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Abstract. The investigation of the third order wave necessitates the knowledge of the
dynamic compatibility equation. This equation rises from the first equation of motion in
case of the acceleration wave. Now it requires the time derivative of the first equation of
motion. The material time derivative is not simple in the current configuration. Using
the generalized Clapeyron’s theorem we obtain an equation of motion of stress-rate. The
dynamic compatibility equation can be calculated from it. Many authors have dealt with this
question when the body is in equilibrium [8, 9, 10]. The third order wave can be investigated
by using the compatibility equations (dynamic, kinematic and constitutive). The generalized
acoustic tensor is another important result of these investigations.
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1. Introduction

In its original form, Clapeyron’s theorem concerns the transition between two states
of equilibrium. If the displacement field ui takes us from one equilibrium state into
the other then the work of the internal forces tijui;j is equal to the work done by the
body forces qi and the trections tijnj

∣∣
A
acting on the boundary surface A, that is,∫

V

tijui;j dV =

∫
V

qiuidV +

∫
A

uit
ijnjdA, (1.1)

where tij is the stress tensor, ui;j is the covariant derivative of the displacement vector
ui with respect to the j-th coordinate, nj is the outward unit normal and V is the
part of the geometric space which contains the body B and which is bounded by a
closed surface A. Here and in the sequel indicial notations are employed. Accordingly,
a Latin index has the range 1,2 and 3; summation over repeated indices is implied
and the covariant derivative is denoted by an index preceded by a semicolon. The
strain tensor is denoted by eij .

For moving continua the theory should be modified as follows: the velocity field
vi should be used instead of ui and, with regard to D’Alembert’s principle, qi is
to be replaced by the generalized body force bi ≡ qi − ρv̇i. Let the mass density
and the acceleration be denoted by ρ and v̇i, respectively. Obviously, to keep the
original meaning of Clapeyron’s theorem, the volume and surface integrals should be
integrated with respect to time t. This generalization of Clapeyron’s theorem remains
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valid even for finite displacements, if the proper changes are carried out [1]. The
generalized Clapeyron’s theorem can be formulated as

∫ t1

t0

∫
V

(
ṫij − tiqvj;q + tijvp;p

)
ui;jdV dt =

∫ t1

t0

∫
V

(
ḃi + bivp;p

)
uidV dt+

+

∫ t1

t0

∫
V

(
ṫij − tiqvj;q + tijvp;p

)
uinjdAjdt , (1.2)

where overdot denotes the material time derivative and dAj ≡ njdA. If tij;j + bi = 0
then the equation of motion is satisfied [1].

2. Equation of motion for the stress-rate

Equation (1.2) is valid for all kinematically (geometrically) admissible displacement
fields, thus it holds also for the virtual field u∗i [11]. By keeping in mind that remark,
the last surface integral of the left-hand side of (1.2) can be transformed into volume
integral∫ t1

t0

∫
V

[(
ṫij − tiqvj;q + tijvp;p

)
;j
ui +

(
ṫij − tiqvj;q + tijvp;p

)
ui;j

]
dV dt . (2.1)

By substituting (2.1) into (1.2) and performing some rearrangements we have∫ t1

t0

∫
V

[(
ṫij − tiqvj;q + tijvp;p

)
;j

+ ḃi + bivp;p

]
u∗i dV dt = 0

where the virtual displacement u∗i is written for ui. This equation is satisfied for any
u∗i if (

ṫij − tiqvj;q + tijvp;p
)
;j

+ ḃi + bivp;p = 0 . (2.2)

Substituting bi ≡ qi − ρv̇i and introducing the Lie derivative of the stress tensor
Lv
(
tij
)

= ṫij − tipvj;p − tpjvi;p as a stress-rate and making use of the continuity
equation, the equation of motion (2.2) for the Lie derivative of the stresses assumes
the form [

Lv
(
tij
)]

;j
+
(
tpjvi;p + tijvp;p

)
;j

+ q̇i + qivp;p = ρv̈i . (2.3)

This equation is referred to as the equation of motion for the stress-rate [8,9,10,12].

3. The third order wave

When the basic quantities vk, tkl, ekl and their first derivatives are all continuous,
but the second derivatives have a jump when crossing the surface ϕ

(
xk, t

)
= 0, we
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speak about third order waves [2]. Let us denote the jump of some quantity vk;p by〈
vk;p
〉
. When the velocity gradient is vk;p and we consider a wave of order three then〈

vk;p
〉

= 0 but
〈
vk;qp

〉
6= 0. Thus in (2.3)

〈
Lv
(
tkp
)〉

= 0 but
〈
Lv
(
tkp;p

)〉
6= 0.

Consequently, the dynamic condition a third order wave should meet is of the form

Lv
(
tk`;`
)

+ tpq
〈
vk;qp

〉
+ tk`

〈
vp;p`

〉
= ρ

〈
v̈k
〉
. (3.1)

Let the kinematic equation [4, 5] be

(Lveij)
·

= ëij +
(
ekjv

k
;i + eikv

k
;j

)
(3.2)

where ekj is the Euler strain tensor. If the Lie derivative of the velocity field is Łv,
the expression Lv ≡Łv + ∂/∂t in (3.2) is a generalization [3]. As is well known,
Lv (eij) = vij , thus the kinematic compatibility condition for the third order wave is

〈v̈ij〉 = 〈ëij〉+ ekj
〈
v̇k;i
〉

+ eik
〈
v̇k;j
〉
. (3.3)

It can easily be shown that v̇k;i 6=
(
vk;i
)·, but 〈v̇k;i〉 =

〈(
vk;i
)·〉 and this property is the

same for the second derivatives of all other functions.

Let the constitutive equation be [14]

fα
(
Lv
(
tij
)
, Qij , Lv (eij) , qij , t

ij , eij
)

= 0, (α = 1, 2, ..., 6) (3.4)

where Qij = Bijmpqt
pq

;m and qij = b pq`
ij epq;`, if Bijmpq and b pq`

ij are appropriate
tensors transforming tensors tpq;m and epq;` into second order ones.

The constitutive compatibility conditions can be obtained from the material deriva-
tive of (3.4)

∂fα
∂Lv (tij)

〈
Lv
(
tij
)·〉

+
∂fα
∂Qij

Bijmpq
〈
ṫpq;m

〉
+

∂fα
∂Lv (eij)

〈
Lv (eij)

·〉
+

∂fα
∂qij

b pq`
ij 〈ėpq;`〉 = 0, (α = 1, 2, ..., 6)

or introducing the notations Srsij , Rrsij , T rsij and Ursij for the coefficients

Srsij ≡
∂fα

∂Lv (tij)
, Rrsij ≡

∂fα
∂Qij

, T rsij ≡ ∂fα
∂Lv (eij)

, Ursij ≡ ∂fα
∂qij

the constitutitve compatibility condition is

Srsij

〈
Lv
(
tij
)·〉

+RrsijB
ijm
pq

〈
ṫpq;m

〉
+T rsij

〈
Lv (eij)

·〉
+Ursijb pq`

ij 〈ėpq;`〉 = 0 . (3.5)

In the following we use Cartesian coordinates. Let the jumps in the second derivatives
of the stress and strain tensors and that of the velocity field, each on the surface
ϕ
(
xk, t

)
= 0, are denoted by γij , αij and λk. Further denote nk the unit normal vector
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of the wavefront and C and c denote the wave propagation velocity with respect to
the material and to the reference frame:

nk ≡

∂ϕ

∂xk√
gpq

∂ϕ

∂xp
∂ϕ

∂xq

, C = c− vknk,

With these notations one can conclude that equations (3.1), (3.3) and (3.5) imply [2
, 4]:

γk`n` = −ρCλk (3.6)

αij =
1

2C
[ni (2ekj − gkj) + nj (2eik − gik)]λk (3.7)

Srsij
(
Cγij + tiqnqλ

j + tqjnqλ
i − tijn`λ`

)
−RrsijBijmpqnmγpq+

+ T rsij
[
Cαij − λk (eiknj + ekjni)

]
− Ursijb pq`

ij n`αpq = 0 (3.8)

Making use of equations (3.6) and (3.7) we get from (3.8) that{
2ρSrsk`C

3 − 2ρR̄rsk`C
2+[

T rsij (gkjni + giknj)− 2Srsij

(
tiqgjk + tqjgik − tijg

q
k

)
nq

]
n`C+ (3.9)

Ūrsij [ni (2akj − gkj) + nj (2aik − gik)]n`
}
γk` = 0,

where gjk denotes Kronecker’s symbol. Since γk` is different from zero, the determi-
nant of its coefficient matrix must vanish [13], that is,

det {} = 0.

This is the equation of propagation for the third order wave. Clearly this equation is
an algebraic equation of order 18 for the propagation velocity C. Observe that the
notations R̄rsk` ≡ RrspqB

pqm
k`nm and Ūrsij ≡ Urspqb ijm

pq nm are used in the matrix
{}. These notations can also be employed in equation (3.8). The matrix {} can be
considered as the characteristic matrix of a generalization of the acoustic tensor.

Equation (3.8) can also be written in a form consisting of λk when Srsij takes some
of the values 0, Sri gsj , gri gsj and R̄rsij one of 0, R̄ri gsj , R̄rsinj and we multiply the
equations by ns. (In the case of a solid body S and R̄ are probably impossible to be
zero at the same time).

In the 9 cases under consideration, the equation for λk is(
ErkC

3 + F rkC
2 +GrkC +Hr

k

)
λk = 0 . (3.10)

In the second case Erk = grk in (3.10).
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The wave propagation equation is

det
(
ErkC

3 + F rkC
2 +GrkC +Hr

k

)
λk = 0 . (3.11)

This is a 9-th order equation for the propagation velocity .

By using [6] the matrix of acoustic tensor in case of (3.10) can be obtained. Let us
denote the coefficients of C in the form of 3x3 matrices by E,F,G,H. By introducing
the inverse and unit matrices E−1, I the acoustic tensor is 0 I 0

0 0 I
−E−1 ·H −E−1 ·G −E−1 · F

 . (3.12)

Comparing the expression (3.1) of [4] and expression (3.9) of this paper we find that
these are the same in the case of acceleration wave [4] and in the present one.

The most general acoustic tensor can be obtained from (3.9) when the coefficients
have been denoted in the form of 6x6 matrices E,F,G,H. The shape of acoustic
tensor is identical to (3.12) [7]. Matrix (3.12) is a 9x9 matrix while this generalized
matrix is a 18x18 one.

4. Concluding remarks

Our starting point was the generalized Clapeyron’s equation, which, by using conti-
nuity equation, resulted in the first Cauchy equation of motion and the equation of
motion for stress-rate. In such a way we obtain a more general equation for stress-rate
which enables us to write the compatibility equations for the third order wave. These
two sets of equations are the main result of this paper. As an application these equa-
tions lead to an acoustic tensor, which is identical to the acoustic tensor obtained by
acceleration waves, because we used quasilinear integrable second order constitutive
equations. This computation justifies that we could similarly get an acoustic tensor
in case of a general second order constitutive equation.
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