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Notation

Abbreviations

CLT — Composite Laminate Theory

CCLT — Classical Composite Laminate Theory

DMR — Duplex Memory Reliability (function, tensor, matrix, ...)

CP1, CP2 — Code of the Composite Plate specimens

FBC — Fiber Bundle Cells

FEM — Finite Element Method

GCS — Global Coordinate System

GMS — Global Memory Stiffness

LCS — Local Cartesian Coordinate System

MiF — Memory in-plane Force

MiM — Memory in-plane Moment

MSE — Mean Squared Error

MLE — Mean Linear Error

MRF — Memory Reliability Function

PDF — Probability Distribution Function

RF — Reliability Function

RMLE — Relative Mean Linear Error

RMSE — Relative Mean Squared Error

RVE — Representative Volume Element

SCLT — Stochastic Composite Laminate Theory

WF — Window Function

General signs and notations

a, A — cursive lowercase or uppercase letters symbolize real parameters, variables, or functions
a — upright lowercase underlined letters symbolize vectors

A — upright regular uppercase letters symbolize matrix

B —general index for normal compressive (-B=C) or tensile (B=T) or shear (+B=1S) breaking strain
ID(X) — Standard Deviation of the stochastic variable X

[E(X) — Expected value of the stochastic variable X

Y, Y- over-tilde™ designates the stochastic process character of matrix (Y) or composite function (Y)
containing empirical duplex RFs (e.g. rer(u) or rop(u)) as entries or internal variables, respectively



Y*,Y* — superscript asterisk* denotes the memory property of window functions (xzn), empirical
(rx(u)) and expected reliability functions (Rx(u)), or stochastic vector or matrix (e.g. %, C*,R*). The
expectation of the latter expressions has the memory property as well, therefore it is indicated by
the asterisk only (e.g. ¢*, C*, R¥).

Variables and parameters

ei (i=1, 2, 3) — unit base vectors

fo, fl —in-plane force and moment vectors, respectively

h —thickness of the laminate

r7; (i=1,...,6) — empirical duplex MRF on the laminate level

Xioc, Xglob — Vector x in LCS and GCS, xe{g, c}

A, B, W — general stiffness minor matrices of the laminate

C = [cjj] = stiffness matrix of the lamina (¢yare constant elements) in the LCS

C*= CR*, C*=CR* — empirical and expected memory stiffness matrices in the LCS

D*? — variance matrix

Ei (i=1, 2) —tensile elastic moduli of the lamina

G12 — shear elastic modulus of the lamina

Hk thickness based geometrical hyper-matrix of the k™ lamina

K —number of laminas

M —in-plane moment

N —in-plane force

Q — stiffness matrix of the lamina in the GCS

Q*, Q* — empirical and expected memory stiffness matrices of the lamina in the GCS

Qp . — stiffness hyper-matrix of the k™ lamina

R* = [r[;-], R* = [R{“j] — compacted empirical and expected DMR matrices of the lamina

R}, R} — empirical and expected DMR matrices on the laminate level

T(.) — rotation transformation matrix

(x,x,x) — Global Cartesian Coordinate System

(x1,%2,x3) — Local Cartesian Coordinate System

y—shear strain

XZp pn — duplex memory WF of the n' fiber related to —B, Be{CT; -S, S}, respectively

' — general stiffness hyper-matrix of the laminate

['*, I'* — empirical and expected general memory stiffness hyper-matrices of the laminate
g—normal strain

-Egn, &8n— Normal (-B=C, B=T) and shear (B=S) breaking strain of the n" bundle fiber, respectively
€ = [g] — strain vector

€7, €2, Yy — in-plane normal and shear deformations that are the elements of vector g°

K3, K3, Kzy, — out-of-plane deflection and torsion deformations that are the elements of vector g*
vj— Poisson’s coefficients of the lamina

o—normal stress

o =[] — stress vector

60— fiber orientation angle of the lamina in the laminate

7—shear stress

Abstract

Using the fiber bundle cells (FBCs)-based stochastic material model developed in the first part of this
paper, we derived a stochastic version of the classical composite laminate theory (SCLT) for controlled
multiaxial deformation, where the strength parameters are stochastic variables. This model (SCLT)
enables to describe both the deformation and the damage processes in each lamina up to the ultimate



failure. By discussing some examples of simpler tensile load, we demonstrate the applicability of the
results.

Keywords: stochastic material model, fiber bundle, composite laminate theory, memory reliability
matrix, stochastic modeling

1 INTRODUCTION

Designing fiber-reinforced composite structures has usually been based on the so-called Classical
Composite Laminate Theory (CLT or CCLT)*® or its extensions of different kinds, for example the first-,
second-, or third-order shear deformable plate theories®. In general, the dimensioning of a
construction or a machine part is performed using simulations realized in FEM (finite element method)
software environments and to checking some failure criteria® > are applied as an extra operation. As
another solution, the so called Cohesive Zone Method (CZM) can predict the crack or delamination
and treat their effect on the behavior® ”. The fiber bundles®° and especially the fiber-bundle-cells
(FBC)-based modeling method make it possible to describe the deformation and damage processes
together when simple mechanical load is used**4,

In the first part of this paper®>, we introduced the notions of the memory window function of model
fibers, memory reliability function (MRF) of the fiber bundles, and their duplex versions (DMR) to
describe the irreversible effect of damages caused by alternating strain load. It was shown as well*®
that using the MRF provided a method more general than the CZM. Based on these notions and tools,
we developed a stochastic linear material model that could take account the effect of damages up to
the ultimate failure in the case of multiaxial normal and shear strain load as well*.

Using this fiber bundle based material model, we elaborated a kind of stochastic version of the Classical
Composite Laminate Theory (SCLT), and demonstrated its applicability with simple examples.

2 STOCHASTIC COMPOSITE LAMINATE THEORY

2.1 Classical Composite Laminate Theory (CCLT)

Fiber-reinforced composite plates or sheets are multilayer, that is, they are laminates, and the
orientation of the fibers in the laminas or plies are different (Figure 1).

The mechanical material model of the layer-based laminate? is created corresponding to the structural
levels in Figure 1.

oln the first step (Figure 1), the micromechanical stress—strain relationships related to the
Representative Volume Element (RVE) of a single elementary layer (lamina or ply) are determined
based on the assumed material properties of the fibers and matrix as elementary material components
and following the methods of micromechanics.

eBased on the homogenization principle (H1), it is assumed that these relationships are true for every
such volume element, the stress—strain relationship is understood for a homogeneous, orthotropic
continuous layer in a local Cartesian coordinate system (LCS)(x1,x2,X3) corresponding to the structural
directions of the layer.

eThe lamina equation is transformed into the global coordinate system (x,y,z) (GCS) of the laminate by
rotation T with angle & (Figure 2).

oThe force and moment vs. deformation equation of the laminate can be obtained by integrating along
the heights of the layers. Another homogenization step (H1), regarding the laminate a homogeneous
but generally anisotropic continuum (Hom. Lam.) provides an invertible material equation for the
deformation vs. force/moment relationship.
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Figure 1 Structural level of the composite laminate and the flow chart of the process of model creation
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Figure 2 The x, y, z global (laminate) (a) and the x1, x2, x3 local (lamina/ply) (b) coordinate systems,
and ply angle &

The fundamental assumptions of the first order composite laminate theory are summarized in Chapter
3 of Kollar and Springer’s book?.

2.2 Stochastic Composite Laminate Theory (SCLT)

2.2.1 Material equation of a single lamina including damage

Local coordinate system

The material equation including damage in the local coordinate system of the lamina is a relationship
between the local strain vector as stimulus and the local stress vector? (see Ref. 2, p.41), which contains
the effects of the damage:



E, vi2Ep
g1 |7 T Ome o o e
Sloc = |02 | =|veE2  E 0 ‘ 0 7(e) 0 [82] =
P H H 0 0 112 (Y12) | V12
0 0 Gy
= Cﬁ*(gloc)gloc = C*(gloc)gloc: H=1- g_ivlzz =1-vvar (1)

where the elements of the empirical duplex memory reliability (DMR) matrix R* are not constant but
stochastic functions of the strain load elements:

11 (€1) 0 0
ﬁ*(gloc) = 0 TZ* (‘92) 0 ’ C*(gloc) = Cﬁ*(gloc) (2)
0 0 T12(V12)

The expectation of the material Eqg. (1), in which the elements of the expected DMR matrix R* are also
functions, is given by:

Ey V12E>
oy [ H H ] Ri(er) O 0 &
Oloc = |02 | =|Vi2E2  Ez 0 0 R;(e;) 0 [82] =
12 H H 0 0 Riz(y12)[ V12
0 12
= CR* (Eloc)gloc = C*(gloc)floc (3)
where
Ri(&1) 0 0
R*(Eloc) = 0 R; (‘92) 0 ’ C*(Eloc) = CR” (gloc) (4)
0 0 Ri2(y12)

Global coordinate system

In the global coordinate system, the stress—strain relationship of a single lamina including damage can
be obtained by the rotation transformations T:(6) and Ts(6) (see Chapter 3 in Ref. 2, p.69) where
s=sind, c=cosd). The fiber orientation angles, 6, in the laminas are stochastic variables, which are
independent of each other.

The elements of the matrices R* and R* depend on the fiber deformations. Therefore, we have to take
into account that these internal variables are a function of the controlled global variable when
transforming into the global coordinate system. Correspondingly, the local variables as the
transformations of the controlled global strain or stress are as follows? (see Ref. 2, p.68-69):

€loc = Ts(g)gglob' €loc,i = E{Ts(g)iglob (5)
Oloc = To(g)gglob: Oloc,i = ngo(H)gglob (6)

where g (i=1, 2, 3) is the /" orthonormal unit base vector and &, ; and 0y, ;.are the " component of
vectors €, and 0.

There are two ways of transforming the local material equations into the global system: we can directly
transform the equations containing the stochastic processes or apply some intermediate expectation
as well. In the latter case, we narrow the description of the local phenomena by statistical
homogenization. As a result, it makes a sort of phenomenological description on the given level. With
the use of Egs. (2) and (6), the transformation of the material Eq. (3) with stochastic damage is:

Sgion = Ty 2 (0)CR* (Te(8) 4100 ) Te (@) eg10r = T *C* (Te(0)€g10n) Teg100 = Q" (g10b) €100 (7)



where Q* is the empirical global memory stiffness matrix of the lamina:
Q* = Q* (gglob) = T;l(H)C§* (Ts(e)gglob)Te(e) = Ta_l(Q)C*(Ts(e)gglob)Ts(H) (8)
and C* = CR*. The expected material equation in the global coordinate system is given by:

oy
gzllob = O-; = E[To_l(9)C§*(Ts(e)gglob)Ts(H)]Eglob = IE[To_lc*Ts]gglob = Q* (gglob)gglob (9)
Ty

where Q" is the expected global memory stiffness matrix of the lamina:

Q" = Q*(§glob) = E[Q*] = ]E[Ta_lc*(ngglob)Ts] = ]E[Ta_l(G)Cﬁ*(Ts(e)gglob)Ts(e)] (10)

Regarding the elements of the matrix Q* characterizing the damage as well, all the above means that
they depend on not only the local strain vector but also on every element of the global strain load
vector.

Although the stochastic damage variables of R* are independent of the stochastic fiber orientation
angle 0, but because of the transformation of variables, the matrix C* = CR* also depends on 6,
therefore the expectation given by Eq. (10) cannot be written in product form. However, applying the
law of total expectation yields

Q* = Q*(Eglob) = ]E[Q*] = ]E[Ta_lc ]E(ﬁ*(TSEglob)lg)Ts] (11)

On the other hand, along the thickness of the lamina, the fiber orientation angle may be regarded as
constant in lamina, for example, the nominal value, hence Eq. (11) may be rewritten:

Q" = Q" (ggior) = E[Q] = T, CE (R (Teggion) ) Te = To C R (Teggiop)Te  (12)
Actually, Eq. (12) is a conditional expectation related to the given lamina.
2.2.2 In-plane forces and moments in plane stress state with damages

In the case of a controlled strain load, the response is the empirical stress distribution G4, affected
by random damage, but at the macro-level, the empirical memory in-plane forces (MiF), N, and
moments (MiM), M, per unit length may also be considered (Figure 3)? (see in-plane forces and
moments in Ref.2, p.67-68):

h/2 .,

AT * h/2 ~ % * ~ % AT *
N; :fh/z 6rdz, Ny fh/Z 6ydz, Ny —fh/zrxydz 3)
~ % Ve * h/Z
fh/zzaxdz, M; fh/zzaydz My, = fh/zzrxy

where, because of the plane stress state, the forces and moments perpendicular to the reference plane
were neglected.



Figure 3 The in-plane forces (left) and the in-plane moments and the transverse shear forces (right)
acting on the reference plane

Their expected values are the expected MiF and MiM

* h/2 * * h/2 * * h/2 *
N; th/z oxdz, Ny =fh/20ydz, Ny, =fh/21:xydz )
fh/zzaxdz M; fh/zzaydz, My, = fh/zzrxydz
where we used the short designations below like these
(15)

Ny = E[N;], M; = E[M;]
(16)

oy = E[67], 15y = E[5y]

2.2.3 In-plane force/moment vs. strain/curvature relationship including damages

Actually, the fiber orientation angle is a stochastic process meaning that its parameters such as its
expected value and variance may change along the thickness of the laminate (Figure 4).
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Figure 4 The general position of the reference plane and the thickness coordinates of the plies

Substituting Eq. (7) into Eq. (13) provides the relationship for the MiF (f°*) and MiM (f1*) vector
variables vs. the reference strain vector (§°) and the curvature vector of the reference plane (§1)2 (see

Egs. (3.16) and (3.17) in Ref.2, p.70):
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0

&2 Ky
=W*|e | +B*| Ky ] =W*e + B* (18)
¥y Ky

Taking into consideration that the parameters of the fiber orientation angle may be considered
constant in the laminas, the new empirical memory stiffness matrices of the laminate that we
introduced are as follows? (see Ref.2, p.70-71):

A= hﬁz Q (gg100)dz = Xiza J, | Qiclegion)dz = Xiicy Qe(zic = 2ic-1) (19)
W* = fh;{fz 2Q"(gg100)dz = T 1ka ZQk(Eglob)dZ = Yi=1 Qi (ZI% — z¢_4) (20)
B = h;{fz ?Q" (gg100)dz = Tf= 1fzk 2*Qi(gg10p)dz = T2y Qk%(zlg ~ Zi_1) (21)

where K is the number of the laminas and within the k" lamina, the fiber orientation angle, &, is
constant, hence so is matrix Q};, which is (from Eq. (8)):

Qi = T, kCR} T (22)

Calculating the expectation of the empirical MiF and MiM vector given by Egs. (17) and (18) and taking
into consideration Eq. (9) yields:

£ = B[] = | Ny | = [0 B[S ]dz = A | &) |+ W [ 1y | = A2+ Woeh (23)
[Nzy | Vay Ty

(M S;? Ky
(1 = B[] = | My | = [}, 2E[Guop]dz = W* fy +B Ky] =W +Bg (24)

[ My | Vay oy

where

]E[A*] = h,{/zz Q*(ggion)dz = Y1 fZZkk_l Qi (Egiop)dz = Xiizq Qi (2 — 2x—1) (25)
= [EI[W ] = hf{/zz ZQ*(ggzob)dZ = Zf:l fZZkk_le;c(Eglob)dZ = Z§:1 QZ%(ZI% - ZI%—I) (26)
- E[B] = h}{fz 22Q"(gg10p)dz = YK, ka ZZQ};(Eglob)dZ =YK, Q*,‘c%(zg —zp_y) (27)
Qi = E[Q;] = JkCIE[Rk] ek = Ty CRE T (28)

Because of the transformation of variables, the matrix C* = CR* depends on the deformation vector
as well. Moreover, after calculating the expected values, this is also true for the expectation matrix Q*.

2.2.4 Expected value equations of SCLT including damage at the lamina level

Formally, when the empirical MRFs are defined at the lamina level, hence similar to the equation of
the CLT? (see Ref.2, p.71), the MiF and MiM vector response given by Egs. (17) and (18) to the
controlled deformation load is as follows:



A
Ny, 839
T* fo* N;y K* W* 0 K* W* §O T~
et =[~“*] ==l B2 = la Bl =T (29)
- X X =
M, Ky
-M;y- _ny_
and the expectation of Eq. (29) is
Ny T el
Ny &
. fO* N; A* W* 0 A* W* 80
fF=Ef) == 7= Yxy | = | =T 30
fr=B(f") [fl*] w: = lwe 5] Ky | lwe ) g e B0
M, Ky
My, | Kxy

['* is the empirical general memory stiffness (emp. GMS) hyper-matrix on the laminate level
determined by the thicknesses defined by o, S and j values based on Egs. (25)-(27):

o — A* V~V*] _ Y1 Qrar Xioy chyk] = YK Qrax chyk] = YK Q. © ] [“kl Vkl]
 IxAr* S | N N — Lk=1]|xx N — 4k=1 ot
W Bl ZRo Qe Xk Qb Qv Qi 0 Qiflvl Bl
(31)
and I'* is its expectation, that is, the expected general memory stiffness (exp. GMS) hyper-matrix

=3[ gl
(32)

= A* W*]_ Yh=1 Qeay Z§:1Q2Vk]_ k  [Qrax chyk]

~lwe Bl Z§:1Q7c]/k Z§:1Q7cﬂk okt szk Q708k

where Hiis a thickness-based geometrical hyper-matrix in Egs. (19)-(21) and I is the 3x3 identity
matrix:

1
apl il (Zk — Zg-1)1 E(ZI% — zj_q)1
kz[ylﬁl]Zl 2 _ 2 10,3 _ 3 (33)
ke k > (zk - Zk_l)l 3 (zk - Zk_l)l
With the use of Eq. (169) (33), the short form of Egs. (167) (31) and (168) (32) are:
™% rats N* Q* O
=%k Qe Qe = < (34)
0 Qg
M =Yk=1 QiaHe, Qi = E(Qiige) = [Ok Q};] (35)

where Qj; , and Q}; ;. are the hyper-matrix extension of matrices Q}, and Q.

On the one hand, Egs. (29) and (30) for the laminate correspond to Egs. (109) and (112) in Part I** for
the laminas. On the other hand, Eq. (30) corresponds to the deterministic material equation of the
laminate according to the CLT?. In the latter case, all the MRFs equal 1 and T is the general stiffness
matrix of the CLT:



_Nx_ _gxo_
N. 0
f° nyy A W gg A wylg°
= |- = = y = - =
f [fl] | M, w8l i\ B][gl] 1E (36)
My Ky
_Mxy_ [Kxy |
where
F=[A W]: Y1 Qrar  Xi-1Quyk = YK [Qrax Qkyk]=ZK Qk O”“kl Vkl]
W B Yhe1 Qv Tik=1 QB ““HQire  QiB IO Qedlvid Bil
(37)
and
Qx = Ty xCTe (38)
The short form of Eq. (37) is:
0
F=3Yr1QuiHk,  Qui = %k Q ] (39)
k

where Qy i is the hyper-matrix extension of matrix Q.
2.2.5 Phenomenological approximation including damage on the laminate level

Following the method of the CLT, we assume that the reinforcing fiber structure can be sufficiently
characterized with the nominal fiber orientation in every lamina. In this case, the transformation
matrices are constant. In addition, we suppose that the deterministic Eqg. (36) of the CLT describes the
behavior of the laminate when it is intact, where matrix I" is constant and the empirical duplex MRFs
r7; (i=1,...,6) can be interpreted on the laminate level (L). In other words, the damage of the laminate
generated by the strain load components can be represented by E-bundles defined on the laminate
level. This means that to every component, g, (eic{e2, 839, y,?y, Ky, Ky, Kxy}), Of the strain load vector,
€, breaking strains are assigned on the laminate level, e25; and £ ;, as stochastic variables of known
distribution functions with which the next empirical duplex MRF similar to Egs. (75) and (76) in Part I*
can be defined:

— N . 0 0
17:(8) = Xn=1X1i-B,+8(E —€-p ins €+B,in) (40)

where y;; is the related duplex memory window function. Hence, taking into consideration that the
indices -B and +B correspond to the indices C and T or =S and S and using Egs. (101) and (102) in Part
15, we can write the expected duplex MRF on the laminate level as:

* = *. . *. . == . 1 . ! . . !
Rii(e) = Riy s (e)Risa(e) = Rup (min &:(t)) Rugvp ((max ei(t)) (41)
As we have seen above, the expected reliability functions can be expressed with the known distribution
functions of the breaking strains. Accordingly, the next equation, which corresponds to Eq. (29) (fL* =
f*g) and related to the controlled strain load (g), represents a kind of macroscale homogenization as
well:

[ Nel 17Dl 1 0 0 0 0 00

Ny 2 (ep)ey 07, 0 0 0 0 &
B | = p| 00| p|0 0 T 000 0yl pge ) S fi()e (a2
B My T4 (K ) Ky 000 m 00 Kx o T

M; 175 (Iey Ky, 0 00 0 m5 Oflxk,

_M;y_ .rL*6 (ny)ny- 0 0 000 TL*6— Koy ]

10



where ﬁ’i is the empirical DMR matrix on the laminate level. The expectation of Eq. (42) is:

‘Ne1 [Ra(EDER ] Ry, 0 0 0 0 01l
Ny, Ri2(ey)ey 0 Ri 0 0 0 0]l
* 0 0 *
fr = B(5) = [y | = | BB o0 0 f D S | = R (e = i (e e
M, R;s(ky)ky 0 0 0 0 Ris Oflxk,
[ My | |R; 6 (K )y 0 0 0 0 0 Rjgllryy

Here, I is the deterministic general stiffness hypermatrix and

I =TR;(e) (44)
I = E(F*) =TR;(¢) (45)

Similar to Eq. (113) in Part I** related to laminas, the determinant of matrix R} can be applied as a
global reliability number on the laminate level:

0 < R giop = detR}, =TI R};(g) <1 (46)

where ¢; is the i component of strain vector €. The force response fL* is an approximation of f* For
the sake of comparison, let us consider the difference of the lamina level-based and the macro-scale
homogenized Eqs. (29) and (42), respectively, and assume that I' is invertible :

B - = (ff - [)e=T(R; - I')e 47)
where
R — T =R} (e) — 2R T71QgHe = X6y [%§2(§) - F_lﬁ}y,ka] (48)
and

~ _[Q@ o]_[Tok O]rc o1[Rk O][Tex O]_..1 . =
QH,k_ 0 Q}k{ - 0 TJ_;% [O C] 0 ﬁ;‘( [O Tg'k]_Ta,H,kCHRH,kT&H,k (49)

where the diagonal hyper-matrix factors are defined by Eq. (49). According to Egs. (48) and (49), one
k™ part of R} corresponds to Qj; x, including R}; , on the lamina level. This stands for the expectations
as well, meaning that the elements of the DMR matrix R} defined on the laminate level may be

constructed as the linear combinations of the elements of the memory reliability matrices R}, (k=1,...,K)
defined on lamina levels. According to Eq. (3), these elements are R}, R;, and R7,.

2.3 Variance equations of the SCLT including damage

Knowing the variance matrix, we can determine the multivariate probability distribution function of
the force response vector and the confidence range for the force—strain relationship.

2.3.1 E-bundle—based damage modeling on the lamina level

The variance matrix of the force response vector f* can be calculated as that of the stress vector with
Eq. (118) in Part I*°:

bf? = D(F") = E[(F - £)( ~ )] = E[FE7] - 07 (50

11



or detailing that by using Eq. (29):
D2 =E [(F* —I)eel (M - r*)T] = E[[ee’ 7| - e (51)

Taking into consideration Egs. (22), (28), (34), (35), and (49) leads to:

K K ~
o * * rati * Q* - Q* 0
r-T =Z(QH,k_QH,k)Hk=Z[kO “ Q- Hy =
k=1 k=1 ko ek
K -1 D * * K -1 R*]‘( - R*]‘( 0
= Y=1 Ttk Cr (Rip e — Rigpe) Te i Hie = Bik=1 To i1 Cai e o | TemcHe (52)
0 Ry — R}
which can be calculated and so can the variance matrix.
2.3.2 E-bundle—based damage modeling on the laminate level
Similarly to the calculation at the lamina level, the variance matrix of f; is:
* T* T * T+ * T THF* * £k
D = D*(F) = E[(§ - ) - £)'| = B[E:E"] - 17 (3)

or detailing that by using Egs. (42)-(44):

D7 = E|(%; ~ e’ (- 1)'| = TE|(R; - Ri)ee" (R - R))' |17 =
= I'[E[R}e e"R}"| — Riee"R;]r" (54)

Eq. (54) is much simpler than those given by Egs. (51) and (52).

3 APPLICATIONS

3.1 Structure and data of a two-layer composite plate

Two model composite specimens CP1 and CP2 were used for demonstrating the applicability of the
theory elaborated. The specimens CP1 and CP2 could be regarded as those cut out of a two-layer (K=2)
laminate [0°/90°] in different directions given by the angles ¢;=0° and 6;=45°, respectively (Figure 5).
The laminate is a simple model of a common biaxial woven fabric—reinforced composite plate. It was
assumed that the specimens were subjected to constant rate tensile strain loads in directions related
to the laminate at room temperature: in the fiber direction (CP1: €;=0°) and diagonal direction (CP2:
0,=45°) (Figure 5: 6; and &; determine the axes x and y, respectively). The thickness of the laminate
was h=1 mm while the structure and dimensions ( hx=h/K=0.5 mm; k=1, 2) of the layers were the same
(Table 1).
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CP2:y
0,=135° g

Fiber orientation .
Plyl: —» ™
Ply2: T

Figure 5 Specimens CP1 and CP2 cut out of the laminate and their loading directions (x and &)

Laminate Parameters
Code Reinforcement K hi 01 0,
CP1 Biaxial 2 h/2 0° 90°
CP2 Biaxial 2 h/2 45° 135°

Table 1 Structural parameters of the composite plate

The lamina was considered a 2D orthotropic plate. Its stiffness matrix described by Eq. (2.139)%in Ref.2
(see p.41) contains the proper elastic engineering constants. For numerical calculations, the elastic
constants of a graphite/epoxy unidirectional ply were taken from Kollar and Springer’s book? (see the
material named T300/934-tape in Table C.3, page 466) (Table 2) where v,; was calculated from the
following equation of symmetry:

E;

Vigky = vy By = Va1 = Viz g (55)
E1 [GPa] E; [GPa] G2 [GPa] vz [-] Va1 [-]
148 9.65 4,55 0.3 0.0196

Table 2 Elastic constants of the composite plate

Thus, the numerical form of the stiffness matrix is (the unit of constants c; is GPa=10*MPa)

Ey  vi2Ep 0
11 €2 O H H 148.88 2.91 0
C= [021 Cp 0 ] = |YiE2 B 0|= [ 291 9.71 0 |, H=099%1 (56)
0 0 H H
C33 0 0 Gy 0 0 4.55

The breaking strains are assumed to be stochastic variables of normal distribution. The mean breaking
strain data (&s) were computed as the ratio of the strength? (see S;;r- in Ref.2, T300/934 tape in Table

C.4, p.466) and the modulus (Table 2) values (&=S/E). Standard deviation (SD) was calculated with
assumed values of the coefficient of variation (CV) (Table 3).

p Breaking strain
arameters & [%] &n [%] &2 [%] én [%] &s12 [%] | &s12 [%]
Mean [%] -0.82 0.89 -1.74 0.45 -1.05 1.05
CV [-] 0.05 0.05 0.10 0.10 0.15 0.15
SD [%] 0.041 0.044 0.174 0.045 0.158 0.158
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Table 3 Statistical parameters of breaking strains

The laminate is built up of two identical laminas or plies rotated by 90° to each other. The matrix Hi of
the k' ply (k=1, 2) defined by Eq. (33) contained thickness-based geometrical properties only:

= (57)

2 2
495 Vk] _ [Zk —Zk-1 Zk — Zk—l]

Hk = [
2 2 3 3
Yk ﬁk Z — Zk—1 Zk - Zk—l

Its elements related to the two plies of the laminate (k=1, 2) are shown in Table 4:

Hk Ok Yk ﬂk
h? 1 rh1? 1
H1 ——=———] = —_—— 3 3
h_l 8 212 8 h _l[h] _ 1
H 272 h? 1[h]2 1 247 312] T 24
2 _ == — —
8 212 8

Table 4 Elements of matrix Hx

3.2 Relationships for the uniaxial tensile test

Applying uniaxial tensile strain load in the x direction, 2, as input on the laminate level makes the
curvature part, g', of the strain vector, g, given by Egs. (23) and (24) is zero (£1=0), therefore the output
in-plane force/moment vector f" given by Egs. (30) and (31) becomes

LT A owe[Ef] (AT [[ZRe1 Qia]e®
o R o M B =it 8

where the two component vectors of f* are

[ Ny [ €2 ] g0
£ = | Ny | = [Bho1 Qrar]e® = [Trz1 Qi ey | = [Qiay + Qhas] [O] (59)
_N;y _%?y- 0
[ M, [ €2 €2
fr=| M| = [Z}zczl Q;‘cyk]go = [Ziﬂ Q;‘cyk] s,?y = [Q1y1 + Q3y2] [0] (60)
_M;y _VJ?y_ 0
The memory stiffness matrix of the k" layer is given by Egs. (148) (12) and (164) (28):
Qiik Qizk Qisk Rix O 0
Qi =|Q21k Q22k Q23k| =Ty (B)CRLT(6r) = T; 2 (6,)C| O Ry 0 |T.(6p) =
Q1r @32k Qa3k 0 0 Rpy
c11Rik (51,k) c12R5 (fz,k) 0
=T, 2 (0k) |crz2Rik(e1x)  22R5 e (€2,1) 0 Te(6r)  (61)
0 0 C33RI2,k(V12,k)

where the if" component of the local strain, gk, that is, the internal independent variable of the MRFs,

R}‘_k, can be obtained by multiplying with the unit base vector g; (i=1, 2, 3):
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‘gl,k g}?
ik = E’Lréloc.k = _? [Sz'k ] = E?Ts (ek)iglob = E?Ts (6x) [0 ] (62)
N2k 0

Because of that, the MRFs R]f‘,k depend on fiber orientation, &, as well.
Based on Egs. (60) and (61), we obtain that, in this simple uniaxial tensile test, we need to calculate

only 3 components of the matrix Qj:
€2 Q11k
Qr|0|=|Quwk|e? (63)
Q31k

Making use of Egs. (197) (61) and (3.15) in [2, p69], we can calculate these matrix elements:

Q1i1x = c2(c®c1q + 5%C12)RI . + 5%(cPeyp + S%Co0)Ry i + 4c?s%c33RI g (64)
Q51 = c2(s%c11 + ¢2c1p)RE i + 52(s%c1z + €%Cap) Ry — 4c?5%C33R 5 (65)
Q31 = c3s(eyp — c12)Ri g + cs3(cp — C22)Rok — 2¢s(c? - 52)2C33RI2,k (66)

According to Eq. (62), the monotone increasing strain load acting on the laminate level generates
monotone increasing local strains in the laminas, therefore their maximum in time is equal to
themselves. Consequently, based on Egs. (89)-(94) in Part I*>, we can apply normal reliability functions
instead of the memory types:

RI,k(gl,k) = Rz‘l,k(gl,k)R;"l,k(gl,k) = Rc1,k(€1,k)RT1,k(€1,k) = RCTl,k(El,k)
=P i(E1k) (1 — Pery ke (51,k)) (67)
R;i(e2x) = Reai (€20 )R72,k(e2) = Reane(€20)Rra i (€26) = Reran (€2,1)
= P_e, k(€2 (1 — Peryke (fz,k)) (68)
Rikz,k (712,;() = RiS,k (712,k) R;,k (7/12,;() =R_s12 (7/12,;() Rs12k (712,,() =R_s512k (7/12,;()

=P gk (712,k) (1 Peg, k (712,k)) (69)

3.3 Modeling damage at the lamina level

3.3.1 Uniaxial tensile test of the laminate in the fiber direction

Local deformations of the two layers in specimen CP1 as the response to the global strain load are?

(see Ref.2, p.51):
gl 1
-l
0 0

€12 X 0 0
€loc2 = [822] T (900)€glob =Te (00)80 = [1 0 ] 0] 59(3] EJ? [1] (71)
€122 —1ll0 0

€11 1 0 O
€loc1 = [82’1] T, (0° )Eglob =Tg (00)80 = [0 1 O] [0

€121 0 0 1110
0
0

0

Using Egs. (64)-(66), we can calculate the matrix elements needed:
Te(0°): c=1, s=0;
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[£2] [Q11,1] [c11R1 1 (e1,1) ] [c11R1 1 (2)
Qi|0|=|Q1|e = |c1zRi1(e11) | €2 = [c1nRi 1 (D) | €7 (72)
L0 Q31,1 i 0 ] i 0
Te(90°): ¢=0, s=1;
'82' -QILZ- _szRs,z(Ez,z)- _szRz,z(ga(c))
Q2| 0| =|Q212|e2 = |c1aR32(e22) | &2 = c12R3 5(€2) &2 (73)
01 [Q312) i 0 ] i 0

So, utilizing Table 4, the response force vector components given by Egs. (59) and (60) are as follows:

[ Ny 0] [e11Ri (&) + c22R3 2(20))] "

=Ny | = [Qiay + Q]| 0 | = c12(Ri1(e2) + R 5(eD)) 552 (74)
[Ny Lo | ]
[ M 01 [c22R52(e2) — c11RT 1 (€0)] n

f" =My [ =[Qiv1 + Qral| 0| = c12(R52(e2) — R} 1(eD)) ?52 (75)
| Mzy L0 0

Accordingly, when the strain load is applied in x; direction of the first lamina, that is, the machine or
warp direction of the woven fabric, the MiF Ny,, and MiM My, are zero. Egs. (74) and (75) describe
both the deformation and the damage/failure processes in the laminate at an arbitrary strain load.
However, when the strain load is small enough, the value of every reliability function is approximately
1. In this case, Egs. (74) and (75) become much simpler (h=1 mm):

Ny 11 + €3] 158.58 79.29
o =[Ny |~ | 2cp %s,? = [ 5.82 ]%s,? = [2.91 ] 3 (76)
N, 0 0 0
Myl ez —cinq —-139.171 , —17.40
fl* = | M; z[ 0 %5,9=[ 0 ]%s§=[ 0 ]s,? (77)
| My U 0 0

Obviously, when the lamina material is isotropic, hence ci11=c;;, no in-plane moment arises in the
laminate. Figures 6 and 7 show the force and moment elements of f°* and f'* given by Egs. (74) and
(75), respectively, as functions of the strain load £2. The initial tangents (dashed lines) calculated with
Egs. (76) and (77) correspond to functioning without damage.

In-plane normal forces, CP1 In-plane normal force , CP1

700 20 ’
_ SN s /,-
£ 500 A € E

; \ /

3 & - = Nx £ 1
2 300 4 2 —Ny
= / 1 — Ny = : .
2 ; l 2 ----N

100 ',’ v e Nx 0 Y-

L. N 0
-100 0 0,5 1 1,5 2 0 1 2
Strain [%] Strain [%]
(a) (b)

Figure 6 In-plane normal force functions Ny and N, for specimen CP1 (a) and the enlarged N, (b)

According to Egs. (74) and (75), the normal forces and bending moments arising in the laminate depend
on the state influenced by the damage, thus damage-induced fluctuations are possible (Figure 6.b).
Otherwise, when each reliability is 1, there is no moment M, as it is shown by Egs. (76) and (77).

16



Because of the different elastic parameters of the laminas in directions 1 and 2, My moment may occur.
However, the different strength properties in directions 1 and 2 may cause not only a nonzero
expected value of moment My but a nonzero expectation of moment M, as well (Figure 7.b). They are

induced by the stochastic damage and failure processes.

In-plane bending moment, CP1

In-plane bending moments , CP1

50 0 PR
1,5 2
—_ 0 1
< _
g -50 ol
= S —My
S -100 3 w
_150 ....... My_o
-200 : -4 T )
Strain [%] Strain [%]
(a) (b)

Figure 7 In-plane bending moment functions My and M, for specimen CP1 (a)
and the enlarged M, (b)

The diagrams show the whole deformation and damage/failure process of the composite plate.

3.3.2 Uniaxial tensile test of the laminate in the diagonal direction

Local deformations of the two layers in specimen CP2 as the response to the global strain load are

f11 11
Eloc1 = [82'1 ] = Ts(450)§glob = Tg(450)§0 = ‘[ 1 1
-2

1 7[9]
2 —1110
€121 2 0 0
1 —

_&‘2

€1,2 L 1 1 ) 0 1]
Eloc2 = [8212 ] = Ts(1350)§glob = T£(1350)§0 =3 [1 1 1 ] 0] =3 & | = 7x [1
€122 2 =2 o0llo 2&0 2.

Using Egs. (64)-(66), we can calculate the matrix elements needed:

0= L o= L.
T(45°): ¢ =5 S=7
* 1 * * *
Q111 = [(e11 + €12)Ri 1 + (c1z + €22)R5 1 + 4cazRiy ]
* 1 * * *
Q11 =7 [(c11 + €12)Ri1 + (c12 + 22)R3 1 — 4C33R124]
* 1 * *
Q311 = 5 (c11 = c12)[Ris + R3 4]
o. . _ 1 __ 1
Te(135°):¢c = % S= 5

* 1 * * *
Q112 = 7[(e11 + €12)Ri 5 + (c12 + €22)R5 5 + 4ca3Riy 0]
* 1 * * *
Q12 =7 [(er1 + €12)Riz + (c12 + 22)R3 2 — 4C33R12,)
* 1 * *
Q312 = —5 (€11 — c12)[Riz + R3]

Finally, the vectors of the MiFs and MiMs are as follows:

) &y o[ 1]
- 0 — <X
S| & |53 1
—2¢2 —2]
£y

(78)

(79)

(80)
(81)
(82)

(83)
(84)
(85)
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Ny (c11 + C12)(RI,1 + Rf,z) + (c12 + c22)(R31 + R3,) + 4C33(RI2,1 +Riz2)
£ = | Ny [ = [(caq + c12)(Riq + Ri2) + (c1z + c22)(R31 + R32) — 4c33(Rizt + Rizz2) 253 (86)
N;y (c11 — C12)[(RI,1 - RI,Z) + (RZ.l - RS.Z)]
My, (c11 t+ C12)(RI,2 - Rf,l) + (c2 + sz)(RS,z - R§,1) + 4C33(Ri2,2 - RI2,1) ,
£ =My | = (c11 + c12)(Riz — Riq) + (c12 + c22)(R32 — R 1) — 4ca3(Riz2 — Riz1) Z_ZS’(‘)

My —(c11 — ci)[(Ri1 + Riz) + (R32 + Ry 1)
(87)
where
Ri1 = Ri1(2/2) = Ri, = Ri,(e3/2) (88)
R31 =R;1(e2/2) = R;, = R;,(2/2) (89)
Riz1 =Ri (—&d) # Riz2 = Riz2(e?) (90)
With Egs. (88)-(90) we obtain Egs. (91) and (92):
Ny 2(cy1 + €12)Riq + 2(C12 + €22)R5 1 + 4c33(Riz1 + Rizz)
0* = * = * * * * —_— 0
= N:’ = [2(crn + c12)Ri1 + 2(chz + €22)R5 1 — 4caz(Rizs + Rizn) |5 8> (91)
Nyy 0
M; 4c33(Rizz — Rizi) ,
* * * * h
=My [ =] —4cs3(Rizz —Riz1) |[5;80 (228) (92)
M —2(c11 — ¢12)[Ri1 + R3 4]
When every reliability function is approximately 1, Egs. (91) and (92) become (h=1 mm):
€11+ 2¢13 + Cop + 433 182.60 45.65
fo* =1C11 + 2C12 + Cyp — 4C33 SJ(C)Z =1146.20 SJ(C)_ =136.55 S_;? (93)
0 0 0
0 h? 0 h? 0
fr==1 0 [|o=—| 0 |25 =—| 0 [& (94)
C11 — C12 145.96 18.25

Figures 8 and 9 show the force and moment elements of f°* and f'* given by Egs. (91) and (92),
respectively, as functions of the strain load . The initial tangents (dashed lines) calculated with Egs.
(93) and (94) correspond to functioning without damage.

In-plane normal forces, CP2

200 v &
l‘ll

'E' 150 — N X
£ 100 —Ny
Z ——=-NX_0
z 30 ----Ny 0

0

0 0, 1,5 2
-50

Strain [%]
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Figure 8 In-plane normal force functions Ny and N, for specimen CP2

The difference in the shape of Ny and N, (Figure 8) is caused by the different sign of the third term in
Eg. (91). The moments M, and M, are very small and, according to Eq. (94), they are identically zero in
the case of no damage (Figure 9). The two-peak shape of N,, N, and M, are considered damage-
induced fluctuations.

In-plane bending moments , CP2 In-plane bending moment, CP2
1E-13 0
N 10 /5 1 1,5 2
T SEl4 ;N - — Mx —_
= / S £ 2
£ 0 s, —_M £ |V|xy
- 0 o5 \1 /15 2 =-30
2 se1a == Mxfy_0 2 !
-40 ',‘
[}
-1E-13 -50 X

H 0,
Strain [%] Strain [%]

(a) (b)

Figure 9 In-plane bending moment functions M, and M, (a), and M,, (b) for specimen CP2

3.4 Modeling damage at the laminate level

When defining the reliability functions on the laminate levels, we utilized the statement based on Egs.
(48), (49) and (2) at the end of Chapter 2.2.5. According to that, the elements of the reliability matrix
R} defined on the laminate level may be approximated by different kind of mapping (e.g. the linear
combination) of the MRFs R], R;, and Rj, defined on lamina levels.

On the other hand, the MRFs, R} (k=1,...,6), as the elements of the reliability matrix R}, can be
estimated from mechanical tests performed on laminate specimens subjected to suitable loads.
Without empirical data, of course, theory-based methods are used.

Thus, for the uniaxial tensile strain load, we chose and calculated two kinds of reliability functions,
Rz(u), defined on the laminate level, which are the approximations of the reliability function, Rz(u),
defined on the lamina level where index Z denoted the in-plane force (Z=N) or moment (Z=M). They
have the properties of the reliability functions, therefore they are positive and monotone decreasing,
and their values are not greater than 1. Accordingly, the so-called safety-based approximation meets
the next condition, that it is less than or equal to RAu) (fitting from below) but the mean linear error
(MLE) is minimal:

1 max .
Rz (u): Ry (w) < Ry(w), MLE = — Jo ™ (Rz(w) — Rz, (w))du — min (95)
RMLE =—f - MLE (96)
0<aBiX K2

The safety-based approximation represents a kind of strictest criterion concerning the damage.
Otherwise, the least squares—based approximation minimizes the mean squared error:

Rz (w): MSE = —— [ *[R;(w) — Ry, (u)]?du — min (97)

In the latter case, we characterized the deviation with the relative mean squared error (RMSE):

MSE

max RZ(u) -
0sSUSUMax

RMSE = MSE (98)
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In this case, the maximum value of the reliability function is 1, hence RMLE and RMSE equal the MLE
and the root of the MSE, respectively.

Figures 10 and 11 show the results of the calculations using the methods according to Egs. (95) and
(97). The strain parameters of the approximate reliability functions for the laminate level and those
characterizing the goodness of fitting can be found in Table 5.

Safety based Least squares based
Parameters Rwix RNLy Rmix Rwix RNLy Rwmix
evix [%] | ey [%] | emux[%] | ewx[%] | ewy (%] | émwx [%]
Mean [%] 0.650 0.490 0.889 0.880 0.670 0.890

CV[] 0.185 0.140 0.050 0.100 0.250 0.050

SD [%] 0.120 0.069 0.044 0.088 0.168 0.045
RMLE [%] 10.63 8.84 0.24 - - -
RMSE [%] - - - 4.14 10.02 0.88

Table 5 Statistical parameters of the breaking strains defined on the laminate level
In the case of the in-plane forces, the approximate reliability functions on the laminate level have

remarkable deviations compared to those on the lamina (Figure 10) while the deviations are very small
for the reliability functions belonging to the in-plane moments (Figure 11).

Resultant reliability functions, CP1 Resultant reliability functions, CP1

RN [-]
RN [-]

0 0,5 1 1,5 2 0 0,5 1 1,5 2
Strain [%] Strain [%)]

(a) (b)
Figure 10 Force reliability with damage on the lamina level (RNx and RNy), and safety- (a) and least
square based-reliability (b) on laminate level (RNLx and RNLy)

Resultant reliability function , CP1, and SB- Resultant reliability function , CP1, and

appr. LSB-appr.
1,2 1,2
- 1 - 1
s 0,8 s 0,8
< 0,6 RM < 06 —RM
0,4 X 0’4 X
0,2 I %2z X ..
0 RMLx 0 RMLx
0 0,5 1 1,5 2 0 1 2
Strain [%] Strain [%]
(a) (b)

Figure 11 Moment reliability with damage on lamina (RMx) and its safety-based (a) and least square—
based (b) approximations on the laminate level (RMLx)

The safety-based and the least square—based approximations in Figure 10 strongly differ, while those
in Figure 11 essentially cover each other.
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In the case of the uniaxial tensile test in the diagonal direction, the approximate reliability function on
the laminate level can be determined similarly to the above way.

4 SUMMARY AND CONCLUSIONS

Based on the stochastic material law, we derived a possible approach of the stochastic version of the
Classical Composite Laminate Theory (SCLT) for strain load. There are different angles between the
main directions of the laminas. By transforming the general Hooke's law fixed to the local coordinate
system of the lamina into a common global coordinate system, we gave angle dependence to the
elements of the stiffness matrix establishing a relationship between the stochastic processes of
deformation and stresses. The plane forces and moments are also stochastic processes.

The expected evolution and standard deviation of edge forces and moments occurring during
deformation-driven stochastic processes were also given.

All the above can be completed by determining the standard deviation and the confidence interval,
giving a possibility for designers and engineers to design not only the construction or machine parts
but also their reliability through taking into account the damage and failure processes as well.

To show the applicability of the SCLT, we demonstrated it by tensile testing a simple two-ply composite
sheet specimen in two different directions and modeling the damage processes on lamina and
laminate levels. From the example, we conclude that the application of the E-bundle—based memory
reliability functions make it possible to predict and analyze the damage and failure processes of the
laminate. Applying them on the lamina level reveals the effect of local damage on the stress
components including damage-induced stress peaks as well.
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