Xxpi, (Where xpi, > 0) such that we say that the tail of
the distribution follows a power law. In this work, we fitted
our data (Figs. 2 and 4) by employing the methods of Clauset
et al. [58] implemented by Alstott in PYTHON [98].

Power-law distributions can either be continuous dis-
tributions governing continuous real numbers or discrete
distributions where the quantity of interest can take only a
discrete set of values, typically positive integers.

As we are dealing with the number of edges emanating
from a node, we utilize the power law in the discrete case
where we only consider integer values with probability distri-
bution of the form

P(x)=Pr(X =x) =Cx"", (A2)
where xpni, > 0. More details of the normalization constant C
and specific form of the parameters o and o for the discrete
power-law distribution case can be found in Ref. [58].

There are many ways to measure the distance between
two probability distributions, but for non-normal data, the
most common is the Kolmogorov-Smirnov or KS statistic
[Eq. (A3)], which is simply the maximum distance between
the cumulative distribution function (CDFs) of the data and
the fitted model [58]. Note that the KS statistic they used is
different from the KS test (which means comparing it with the
Kolmogorov distribution). Here, the KS statistic served two
purposes: (1) as a distance measure for fitting, wherein they
estimate a value X, that minimizes D, and (2) as a distance

TABLE VII. Summary of node in-strength data and employed binning.

Dataset No. data points, N Max. value Type of binning
KKI-113 1598 266 4977.0 Logarithmic
KKI-18 752 358 38 243.0 Logarithmic
HO1 Human (1 mm?) 13579 94 Logarithmic
Mouse retina 1076 5000.0 Linear

Fly (hemibrain) 21 662 2708.0 Logarithmic
Fly (hemibrain reciprocated) 16 804 4224.0 Logarithmic
Fly (full brain) 124 778 23 036.0 Logarithmic
Fly (full brain filtered) 18 103 637.0 Logarithmic
Fly (larva) 2952 210.0 Linear
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TABLE VIII. Summary of node out-strength data and employed binning.

Dataset No. data points, N Max. value Type of binning
KKI-113 1 598 266 5010.0 Logarithmic
KKI-18 749 667 55441.0 Logarithmic
HO1 Human (1 mm?) 13579 95.0 Logarithmic
Mouse retina 1076 6880.0 Linear
Fly (hemibrain) 21 662 5044.0 Logarithmic
Fly (hemibrain reciprocated) 16 804 4378.0 Logarithmic
Fly (full brain) 124 778 12 898.0 Logarithmic
Fly (full brain filtered) 18 103 557.0 Logarithmic
Fly (larva) 2952 160.0 Linear
measure to test the goodness of fit, by using bootstrapping. such that the cumulative distribution is
Instead of using the KS distribution as the distribution for (=]

P.(x)=¢€"%" ", (AS)

the KS statistic under the null hypothesis, one estimates an
empirical distribution for this statistic by simulations. Here,
they generated a large number of power-law distributed syn-
thetic datasets with scaling parameter « and lower xp;, equal
to those of the distribution that best fits the observed data.
This distance is compared with distance measurements for
comparable synthetic datasets drawn from the same model,
and the p value is defined to be the fraction of the synthetic
distances that are larger than the empirical distance,

Dy = max [S(x) — P(x)],

Jmax (A3)
where S(x) is the CDF of the data for the observations with
value at least xn, and P(x) is the CDF for the power-law
model that best fits the data in the region x > xp,. The esti-
mated value of X,i, is then the value of x,;, that minimizes D.
Finally, we also computed the standard error o of our estimate
for the power-law exponent.

3. The stretched exponential

To quantitatively account for many reported natural fat-tail
distributions in nature and economy, Laherrere and Sornette
[67] proposed the stretched exponential (A4) as an alternative
to the power law,

Stretched exponentials are characterized by an exponent
¢ < 1, in which the exponent c is the inverse of the num-
ber of generations (or products) in a multiplicative process.
The borderline ¢ = 1 corresponds to the usual exponential
distribution. For ¢ < 1, the distribution (AS) presents a clear
curvature in a log-log plot, while exhibiting a relatively large
apparent linear behavior, all the more so, the smaller c is. It
can thus be used to account both for a limited scaling regime
and a crossover to nonscaling. When using the stretched ex-
ponential PDF, the rationale is that the deviations from a
power-law description are fundamental and not only a finite-
size correction.

Among its numerous benefits is its economy—it has only
two movable parameters with definite physical meaning.
Moreover, it originates from a straightforward and universal
mechanism concerning multiplicative processes.

To find the fitting for the in-, out-, and total-strength dis-
tributions, the best-fitting parameters A, and ¢ (exponent) of
the stretched exponential are computed by using the mean and
standard deviation of the data and scanning through a range of
values for ¢ (from 0.1 to 0.9999).

Adapting from the Appendix of [67], this section shows the
derivation of the condition for the data to follow a stretched
exponential. We start with the mean of the stretched exponen-
tial (A4) given by

c—1
P(x)dx = c(x >e[<A2>"]dx, (A4) (x) = xo(l>r<l> (A6)
o Co o
TABLE IX. Summary of node total (in + out) node strength data and employed binning.

Dataset No. data points, N Max. value Type of binning
KKI-113 1 598 266 6285.0 Logarithmic
KKI-18 797 759 73 451.0 Logarithmic
HO1 Human (1 mm?) 13579 159.0 Logarithmic
Mouse retina 1076 7853.0 Linear
Fly (hemibrain) 21 662 7511.0 Logarithmic
Fly (hemibrain reciprocated) 16 804 6394.0 Logarithmic
Fly (full brain) 124 778 26 593.0 Logarithmic
Fly (full brain filtered) 18 103 1194.0 Logarithmic
Fly (larva) 2952 331.0 Linear
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TABLE X. Summary of source and sink node strength data and employed binning.

Sources Sinks
Sin = 0 Sout = 0
Dataset No. data points, N Max. value No. data points, N Max. value Type of binning
KKI-113 6684 2110.0 5686 536 Logarithmic
KKI-18 2270 1663.0 2410 1300 Logarithmic
HOI Human (1 mm?) 2109 42 2145 42 Logarithmic
Mouse retina 1 3977.0 61 913 Linear (sinks only)
Fly (hemibrain) 46 250 Linear
Fly (hemibrain reciprocated) 3 17.0 1 3
Fly (full Brain) 8565 640.0 8809 766 Logarithmic
Fly (full brain filtered) 2023 31.0 2370 39.0 Linear
Fly (larva) 58 18.0 43 38 Linear
and its variance is 4. The exponential truncated power law
2 2 . .
o2 = x,% V(£ = 2 (A7) In this work, we used the exponential truncated power law
Co Co of the form
From (A6), P(x) = C(x 4+ x,)F exp(—x/k) (A16)
X = Co(x) ‘ (A8)  from the work of Gonzalez and Barabdsi [99]. Simply put,

r()

By plugging in (A8) to (A7), we get

IR
We simplify (A9) by factoring out (x) and get
o’ = [%,,F(‘%) — 1}@)2. (A10)
r)
We transpose (x)? to the other side,
o? r@)
W:[%or(é)—l . (A11)
We then add 1 to both sides of (A11),
o’ r@) |
e +1= [mrc_{) , (A12)
and divide everything by 2 and rearrange,
r@]_ o 1
[coré)} = 200 + 3 (A13)
If we let the left-hand side of (A13) be
r)
F,= [C"F(}:)} (A14)

and the right-hand side be some constant F, which is a func-
tion of o, the standard deviation, and (x) is the mean of the
data, then

1
F = + —. (A15)

Here, if the conditions f=|F —F,)=0 and ¢ <1
are met, then the data follow a stretched exponential
trend.

an exponentially truncated power law is a power law multi-
plied by an exponential function. Since they applied this to
displacements r in cities, we replaced the variable r with x
to make it into a more general form. Here, the parameter S
is the power-law exponent that is valid for small values of
s, and « is the cutoff value. To determine the fitting param-
eters s,, B, and k, we employed the CURVE_FIT() function
from PYTHON’s SCIPY.STATS [100]. We used both SCIPY ver-
sion 1.10.1 with LAPACK 0.3.18 and sCIPY version 1.13.1
with LAPACK 0.3.27. To check the goodness of fit of our
data to the said distribution, we compute for the R? value,
defined as

SS
RP=1-"2, (A17)
SStot
where SS;.s is the residual sum of squares,
SStes = Y (i — i), (A18)

where y; is the observed data associated with a fitted or pre-
dicted value f;. On the other hand, the total sum of squares,
SSot, 1S given by

SStes = Y (i — ¥V, (A19)

where y is the mean of the data.

5. The log-normal distribution

Based on earlier research [75], synaptic strengths in the rat
visual cortex follow a log-normal distribution with a heavy
tail, indicating a higher-than-expected abundance of strong
synaptic connections. Here, we opted to fit the node strength
distributions of the mouse retina with a log-normal distribu-
tion as well.

The log-normal distribution is a continuous probability
distribution of a random variable whose logarithm is normally
distributed. A log-normal process is the statistical realization
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of the multiplicative product of many independent random
variables, each of which is positive,

1 (-(m x— ,;,)2)
ex ,

xo /21 P 202
where p is the expected value (or mean) and o is the stan-

dard deviation of the variable’s natural logarithm, not the
expectation and standard deviation of the observed variable

P(x) =

(A20)

x itself,
2
p=1n [ —E ), (A21)
Vg +o?
0.2
o= (1 + —);), (A22)
12

where @, and o, are the mean and standard deviation of the
data.
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