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A B S T R A C T

Therapy evasion – and subsequent disease progression – is a major challenge in current oncology. An important
role in this context seems to be played by various forms of cancer cell dormancy. For example, therapy-induced
dormancy, over short timescales, can create serious obstacles to aggressive treatment approaches such as
chemotherapy, and long-term dormancy may lead to relapses and metastases even many years after an initially
successful treatment.

In this paper, we focus on individual cancer cells switching into and out of a dormant state both
spontaneously as well as in response to treatment. We introduce an idealized mathematical model, based on
stochastic agent-based interactions, for the dynamics of cancer cell populations involving individual short-term
dormancy, and allow for a range of (multi-drug) therapy protocols. Our analysis – based on simulations of the
many-particle limit – shows that in our model, depending on the specific underlying dormancy mechanism,
even a small initial population (of explicitly quantifiable size) of dormant cells can lead to therapy failure under
classical single-drug treatments that would successfully eradicate the tumour in the absence of dormancy. We
further investigate and quantify the effectiveness of several multi-drug regimes (manipulating dormant cancer
cells in specific ways, including increasing or decreasing resuscitation rates or targeting dormant cells directly).
Relying on quantitative results for concrete simulation parameters, we provide some general basic rules for
the design of (multi-)drug treatment protocols depending on the types and processes of dormancy mechanisms
present in the population.
1. Introduction

1.1. Motivation

Cancer is a highly complex disease that is among the leading
causes of deaths worldwide. Despite a range of different therapeutic
approaches, a major challenge in current oncology is the emergence of
cancer therapy evasion, frequently resulting in treatment failure and
relapses. In several cases, such therapy resistance has been linked to
forms of cancer cell dormancy (cf. eg. Francescangeli et al., 2023 and the
references therein), by which we mean a phenotypic switch into a non-
proliferating and protected (therapy-evading) cellular state of reduced
activity. Such transitions can be triggered by the stress resulting from
chemo-, immuno- and even radiation therapy, may be endogeneous (i.e.
induced by metabolism and growth of tumour can modify local environ-
ments in terms of oxygen availability, glucose concentrations, diffusion
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of environment etc.), but may also happen spontaneously (Damen et al.,
2021). The emergence of dormant sub-populations over relatively short
timescales can lead to therapy resistance, while long-term dormancy
may result in relapses and metastases many years after the initial cancer
formation (Aguirre-Ghiso, 2007; Phan and Croucher, 2020). In this
context, the somewhat unclear boundaries between different dormancy-
related mechanisms and concepts, including quiescence, persistence,
latency, tolerance and stemness, seem to further complicate the deriva-
tion of general strategies to handle the resulting therapeutic challenges
(see e.g. Vallette et al., 2019; Francescangeli et al., 2023 for comments
on the related nomenclature).

Due to their apparently significant role in therapy failure, dor-
mancy mechanisms have recently attracted increasing interest in the
literature, where a wide range of mechanisms and strategies have
been described (see e.g. Francescangeli et al., 2023; Recasens and
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Munoz, 2019; Santos-de Frutos and Djouder, 2021; Vallette et al., 2019;
Endo and Inoue, 2019; Evans and Lin, 2015). Beyond cancer biol-
ogy, dormancy-related survival and coexistence strategies are currently
also being studied in many other contexts, including mathematical
modelling and studies in population genetics, evolution, and ecology,
see e.g. Lennon et al. (2021) for an overview. There, it becomes
ncreasingly clear that the population-level effects of dormancy are
eavily-influenced by the particular type of switching mechanism, in-
luding in particular spontaneous, responsive and competition-induced
ormancy transitions, see e.g. Shoemaker and Lennon (2017), Blath

and Tóbiás (2020), Blath et al. (2021) for some general results in this
direction.

Here, we incorporate similar dormancy mechanisms into an ideal-
zed individual-based stochastic cancer population model, while aug-
enting its dynamics with different (multi-drug) agent-based treatment

egimes. We investigate the consequences of these micro-interactions
or the limiting dynamics of the macroscopic population-level model, in

particular regarding the emergence of therapy failure over short time-
scales, and the relative effectiveness of different treatment protocols.

Ultimately, our goal is to gain systematic insights into the
opulation-level effects of dormancy that may help to optimize treat-
ent protocols (in more realistic scenarios) in order to overcome the

hallenges posed by dormancy-related therapy resistance. One concrete
ay to achieve this could be the design of combination therapies where

multiple drugs will be administered in a way that is tailored to the
underlying dormancy mechanisms and resulting population dynamics
while at the same time obeying constraints resulting e.g. from negative
side-effects.

1.2. Modelling approach, and basic transitions related to dormancy and
treatment

Our starting point is a multi-type stochastic birth–death process with
nteractions, describing the different types of cancer cell populations
including dormant and actively proliferating states) as well as multiple
rug agents administered in externally controlled treatment regimes.
or concreteness, we focus on modelling chemotherapy with one drug
r combining two drugs. Other important treatment approaches, in-
luding immunotherapy, will require more complex interactions and
re outside the scope of this introductory paper. This model is mecha-
istic and incorporates various forms of general dormancy strategies.
he transitions differ e.g. regarding the birth, death and switching
ates, the drug sensitivities and supply rates, the possibility and rate
f spontaneous dormancy emergence, and the interplay with other
ells (competition) and drugs (therapy-induced switches). Deriving an
xplicit class of models thus necessitates a basic classification and
ormalization of dormancy mechanisms.

A first classification is based on the distinction between individual
cell dormancy and tumour mass dormancy. The latter describes the
tumour population level equilibrium of reproduction and apoptosis (see
e.g. Francescangeli et al., 2023; Aguirre-Ghiso, 2007; Endo and Inoue,
2019; Evans and Lin, 2015 and the references therein), and is not
the focus of this paper. Instead, we consider individual cell dormancy,
where single cancer cells switch into a non-proliferating and protected
state of reduced activity with certain rates according to mechanisms
that we will specify below. In such a state, the cancer cells may for
example be less sensitive to any kind of treatment. This is an important
factor for the emergence of therapy evasion whereas tumour mass
dormancy itself is not a factor contributing to therapy evasion but
instead may be a symptom thereof.

A second classification is based on the time-scales of dormancy.
Here, we focus on short-term dormancy (e.g. given by cell-cycle arrest
r phenotypic switches into quiescence) that can be modelled by tran-
ition rates that are of the same order as the other interactions of our
ystem. Hence, we do not consider long-term dormancy in the form
f ‘‘metastatic latency’’, such as dormant disseminated tumour cells
 p

2 
that rest in certain niches for many years until changes in their local
environment lead to their resuscitation (Aguirre-Ghiso, 2007).

Finally, to incorporate short-term cell dormancy into our model,
e need to describe the related switching (transitioning) mechanisms.

The distinction between the following transitions is crucial for the
acroscopic behaviour of the system.

Regarding the initiation of dormancy, one may distinguish

• spontaneous (stochastic) switching into dormancy, which may
lead for example to the presence of dormant / resistant sub-
populations even in therapy-naïve tumours,

• dormancy triggered in response to chemo-, immuno- or radiation
therapy,

• dormancy initiation due to internal competition/overcrowding /
starvation,

• and dormancy initiation due to the tumour microenvironment.

Regarding the maintenance of dormancy or re-activation, one may
istinguish between

• spontaneous (stochastic) resuscitation,
• drug-induced resuscitation,
• drug-delayed resuscitation, e.g. due to quiescence-inducing drugs,

• resuscitation due to cues from the tumour microenvironment or
population size fluctuations.

In our model, we will allow most of the above transitions, but will
refrain from introducing responsive switches due to external environ-
mental cues other than drug therapy.

While these distinctions in relation to dormancy mechanisms al-
eady indicate the complexity of the field, one could easily incorpo-

rate more features such as further cell phenotypes, age- and spatial
structure, stem-like behaviour, or the emergence and accumulation of
resistance mutations. However, since our focus for this paper is on the
asic effects of dormancy mechanisms, we refrain from incorporating
hese additional ramifications.

Regarding possible treatment regimes, we will incorporate time-
dependent external drug administration on the individual level (‘‘agent-
ased’’) of our model, allowing for multiple (different) drugs each with
pecific impact on the active and dormant cancer cells.

Basic therapeutic targets can be specified as the remission of the
tumour, in the sense that the total number of tumour cells decreases
elow a certain threshold in a given period of time, or by limiting the
umber of resistance mutations that can be accumulated by the cancer
ell population, again within a certain period of time. Note that the idea
ehind the second goal is to reduce the probability of the emergence
f a resistance mutation leading e.g. to the emergence of aggressively
roliferating therapy-resistant cancer cells (TRCC). It will turn out that,
epending on the details of the dormancy-related mechanisms, the
wo specific goals may necessitate different treatment protocols, in
articular since the mutation rate in the dormant state may be lower,
ut (somewhat counter-intuitively) also be higher than in the active
tate (Russo et al., 2022).

1.3. Organization of the paper

In Section 2, we formally introduce the stochastic individual-based
mechanisms of our interacting birth–death process, including the exter-
ally determined treatment protocols. We then derive the correspond-

ing many-particle limits of our model, leading to a population-level
dynamical system, based on a suitable convergence theorem.

In Section 3 we investigate, by simulation of the dynamics on
he larger cell population system via an ODE derived in the previous
ection, how dormancy traits can lead to therapy evasion, and, given
he details of the dormancy strategies, how to optimize treatment
rotocols potentially involving multiple drugs. More precisely, we will
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investigate how the strategy to reactivate dormant cells, the strategy
to kill dormant cells and the strategy to retain dormant cells in their
dormant state compare to each other. Optimization criteria can e.g.
be the minimization of the probability of the emergence of a resistant
ype before remission under certain conditions on side-effects. Besides

the specific results, we aim to formulate general observations (GOs) for
the impact of cancer cell dormancy on therapy success in our highly
idealized scenario.

The paper concludes with a discussion (Section 4), in which we
review our results, the limits of our model, the choice of parameters,
possible extensions, and relations to other work.

2. A population model for cancer cell dormancy and multi-drug
reatment

We begin with a stochastic model for the basic interactions between
active and dormant cancer cells, and the agents of two drugs acting in
specific ways on these active and dormant cells. Extensions to addi-
tional cell types and multiple drugs are in principle straightforward.

2.1. The basic interacting birth–death process and its scaling limit

Our stochastic model is given by a continuous-time Markov chain
{𝑁(𝑡)}𝑡≥0 on N4

0 of the form

𝑁(𝑡) = (𝐶𝑎(𝑡), 𝐶𝑑 (𝑡), 𝐷𝑎(𝑡), 𝐷𝑑 (𝑡)), 𝑡 ≥ 0, (2.1)

where the quantities on the right-hand side describe, at time 𝑡 ≥ 0, the
number of active cancer cells 𝐶𝑎(𝑡), of dormant cancer cells 𝐶𝑑 (𝑡), of
gents of a drug acting on active cancer cells 𝐷𝑎(𝑡), and of agents of a

drug acting on dormant cancer cells 𝐷𝑑 (𝑡). To facilitate a subsequent
many-particle limit, let 𝐾 > 0 be a parameter denoting the overall
carrying capacity of our population which we will let to infinity for our
imiting dynamical system. It is convenient to assume the number of
rug agents to be of similar magnitude as the number of cancer cells.
n this sense, we interpret the number of drug agents not necessarily
s individual molecules but instead rather as a collection of molecules
equired to interact with the cells to initiate this effect. This scaling then
an again be adjusted by choosing the interaction rates accordingly
nd we will come back to this assumption in the discussion section
Section 4.1). We allow for spontaneous/stochastic switching between

active and dormant cells as well as drug-induced responsive switching.
he individual dynamics and parameters of our systems are then as
ollows (visualized also in Fig. 1(a)–(f)).
Transitions of active cancer cells:
• An active cancer cell undergoes cell division into two active

cancer cells at rate 𝜆 > 0.
• An active cancer cell dies naturally at rate 𝜇, where 0 < 𝜇 < 𝜆.
• An active cancer cell dies due to drug treatment at rate 𝜇𝑎𝑇𝐷𝑎∕𝐾,

where 𝜇𝑎𝑇 > 0 describes the effectiveness of the drug.
• An active cancer cell dies due to competition with other active

cancer cells at rate 𝛼 𝐶𝑎∕𝐾 with 𝛼 ≥ 0.
• An active cancer cell switches into dormancy spontaneously at

rate 𝜎 > 0.
• An active cancer cell (optionally) switches responsively into dor-

mancy due to drug treatment at rate 𝜎𝑇𝐷𝑎∕𝐾 with 𝜎𝑇 ≥ 0.

Transitions of dormant cancer cells:
• A dormant cancer cell spontaneously switches back (‘‘resusci-

tates’’) into an active cancer cell at rate 𝜚 with 𝜚 > 0.
• A dormant cancer cell responsively switches back into an active

cancer cell due to resuscitation promoted by drug treatment at
rate 𝜚𝑇𝐷𝑑∕𝐾 with 𝜚𝑇 ≥ 0.

• If the drug targeting dormant cancer cells suppresses instead of
promotes resuscitation, the above rates will be replaced by the
combined rate (𝜚 + 𝜚 𝐷 ∕𝐾) with 𝜚 > 0, 𝜚 ≤ 0.
𝑇 𝑑 + 𝑇

3 
• A dormant cancer cell dies due to treatment (optionally) at rate
𝜇𝑑 𝑇𝐷𝑑∕𝐾 with 𝜇𝑑 𝑇 ≥ 0.

Dynamics of agents of drugs:

• An agent of the drug targeting active cancer cells degrades at rate
𝛽𝑎 > 0.

• An agent of the drug targeting dormant cancer cells degrades at
rate 𝛽𝑑 > 0.

Note that the rates 𝜎𝑇 , 𝜚𝑇 and 𝜇𝑑 𝑇 may be equal to zero, which
llows for models where the respective effects of the drugs are absent.
urther, if 𝜚𝑇 is strictly negative, which corresponds to the scenario
hen the drug suppresses resuscitation, then the overall resuscitation

ate of dormant cancer cells may equal 0, but of course cannot become
egative.

Remark 2.1. In the following, we will be mainly concerned with the
any-particle limit of our system (letting 𝐾 → ∞), which leads to a

ystem of ODEs. Before doing so, let us remark that the stochastic model
ives a justification for the rates appearing in the deterministic limit
ased on the individual cell dynamics and interactions. In addition,
n the absence of treatment one can use such a probabilistic model to

study the probability that a tumour reaches a certain size during an
initial growth phase (when stochastic fluctuations are relevant), and
also the corresponding initial growth rate, when starting from a single
cancer cell. We refer to Appendix A.3 for details. Another reason for
starting from a probabilistic model is that it may serve as the basis for
the inclusion of further effects (in future research) that cannot always
be investigated in the context of a system of ODEs. This includes rare
events such as the emergence of a new phenotype, or coordinated
behaviour. However, for the purpose of this paper, we will not extend
ourselves beyond the above framework.

At the moment, we have not yet specified how the external drug
dministration occurs, so that the initially present number of agents
𝑎(0) and 𝐷𝑑 (0) will simply degrade by following pure-death processes
ver time. In the next Section 2.2 we will present variants of the model

with external drug administration.
To obtain the many-particle limit of our system, which corresponds to

letting 𝐾 → ∞, we may employ standard arguments (see e.g. Ethier and
Kurtz, 1986, Theorem 11.2.1). Indeed, the vector of rescaled population
sizes

𝑁𝐾 (𝑡) = (𝐶𝐾
𝑎 (𝑡), 𝐶𝐾

𝑑 (𝑡), 𝐷𝐾
𝑎 (𝑡), 𝐷𝐾

𝑑 (𝑡)) ∶= 1
𝐾

(𝐶𝑎(𝑡), 𝐶𝑑 (𝑡), 𝐷𝑎(𝑡), 𝐷𝑑 (𝑡)), 𝑡 ≥ 0

(2.2)

converges a.s. uniformly on compact time intervals of the form [0, 𝑇 ]
to the solution 𝑛(𝑡) = (𝑐𝑎(𝑡), 𝑐𝑑 (𝑡), 𝑑𝑎(𝑡), 𝑑𝑑 (𝑡)) of the system of ODEs
𝑐̇𝑎 = 𝑐𝑎(𝜆 − 𝜇 − 𝜇𝑎𝑇 𝑑𝑎 − 𝛼 𝑐𝑎 − 𝜎 − 𝜎𝑇 𝑑𝑎) + 𝑐𝑑 (𝜚 + 𝜚𝑇 𝑑𝑑 )+
𝑐̇𝑑 = 𝑐𝑎(𝜎 + 𝜎𝑇 𝑑𝑎) − 𝑐𝑑

(

𝜇𝑑 𝑇 𝑑𝑑 + (𝜚 + 𝜚𝑇 𝑑𝑑 )+
)

𝑑̇𝑎 = −𝛽𝑎𝑑𝑎
̇𝑑 = −𝛽𝑑𝑑𝑑

(2.3)

under the condition that we have the convergence of initial conditions
𝑁𝐾 (0) → 𝑛(0) a.s. as 𝐾 → ∞. This system resembles a classical logistic
growth model with an additional dormancy compartment.

2.2. Incorporating treatment protocols

Our treatment modelling is motivated by chemotherapy, which is
typically a ‘‘pulsed’’ treatment, that is, it is applied periodically. We
thus additionally incorporate periodic increases of the functions 𝑑𝑎, 𝑑𝑑
and interpret them as external drug administration. Two special cases
will be particularly important.

(a) Instantaneous drug administration. Suppose that large quantities
of agents of a drug are administered instantaneously (e.g. via ‘‘injec-
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Fig. 1. Graphical representation of the transitions of the stochastic model from Section 2.1, involving transitions (a) to (f), and Section 2.2, additionally involving (g). Circles
enoted by CC represent cancer cells (blue: active state; orange: dormant state), while rectangles represent the agents of the drug targeting active (da) and dormant (dd) cells,
espectively. The symbol † indicates cell death or drug degradation. The symbol ∅ represents an external source for the agent of a drug.
𝑑

tion’’) at periodic time-points with interval length 𝜔. If the number
f administered agents, say at time 0, is of size 𝐾 𝑑𝑎,0 > 0 (resp.
 𝑑𝑑 ,0 > 0), this will lead to jumps of size 𝑑𝐷𝑎,0 > 0 (resp. 𝑑𝐷𝑑 ,0 > 0) in

he limiting system. Immediately after these jumps, the administered
hemicals decay over time with rate 𝛽𝑎 (resp. 𝛽𝑑) according to the
revious dynamics, so that the shape of the drug concentration after
he first jump (here at time 0) takes the form

𝑑𝑎(𝑡) = 𝑑𝐷𝑎,0𝑒
−𝛽𝑎𝑡 resp. 𝑑𝑑 (𝑡) = 𝑑𝐷𝑑 ,0𝑒−𝛽𝑑 𝑡, 𝑡 ∈ [0, 𝜔). (2.4)

Further instantaneous applications leading again to jumps of size 𝑑𝐷𝑎,𝑖
resp. 𝑑𝐷𝑑 ,𝑖) at the 𝑖th multiple of 𝜔 will accumulate accordingly.

(b) Continuous drug administration. In contrast, if the drug is ad-
ministered continuously (e.g. via ‘‘infusion’’) over an extended time
interval, we add an external ‘‘immigration component’’ to the system,
corresponding to Fig. 1(g):
4 
• At rate 𝛾𝑎(𝑡) ≥ 0, new agents of the drug targeting active cancer
cells enter into the system. Here, in contrast to all previous rates,
we allow for externally determined time-dependent immigration
rates.

• At rate 𝛾𝑑 (𝑡) ≥ 0, new agents of the drug targeting dormant cancer
cells immigrate into the system. Again, the immigration rate is
externally determined and depends on time.

In this case, we obtain a slightly different scaling limit, namely
𝑐̇𝑎 = 𝑐𝑎(𝜆 − 𝜇 − 𝜇𝑎𝑇 𝑑𝑎 − 𝛼 𝑐𝑎 − 𝜎 − 𝜎𝑇 𝑑𝑎) + 𝑐𝑑 (𝜚 + 𝜚𝑇 𝑑𝑑 )+
𝑐̇𝑑 = 𝑐𝑎(𝜎 + 𝜎𝑇 𝑑𝑎) − 𝑐𝑑

(

𝜇𝑑 𝑇 𝑑𝑑 + (𝜚 + 𝜚𝑇 𝑑𝑑 )+
)

𝑑̇𝑎 = 𝛾𝑎 − 𝛽𝑎𝑑𝑎
̇𝑑 = 𝛾𝑑 − 𝛽𝑑𝑑𝑑 .

(2.5)
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One possible scenario is to apply an infusion from time zero up to
ome time 𝑆𝑎 > 0 in the case of the drug targeting active cancer cells,

and 𝑆𝑑 > 0 in the case of the drug targeting dormant cells. Then, we
obtain for 0 ≤ 𝑡 ≤ 𝜔 that
̇𝑎(𝑡) = 𝛾𝑎1[0,𝑆𝑎](𝑡) − 𝛽𝑎𝑑𝑎(𝑡), 𝑑̇𝑑 (𝑡) = 𝛾𝑑1[0,𝑆𝑑 ](𝑡) − 𝛽𝑑𝑑𝑑 (𝑡), (2.6)

where 𝛾𝑎, 𝛾𝑑 > 0 are constants determining the rate of inflow of the
rugs. This is an inhomogeneous linear ODE of first order in one

dimension. Using the variation of constants formula and taking into
ccount the initial condition 𝑑𝑎(0) = 0, we obtain

𝑑𝑎(𝑡) =
⎧

⎪

⎨

⎪

⎩

𝛾𝑎
𝛽𝑎

− 𝛾𝑎
𝛽𝑎
e−𝛽𝑎𝑡, if 0 ≤ 𝑡 ≤ 𝑆𝑎,

𝛾𝑎
𝛽𝑎
e−𝛽𝑎(𝑡−𝑆𝑎) − 𝛾𝑎

𝛽𝑎
𝜀−𝛽𝑎𝑡, if 𝑡 ≥ 𝑆𝑎,

(2.7)

and analogously for 𝑑𝑑 (𝑡). In the case of multiple drug infusions within
(disjoint) time intervals, we replace 1[0,𝑆𝑎] resp. 1[0,𝑆𝑑 ] with the sum
of the indicators of the corresponding intervals. This is e.g. the case if
treatment is repeated with some period 𝜔 ≥ 𝑆𝑎 resp. 𝜔 ≥ 𝑆𝑑 .

2.3. Convergence to a limiting dynamical system under externally specified
periodic treatment

We consider the set-up of Section 2.2 and show that the corre-
sponding Markov chain, now with additional (externally controlled)
instantaneous drug administrations (‘‘injections’’), converges to a (suit-
ably modified) dynamical system with corresponding jumps in drug
concentrations.

To this end, assume that treatment will be administered at times
0 = 𝑇0 < 𝑇1 < ⋯, and that the instantaneously administered doses
for the drug targeting active (respectively dormant) cancer cells are
of the from 𝐾 ⋅ (0, 0, 𝑑𝐷𝑎,𝑖, 𝑑𝐷𝑑 ,𝑖) for some 𝑑𝐷𝑎,𝑖, 𝑑𝐷𝑑 ,𝑖 ≥ 0, 𝑖 ≥ 0. To obtain
the desired limiting system, we employ the classical convergence result
from Ethier and Kurtz (1986) in a piecewise fashion on the intervals
between consecutive drug administrations.

Lemma 2.2. Let 𝑇𝑖, 𝑖 ≥ 0, be the times of instantaneous drug administra-
tions. Assume that the convergences of the initial conditions

𝐶𝐾
𝑎 (0) → 𝑐𝑎(0), 𝐶𝐾

𝑑 (0) → 𝑐𝑑 (0), 𝐷𝐾
𝑎 (0) → 𝑑𝐷𝑎,0(0) and 𝐷𝐾

𝑑 (0) → 𝑑𝐷𝑑 ,0(0)

hold almost surely as 𝐾 → ∞. Let 𝑛̄ be the unique piecewise continuously
differentiable function such that
{

𝑛̄ solves the ODE (2.3) on (𝑇𝑖, 𝑇𝑖+1), 𝑖 ≥ 0,
𝑛̄(𝑇𝑖) = 𝑛̄(𝑇𝑖−) + (0, 0, 𝑑𝐷𝑎,𝑖, 𝑑𝐷𝑑 ,𝑖), 𝑖 ≥ 1.

(2.8)

Then, for all 𝑇 ≥ 0, (𝑁𝐾 (𝑡))𝑡∈[0,𝑇 ] → (𝑛̄(𝑡))𝑡∈[0,𝑇 ] uniformly almost surely,
i.e.

lim
𝐾→∞

sup
𝑡∈[0,𝑇 ]

|

|

|

𝑁𝐾 (𝑡) − 𝑛̄(𝑡)||
|

= 0 (2.9)

almost surely.

The simple proof of this lemma can be found in Appendix A.1 in .
A corresponding result applies to the case of continuous ‘‘infusions’’
corresponding to immigration rates 𝛾𝑎, 𝛾𝑑 ≥ 0 during time intervals of
he form [𝑇𝑖, 𝑇𝑖 + 𝑆𝑎,𝑖], [𝑇𝑖, 𝑇𝑖 + 𝑆𝑑 ,𝑖] contained in [𝑇𝑖, 𝑇𝑖+1]. In that case,
n explicit solution for the drug concentrations 𝑑𝑎, 𝑑𝑑 (which do not
epend on 𝑐𝑎, 𝑐𝑑) can be obtained via the variation of constants formula.

Note that the 𝑇𝑖’s can also be chosen as random finite stopping
times (uniformly in 𝐾), but for this paper we will assume the 𝑇𝑖’s
to be predetermined times at equidistant intervals. Even with this
simplification, the system (2.8) is non-homogeneous, and in general
cannot be solved analytically. Instead, we will perform a simulation
study to investigate the effects of dormancy on treatment protocols in
the next section. The code for the simulations is available as a Jupyter
notebook at https://doi.org/10.5281/zenodo.10652061.
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3. Results on consequences of dormancy for therapeutic
approaches

3.1. Evaluating treatment success

From Eq. (2.3) we already know the dynamics of the cancer cell pop-
ulation/tumour size on each time interval between consecutive drug
administrations. In particular, all our simulations will be performed
using the ODE limit derived above. To evaluate the effectiveness of
treatments, we further need to specify their constraints and precise
therapeutic goals, which will then lead to an optimal control problem.
Two natural objectives are the minimization of

(1) the total cancer cell population/tumour size by the end of the
treatment, and

(2) the probability of the occurrence of a resistance mutation.

The final tumour size is quite an obvious criterion for treatment effi-
ciency and can easily be translated e.g. into the objective function

𝐽1 = 𝐾(𝑐𝑎(𝑇 ) + 𝑐𝑑 (𝑇 )) (3.1)

for some 𝑇 > 0 determining the time at which the treatment ends.
However, when considering periodic treatment protocols with different
interval lengths 𝜔, 𝐽1 may not be a suitable choice. For example, some
treatments may have their last dose administered right before 𝑇 , while
others have them significantly before 𝑇 , which may lead to different
final cancer cell numbers at 𝑇 and imply an ‘‘unfair’’ comparison of
these treatments. To account for such errors, we will instead consider
he average number of cells at the end of treatment when averaging over

the last 30 days. More precisely, this leads us to the objective function

𝐽1 =
𝐾
30 ∫

𝑇

𝑇−30
𝑐𝑎(𝑡) + 𝑐𝑑 (𝑡) 𝑑 𝑡. (3.2)

Of course, other choices are also well possible.
Concerning the probability of the occurrence of a resistance mutation,

e assume that throughout treatment, each cancer cell has indepen-
ently of all other cells a small probability for mutating into a treatment
esistant type, say 𝑚𝑎 ≥ 0 per day for active cells, and 𝑚𝑑 ≥ 0 per day for

dormant cells. In order to minimize the probability for the emergence
of a resistance mutation, one may then aim to minimize the objective
unction

𝐽2 = 𝐾 ∫

𝑇

0
𝑚𝑎 ⋅ 𝑐𝑎(𝑡) + 𝑚𝑑 ⋅ 𝑐𝑑 (𝑡) 𝑑 𝑡, (3.3)

which is proportional to the expected total number of mutations ac-
cumulated up to time 𝑇 . The two main scenarios for the occurrence of
mutations are errors during DNA repair as well as DNA replication, and
we will assume both of these mutation mechanisms to be captured by
he mutation probabilities 𝑚𝑎 and 𝑚𝑑 . We will also refer to the above
eighted integral of 𝑐𝑎 and 𝑐𝑑 as area under the curve (AUC).

Having specified these prototypical objective functions, we further
need to consider constraints for the control functions 𝑑𝑎 and 𝑑𝑑 . Since,

e focus on pulsed periodic treatments of finite length, these are uniquely
etermined by their decay rates 𝛽𝑎 and 𝛽𝑑 , the period length 𝜔, total
reatment length 𝑇 (equivalently, the total number of administrations)
nd the drug doses 𝑑𝐷𝑎,𝑖 and 𝑑𝐷𝑑 ,𝑖. To simplify these constraints even
urther, we will additionally assume for each drug that the doses given
n each treatment cycle are constant, i.e. 𝑑𝐷𝑎,𝑖 ≡ 𝑑𝑎,0 and 𝑑𝐷𝑑 ,𝑖 ≡ 𝑑𝑑 ,0.
n order to make these doses comparable for different choices of time
eriods 𝜔, we will normalize them and work with daily doses. Given a

daily dose 𝑑⋅,daily and a period length 𝜔, the effective dose given at the
eginning of each treatment cycle can be calculated by

𝑑𝐷∙,0 = 𝑑∙,daily ⋅
∑

⌊𝑇 ⌋
𝑖=0 ∫

𝑇
𝑖 𝑒−𝛽∙𝑡 𝑑 𝑡

∑

⌊𝑇 ∕𝜔⌋
𝑖=0 ∫ 𝑇

𝑖𝜔 𝑒−𝛽∙𝑡 𝑑 𝑡
, (3.4)

where ∙ is a placeholder for either ‘𝑎’ or ‘𝑑’. Here, each summand in the
sums of both the numerator and denominator is the total contribution

https://doi.org/10.5281/zenodo.10652061
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of the drug administered at the 𝑖th cycle to the total drug in the
system administered throughout the treatment with daily administra-
ion and administrations at time intervals of length 𝜔 respectively.
ence, for different periods the daily dose allows us to determine the
osage administered at intervals with period 𝜔 such that the total drug
oncentration remains constant. Our constraints will now be

1 ≤ 𝜔 ≤ 21 and 0 ≤ 𝑑𝑎,daily + 𝑑𝑑 ,daily ≤ 1. (3.5)

Thus, we consider the optimal control problem consisting of mini-
izing 𝐽1 or 𝐽2 under the dynamics 𝑛̄ from Lemma 2.2 subject to (3.5).

For concreteness, we will say that treatment is successful if 𝐽1 ≤ 100
or 𝐽2 ≤ 1. The rationale behind these choices is that there might be
a reasonable chance for a tumour to be eradicated due to stochastic
fluctuations once it is of sufficiently small size for a prolonged period
of time (here, below 100 cells on average). Similarly, a treatment could
be considered to be successful if the expected number of emerging
resistance mutations during treatment is sufficiently low, e.g. less than
one in our case.

Due to the way that the control functions are designed, unfor-
unately we cannot make use of standard optimal control theory to
ackle our problem analytically. Usually, the control functions will be
∞-functions with the limitations being determined by their extreme
alues or some other general constraints (e.g. integral constraints)
irectly related to them. Due to the predetermined shape of our control
unctions we are operating in a small subset of 𝐿∞-functions which
e cannot characterize precisely using path constraints. Further, the

onstraints on the control functions are of an indirect nature since they
o not consider the explicit path of the drug concentrations.

Note that, when thinking about a concrete application, the con-
straint of 𝑑𝑎,daily + 𝑑𝑑 ,daily ≤ 1 needs to be adapted to the respective
drugs. It should correspond to the maximal total drug concentration
integrated over time) that is tolerable due to toxicity and other side

effects. This might also lead to asymmetric constraints for the two
different drugs, which can be represented by a weighed sum or another
unctional form should there be synergistic/antagonistic side effects.

Similarly, one might also need to pay attention to a maximal toler-
ated administered dose or a maximal current drug concentration that
should not be surpassed. This would cap the admissible daily doses
at different heights for different treatment periods 𝜔. For example,
a longer treatment period corresponds to higher administered doses,
while keeping the comparable daily dose constant, and hence leads to
stricter constraints.

3.2. Therapy failure due to dormancy

Before discussing how different treatment protocols may deal with
ormancy, we illustrate how dormancy may diminish the success of a
reatment protocol that is successful in absence of dormancy. For this,
e assume from now on the following parameter choices (unless stated
therwise), which are discussed in Section 4:

𝜆 = 0.5, 𝜇 = 0.45, 𝛼 = 0, 𝜇𝑎𝑇 = 1, (3.6)

𝜎 = 0.01, 𝜚 = 0.05, 𝛽𝑎 = 𝛽𝑑 = 0.4, 𝑇 = 180. (3.7)

A summary of all parameters (fixed and variable) can be found in
Table A.1 in the appendix. Furthermore, we will assume the tumour
to be treated immediately and the initial size of the tumour to be 108

cells. With a slight abuse of notation, we identify 𝐾 ⋅ 𝑐𝑎 and 𝐾 ⋅ 𝑐𝑑 from
Lemma 2.2 with 𝑐𝑎 and 𝑐𝑑 , respectively. The factor 𝐾 determines the
effective population size which we can incorporate directly into the
olution of the differential Eq. (2.3). We can do this because neither
𝑐𝑎 nor 𝑐𝑑 have a quadratic term in (2.3) due to our choice of 𝛼 = 0 that
we will comment on below. In particular, we say that 𝑐𝑎(0) +𝑐𝑑 (0) = 108.
This choice of parameters means that we consider treatment over the
period of roughly 6 months for a tumour which has a doubling time
6 
of about 14 days. We call cancer cells dormant when they undergo
 prolonged period without reproduction. In our case this is reflected
y our choice of 𝜚 which in expectation has dormant cells inactive for
0 days. A tumour might typically be composed mostly of active cells,
ence we chose 𝜎 = 0.01 to have a ratio of 1:5 active to dormant tumour
ells (i.e. 1∕6 of the total tumour cells are dormant due to spontaneous

switching). The rates for drug decay are such that the half-life of the
rugs are roughly 2 days.

Observe that we assume 𝛼 = 0 which turns off the competition
etween active cancer cells and would correspond to unbounded ex-
onential growth of the tumour. This can be justified since we are
nterested in modelling the treatment of a tumour while it is still
easonably small. Because a tumour will commonly reach its maximal
ize only after it has become lethal, we assume our tumour to be so
mall initially that the competition term is indeed negligible. This is in
ine with other models employing logistic growth where the carrying
apacity is of the order 1011 cells or more (Bethge et al., 2015; Ollier

et al., 2017).
For now, consider a treatment with one drug administered at a daily

ose of 𝑑𝑎,daily = 0.1 and a treatment period of 𝜔 = 14 in the absence
f dormancy, i.e. 𝑐𝑎(0) = 108, 𝑐𝑑 (0) = 0 and 𝜎 = 0. Then the tumour is
riven to extinction, i.e. 𝐽1 < 1, after the 7th treatment cycle. This is
hown in Fig. 2 (left).

However, the presence of a dormant sub-population may change the
utcome of this treatment plan drastically. In order to demonstrate this,
e assume the tumour to initially have an equilibrium of active and
ormant cells. This can be calculated to be

𝑐𝑎(0) = 108

1 + 𝜎
𝜚

and 𝑐𝑑 (0) = 𝜎
𝜚
𝑐𝑎(0). (3.8)

Dormant cells cannot be targeted by the drug any more and hence the
umour cannot be eradicated at a rate faster than the resuscitation rate
. This leads to failure of treatment as is illustrated by Fig. 2 (middle).

The situation gets even worse if active cancer cells may switch into
dormancy at an increased rate in response to the stress caused by the
rug administration, see e.g. Evans and Lin (2015), Russo et al. (2022).
ndeed, if we assume that 𝜎𝑇 = 0.1, i.e. a drug-induced switching
ate that (multiplied by the drug concentration) is higher than the
pontaneous switching rate 𝜎 = 0.01 for a significant time after drug
dministration, then the final tumour size increases even further. We
epict this in Fig. 2 (right).

The fact that the presence of dormant cancer cells can prevent
treatment success leads us to investigate the maximum equilibrium
fraction of dormant cells in a tumour such that a given treatment plan
can still be successful.

For concreteness, recall that we consider treatment to be successful
if 𝐽1 ≤ 100, i.e. on average there are less than 100 cells over the last
0 days of treatment. Then, for fixed 𝜚 = 0.05 (and given 𝜔 and 𝑑𝑎,daily)
e compute the largest 𝜎 such that 𝐽1 ≤ 100. For these 𝜚 and 𝜎, the

orresponding equilibrium fraction of dormant cells in the tumour (in
he absence of treatment) is 𝜎∕(𝜎 + 𝜚). A plot depicting this maximum
raction as a function of 𝜔 and 𝑑𝑎,daily, is given by Fig. 3.

Quite strikingly, we see that tumours with more than a fraction
f 0.5% dormant cells cannot be treated effectively with a single
rug under the imposed constraints on the maximum daily dose. The
ituation gets even worse considering the possibility of drug-induced
witching from active to dormant as a result of stress caused to the
ells by the drug (𝜎𝑇 > 0). This allows us to formulate a first general
bservation (GO):

𝐸 𝑣𝑒𝑛 𝑎 𝑠𝑚𝑎𝑙 𝑙 𝑓 𝑟𝑎𝑐 𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐 𝑎𝑛𝑐 𝑒𝑟 𝑐 𝑒𝑙 𝑙 𝑠 𝑒𝑥ℎ𝑖𝑏𝑖𝑡𝑖𝑛𝑔 𝑠ℎ𝑜𝑟𝑡 − 𝑡𝑒𝑟𝑚
 𝑜𝑟𝑚𝑎𝑛𝑐 𝑦 𝑐 𝑎𝑛 𝑝𝑟𝑒𝑣𝑒𝑛𝑡 𝑡𝑟𝑒𝑎𝑡𝑚𝑒𝑛𝑡 𝑠𝑢𝑐 𝑐 𝑒𝑠𝑠. (GO 1)
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Fig. 2. Dynamics of tumour size and drug concentration over time plotted on logarithmic scale. (a): In absence of dormancy, treatment leads to extinction of the tumour. (b):
With spontaneous dormancy, tumour remains of considerable size at end of treatment. (c): With additional drug-induced dormancy, treatment outcome is even worse.
Fig. 3. Maximum fraction of dormant tumour cells such that treatment is still successful
(𝐽1 < 100) for 𝜚 = 0.05 and 𝜎𝑇 = 0, with 𝜔 ∈ [1, 21] and 𝑑𝑎,daily ∈ [0.01, 1].

Fig. 4. Heat map for the objective function 𝐽1 with spontaneous dormancy at rates
𝜎 = 0.01, 𝜌 = 0.05 and drug-induced dormancy 𝜎𝑇 = 0.1.

3.3. Optimizing single-drug treatment protocols in the face of dormancy

Even though a single drug targeting active cells only may not be
able to eradicate the tumour/cancer cell population entirely, it is still
interesting to see how far one can optimize the treatment regime with
respect to the above constraints (3.5).

We begin by optimizing the tumour size at the end of therapy. To
investigate the effect of the treatment scheme, we plot the objective
function 𝐽1 from (3.2) as a function of the constraints. This is done in
the following figure with parameter values as before.

The most prominent feature in Fig. 4 is the lack of treatment success.
No allowed daily dose and no possible period can reduce the average
number of cells over the last 30 days of treatment to below 100. In
view of Fig. 3 this comes as no surprise because through spontaneous
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dormancy we initially have 1∕6 of the tumour in a dormant state. As
one would expect, a large daily dose is associated with better treatment
outcome. However, note that 𝐽1 is not very sensitive to the choice of
treatment period. While the minimum is at a daily dose of 1 and a
period of approximately 3 days, there is a very large area in which the
outcome of treatment yields a similar result with there being close to
no difference between daily doses of 0.1 and 1. This is due to the finite
exit rate of cells from the dormant population. In fact, since we start
with 1.8 ⋅ 107 dormant cells, the number of cells in a dormant state is
bounded from below by

1.8 ⋅ 107 ⋅ 𝑒−0.05⋅180 ≈ 2.1 ⋅ 103. (3.9)

Interestingly, the optimal period is monotonically decreasing as the
daily dose increases which we discuss in more detail in the appendix
(Fig. 13).

Turning to the probability of the emergence of a resistance muta-
tion corresponding to objective function 𝐽2, there are three distinct
mutation scenarios that one needs to consider:

• Mutations may only arise from active cells,
• mutations arise equally frequently from active and dormant cells,

• and the case in which mutations are more frequent in dormant
cells.

The last case might appear somewhat non-natural, but Russo et al.
(2022) argue that that mutations in dormant cancer cells may actually
occur at increased rates compared to active cells.

We will refer to these three scenarios as requiring a minimization
of the active, the total or a weighted area under the curve. For our basic
study, we consider the cases 𝑚𝑎 = 10−8 and 𝑚𝑑 = 0, 𝑚𝑎 = 10−8 and
𝑚𝑑 = 10−8, and 𝑚𝑎 = 10−8 and 𝑚𝑑 = 10 ⋅ 10−8. Mutation rates of order
similar to the reciprocal of the tumour size were used previously in Baar
et al. (2016) and rates of the order 10−8 appear in Gardner (2002)
(when combining the rates of the two intermediate mutation steps).
These choices result in the outcomes for 𝐽2 shown in Fig. 5.

Interestingly, as long as mutations can only arise from active cells,
there is a region in which less than one resistance mutation can be
expected to appear throughout the entire treatment. Also note that it
seems most beneficial in this case to choose an intermediate treatment
period of roughly 7 days. In particular, for a given daily dose, the
integral of the active number of cells 𝐽2 is far more variable than
the number of cells at the end of treatment given by 𝐽1, and highly
dependent on the time interval between administrations.

In fact, for the active area under the curve we have differences
which may be as large as a factor of 10. However, if mutations may
also arise from dormant cells, then we observe again a fairly indifferent
behaviour of 𝐽2 to the treatment period. This is due to the almost linear
decrease in the number of dormant cells as shown in the introductory
examples from Fig. 2. Hence, the treatment with a drug attacking only
active cells is ineffective in this case.
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Fig. 5. Values of 𝐽2 for the mutation probabilities 𝑚𝑎 = 10−8 and 𝑚𝑑 = 0 (left), 𝑚𝑎 = 10−8 and 𝑚𝑑 = 10−8 (middle), 𝑚𝑎 = 10−8 and 𝑚𝑑 = 10 ⋅ 10−8 (right).
Fig. 6. The development of the number of tumour cells over time with drug-induced dormancy at rate 𝜎𝑇 = 0.1. Left: 𝑑𝑎,daily = 0.37, 𝜔 = 1. Right: 𝑑𝑎,daily = 0.64, 𝜔 = 13.
To understand the variability of the active area under the curve, one
may consider different treatment plans which result in the same final
tumour size 𝐽1 but different AUC given by 𝐽2. An example for this is
provided in Fig. 6. There, both plans result in an average tumour size
of roughly 2 ⋅ 104 cells over the last 30 days of treatment. However, the
daily treatment yields a total integral of the active number of cells of
approximately 2 ⋅ 108, whereas the treatment with a higher daily dose
and a treatment interval of 𝜔 = 13 yields an integral of approximately
0.49 ⋅ 108. This difference is due to the slow initial decrease in the
number of active cells in the case of daily treatment. Since the initial
large tumour size contributes the majority of the area under the curve,
it is advantageous to reduce the tumour size quickly with a high initial
dose. We may thus formulate our second general observation:

𝑇 𝑟𝑒𝑎𝑡𝑚𝑒𝑛𝑡𝑠 𝑤𝑖𝑡ℎ 𝑎 𝑠𝑖𝑛𝑔 𝑙 𝑒 𝑑 𝑟𝑢𝑔 𝑡𝑎𝑟𝑔 𝑒𝑡𝑖𝑛𝑔 𝑜𝑛𝑙 𝑦 𝑎𝑐 𝑡𝑖𝑣𝑒 𝑐 𝑒𝑙 𝑙 𝑠 𝑐 𝑎𝑛 𝑦𝑖𝑒𝑙 𝑑
𝑠𝑖𝑔 𝑛𝑖𝑓 𝑖𝑐 𝑎𝑛𝑡𝑙 𝑦 𝑑 𝑖𝑓 𝑓 𝑒𝑟𝑒𝑛𝑡 𝑎𝑐 𝑡𝑖𝑣𝑒 𝐴𝑈 𝐶 𝑣𝑎𝑙 𝑢𝑒𝑠 𝐽2 𝑑 𝑒𝑠𝑝𝑖𝑡𝑒 𝑠𝑖𝑚𝑖𝑙 𝑎𝑟 𝑓 𝑖𝑛𝑎𝑙
𝑡𝑢𝑚𝑜𝑢𝑟 𝑠𝑖𝑧𝑒𝑠 𝐽1.

(GO 2)

3.4. Combination treatments minimizing cancer populations

As we saw before, even under an optimized treatment plan with
a single drug targeting active cells, the presence of dormancy may
prevent successful treatment in the sense of achieving 𝐽1 ≤ 100.
Therefore, it seems natural to additionally apply a second drug which
directly affects dormant cancer cells. In Recasens and Munoz (2019),
Santos-de Frutos and Djouder (2021) the suggested strategies to counter
dormant cancer cells encompass three distinct strategies:

• increasing resuscitation rates by application of a ‘‘wake-up’’ drug,

• directly attacking the dormant cells,
• or artificially prolonging dormancy times.

We now discuss the effects of each of the three strategies separately.
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3.4.1. Increasing resuscitation rates
The wake-up strategy to reactivate dormant cells seeks to make

dormant cells vulnerable to the first drug targeting active cells. In
particular, this strategy may also counter adverse effects of drug 1
(which can also act as a trigger for dormancy initiation) and hence
should increase treatment efficiency. However, the presence of a sec-
ondary drug increases the complexity of the associated optimal control
problem. For example, there may be an advantage of administering the
two drugs not at the same times but instead to incorporate a slight
offset. To account for this, we introduce a parameter 𝑡of f ≥ 0 which
determines the delay at which we administer drug 2 (compared to the
administration of drug 1). For the optimal control problem this now
gives a further constraint

0 ≤ 𝑡of f ≤ 21. (3.10)

Note that we could in principle also ask about offsets for drug 1, but
due to periodicity the areas in which an offset of drug 1 is useful will
coincide with the areas which offset drug 2 by almost an entire period.
Similarly, for shorter treatment periods, we will see the largest benefit
along the lines 𝑦 = 𝑥∕𝑘 for 𝑘 ∈ N and in the areas between these lines
treatment outcome will be worse. This implies in particular that offsets
𝑡of f larger than 𝜔 will result in a treatment outcome which is similar
to that with offset 𝑡of f mod 𝜔. The only qualitative difference in these
outcomes is the reduced effect of the second drug because it has not
been used for several administration periods.

Regarding the objective tumour size at the end of the treatment, Fig. 7
(left) quite strikingly shows that adding a wake-up drug can provide
a very effective treatment scheme. Besides this basic observation, one
can further see that incorporating offsets does not significantly improve
the treatment outcome with respect to the final tumour size. This
seems to be related to our modelling idealization that the administered
drugs are immediately in the system with their maximum potential.
Involving pharmacokinetics could change this observation. For shorter
treatment periods, there are no large repercussions deviating from the
ideal treatment for which both drugs are administered simultaneously.
Moreover, for all periods and all offsets, the treatment outcome with
respect to the objective 𝐽 is consistently better than treatment with
1
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Fig. 7. Heat map for the objective function 𝐽1 with combination treatment where the second drug activates dormant cells. Both drugs have a daily dose of 0.1. Left: 𝜎𝑇 = 0.1,
𝜚𝑇 = 0.5. Right: 𝜎𝑇 = 1, 𝜚𝑇 = 1.
only a single drug. Only in a small area, this combination treatment is
not successful by our definition of 𝐽1 < 100. This is due to the large
offset where dormant cells are activated at a time when drug 1 is not
effective anymore. However, even in this case combined treatment is
still better than the single-drug scheme.

If the drug-induced switching rates 𝜎𝑇 and 𝜚𝑇 are much larger
though and hence switching is induced faster, the picture changes in
an interesting way. Here, it becomes imperative to administer the drugs
simultaneously as seen in Fig. 7 (right). Observe that despite the second
drug merely countering the induced switching of the first drug, there
are again areas in which the tumour can be treated successfully. This
is surprising, considering that the presence of spontaneous dormancy
alone was preventing successful treatment. In particular, this indicates
some synergistic effects between the two drugs. Observe though that
there are now also areas in which the treatment outcome with two
drugs is worse than with a single-drug treatment, for the same reason as
in the left image. This leads us to formulate the following two general
observations:

𝐴 𝑐 𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑡𝑟𝑒𝑎𝑡𝑚𝑒𝑛𝑡 𝑤𝑖𝑡ℎ 𝑎 ‘‘𝑤𝑎𝑘𝑒 − 𝑢𝑝’’ 𝑑 𝑟𝑢𝑔 𝑎𝑐 𝑡𝑖𝑛𝑔 𝑜𝑛 𝑑 𝑜𝑟𝑚𝑎𝑛𝑡
𝑐 𝑒𝑙 𝑙 𝑠 𝑐 𝑎𝑛 𝑏𝑒 ℎ𝑖𝑔 ℎ𝑙 𝑦 𝑠𝑢𝑐 𝑐 𝑒𝑠𝑓 𝑢𝑙 𝑟𝑒𝑔 𝑎𝑟𝑑 𝑖𝑛𝑔 𝑡ℎ𝑒 𝑜𝑏𝑗 𝑒𝑐 𝑡𝑖𝑣𝑒 𝑓 𝑢𝑛𝑐 𝑡𝑖𝑜𝑛 𝐽1 𝑒𝑣𝑒𝑛
𝑖𝑛 𝑠𝑐 𝑒𝑛𝑎𝑟𝑖𝑜𝑠 𝑤ℎ𝑒𝑟𝑒 𝑠𝑖𝑛𝑔 𝑙 𝑒 − 𝑑 𝑟𝑢𝑔 𝑡𝑟𝑒𝑎𝑡𝑚𝑒𝑛𝑡 𝑐 𝑙 𝑒𝑎𝑟𝑙 𝑦 𝑓 𝑎𝑖𝑙 𝑠.

(GO 3)

𝐹 𝑜𝑟 𝑐 𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑡𝑟𝑒𝑎𝑡𝑚𝑒𝑛𝑡 𝑤𝑖𝑡ℎ 𝑎 ‘‘𝑤𝑎𝑘𝑒 − 𝑢𝑝’’ 𝑑 𝑟𝑢𝑔 𝑎𝑐 𝑡𝑖𝑛𝑔 𝑜𝑛 𝑑 𝑜𝑟𝑚𝑎𝑛𝑡
𝑐 𝑒𝑙 𝑙 𝑠, 𝑎𝑛𝑑 ℎ𝑖𝑔 ℎ 𝑖𝑛𝑑 𝑢𝑐 𝑒𝑑 𝑠𝑤𝑖𝑡𝑐 ℎ𝑖𝑛𝑔 𝑟𝑎𝑡𝑒𝑠 𝑖𝑡 𝑠𝑒𝑒𝑚𝑠 𝑏𝑒𝑠𝑡 𝑡𝑜 𝑎𝑑 𝑚𝑖𝑛𝑖𝑠𝑡𝑒𝑟
𝑏𝑜𝑡ℎ 𝑑 𝑟𝑢𝑔 𝑠 𝑠𝑖𝑚𝑢𝑙 𝑡𝑎𝑛𝑒𝑜𝑢𝑠𝑙 𝑦, 𝑖.𝑒.𝑤𝑖𝑡ℎ 𝑛𝑜 𝑡𝑖𝑚𝑒 − 𝑜𝑓 𝑓 𝑠𝑒𝑡.

(GO 3’)

We did not exhaust the constraint (3.5) on the maximum daily dose
by far and already saw a significant improvement to what we call
treatment success when the drugs were administered simultaneously.
Increasing the drug doses then begs the question how important the
mixture of the drugs is to obtain good results. We visualize this in Fig. 8
(left).

Here, we see that the area which eradicates the tumour encompasses
almost all mixtures of the two drugs with a total daily dose of 1 except
for those which consist almost exclusively of one of the drugs. In
particular, the treatment is again not sensitive to changes in the period.

While we see that the maximal allowed total daily dose of 1 leads to
a successful treatment outcome for many of the possible combinations,
it may also be of interest to determine the minimal total dosage for
a given mixture of the two drugs which leads to successful treatment
in order to minimize negative side effects. We show this in Fig. 8
(right), where we draw the boundary of the divergent colour scheme
arbitrarily at 0.25 which corresponds to only requiring a quarter of
the maximum allowed daily dose. Because drug 2 does not contribute
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to the elimination of cells directly, it is natural to find the minimum
required total dose for treatment success to be for a mixture with
slightly higher concentration of drug 1 than drug 2. We also observe
that towards the boundaries of the drug mixture space, i.e. for those
drug administrations which consist of almost exclusively one drug, the
decline in the minimum total daily dose is fairly steep. This is indicative
of the synergistic effects of the two drugs.

Concerning the emergence of a resistance mutation however, we find
that the area under the curve depending on the mutation rates does
require more precise treatment plans for success. We show treatment
success for the three mutation scenarios from the previous subsection
in Fig. 9.

We see that longer treatment periods 𝜔 are consistently favourable
to minimize the expected number of resistance mutations, regardless of
the relative weighting of the two drugs. In particular, when dormant
cells are able to mutate, a sufficiently long treatment period is manda-
tory to reduce the chance of emerging mutations below our threshold
𝐽2 < 1. This is due to the nature of the interplay of daily doses and
periods: For the same daily dose, a longer period implies a higher
administered dose at the beginning of each cycle. This in turn leads to
a more rapid decline immediately after administration. However, due
to drug decay there is also a longer period of potential recovery for the
tumour. But during this period, the tumour is of significantly smaller
size than at the time of drug administration, and hence, the recovery
phase has a relatively minor impact on the area under the curve. We
obtain another general observation:

𝑇 𝑜 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑡ℎ𝑒 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙 𝑖𝑡𝑦 𝑜𝑓 𝑎𝑛 𝑒𝑚𝑒𝑟𝑔 𝑖𝑛𝑔 𝑟𝑒𝑠𝑖𝑠𝑡𝑎𝑛𝑐 𝑒 𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛, 𝑖𝑡 𝑖𝑠
𝑎𝑑 𝑣𝑖𝑠𝑎𝑏𝑙 𝑒 𝑡𝑜 𝑎𝑑 𝑚𝑖𝑛𝑖𝑠𝑡𝑒𝑟 𝑙 𝑎𝑟𝑔 𝑒 𝑑 𝑜𝑠𝑒𝑠 𝑟𝑎𝑟𝑒𝑙 𝑦 𝑎𝑠 𝑜𝑝𝑝𝑜𝑠𝑒𝑑 𝑡𝑜 𝑎𝑑 𝑚𝑖𝑛𝑖𝑠𝑡𝑒𝑟𝑖𝑛𝑔
𝑠𝑚𝑎𝑙 𝑙 𝑑 𝑜𝑠𝑒𝑠 𝑓 𝑟𝑒𝑞 𝑢𝑒𝑛𝑡𝑙 𝑦.

(GO 4)

3.4.2. Directly attacking dormant cells
So far we have only been dealing with dormant cells indirectly by

reactivating and making them susceptible to the drug targeting active
cells. However, there is also evidence that some drugs may be able to
kill dormant cells directly (Recasens and Munoz, 2019). We assume
the killing rate for dormant cells to be lower than the killing rate for
active cells, and also to be lower than the induced switching rate. To
reflect this, we choose the drug-induced death rate of dormant cells to
be 𝜇𝑑 𝑇 = 0.1.

Regarding the final tumour size at the end of the treatment, the
objective function 𝐽1 subject to (3.5) takes the values shown in Fig. 10.

Note that it is always best to make use of the maximum allowed
daily dose for which we consider different distributions of the total dose
into drug 1 and drug 2 in Fig. 10 (left). As is easily seen, despite drug
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Fig. 8. The objective 𝐽1 for various periods and combinations of daily doses for both drugs being administered simultaneously with the resuscitation approach for 𝜎𝑇 = 0.1,
𝜌𝑇 = 0.5. Left: Value of 𝐽1 for given treatment plan. Right: Minimal total daily dose for given ratio of drugs 1/2 for 𝐽1 ≤ 100.
Fig. 9. Values of 𝐽2 for the mutation probabilities 𝑚𝑎 = 10−8 and 𝑚𝑑 = 0 (left), 𝑚𝑎 = 10−8 and 𝑚𝑑 = 10−8 (middle), 𝑚𝑎 = 10−8 and 𝑚𝑑 = 10 ⋅ 10−8 (right) with simultaneous
administration of both drugs and resuscitation rate 𝜎𝑇 = 0.1.
Fig. 10. The values of the objective function 𝐽1 for different periods and convex combinations of daily doses in the strategy targeting dormant cells with rates 𝜎𝑇 = 0.1 and
𝜇𝑑 𝑇 = 0.1. Left: Value of 𝐽1 for given treatment plan. Right: Minimal total daily dose for given ratio of drugs 1/2 for 𝐽1 ≤ 100.
1 and drug 2 both on their own being highly inefficient at diminishing
the number of cancer cells, considering a suitable mixture of both
eradicates the tumour entirely. In fact, this is true for a wide range
of mixtures. Again, the treatment is fairly indifferent with respect to
the period. When considering the minimal daily dose that is needed
for successful treatment in the sense of 𝐽1 ≤ 100 we see that this
dose, perhaps surprisingly, is much larger than compared to the case of
the wake-up strategy (Fig. 8) despite their similarities of the treatment
outcome when considering the maximum total daily dose. We arrive at
the following:

𝐹 𝑜𝑟 𝑡ℎ𝑒 𝑘𝑖𝑙 𝑙 𝑖𝑛𝑔 𝑠𝑡𝑟𝑎𝑡𝑒𝑔 𝑦, 𝑎 𝑟𝑎𝑛𝑔 𝑒 𝑜𝑓 𝑚𝑖𝑥𝑡𝑢𝑟𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑑 𝑟𝑢𝑔 𝑠 𝑐 𝑎𝑛 𝑙 𝑒𝑎𝑑 𝑡𝑜
𝑛𝑒𝑎𝑟 𝑐 𝑜𝑚𝑝𝑙 𝑒𝑡𝑒 𝑡𝑢𝑚𝑜𝑢𝑟 𝑟𝑒𝑚𝑖𝑠𝑠𝑖𝑜𝑛, 𝑑 𝑒𝑠𝑝𝑖𝑡𝑒 𝑒𝑎𝑐 ℎ 𝑑 𝑟𝑢𝑔 𝑏𝑒𝑖𝑛𝑔 𝑖𝑛𝑒𝑓 𝑓 𝑖𝑐 𝑖𝑒𝑛𝑡
𝑤ℎ𝑒𝑛 𝑜𝑛 𝑖𝑡𝑠 𝑜𝑤𝑛.

(GO 5)
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𝐹 𝑜𝑟 𝑏𝑜𝑡ℎ𝑡ℎ𝑒 𝑤𝑎𝑘𝑒 − 𝑢𝑝 𝑠𝑡𝑟𝑎𝑡𝑒𝑔 𝑦 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑘𝑖𝑙 𝑙 𝑖𝑛𝑔 𝑠𝑡𝑟𝑎𝑡𝑒𝑔 𝑦, 𝑠𝑢𝑐 𝑐 𝑒𝑠𝑠𝑓 𝑢𝑙
𝑡𝑟𝑒𝑎𝑡𝑚𝑒𝑛𝑡 𝑐 𝑎𝑛 𝑏𝑒 𝑝𝑜𝑠𝑠𝑖𝑏𝑙 𝑒 𝑎𝑡 𝑙 𝑜𝑤 𝑑 𝑜𝑠𝑒𝑠 𝑖𝑓 𝑚𝑖𝑥𝑡𝑢𝑟𝑒𝑠 𝑎𝑟𝑒 𝑐 ℎ𝑜𝑠𝑒𝑛 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑙 𝑦.
𝑇 ℎ𝑒 𝑤𝑎𝑘𝑒 − 𝑢𝑝 𝑠𝑡𝑟𝑎𝑡𝑒𝑔 𝑦 𝑐 𝑎𝑛 𝑏𝑒 𝑒𝑓 𝑓 𝑖𝑐 𝑖𝑒𝑛𝑡 𝑎𝑡 𝑎 𝑙 𝑜𝑤𝑒𝑟 𝑑 𝑜𝑠𝑒 𝑡ℎ𝑎𝑛 𝑡ℎ𝑒
𝑘𝑖𝑙 𝑙 𝑖𝑛𝑔 𝑠𝑡𝑟𝑎𝑡𝑒𝑔 𝑦.

(GO 5’)

While the behaviour of this treatment approach with respect to the
objective 𝐽1 is reminiscent of the one from the wake-up strategy, with
regard to the 𝐽2, there are some intriguing differences as shown in
Fig. 11.

As we can see, for our choices of parameters, the killing strategy is
much less efficient in reducing the area under the curve of the dormant
population when compared to the wake-up strategy, despite effectively
eliminating the tumour. In the case where mutations are more frequent
in dormant cells, no combination of drugs within our constraints is par-
ticularly efficient in preventing the emergence of mutations. However,
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Fig. 11. Values of 𝐽2 for the mutation probabilities 𝑚𝑎 = 10−8 and 𝑚𝑑 = 0 (left), 𝑚𝑎 = 10−8 and 𝑚𝑑 = 10−8 (middle), 𝑚𝑎 = 10−8 and 𝑚𝑑 = 10 ⋅ 10−8 (right) with simultaneous
administration of both drugs for targeting dormant cells with rate 𝜇𝑑 𝑇 = 0.1.
when mutations are equally likely to occur in active and dormant cells,
then there is a small area in which the emergence of mutations during
treatment can be reduced significantly. The main observation is:
𝐼 𝑓 𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑐 𝑐 𝑢𝑟 𝑓 𝑟𝑒𝑞 𝑢𝑒𝑛𝑡𝑙 𝑦 𝑖𝑛 𝑑 𝑜𝑟𝑚𝑎𝑛𝑡 𝑐 𝑒𝑙 𝑙 𝑠, 𝑡ℎ𝑒𝑛 𝑖𝑛 𝑜𝑟𝑑 𝑒𝑟 𝑡𝑜
𝑟𝑒𝑑 𝑢𝑐 𝑒 𝐽2 𝑖𝑡 𝑠𝑒𝑒𝑚𝑠 𝑏𝑒𝑡𝑡𝑒𝑟 𝑡𝑜 𝑒𝑚𝑝𝑙 𝑜𝑦 𝑡ℎ𝑒 𝑤𝑎𝑘𝑒 − 𝑢𝑝 𝑠𝑡𝑟𝑎𝑡𝑒𝑔 𝑦 𝑖𝑛𝑠𝑡𝑒𝑎𝑑 𝑜𝑓
𝑎𝑡𝑡𝑎𝑐 𝑘𝑖𝑛𝑔 𝑡ℎ𝑒 𝑑 𝑜𝑟𝑚𝑎𝑛𝑡 𝑐 𝑒𝑙 𝑙 𝑠 𝑑 𝑖𝑟𝑒𝑐 𝑡𝑙 𝑦.

(GO 6)

3.4.3. Decreasing resuscitation rates
The idea of extending dormancy periods by decreasing the resus-

citation rates of dormant cells requires an approach that is entirely
different to the previous two schemes. Indeed, instead of aiming to
decrease the size of the tumour, one wishes to suppress the tumour
regrowth after an initial treatment targeting active cells. It was noted
in Francescangeli et al. (2023) that strategies aimed at prolonging the
dormancy of residual tumour cells is already being used in clinical
settings as a mainstay treatment, such as hormone therapies for breast
cancer (Abderrahman and Jordan, 2018) or CDK4/6 inhibitors for
prostate cancer (O’Leary et al., 2016). Here, we sketch such a strategy
by first applying treatment with drug 1 which targets only active cells
to decrease the tumour size as much as possible. This happens for
𝑇1 = 180 days. Then, we apply the second drug, which is responsible
for keeping the cells dormant for another extended period of time, say
again 𝑇2 = 180 days. However, this alone is not enough to keep the
tumour from regrowing since the initial active population may not have
been completely diminished. We thus further need to assume that the
second drug also encourages active cells to enter a dormant state, which
seems somewhat justifiable for a drug which alters the environment in
favour of sustaining dormancy. Note that it does not seem too prudent
to keep cancer cells dormant at the beginning of treatment since this
would prevent the tumour from entering remission in the first place, so
that treatment by drug 2 will really only begin from time 𝑇1 onwards.
This leads us to reconsider the system (2.3) and modify it to read
𝑐̇𝑎 = 𝑐𝑎(𝜆 − 𝜇 − 𝜇𝑎𝑇 𝑑𝑎 − 𝛼 𝑐𝑎 − 𝜎 − 𝜎𝑇 𝑑𝑎 − 𝜎𝑑 𝑇 𝑑𝑑 ) + 𝑐𝑑 (𝜚 + 𝜚𝑇 𝑑𝑑 )+
𝑐̇𝑑 = 𝑐𝑎(𝜎 + 𝜎𝑇 𝑑𝑎) − 𝑐𝑑

(

𝜇𝑑 𝑇 𝑑𝑑 + (𝜚 + 𝜚𝑇 𝑑𝑑 )+
)

𝑑̇𝑎 = −𝛽𝑎𝑑𝑎
𝑑̇𝑑 = −𝛽𝑑𝑑𝑑

(3.11)

on the time interval [𝑇1, 𝑇1+𝑇2], where 𝜎𝑑 𝑇 > 0. The convergence result
of Lemma 2.2 then still applies on the entire interval [0, 𝑇1 + 𝑇2] by
applying the lemma on the intervals [0, 𝑇1] and [𝑇1, 𝑇1 + 𝑇2].

To analyse this approach, we assume a fixed treatment with drug 1
and vary treatment with the second drug. Again, we are interested in
keeping the tumour as small as possible. However, while the objective
𝐽1 still measures this and could be used to make informed decisions
about optimal use of drug 2, we will slightly modify it in order to
allow for better comparison, independent of the success of drug 1.
Suppose that treatment with drug 1 is performed for a time period
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Fig. 12. The values of the objective function 𝐽3 for different periods and doses.
Parameters are 𝑇1 = 𝑇2 = 180 days, 𝜔1 = 14 the treatment period for drug 1, daily
dose 𝑑𝑎,daily = 1, 𝜎𝑇 = 0.1 for drug 1 and 𝜎𝑑 𝑇 = 1 for drug 2 and 𝜚𝑇 = −1.

𝑇1 and treatment with drug 2 is then immediately continued for an
additional time 𝑇2. Then we consider

𝐽3 =
1
30

⋅
∫ 𝑇1+𝑇2
𝑇1+𝑇2−30

𝑐𝑎(𝑡) + 𝑐𝑑 (𝑡) 𝑑 𝑡
𝑐𝑎(𝑇1) + 𝑐𝑑 (𝑇1)

, (3.12)

that is, we consider the relative increase of the number of cells averaged
over the last 30 days of treatment with the dormancy drug compared
to the number of cells present at the end of treatment with drug 1. This
gives us a measure of how strongly drug 2 prohibits tumour growth. An
example how the administration period and daily dose of drug 2 affect
tumour regrowth is shown in Fig. 12.

We claim an increase by a factor of 1.1 over the period of 𝑇2 = 180
days as treatment success, since this yields a doubling time of about 4
years, which should be tolerable for most applications. This approach
is heavily reliant on the first drug eliminating most of the tumour. In
our example, at time 𝑇1 there are a total of roughly 7800 cells left.
These then also play only a small role in the emergence of a resistance
mutation compared to the 108 cells that we considered at the beginning
of treatment.

Fig. 12 shows that treatment can be successful even for relatively
small doses of the dormancy-encouraging drug. As opposed to treat-
ment with only one drug or the wake-up strategy with two drugs, it is
optimal for all doses to have the minimal treatment period of 𝜔2 = 1
days. This leads to our final general observation:

𝑇 ℎ𝑒 𝑠𝑡𝑟𝑎𝑡𝑒𝑔 𝑦 𝑡𝑜 𝑖𝑛ℎ𝑖𝑏𝑖𝑡 𝑡𝑢𝑚𝑜𝑢𝑟 𝑟𝑒𝑔 𝑟𝑜𝑤𝑡ℎ 𝑐 𝑎𝑛 𝑏𝑒 𝑞 𝑢𝑖𝑡𝑒 𝑠𝑢𝑐 𝑐 𝑒𝑠𝑠𝑓 𝑢𝑙 , 𝑎𝑛𝑑
𝑖𝑠 𝑏𝑒𝑠𝑡 𝑤ℎ𝑒𝑛 𝑡𝑟𝑒𝑎𝑡𝑚𝑒𝑛𝑡 𝑖𝑠 𝑎𝑝𝑝𝑙 𝑖𝑒𝑑 𝑓 𝑟𝑒𝑞 𝑢𝑒𝑛𝑡𝑙 𝑦 𝑖𝑛 𝑠𝑚𝑎𝑙 𝑙 𝑑 𝑜𝑠𝑒𝑠. 𝐼 𝑡 𝑖𝑠
𝑎𝑙 𝑟𝑒𝑎𝑑 𝑦 𝑒𝑓 𝑓 𝑒𝑐 𝑡𝑖𝑣𝑒 𝑓 𝑜𝑟 𝑟𝑒𝑙 𝑎𝑡𝑖𝑣𝑒𝑙 𝑦 𝑠𝑚𝑎𝑙 𝑙 𝑑 𝑎𝑖𝑙 𝑦 𝑑 𝑜𝑠𝑒𝑠.

(GO 7)
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4. Discussion

In this section, we first review our modelling assumptions, then
comment on the plausibility and robustness of our concrete parameter
choices, followed by a discussion of our main results (in particular our
general observations’). We conclude with a short review of related

odels, and briefly sketch areas for possible future research.

4.1. Basic modelling assumptions

We provided a stochastic individual-based (toy) model for the dy-
namics of a population consisting of actively reproducing and dormant
(non-proliferating) cancer cells. The set-up using a two-type birth–
death process with interaction for reproduction and competition is
standard in the literature. Our choice of dormancy mechanisms how-
ver is quite specific. Here, we assume ‘‘short-term dormancy’’, by
hich we mean that dormancy initiation and resuscitation happen with

ates comparable to reproduction and decay rates in the model (in-
stead of other forms of dormancy mentioned in the introduction). Our
dormancy transitions are thus reminiscent of phenotypic switches which
are similarly (and much more commonly) modelled in the literature as
we will discuss below in Section 4.4. Note however that dormancy has
ather particular features, including protection from the environment,
nd usually complete absence of reproduction (i.e. binary fission and
ell death).

Whether individual cell dormancy of such a kind really exists in can-
cer is of course question for empiricists — here, we take the freedom of
theorists to merely postulate several paradigmatic mechanisms related
to short-term dormancy, and investigate their hypothetical effects on
he population dynamics of cancer cells, including their consequences

for different treatment approaches and schemes.
Our model is thus certainly an idealization and in particular a

ather drastic over-simplification of cancer cell population dynam-
ics. However, there is some value in regarding and analysing highly
reduced models, since they allow one to observe some of the fun-
damental effects of dormancy in a very clear fashion, without other
possibly confounding factors. They also allow for rather general obser-
vations, independent of the concrete cancer type and the many other
specifics in cancer treatment. If one observes interesting and paradig-
matic behaviour already in simplified models, then this allows to hunt
for similar effects in subsequent much more realistic and fine-tuned
models.

One of the assumptions in our model is that the number of drug
agents is of the same order as the number of cancer cells. This can be
introduced either in the way that we have via the stochastic model, or
by first considering the many-particle limit and introducing treatment
to act on that scale, i.e. introducing the drug dynamics only into the
ODE system. In contrast, one could also consider the case where the
drug agents are more frequent than the cancer cells up to being on a
different scale of 𝐾. This would necessitate a rescaling of the interaction
strength accordingly (by the same order), resulting in an a-priori multi-
scale system. Such multi-scale limits might be interesting objects for
theoretical study in future work.

We will discuss below some of the many possible extensions of the
odel to cover more specific scenarios, including further cell types,

patial interactions and structure, etc.

4.2. Parameter choices

We now turn our attention to the plausibility and robustness of
our model parameters. Recall that at the beginning of Section 3.2 we
fixed most parameters of our model and later also picked the drug
dministration period and drug dosage. While we are not trying to
odel a concrete type of cancer, we still want to ensure that these fixed
arameters are somewhat reasonable.
12 
• For the initial number of cancer cells, we choose 108 cells. This
roughly corresponds to the minimal clinically detectable tumour
size (Del Monte, 2009; Erdi, 2012; Avanzini et al., 2020). Alterna-
tively, we can interpret this as a small residual tumour tissue after
surgical removal. Note that, since we study small tumours and set
the competition parameter to zero, the choice of the initial cancer
cell number does not qualitatively change the system behaviour
but merely scale the later number of cancer cells proportionally.

• Regarding the cancer growth parameters 𝜆 and 𝜇, the net growth
rates 𝜆 − 𝜇 of untreated tumours vary between 0.008–0.25 per
day, while the cell loss factor 𝜇∕𝜆 ranges between 0.69 and
0.93 (Iversen et al., 1974; Tubiana, 1989). We choose 𝜆 = 0.5 and
𝜇 = 0.45 to lie within these ranges and represent a tumour type
that is neither extremely aggressive nor extremely slow-growing.

• Concerning the drug decay rates, we chose both of the drugs to
have an identical decay rate for the sake of simplicity. If the drugs
have significantly different decay rates, then our observation
regarding the offset between drug administration times may not
hold true. For example, if the drug waking up dormant cells has
very slow decay and hence remains at a high concentration for
long periods of time, then it may be beneficial to administer
this drug several days before the drug killing active cells is
administered. Similarly, this may apply to the killing. Our choice
of decay rate 𝛽𝑎 = 𝛽𝑏 = 0.4 does not represent a specific drug but
lies within the range of typical parameters for small molecule and
other biological drugs approved for oncology indications (Liston
and Davis, 2017).

• With regards to dormancy related spontaneous transitioning rates,
the literature seems to be scarce. Further, there appears to be no
consistent definition of what exactly dormancy is. E.g. for cells it
is difficult to distinguish between a resting period in the cell cycle
(referred to as quiescence) and a ‘truly dormant state’. In order to
account for these ambiguities, within the context of this paper,
dormancy should refer to a prolonged period without reproduc-
tion in the absence of drugs that influence these dynamics. This
leads us to choose the resuscitation rate to be relatively low at
𝜚 = 0.05, corresponding to an average time of 20 days spent in
the dormant state. Further, we assume that dormant cells should
not comprise the majority of a tumour and hence we settled on
𝜎 = 0.01, that is, any cell enters a dormant state on average after
100 days. It is very possible that such long dormancy periods
are entered spontaneously even less frequently and hence one
would need to choose 𝜎 smaller. Doing so would decrease the
dormant population in the beginning of therapy and hence make
any treatment plan attacking mostly active cells more effective.

• Similarly, there seems to be only very little literature regard-
ing induced switching rates. There are studies which describe the
exhibition of certain dormancy markers within several days of
treatment (Tasseff et al., 2017; Khalil et al., 2022). Again, it seems
somewhat unclear what a precise definition of dormancy should
be. We decided to quantify the effect of induced switching by
the drug targeting active cells (usually) to be one tenth of the
killing rate. This is reasonable if one believes the ‘stress induced’
switching to only occur as a side effect. For the strategy keeping
cells dormant, the induced switching rate from the active to the
dormant state is of larger magnitude since this is intended purpose
of the drug. All of these drug-induced rates are, however, some-
what arbitrary, since they scale with dosage for which we do not
have any realistic assumptions. For the drug targeting dormant
cells, we assumed that killing dormant cells is more difficult than
killing active cells and hence chose the corresponding death rate
at 1/10 of that for active cells.

Given the uncertainties related in particular to the choice of the
ormancy-related parameters and drug dosages, this begs the question

how robust our results are given these unknowns. We can confidently
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say that treatment with only one drug will perform better the less
induced switching it causes. However, as shown in Fig. 3, the fraction
of dormant cells must be vanishingly small in order to see successful
treatment. Hence, we believe that our model will still show dormancy
to be a factor preventing successful treatment for a large range of
parameters.

Our observations regarding the area under the curve (i.e. total
umber of cells throughout treatment) mandating large doses and long
reatment intervals for combination therapy will hold true regardless of
he exact rates of the drugs. It may be the case though that under dif-
erent parameters it is not possible to obtain any admissible treatment
lan for which the expected number of mutations is sufficiently low.

For combination treatment with a secondary drug targeting dormant
ells, we believe the second drug to still yield a major improvement for

treatment outcome when considering the wake-up or killing strategy.
Of course it is difficult to incorporate confounding factors of the drugs
interacting with each other into our model as well as costs associated
with the drugs from e.g. side effects. As such, it is questionable what
limits there are regarding the total dose that can be administered at
each treatment time and what the total area under the curve of the
drugs is allowed to be. Such trade-offs could heavily influence the
outcome of the optimal strategy. However, as pointed out by Kuznetsov
et al. (2021), it is more important to have a large area of parame-
ers which are similar to the optimal strategy as opposed to exactly
inpointing the optimum, particularly because we aim to find rules of
humb from our analysis.

We also found that for the parameters we chose, one often does
ot necessarily need to apply the maximum allowed daily dose for
uccessful treatment. As discussed in Mathur et al. (2022), this opens

up the possibility of treatment schedules other than the frequently used
maximally tolerated doses.

Generally, when looking at specific drugs, the constraints on the
overall drug concentration (integrated over time) and hence the ad-

issible maximal daily doses might vary. Moreover, one also needs to
ake into account constraints on the maximal tolerated administered
ose due to toxicity and other side effects, which yields different
aximal daily doses for different treatment periods (longer periods

eading to higher administered doses and hence stricter constraints).
hese constraints on drug doses do however not impact the overall
pproach and qualitative results of our analysis and only change the
pecific window of admissible doses that can be considered.

In conclusion, we believe most of our findings from this model to
old true in a qualitative sense even under variable model parameters.
owever, the extent to which combination treatment can improve

herapy success may be rather sensitive to the parameter choices.

4.3. Main results

We now discuss some aspects of our main results, in particular our
general observations’ from Section 3.

The role of short-term dormancy in treatment failure. Our first main
point is that our model demonstrates the importance of spontaneous
short-term dormancy in cancer treatment already in our idealized
theoretical setup. As stated in (GO 1), classical single-drug therapy
onsistently fails when small fractions of the tumour are in a dormant
tate. This holds both for the objective ‘minimal tumour size at end of

treatment’ as well as ‘suppression of a resistance mutation’, although in
the latter case, if mutations are absent in dormant individuals, there is
at least some room for treatment optimization.

While it is in practice highly unlikely that chemotherapy on its own
as any chance to eradicate a tumour, our idealized scenario shows that
pontaneous as well as treatment-induced dormancy should generally

worsen treatment outcomes significantly. However, in reality there will
likely be further factors leading to and impacting on the presence of
dormancy, whether that is hypoxia or lack of nutrients or factors from
the micro-environment or cell–cell interactions (Aguirre-Ghiso, 2007;
 e

13 
Damen et al., 2021). While there is a term involved in our model
which would be capable of capturing competition for resources, this is a
global term, whereas the environment impacts the cells locally. It would
require a spatial model to incorporate such environmental factors.

Initial dosages and the chances of emergence of resistance mutations. A
second major takeaway is concerned with the emergence of a resistance

utation during treatment. For simplicity we have assumed the rate
f mutation to be constant throughout treatment. However, there also
eems to be evidence that the presence of treatment may elevate
utation rates in dormant cancer cells (Russo et al., 2022), which is

an observation that we incorporated in a simplified form by having an
overall increased weighting on the dormant area under the curve. While
we do not know for certain how fast mutations arise in cancer cells,
what we can say independently of this is that in order to reduce the
risk of the emergence of a mutation in cancer cells, it seems generally
advisable to diminish the number of present cells as quickly as possible.
Since the number of cells is largest at the beginning of treatment, this
typically demands an initial dose that is as large as possible.

Because our somewhat restrictive modelling approach assumes the
ame dose for each treatment cycle and the integral of the drug con-
entration to remain constant for variable treatment cycle length, this
ften results in large doses given at large intervals, as we noted in
articular in (GO 4) for the wake-up strategy. The same observation
lso applies for directly eliminating dormant cells. Interestingly, for

single-drug therapy, as shown in Fig. 5, as long as mutations can only
rise from active cells it is ideal for the maximum dosage to have a

treatment period of roughly 7 days as opposed to the longest or shortest
dmissible period.

Single-drug treatment may yield different results regarding the objectives
1 and 𝐽2. This result is related to (GO 2). Usually, a drug will at first

force the tumour to shrink but after some time the drug has decayed
enough that the tumour can grow again. In order to minimize the
probability of a resistance mutation, it is not too important how much
the tumour size declines between drug administrations, but it matters
how fast the tumour is diminished in the beginning while the drug
concentration is still high. Therefore, we may have treatment protocols
which are efficient at reducing the probability for a mutation but have
relatively large final tumour size. A particularly illustrative example for
this is shown in Fig. 6 (right), where we see that treatment exclusively
with a single drug and a mutation probability 𝑚𝑎 = 10−8 sees on average
less than one mutation from active cells but the final tumour size is of
the order 104 cells since the majority of cells are in a dormant state. As
soon as we take into account dormant cells however, it is only possible
to get small mutation probabilities when also the final tumour size is
mall.

Combination treatments: Simultaneous administration vs offset between
different drugs. Our next point is that combination treatment in our
model is most effective when the drug targeting active cells and the
drug targeting dormant cells are administered simultaneously and when
done so, a wide mixture of such treatment plans yields desirable
outcomes. We commented on this in (GO 3’) and (GO 5). This seems
to be to a large degree a result of the instantaneous effectiveness of
our drugs. Despite the optimum being a simultaneous administration,
we showed in Fig. 7 that there is some tolerance when considering a
delayed administration of one of the drugs which still yields a successful
treatment outcome. Such delays might need to be considered when
the drugs are not fully compatible with each other and may result
in undesirable side effects if administered at the same time or when
different pharmocokinetics result in the drugs being distributed in the
body at different speed, i.e. it would be practical to administer them
simultaneously but have them spread at slightly different speed.

Targeting dormant cells: Wake-up vs. killing strategy. A further point is
hat regarding treatment outcomes, the wake-up strategy and the killing

strategy are very similar. The reason for this is that both approaches
ssentially increase the death rate of dormant cells. However, we
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found a subtle difference with (GO 6) concerning the emergence of a
mutation. If mutations are more frequent in dormant cells, then it is
advisable to resuscitate the dormant cells instead of trying to kill them
irectly. Of course, this is an observation which is highly sensitive to
he parameter choices that we discussed above. In our example, the

effect is due to the fact that we assumed inducing a switch to the active
state to be more easily accomplished than eliminating a dormant cell
directly.

Targeting dormant cells: Extending dormancy periods. Our last point
concerns the strategy to keep cancer cells dormant. This approach can
realistically only be considered when prior treatment has been able to
reduce the size of the tumour to an acceptable level. The dormancy
strategy is then aimed at prohibiting tumour regrowth and hence may
be useful when further treatment with more aggressive drugs is not
feasible, e.g. due to undesirable side effects. In such a scenario, our
model predicts that it is best to keep the drug at a low constant level
(realized by administering the doses daily). Such a treatment strategy
then inhibits tumour growth fairly effectively for small dosages as
described in (GO 7).

4.4. Comparison to other models

There is a near endless number of suggested models for cancer
growth in idealized scenarios (Yini et al., 2019) as well as models
for treatment of cancer (Eftime et al., 2011; Kuznetsov et al., 2021)
nd other applications such as the emergence of resistance mutations
nd metastasis in e.g. Altrock et al. (2015) and references therein. Our

model is motivated from stochastic interactions of individual cells, but
he approximation of the dynamics from Lemma 2.2 shows that we are
n a setting with classic logistic growth. Also, the models for treatment

usually are concentration-dependent meaning that the dynamics are
depending on the concentration of the drug and cancer cells, which
is the case that we adopted into our setting as well.

While there is an abundance of models for cancer growth, only few
f them take dormancy at the cellular level into account. In most of the

models contained in the references above, the term dormancy refers to
tumour mass dormancy as opposed to cellular dormancy. Explicit models
of cellular dormancy in cancer were discussed for example in Page
and Uhr (2005), Komarova and Wodarz (2007), Silva et al. (2019) and
eferences therein. However, these are not concerned with identifying
ptimal treatment plans. Instead, they are more focused on equilibria

and time to extinction under constant treatment. One of the closest
models to ours discussed in the literature seems to be (Gardner, 2002),
where dormancy in the form of quiescence and multi-drug chemother-
py is considered but without specifically targeting dormant cells. The
ecent evidence for the possibility of directly targeting dormant cancer
ells in various ways (Recasens and Munoz, 2019; Santos-de Frutos and
jouder, 2021) is not included in any of those models.

More prominent is the case of phenotypic switching as discussed
in Gatenby and Vincent (2003), Baar et al. (2016), Glodde et al. (2019),
Gunnarsson et al. (2020), Aguadé-Gorgorió et al. (2022) and references
therein. Such a model is from a mathematical perspective similar to that
of dormancy, since dormancy is a phenotype of a cell which does not
proliferate and may be resistant to specific chemotherapeutics. There
are however a number of differences, since we for example assume
dormant cells to not reproduce and also to not die unless targeted by a
rug. Such an assumption is crucial for the treatment strategy which
xtends the dormancy times to be viable. In addition, a systematic
tudy of the different strategies to counter dormant phenotypes seems

to be missing in the literature also in the general context of phenotypic
switching.

4.5. Future model extensions and outlook

An additional layer of complexity in cancer population biology is
represented by the presence of a multitude of cancer cell types. A
14 
basic distinction is the one between ‘‘ordinary’’ cancer cells (CCs) and
cancer stem cells (CSCs), where the latter may share certain features
of dormant cells (cf. the results of the mouse experiment of Zhou
et al. (2014)). In our basic model, we may incorporate both cancer
ells (CC) and cancer stem cells, and allow for a variety of specific

dormancy related and reproductive mechanisms in both classes accord-
ing to the above sketched typology. CCs and CSCs may also react in
distinct ways to drug administration, depending also on their state of
activity/dormancy. One of the intricacies of such a model is the fact
that CSC may exhibit symmetric but also asymmetric cell division, that
is, they may produce a stem cell or a non-stem cell as a result of cell
division.

Typical assumptions are that long-lived cancer stem cells initiate a
tumour and produce (differentiated) cancer cells. The latter may still
proliferate (but typically with a more limited proliferative potential,
see e.g. Weekes et al., 2014), but normally cannot produce stem cells.
This leads to modelling approaches using multi-compartment models,

hich means that non-stem cells can divide only a finite number of
imes and move into the next compartment upon finishing cell division.
owever, there seems to be some evidence for plasticity in the direction
f cancer cells changing back into a stem-like state (Chaffer et al., 2011)

spontaneously. In addition, as observed by Vlashi and Pajonk (2015) in
the case of radiation treatment, it is possible that treatment may also
induce such a transition of cancer cells into stem-like cells. Therefore,
extending our model to include cancer stem cells, we immediately
introduce a number of new possible transitions. In particular, one may
require additional drugs targeting active (or dormant) cancer stem cells
in order to eradicate the tumour.

A further possible extension to the cell state space comes from tak-
ng therapy resistant cancer cells (TRCCs) into account. In our current
odel, the occurrence of TRCCs is considered in the objective function
2 that is proportional to the probability of spontaneous resistance

mutations. There is however evidence that this approach might be too
simple (see Francescangeli et al., 2023 and references therein). On one
hand, resistant cancer cells can pre-exist in a quiescent (stem-like) state
nd perturbations of the tumour micro-environment under treatment
an select for these cells and cause them to resuscitate. On the other
and, cytotoxic drugs may disrupt gene expression and hence promote
he occurrence of TRCCs. The former case would necessitate to add
RCCs to the model as an additional cell type, while the latter at least
emands a change of the objective function 𝐽2, taking into account a
arying mutation rate that weighs the AUC according to the current
rug concentration.

Another way to enrich our basic model is to account for pharmacoki-
etics. In order to keep the model as simple as possible, we assumed the
rugs to take immediate effect at the time of administration. However,
n reality there is a delay between the injection of a drug into the

system and its arrival at the tumour. Depending on the physiological
circumstances, these delays as well as the absorption rates of the drug
in the body can vary significantly between different drugs.

An aspect of the model which we overlooked for the purpose of
simplification as well is the possibility that a drug does not only
decay naturally but also gets absorbed and degraded by its interaction
with cancer cells. This would mean that besides the linear decay we
would see a degradation term depending on the drug concentration
and the number of present cancer cells. Together with the above men-
tioned pharmacokinetics would create more involved drug dynamics
and hence result in more realistic descriptions of the results of a
treatment plan.

Furthermore, we simplified our model by assuming the constraint
reflecting potential negative side effects to only be depending on the to-
tal drug dose. This could be more refined by account for different levels
of toxicity of different drugs. In addition, as pointed out by Kuznetsov
et al. (2021), more refined ways such as considering a population of
healthy cells which are also attacked by the drugs and may not decline



J. Blath et al.

d

c
i
f
a

i
d
F
e
M
T
M

i

w

f

s
s

i

p

s
t
n
v

𝑞

w
m
i
e

d

Journal of Theoretical Biology 597 (2025) 111995 
below a certain threshold could be implemented to obtain more precise
constraints on the minimization problem.

Another simplification we made was to assume that the drug doses
and administration intervals were constant throughout treatment. One
could remove this assumption and instead consider treatment protocols
in which the drugs may be administered with different dosages at
different administration times as in Altrock et al. (2015). This would
allow for more elaborate treatment plans which in turn may result in
ifferent interaction patterns of the different drugs.

Lastly, a way to extend our model is to include other forms of
therapy such as radiation or immunotherapy. In real-world applica-
tions, multiple types of treatment are commonly used in order to not
only eradicate the primary tumour but also to target disseminated
tumour cells and prevent metastasis. For example, radiation therapy
an be incorporated by letting the death of cancer cells (and potentially
nduced switching rates) to be time-dependent with two possible values
or the phases during which radiation is applied and when it is not
pplied.
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Appendix

A.1. Scaling limit under discontinuous treatment - Proof of Lemma 2.2

Proof. We prove by induction over 𝑖 ≥ 1 that,

lim
𝐾→∞

sup
𝑡∈[0,𝑇𝑖]

|

|

|

𝑁𝐾 (𝑡) − 𝑛̄(𝑡)||
|

= 0 (A.1)

almost surely.
Consider the base case of 𝑖 = 1. Then, the standard result of Ethier

and Kurtz (1986, Theorem 11.2.1) implies almost sure uniform conver-
gence of 𝑁𝐾 to the solution of the ODE (2.3) 𝑛̄ on [0, 𝑇1). At time 𝑇1,

e have

𝑁𝐾 (𝑇1) = 1
𝐾

(𝐶𝑎(𝑇1), 𝐶𝑑 (𝑇1), 𝐷𝑎(𝑇1), 𝐷𝑑 (𝑇1)) (A.2)

= 1
𝐾

(𝐶𝑎(𝑇1−), 𝐶𝑑 (𝑇1−), 𝐷𝑎(𝑇1−), 𝐷𝑑 (𝑇1−)) + 1
𝐾

(0, 0, 𝐾 𝑑𝐷
𝑎,1, 𝐾 𝑑𝐷

𝑑 ,1),

(A.3)
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Since we have almost sure uniform convergence of 𝑁𝐾 on [0, 𝑇1), we
ind that

𝑁𝐾 (𝑇1) → (𝑐𝑎(𝑇1−), 𝑐𝑑 (𝑇1−), 𝑑𝑎(𝑇1−), 𝑑𝑑 (𝑇1−)) + (0, 0, 𝑑𝐷𝑎,1, 𝑑𝐷𝑑 ,1) (A.4)

almost surely as 𝐾 → ∞. The term on the right-hand side is exactly
how we defined the solution 𝑛̄ at time 𝑇1. Because 𝑑𝐷𝑎,1 and 𝑑𝐷𝑑 ,1 are
deterministic, the almost sure uniform convergence extends to [0, 𝑇1].

For the induction step we know by assumption that there is almost
ure convergence of 𝑁𝐾 (𝑇𝑖−1) → 𝑛̄(𝑇𝑖−1). Hence we can again apply the
tandard Ethier–Kurtz result as in the base case to conclude our claim

on [0, 𝑇𝑖]. Because we have only a finite number of administrations, this
finishes the proof. □

A.2. Parameter choices

The following table lists the parameters values and ranges used to
generate the simulations in this paper. For units, we measure time in
days, cancer cells (active or dormant) in cell number 𝑛, and drugs
(targeting active or dormant cancer cells) as a concentration 𝑐. Note
that we do not prescribe a specific unit for the drug concentration (such
as μg∕mL) since we are not modelling a specific existing cancer drug
and the concentration unit cancels against the drug effect rate units.

A.3. Probability of extinction and rate of growth under spontaneous switch-
ng

Interesting quantities that can be evaluated analytically are the
robability of extinction and the rate of growth in the early phase of

cancer/tumour emergence, that is, when the cancer cell population is
till small enough such that competitive effects are negligible and can
hus be described by a super-critical branching process. For concrete-
ess, we denote this two-type branching process by {𝑁̃(𝑡)}𝑡≥0. It takes
alues in N2

0 and is of the form

𝑁̃(𝑡) = (𝐶̃𝑎(𝑡), 𝐶̃𝑑 (𝑡)), 𝑡 ≥ 0, (A.5)

where 𝐶̃𝑎 and 𝐶̃𝑑 only undergo the dynamics corresponding to transi-
tions (a) and (b) in Fig. 1.

Now, recall from elementary theory of multi-type branching pro-
cesses (see eg. Athreya and Ney, 1972, Chapter V.3) that the probability
of extinction of the cancer cell population when starting from a single
active cell – denoted by 𝑞𝑎 – and when starting from a single dormant
cell – denoted by 𝑞𝑑 – is given by the solution (𝑞𝑎, 𝑞𝑑 ) in [0, 1]2 ⧵ {(1, 1)}
of the system

𝜆(𝑞2𝑎 − 𝑞𝑎) + 𝜎(𝑞𝑑 − 𝑞𝑎) + 𝜇(1 − 𝑞𝑎) = 0, (A.6)

𝜚(𝑞𝑎 − 𝑞𝑑 ) = 0. (A.7)

We can easily solve this to find

̄𝑎 = 𝑞𝑑 =
𝜇
𝜆
.

This is exactly the probability of survival that we see for a population
ithout dormancy. The result comes as no surprise because the dor-
ancy mechanism prevents reproduction and hence only freezes the

ndividuals. Hence, it may take longer for a population of cells to go
xtinct, but the probability of it happening remains the same.

Concerning the initial exponential rate of growth, this quantity is
etermined by the principal eigenvalue 𝜆1 of the offspring mean matrix

[

𝜆 − 𝜇 − 𝜎 𝜚
𝜎 −𝜚

]

. (A.8)

Gershgorin’s circle theorem then implies that the principal eigenvalue
is less than 𝜆 − 𝜇 (for 𝜆 > 𝜇). In particular, spontaneous dormancy
indeed decreases the rate of growth of a tumour. To get a quantitative
intuition about the strength of this effect, assume that we increase the
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Table A.1
Parameters for our simulation study.

Symbol Meaning Value/Range Unit

𝜆 active cancer cell division rate 0.5a day−1𝑛−1

𝜇 active cancer cell death rate 0.45a day−1𝑛−1

𝜇𝑎𝑇 drug 1-induced active cancer cell death rate 1 day−1𝑛−1𝑐−1

𝛼 competition-induced active cancer cell death rate 0 day−1𝑛−2

𝜎 spontaneous switching rate from active to dormant 0.01 day−1𝑛−1

𝜎𝑇 drug 1-induced switching rate from active to dormant [0, 1] day−1𝑛−1𝑐−1

𝜚 spontaneous switching rate from dormant to active 0.05 day−1𝑛−1

𝜚𝑇 drug 2-induced switching rate from dormant to active [−1, 1] day−1𝑛−1𝑐−1

𝜇𝑑 𝑇 drug 2-induced dormant cancer cell death rate [0, 0.1] day−1𝑛−1𝑐−1

𝛽𝑎 , 𝛽𝑑 drug decay rates 0.4b day−1𝑐−1

𝑐𝑎(0) + 𝑐𝑑 (0) total initial tumour size 108c 𝑛
𝑇 time horizon for treatment 180 days
𝜔 treatment cycle length/period [1, 21] days
𝑑𝑎,daily dose of drug targeting active cells, if applied daily [0, 1] 𝑐
𝑑𝑑 ,daily dose of drug targeting dormant cells, if applied daily [0, 1] 𝑐
𝑚𝑎 weight of active cancer cells in objective function 𝐽2 10−8 –
𝑚𝑑 weight of dormant cancer cells in objective function 𝐽2 0, 10−8 , 10−7 –

a Iversen et al. (1974), Tubiana (1989).
b Liston and Davis (2017).

c Del Monte (2009), Erdi (2012), Avanzini et al. (2020).
rates of dormancy and resuscitation simultaneously, now considering
𝜌𝑥 and 𝜎 𝑥 for 𝑥 → ∞. This corresponds to the mean matrix

𝐴(𝑥) =
[

𝜆 − 𝜇 − 𝜎 𝑥 𝜚𝑥
𝜎 𝑥 −𝜚𝑥

]

(A.9)

with eigenvalues 𝜆1(𝑥) > 𝜆2(𝑥) given by

𝜆1,2(𝑥) = 1
2

(

𝜆 − 𝜇 − (𝜚 + 𝜎)𝑥 ±
√

(𝜆 − 𝜇 − (𝜚 + 𝜎)𝑥)2 + 4(𝜆 − 𝜇)𝜚𝑥
)

.

(A.10)

Using 𝜆1(𝑥) = det (𝐴(𝑥))∕𝜆2(𝑥), it is easy to show that

lim
𝑥→∞

𝜆1(𝑥) = lim
𝑥→∞

(𝜆 − 𝜇)𝜚𝑥
𝜆2(𝑥)

=
𝜚

𝜚 + 𝜎
(𝜆 − 𝜇), (A.11)

where we used that 𝜆2(𝑥) ∼ −(𝜚+ 𝜎)𝑥 as 𝑥 → ∞ in the second equality.
This is to say that as switching becomes infinitely fast, the growth
rate 𝜆1(𝑥) is lowered from 𝜆1(0) = 𝜆 − 𝜇 (which corresponds to the
case without dormancy) to a fraction of this rate, where the coefficient
𝜚∕(𝜚+𝜎) is precisely the value of the active component of the stationary
distribution of a non-reproducing system that merely switches between
active and dormant states with rates 𝜚 and 𝜎.

Further, the dependence on 𝑥 is monotone, i.e.
𝑑
𝑑 𝑥𝜆1(𝑥) < 0, (A.12)

and we also have lim𝑥↓0 𝜆1(𝑥) = 𝜆 − 𝜇. This means that the presence of
dormancy does not have a strong impact for small 𝑥 and only becomes
significant once the switching happens sufficiently fast compared to
the reproductive rate. Indeed, when active cells replicate, the two
resulting cells are both initially active. Hence, when the rate at which
an individual cell enters a phase of dormancy is low, this very same
cell undergoes almost as many cell divisions as it would without the
possibility of becoming dormant.

A.4. Additional illustrations

In Section 3.3 we pointed out that the optimal period between drug
administrations for single-drug treatment is monotonically decreasing
as the daily dose increases. We show this in Fig. 13

Creating such a study has two confounding factors which impact the
‘‘optimal’’ interval between drug administrations. On one side, we need
to discretize the space of admissible periods. In this case, we decided
to do this by only allowing for administrations to occur at most every
0.5 days. On the other hand, the objective 𝐽1 averages over the last 30
days. This choice favours some periods over others since periods which
16 
Fig. 13. Optimal period for different daily doses which minimize the objective function
𝐽1 under treatment with a single drug.

have their last administration shortly before the end of treatment will
have a lower average tumour size.

Data availability

The code used for all simulations is available at https://doi.org/10.
5281/zenodo.10652061.
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