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Abstract. The investigation of the third order wave necessitates the knowledge of the
dynamic compatibility equation. This equation rises from the first equation of motion in
case of the acceleration wave. Now it requires the time derivative of the first equation of
motion. The material time derivative is not simple in the current configuration. Using
the generalized Clapeyron’s theorem we obtain an equation of motion of stress-rate. The
dynamic compatibility equation can be calculated from it. Many authors have dealt with this
question when the body is in equilibrium [8, 9, 10]. The third order wave can be investigated
by using the compatibility equations (dynamic, kinematic and constitutive). The generalized
acoustic tensor is another important result of these investigations.
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1. Introduction

In its original form, Clapeyron’s theorem concerns the transition between two states
of equilibrium. If the displacement field u; takes us from one equilibrium state into
the other then the work of the internal forces t% u;;; is equal to the work done by the
body forces ¢* and the trections ¢¥ n; | 4 acting on the boundary surface A, that is,

/tijui;j dV:/ qiuidV—l—/uitijnjdA, (1.1)
\%4 \%4 A

where ¢ is the stress tensor, u;.; is the covariant derivative of the displacement vector
u; with respect to the j-th coordinate, n; is the outward unit normal and V is the
part of the geometric space which contains the body B and which is bounded by a
closed surface A. Here and in the sequel indicial notations are employed. Accordingly,
a Latin index has the range 1,2 and 3; summation over repeated indices is implied
and the covariant derivative is denoted by an index preceded by a semicolon. The
strain tensor is denoted by e;;.

For moving continua the theory should be modified as follows: the velocity field
v; should be used instead of u; and, with regard to D’Alembert’s principle, ¢ is
to be replaced by the generalized body force b* = ¢* — pi’. Let the mass density
and the acceleration be denoted by p and 7, respectively. Obviously, to keep the
original meaning of Clapeyron’s theorem, the volume and surface integrals should be
integrated with respect to time t. This generalization of Clapeyron’s theorem remains
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valid even for finite displacements, if the proper changes are carried out [1]. The
generalized Clapeyron’s theorem can be formulated as

/ / (9 — 90, 4+ t708,)) ug;dVdE = / / (bl + b’vfp) u; dVdt+
to \4 to 14
+/t /V (89 — "7, 4+ t708,) un;d A de (1.2)
0

where overdot denotes the material time derivative and dA4; = n;dA. If tij; i+ b =0
then the equation of motion is satisfied [1].

2. Equation of motion for the stress-rate

Equation (1.2)) is valid for all kinematically (geometrically) admissible displacement
fields, thus it holds also for the virtual field u} [11]. By keeping in mind that remark,
the last surface integral of the left-hand side of (1.2) can be transformed into volume
integral

ty
[ /V [(#7 = 4107, 90} gt (89 = 0000, 4 6908 )| dvat. (21)
to
By substituting (2.1]) into (1.2]) and performing some rearrangements we have

4 5 . - .. .. .
/t /V [(i” — 9%, + t”v’ip);j + b+ b%ﬂjp} widVdt =0
0

where the virtual displacement u} is written for u;. This equation is satisfied for any
uy if

(87 — 7l + tijvép);j +b' b, =0 (2.2)

Substituting b = ¢° — po’ and introducing the Lie derivative of the stress tensor
L, (t” ) = t7 — t"Pv)  — tPIv’  as a stress-rate and making use of the continuity
equation, the equation of motion (2.2 for the Lie derivative of the stresses assumes
the form

(L, (t79)] ST (tpjvi;p + tijvfp);j +¢' + qiv’ép = pi' . (2.3)

This equation is referred to as the equation of motion for the stress-rate [8,9,10,12].

3. The third order wave

When the basic quantities v¥, %!, e;; and their first derivatives are all continuous,

but the second derivatives have a jump when crossing the surface ¢ (xk,t) =0, we
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speak about third order waves [2]. Let us denote the jump of some quantity v » by
< 7p> When the velocity gradient is v* \» and we consider a wave of order three then

(vh) = 0 but (v%,) # 0. Thus in @) (Lo (#)) = 0 but (L, (14)) #0.

Consequently, the dynamic condition a third order wave should meet is of the form

Ly () + 171 (k) + 5 (%) = (i) . (3.1)

Let the kinematic equation [4, 5] be
(Lveij)' = éij + (ekj’l);ki + eikv;}“j) (32)

where ey; is the Euler strain tensor. If the Lie derivative of the velocity field is L,,
the expression L, =L, + 9/0t in (3.2) is a generalization [3]. As is well known,
L, (ei;) = vij, thus the kinematic compatibility condition for the third order wave is

(Ui5) = (Ei) + ey (V%) + e (V%) . (3.3)

K3

It can easily be shown that v v £ ( ) but < > = <(vk)> and this property is the
same for the second derlvatlves of all other functlons.

Let the constitutive equation be [14]
foc (Lv (t”)aQvav (62])7Q’Lj7tljvelj) :07 (a: 1727"'76) (34)

i ijm  4pq R pat ijm j24 :
where Q%7 = B 'pqt m and g;; = b,/ Cpast it BY",, and b,/ are appropriate
tensors transforming tensors tP?, and ey, into second order ones.

The constitutive compatibility conditions can be obtained from the material deriva-

tive of (3.4

oo (e )+ im0l (1 e +

OL, (7 0QY OL, (eij)
Ofa, pat
ﬁ;b PP (epgie) = 0, (a=1,2,...,6)
or introducing the notations S",, R"%;, Trsii and U9 for the coefficients
Ofa Of o Ofa o Ofs
ST’S = TS” = = TT'SZ_] = U?"S'l_] =
oL, (9) " = Qi AL (e)’ .

the constitutitve compatibility condition is
8" <LU (tij).>+RmijBijn;q <t.m;m>+TTSij <Lv <€ij>‘>+Umjwa {€pgie) = 0. (3.5)
In the following we use Cartesian coordinates. Let the jumps in the second derivatives

of the stress and strain tensors and that of the velocity field, each on the surface
%) (xk, t) = 0, are denoted by v*/, o;; and A\E. Further denote ny, the unit normal vector
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of the wavefront and C' and ¢ denote the wave propagation velocity with respect to
the material and to the reference frame:
O
_ Oxk

ny = ————,
[ . 0p Op
gpqii
0xP Ox4

With these notations one can conclude that equations (3.1)), (3.3) and (3.5) imply [2
, 4]

C =c—vPny,

Y¥ng = —pCOA*F (3.6)

1
Qi n; (2ekj — gkj) +n; (2eik — gik)] )\k (37)

U:%[

8755 (Cr + 110N + 190\ — 9 \*) — R™ B iy

+ T [Cogy — N (egeny + enjni)] — U0, P gy = 0 (3.8)

Making use of equations (3.6) and (3.7) we get from (3.8]) that
{2p575,C% — 2pR"5,,C*+
T (gugni + gaens) — 257 (H997% + 199 — 179% ) ng| nC+ (3.9)
U™ [n; (2ak; — grj) + 1 (2ai, — gix) ne} ¥ =0,

where gjk denotes Kronecker’s symbol. Since v** is different from zero, the determi-
nant of its coefficient matrix must vanish [13], that is,

det {} =0.

This is the equation of propagation for the third order wave. Clearly this equation is
an algebraic equation of order 18 for the propagation velocity C. Observe that the
notations R", = R™ B""™ | n,, and U™ = U"*Pb 17" n,, are used in the matrix
{}. These notations can also be employed in equation (3.8)). The matrix {} can be
considered as the characteristic matrix of a generalization of the acoustic tensor.

Equation 1' can also be written in a form consisting of A* when S"5; takes some
of the values 0, S7g;, g{g; and R’“ij one of 0, R;-"gj, R™n; and we multiply the
equations by ns. (In the case of a solid body S and R are probably impossible to be
zero at the same time).

In the 9 cases under consideration, the equation for A\* is
(B,C? + FC* + GLC+ Hf) \F =0, (3.10)

In the second case Ej = g, in (3.10).
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The wave propagation equation is
det (E;,C® + FC* + Gj,C + H{) \" =0. (3.11)

This is a 9-th order equation for the propagation velocity .

By using [6] the matrix of acoustic tensor in case of (3.10) can be obtained. Let us
denote the coefficients of C' in the form of 3x3 matrices by E, F, G, H. By introducing
the inverse and unit matrices E~!, I the acoustic tensor is

0 I 0
0 0 I . (3.12)
~E-'.H -E!.G -E!.F

Comparing the expression (3.1)) of [4] and expression (3.9)) of this paper we find that
these are the same in the case of acceleration wave [4] and in the present one.

The most general acoustic tensor can be obtained from (3.9) when the coefficients
have been denoted in the form of 6x6 matrices E,F, G, H. The shape of acoustic
tensor is identical to (3.12) [7]. Matrix (3.12)) is a 9x9 matrix while this generalized

matrix is a 18x18 one.

4. Concluding remarks

Our starting point was the generalized Clapeyron’s equation, which, by using conti-
nuity equation, resulted in the first Cauchy equation of motion and the equation of
motion for stress-rate. In such a way we obtain a more general equation for stress-rate
which enables us to write the compatibility equations for the third order wave. These
two sets of equations are the main result of this paper. As an application these equa-
tions lead to an acoustic tensor, which is identical to the acoustic tensor obtained by
acceleration waves, because we used quasilinear integrable second order constitutive
equations. This computation justifies that we could similarly get an acoustic tensor
in case of a general second order constitutive equation.
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