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Abstract. Making use of the principle of minimum complementary energy we have clarified
what conditions the strains should meet in order to be kinematically admissible for some
mixed boundary value problems of micropolar elasticity in a dual formulation. Emphasis
is laid on the question as to what form the boundary conditions have since neither the
displacements nor the microrotations belong to the set of fundamental variables.
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1. Introduction

1.1. The necessary and sufficient conditions the strains in the linear theory of mi-
cropolar elasticity should meet in order to be kinematically admissible were found by
Kozak-Szeidl [1] under the conditions that the boundary surface S of the region V
under consideration was divided into two parts S, and S; on which tractions (force
stresses and couple stresses) and generalized displacements (displacements and mi-
crorotations) were imposed.

Similar investigations within the framework of the classical theory have been per-
formed by Kozék [2] who used stress functions of order two when setting up the entire
system of variational principles in the dual system of elasticity. The necessary and
sufficient conditions of kinematic admissibility for the strains were obtained from the
stationary condition of the corresponding functionals.

Bertoti [3] confined himself to the case when the stresses are given in terms of stress
functions of order one and under this condition he clarified, among other things, what
form the equation system of linear elasticity has including those conditions the strains
should meet in order to be kinematically admissible on a simple connected region.
Some generalizations of these results are given in [4].

Returning to the micropolar theory, to the author’s knowledge the cases when force
stresses and microrotations or couple stresses and displacement fields are given on a
part of the boundary (tractions are imposed on the other part of the boundary) has
not been investigated yet though there are some preliminary results in this respect
for the first plane problem — see Szeidl [5] and Ivan-Szeidl [6] for details.



192 G. Szeidl

1.2. The main objective of the present paper is to clarify the form of the boundary
conditions in the dual system if microrotations ¢® and force stresses t* are imposed
on the part Sy, of the boundary surface S while tractions (force stresses t* and couple
stresses [i;) are prescribed on the other part Sy, (S, USi, = S, S¢uNSe, =0). Itisa
further aim to derive the unknown boundary conditions if displacements 4; and couple
stresses [, are imposed on S, while tractions (force stresses ¥ and couple stresses
fu) are given on Sy, (S, U Sy, =S, St N Syu = 0). By solving the problem posed
we shall also clarify all the conditions the strains should meet to be kinematically
admissible under the given boundary conditions.

Observe that the problems posed are meaningless in the primal system of microp-
olar elasticity since the displacement field u; and the microrotation ¢” (referred to
together as displacements) are the configuration variables in this system.

1.3. The paper is organized into six Sections. In Section 2 notations and some
preliminary results are presented. Sections 3 and 4 are devoted to the derivation of the
missing conditions. Our analysis is based on the principle of minimum complementary
energy which, as a variational principle, ensures the fulfillment of all conditions the
strains should meet in order to be kinematically admissible. Section 5 is a short
summary of the results. The last Section is an Appendix which contains some longer
transformations.

2. Notations and preliminaries

2.1. For the sake of simplicity we shall assume that the volume region V' occupied by
the body under consideration is simple-connected. The boundary surface S is divided
into two parts from which the boundary conditions on S¢, are the same for the two
problems considered. The common bounding curve is denoted by g. Figure 1 rep-
resents the region V' and the parts Si,, S, and Sy, Sy for both problems.Indicial
notations and two coordinate systems, the (z!, 22, 2%) curvilinear and the (¢!, €2, £3)
curvilinear, defined on the surface S — see [7] for details — are employed throughout
this paper. Scalars and tensors, unless otherwise stated, are denoted independently of
the coordinate system by the same letter. Distinction is aided by the indication of the
arguments x and £ being used to denote the totality of the corresponding coordinates.
Volume integrals and surface integrals are considered, respectively, in the coordinate
systems (z'2?23) and (£1£2¢2). Consequently, in the case of integrals, arguments are
omitted. In accordance with the general rules of indicial notations summation over
repeated indices is implied and subscripts preceded by a semicolon denote covariant
differentiation with respect to the corresponding subscripts. Latin and Greek indices
range over the integers 1, 2, 3 and 1, 2 respectively. €™ and €pqr stand for the per-
mutation tensors; 8¢ is the Kronecker delta. In the system of coordinates (z!z2x?)

gy and g’ are the covariant and contravariant base vectors. The corresponding metric
tensors are denoted by gx; and ¢gP?. The equation of the boundary surface is written
as ¥ = zF (¢!, £2) where the coordinates ¢! and €2 are the surface parameters. Let &3
be the distance measured on the outward unit normal n to the surface. On S &3 =0.
[Base vectors| {Metric tensors} on S are denoted by [a* and a;] {az; and a*'}. In the
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Figure 1.

coordinate system (£1£2¢3)
n=az=a’, nd=1 and nT=0. (2.1)
If |€3] /(min{|R1],|Rz|}) < 1 in which Ry and R, are the principal radii of curvature

on S then the relationship 2% = z¥(¢1, €2, ¢3) is always one-to-one.

2.2. The components of the asymmetric strain tensor and rotation tensor (together
strains), and the force stress tensor and couple stress tensor (together stresses) are
denoted by 7z, x> and t*, 1, respectively. In the primal system of micropolar
elasticity the field equations can be given by the displacements u;, ¢ as configuration

variables, the strains 7, k. as intermediate variables of order one and the stresses

a
k) 1% as intermediate variables of order two:

kinematic equations:
Vik = Uk + ks’ Ky =¥, zeV (2.2)
Hook’s law for centrosymmetric body [8]:

Kl Kl b Kl
= a P g, pt = 9 P4 Kpg reV (2.3)

equilibrium equations:
"+l =0, [0 + Ebpgt™ + o =0  z €V (2.4)

where a klpa and ¢ klpa are the tensors of elastic coefficients while b and ¢, are body

forces and couples. These equations are associated with the boundary conditions

nat® =, Pt =p* €€ S (2.5a)
nat3 = ¢, nap’y, = iy &€ Sy (2.5b)



194 G. Szeidl

for the first problem and with the boundary conditions

up =1y, nap’y = £€ Suu (2.6a)
nat3 = nap’, = i £ €Sy (2.6b)

for the second one.

2.3. The stresses t* and p?, are said to be equilibrated {statically admissible} if
they satisfy the equilibrium equations (2.4) {and the traction boundary conditions
(2.5a])1, (2.5b]) or (2.6a)2, (2.6b]) }. Let

[e]

= pl;mgmk and ﬁab = ¢“™(embyP? + Qbm) eV (2.7a)
where
gm"pl;mn — and 9" Qoymn = —Cb - reV (2.7b)

Further let fyl and Hy, x € V' be stress function tensors. Then the stresses
o o
tht = Ekmy}'yl;m + t* 1 = e (Hypp + cops F,°) + 1% zeV (2.8)

o o
are equilibrated and p%, t*l are particular solutions to the equilibrium equations lb
[9,10]. We shall assume that the particular solutions are known.

REMARK 2.1.: Let ap(2) and Y(z) be differentiable otherwise arbitrary tensors
on V. Further let 45 and KL be the subsets of the index pairs 4, and yl for which the
differential equations

TL;K = B (2) and WpA + €past® = aap(x) xeV (2.9)

always have a solution for the vector fields r* and wj. It can be shown that the stress
function triplets Hp and F;& can be set to zero [1].

REMARK 2.2.: The proof of Remark 2.1 [1] is based on the observation that there
belong identically zero stresses to the stress functions

fyl = rl;y (z) and Hyp = Wpyy (T) + pysr®(x) - zeV (2.10)

REMARK 2.3.: Let xy and ST be the complementary subsets of the index pairs 45

and ;L. Tt follows from Remark 2.1 that any stress condition can be given in terms
of the stress functions Fg' and Hap, i.e., by means of six-six stress functions.

REMARK 2.4.: For this reason we shall assume that the stress functions and their
variations have only six independent components each which are identified by the
index pairs xy and ST.

2.4. The strains i, k,” are said to be compatible {kinematically admissible} if
the kinematic equations (2.2]) have single valued solutions for the displacements wu;,
©® {and the solutions meet the boundary condition (2.5al)s or (2.6al)-}.
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The incompatibility tensors Y*¥ and D?, are defined by the equations
VW (x) =e"kY, and  D*(x) = (Ypup + crnvki,’) - reV (2.11)

It can be seen [1] that the strains 7z, x,° are compatible on a simple connected

domain V if the six-six compatibility field equations
YX¥Y(z)=0 and D3 (z) =0 reV (2.12a)
and the compatibility boundary conditions
n3Y 3 (x) =0 and n3D?(z) = 0 £Ees (2.12b)

are satisfied [1].

2.5. In the dual system of micropolar elasticity the stress functions F. ST, Hxy are
the configuration variables (FzF and Hap are set to zero), the stresses tf!, u are
the intermediate variables of order one and the strains -, nab are the intermediate
variables of order two. The field equations consists of

the dual kinematic equations

o

M — = by E Ly — ity =Y (Hypp + EpsF,°) T €V (2.13)
Hook’s law

Vi = Qkipgt??, Kab = CabpgtF? reV (2.14)

(aripg and cqppq are the inverses of a kipq and clklpq)

and the dual equilibrium equations

Y (x) = 5Xpa’ia1;/p =0, D% (x) = 57 (yeryp + 5kaHpb) =0. zeV
(2.15)
In view of (2.13)) it follows from equations (2.5alb) and ([2.6alb) that the field equations
(2.13)), (2.14)) and (2.15) should be associated with the traction boundary conditions

ngt® 4+ nge L =1 £es (2.16a)
713/331) + n3537"7i (Hnb;‘n' + Ebﬂ's]:ns) = ,ab f S Stu (216b)
for the first problem and with the traction boundary conditions

713;3[ + n353lm}—nlm ={ § € Sy (2.17a)
i ces (2.17b)

o3 3
nap’y + nse®™ (Hopsr + sbm}"ns)

for the second one.

It is obvious that the compatibility boundary conditions (2.12bf) should also be
fulfilled.
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We remind again the reader of the fact that no boundary conditions can be imposed
directly on the displacements u; and ¢° since these variables do not belong to the set
of dual variables.

The strains 7y, kqp are said to be statically admissible if they are given in terms
of statically admissible stresses tP? and pP? by means of Hook’s law (2.14]).

3. Kinematic admissibility of strains for the first problem

3.1. The total complementary energy functional for the first problem assumes the form

1 .
K; = 5/ (tklfykl + u“bﬁab) dVv — / naps,o’ dA (3.1)
v St

b

Kl
t a

where both the stresses t**, u% and the strains vy, &,  are statically admissible.

According to the principle of minimum complementary energy, the first variation
of the functional K; should vanish:

SKy =1V + 10 = / (vea0t + K Lop,) dV — / nzdpt,@PdA =0. (3.2
14 S

te

Because the stresses and strains are statically admissible, variations §t* and ou®, of
the force and couple stresses can not be arbitrary but should meet the side conditions

5tk€k =0, (5,Ll,ab;a + Ebkl5tkl =0 reV (3.3&)

and
n3ot® =0, ces (3.3b)
n3ou’, = 0. €€ Sy (3.3¢)

In the sequel we shall assume that the variations of the particular solutions t*! and
ﬁ“b are equal to zero.
It can be proved by direct substitutions that the side conditions (3.3a)) are identi-

cally fulfilled if the variations of stresses are given in terms of the variations of stress
functions as follows:

6tkl = Ekmyéfyl;m ) T € V (34&)
6lufab =" ((SHyb;p + 5bp55~7:y5) . zeV (34b)

Let r! and wy be arbitrary differentiable vector fields on S and Stu, respectively.
Further let the variations of the stress functions on S, and S, be given in terms of
the variations of r* and wy as follows:

5F, =ort, £es (3.5a)
57_[7717 = 5u}b;n + Elnrl'rl . f S Stﬂ (35b)
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If this is the case, side conditions (3.3b)) and (3.3c|) are also identically satisfied.
3.2. If we utilize that

SKy=TY +10% 4+ IS = IV + I + I + 10 + 15 + 15 + 1€

(the details of the manipulations leading to this form are given in Subsection 6.2) and
substitute equations (6.5)), and into the above equation then the stationary
condition (3.2)) yields

0K = / VXY 6Hxy + D56 FST)dV — / e (k) — @b )6 Hay dA
14 S.

te

tr

- /S ES"X(’yle — 5le@bm)5rl dA — /S [n3y3b5wb + n3D3l5rq dA

+ / (K, — @ )owpds = 0. (3.6)
g

With regard to the arbitrariness of the variations éHxy,...,dw, this equation is
equivalent to the compatibility field equations (2.15)), the strain boundary conditions
ko —@b, =0, €€ Sy (3.7)
5377)((7)(1;77 - Ele(abb;n) =0 ’ 5 € Stap
the compatibility boundary conditions (2.12b) on S;, and the continuity condition
d@P/ds — T"/@nb =0on g.

REMARK 3.1.: It can be shown with ease that the fulfillment of the strain bound-
ary conditions (3.7)) and (3.8]) ensures that of the compatibility boundary conditions

@.125) on S, .

4. Kinematic admissibility of strains for the second problem

4.1. The total complementary energy functional and the corresponding stationary
condition are of the form

1
Kir = 5/ (1 + u%r,”) AV —/ nat®ay dA (4.1)
\4 Sup

and

6K =1 + 17" = / (Ve 0t + K Pop,) AV — / nzdta; dA =0,  (4.2)
1% Suu

respectively. In this case the variations §t*!
should meet the side conditions (3.3a)) and

and 0p®, of the force and couple stresses

ngdt® =0, n3dp, =0, £€ Sy (4.3a)
nzou®, = 0. €€ Supu (4.3b)



198 G. Szeidl

Side conditions (3.3al) are again identically fulfilled if the variations of stresses are
given in terms of the variations of stress functions in the same form as for the first
problem — see equations (3.4alb) for details.

Let 7! and wj be arbitrary differentiable vector fields on Stu, respectively. If the
variations of the stress functions on Sy, are given in terms of the variations of r and
Wp:

§F,! =0ort, Hap = OWpyy + Epmr’ £ € Sy (4.4)

then side conditions (4.3a) are fulfilled. If the variations of the couple stresses are
given in terms of the variations of stress functions, then substitution of representation

(3.4b)) into the side condition (4.3b)) yields
ngdp’y = ¥ (Myppin + E4ms0F,") =0 € € Sy (4.5)

from which it follows with regard to l c) that the variations 6F,% and 5]—'53 can
not be arbitrary but should meet the conditions

6Fy° = —6F," — & (6Hys)jm + bT6H o — byndHss) £€Su  (4.6a)
6F,% = ™6 Hppim = €5 (6Hypljw — bynOHsp — bpr6Hps) . €€ Sty (4.6b)

Derivation of the equations that follow from the stationary condition (4.2)) requires
a lengthy formal transformation which is based on the use of equationsb) and
, b) since their fulfillment ensures that of the side conditions on V and
S. In addition integrations by parts should be performed by utilizing the Gauss and
Stokes theorems. As regards the transformation the details are given in Subsections
6.3 to 6.4. Here we confine ourselves only to gathering the results. Comparison of the

stationary condition (£.2) with equations (6.8), (6.9), (6.13) and (6.15) yields

SKpp =1V + 10" = 1Y + I 4 I + I3 4+ I =
=L I I IS IS = I I I IS+ IS IS =0, (47)

The final form of stationary condition (4.7)) is obtained by substituting (6.4) for I,

(6.14al) for 17", (6.16a)) for I;" and (6.17) for IS + IS + I§. After making some

rearrangements we have

SKyr = /V (VXY 6Hxy + D%6F ) dV + /3 NG’ o — V0 G° — KL )IHpp dAF

up

Jr/ €312 (1 — 711) 6,1 + €321 (flgyp — y22) 6, 1] dA+
S

wp

+ / NG|+ bpn P’ — 1 )5 Hyz dA—
S

up

—/ g312 [ﬂg;l + 7:&1;2 — (’)/12 + ’)/21)] 5]:11dA — / [ngygbéwb + n3D3157“l] dA
Sup Stp

dgb di -
- 7{(% - T"K,,b)(wa ds — 7{ [;: = 7" (nr + 5,,,\3@3)} ortds =0. (4.8)
g g
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Since the variations 6H xy, ..., 7 in the stationary condition 6 K;; = 0 are arbitrary
we obtain

— the compatibility field equations

(2.124));

— the strain boundary conditions

P —00° =KL =0, €€ Sup (4.9a)
Gljr +bpn®” — kS =0, €€ Sy, (4.9b)
and
G —y11 =0,  d22—722=0, €€ Sy (4.10a)
tg;1 + U2 — (V12 +721) =0 &€ Suu (4.10Db)
— the compatibility boundary conditions
(2.12b)
on Stﬂ
and
the continuity conditions
dg® diiy B
Ti — b =0, - (yor +2xs8%) . £€g (4.11)

REMARK 4.1.: It can be shown by performing lengthy paper and pencil calcula-
tions, which require some attention, that the fulfillment of the strain boundary con-
ditions (4.9alb) and (4.10alb) ensures that of the compatibility boundary conditions

@.125) on S, -

5. Concluding remarks

5.1. We have clarified what boundary conditions the strains of the micropolar theory
should meet in order to be kinematically admissible if

— microrotations and force stresses
or

— displacements and couple stresses
are imposed on a part of the boundary surface. The corresponding boundary condi-
tions — like those found by Kozak-Szeidl in 1981 [2], - are referred to as strain boundary
conditions. We draw the reader’s attention to the fact that the fulfillment of the strain
boundary conditions ensures that of the compatibility boundary conditions for both
problems — see Remarks 3.1 and 4.1.

5.2. It is a further issue what form the strain boundary conditions have if for
instance displacements are given in the tangent plane to the surface and force stress
is prescribed perpendicularly to it and so on. Investigations to find an appropriate
reply to the latter problem are in progress.
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6. Appendix

6.1. Let b and b, be the mixed and covariant components of the tensor of curvature
on S. Further let @ and H,, be differentiable vector and tensor fields defined on V/
and S. The covariant derivatives taken on the surface with respect to the surface
coordinates and the surface covariant derivatives are denoted by <,5p‘7r, Hpp|x and <'5PH7r’
H ||, Tespectively. The following relations hold

= = W (6.1)
Hupin = Hyplr = Hnp|jr — by Hap — barHns (6.2)
Hiyzim = 7‘[773|7T = Hn3\|7f + b7 0H e — byrdHss .

6.2. Transformation of the volume integral I} — see equation (3.2)) — requires

— substitution of (3.4alb) for the variations 6t*' and §u?,
— performance of integrations by parts making use of the Gauss theorem

and
— an appropriate rearrangement after utilizing the definitions given by (2.11)) for
Y*¥ and D?,.

In addition one should utilize the assumption in REMARK 2.4. After performing
the steps listed above we have

I =1y +1I7 =
= / VXY Hxy + D% 6Fs")dV — / (X6 F,) + ¥k, 6 H ) dA. (6.4)
\% S

This transformation is valid both for the first problem and for the second one.
Integral If * of equation 1) can be manipulated into a more suitable form by
applying the Stokes theorem:

fwzf}%%HM@+/
g S.

Substituting 1 b) into the sum If“" + I} and taking the relation S = S;, U Sy,
into account we have

ﬁ%%mwmffem%@ﬂ%HA

te Ste

D 4 I8 = I 4 I I+ I 4 15 + 1€ (6.5)
where
B [ (et =) dd, B == [ i, gda,
Sty Sty
v = f/ ¥ Powy, dA L= f/ e Meyniki, or'dA
Stu Seu
I3 = 7/83”’&15“;7] dA , If = }{ﬂi@b (5wb;n + Ebﬂl‘srl) ds .
s g

(6.6)



Kinematic admissibility of strains for mized boundary value problems 201

If we now integrate the right sides of IQS oI f * and I§ by parts — this transformation

is based upon the Stokes theorem — then perform integrations by parts along the curve
g, we obtain

15 4 I IS 4 15 4 16 = _/ 3% (g + Extp @y ) 7! dA
S.

ty

- / [n3Y**0wy, + nsD3or'| dA+ /T"(Hnb - gﬁbm)éwb ds. (6.7)
Stu g

6.3. Substituting equation QD into the integral If “* and making use of the
Stokes theorem we have:

e i = [ viarians frariaa. o)

Suu g

Recalling the relation S = 5, US, the integral taken over S in (6.4)) can be resolved
into two parts
S

In view of it is now our aim to transform the sum
Sup Sup
Sup

+ / (i — Yx3) €XPOF,® dA + / (ixy — Yy 53XP5FPA dA (6.10)
S S.

Up up

...dA+/ A (6.9)
S.

tu wp

3 B6H 5 dA — / ¥k P6H, 5 dA
Sup

into a more appropriate form. This aim can be achieved

— if we introduce the notations

@ = —e"XP (ligy — Vx3) £ € Sup (6.11)
and
953 = 78132 (’a2;1 - 712) ) § S S'll,/l, (612)
— if we substitute the representation (as a matter of fact side condition) (4.6b) for
§F,3
14 )

— if we write (4.6b)) for §F,2 in the last integral of equation (6.10)),

— if we substitute the right sides of the equations

_/S ¢p537rn57.[np“ﬂd14:/s 53“"95’]'#57{,7,,&4—&—%T”@pé’}—lnpds
g

up up

— / P25 3 dA = / MG 0 3 dA + f TG 6H 3 ds
Sun

un g

each obtained by making use of the Stokes theorem
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and

— if we make an appropriate rearrangement.
After performing the aforementioned steps we get

I 4 I = I 4+ 18 (6.13)
where
Ifu“ = / [6312 (ﬂ1;1 — ’)/11) 5,/—"21 + g312 (’&2;2 — ’)/22) (5]:12] dA
Sup
—/ 312 [lig.g + 1.2 — (Y12 + 721)] 0F, HdA
S'u,//.
3t | P _ pP 33 _ B
+/S € [gp | — 0RP” — Ky } 0Hy,dA
wp
_ / 23 {‘ﬁ?’uw by — ﬁ,f’} SH,5 dA (6.14a)
Sup
and
I§ = %T"@%HW ds + 7(7”(,535?—[,73 ds . (6.14Db)
g g

6.4. The integral

5 = — / (XM F)! + ¥ 26 ) dA
S

tp

can be manipulated into the form

Iégtu — Iftli + If (615)
where
S = _ / [nsY* 5wy + nsD36r!] dA (6.16a)
St
and
1 = f s + f 2o bowyds (6.160)
g g

if we substitute 1,2 for (5.7-'771 and ¢H,;, and then perform integrations by parts —
the latter step is based on the Stokes theorem.
The sum of the line integrals I + I can be cast into the final form

~b

d
IS +IS+16 = —j{(d—i—rnmnbﬁwb ds—f
g g

if we substitute 1,2 for (5]-'nl and 0H,, and then perform integrations by parts
in order to remove the covariant derivatives from the integrand obtained after the
substitution.

du -
{dsb — 7" (%b + 5»,7{)3()03) 5™ ds (6.17)
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