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Abstract. We consider the Boolean model with random radii based on Cox
point processes. Under a condition of stabilization for the random environ-
ment, we establish existence and non-existence of subcritical regimes for the
size of the cluster at the origin in terms of volume, diameter and number of
points. Further, we prove uniqueness of the infinite cluster for sufficiently
connected environments.

1 Introduction and previous work

The study of Boolean models based on stationary point processes in Rd traces back to the
early 60s of the past century, when Gilbert (1961) introduced the model in the context of ad-
hoc communication networks. The occurrence or absence of an infinite connected component
in the set of points in Rd that have at least one point of the point process in their vicinity has
served as a prototypical example of a phase transition ever since. More precisely, the model is
defined via a simple stationary point process X = (Xi)i∈I in Rd with finite intensity λ > 0 for
d ≥ 1. Every Xi ∈ X carries an i.i.d. mark �i ≥ 0, which represents the random interaction
radius of Xi . We will assume in the whole manuscript that P(� > 0) > 0, where � denotes
a nonnegative radius random variable. The associated Boolean model is then given by the
union of balls centered at the points in X, with corresponding radii, that is,

C = ⋃
i∈I

B�i
(Xi),

where for x ∈ Rd and r > 0, Br(x) denotes the open Euclidean ball of radius r centered at x.
In the past 60 years this model has attracted much attention, especially when the underlying
point process is given by a homogeneous Poisson point process with intensity λ > 0, see for
example Hall (1985), Meester and Roy (1996), Gouéré (2008), Ahlberg, Tassion and Teixeira
(2018), and many more contributions. In the following theorem, we start by summarizing
some known results on coverage and uniqueness.

Theorem 1 (Meester and Roy (1996), Propositions 3.1 and 7.3, and Theorems 3.1, 3.6
and 7.4). Let C be the Boolean model based on a stationary point process X in Rd with
finite intensity λ > 0 and with i.i.d. radii distributed as �.

1. Complete coverage. Let d ≥ 1. If E[�d ] = ∞, then P(C = Rd) = 1. If X is a homogeneous
Poisson point process, then E[�d ] < ∞ implies that P(C = Rd) = 0.

2. One-dimensional triviality. Let d = 1 and X a homogeneous Poisson point process. If
E[�d ] < ∞, then P(C contains no unbounded connected component) = 1.

Key words and phrases. Cox point processes, continuum percolation, random environment, Boolean model,
Gilbert disk model, random radii, moments, diameter of cluster, volume of cluster, number of points in cluster,
uniqueness of infinite cluster, complete coverage, ergodicity, stabilization, exponential stabilization, polynomial
stabilization, b-dependence, essential connectedness, shot-noise fields, Boolean models on Boolean models.

Received January 2021; accepted August 2021.

20

https://imstat.org/journals-and-publications/brazilian-journal-of-probability-and-statistics/
https://doi.org/10.1214/21-BJPS514
http://www.redeabe.org.br/
mailto:Jahnel@wias-berlin.de
mailto:Tobias@math.tu-berlin.de
mailto:Elie.Cali@orange.com


Phase transitions for the Boolean model for Cox point processes 21

3. Uniqueness. Let d ≥ 1. If esssup(�) = ∞, then P(C contains at most one unbounded
component) = 1. If X is a homogeneous Poisson point process, then P(C contains at most
one unbounded component) = 1 holds independent of the distribution of �.

As already mentioned in Part (2) of Theorem 1, among the main objects of interest in the
Boolean model are the maximal connected components, the clusters, and in particular, the
cluster that contains the origin, which we denote by Co ⊂ C. For any measurable A ⊂ Rd ,
writing |A| for the Lebesgue volume, diam(A) = sup{|x −y| : x, y ∈ A} for the diameter, and
X(A) = #(X ∩ A) for the number of points of X in A, the following critical intensities can
be defined via Co and for all s > 0,

λvp = inf
{
λ > 0 : P(|Co| = ∞)

> 0
}

λv(s) = inf
{
λ > 0 : E[|Co|s] = ∞}

,

λdp = inf
{
λ > 0 : P(

diam(Co) = ∞)
> 0

}
λd(s) = inf

{
λ > 0 : E[

diam(Co)
s] = ∞}

,

λnp = inf
{
λ > 0 : P(

X(Co) = ∞)
> 0

}
λn(s) = inf

{
λ > 0 : E[

X(Co)
s] = ∞}

.

In the next theorem, we present a summary of the known results on the non-triviality of
these critical intensities in the case where X is a homogeneous Poisson point process.

Theorem 2 (Meester and Roy (1996), Theorem 3.2, Gouéré (2008), Theorems 2.1 and 2.2,
and Gouéré and Théret (2018), Theorem 2). Let d ≥ 2, s > 0 and consider the Boolean
model based on a homogeneous Poisson point process with i.i.d. radii distributed as �.

1. We have that λvp < ∞, λdp < ∞, and λnp < ∞.
2. If E[�d ] < ∞, then λvp > 0, λdp > 0, and λnp > 0.
3. If E[�d+s] < ∞, then λv(s/d) > 0, λd(s) > 0, and λn(s/d) > 0.
4. If E[�d+s] = ∞, then λv(s/d) = 0, λd(s) = 0, and λn(s/d) = 0.

Proof. For Part (1), λvp < ∞ is proved in Meester and Roy (1996), Theorem 3.2, and λdp <

∞ is an immediate consequence of λvp < ∞. Further, λnp < ∞ is an immediate consequence
of λvp < ∞ in case esssup(�) < ∞. However, via a straightforward coupling argument, it also
holds in case esssup(�) = ∞. For Part (2), the fact that E[�d ] < ∞ implies λvp > 0 is proved
in Gouéré (2008), Theorem 2.1. The statement that E[�d ] < ∞ implies λdp > 0 follows
from a straightforward adaptation of the proof of Gouéré (2008), Theorem 2.1, noting that
2 supx∈Co

|x| ≥ diam(Co). Finally, the fact that E[�d ] < ∞ implies λnp > 0 follows by yet
another simple adaptation of the proof of Gouéré (2008), Theorem 2.1, since

P
(
X(Co) = ∞) ≤ P

(
X(Co) ≥ X

(
Bα(o)

))
,

where the right-hand side tends to zero for small λ as α tends to infinity. For parts (3) and
(4), note that the statement that E[�d+s] < ∞ holds if and only if λv(s/d) > 0, as well as the
statement that E[�d+s] < ∞ holds if and only if λn(s/d) > 0, is proved in Gouéré and Théret
(2018), Theorem 2. Finally, the statement that E[�d+s] < ∞ holds if and only if λd(s) > 0 is
provided in Gouéré (2008), Theorem 2.2. �

In view of Theorem 2, in particular we have that, as soon as E[�d ] < ∞, there exists a non-
trivial subcritical phase for volume percolation in the Poisson case, see Part (2). Moreover,
there are regimes where there exists a subcritical phase for volume percolation, however, the
expected cluster size at the origin is infinite in terms of the number of points in the cluster.
Similarly, various regimes for finite and infinite expected cluster size and expected diameter
are available. In case of almost surely bounded radii, we have a number of identities for the
critical intensities in the case of Poisson point processes, see Meester and Roy (1996), Theo-
rems 3.4, 3.5, and Proposition 3.2, a topic that we will not address further in this manuscript.
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The vast majority of available results for continuum percolation are for the Boolean model
based on Poisson point processes. However, apart from the statements for general stationary
point processes already presented above, there are by now a number of assertions available
for continuum percolation based on a variety of point processes other than the Poisson point
process. For example, in Mürmann (1975), Stucki (2013), Jansen (2016), Magazinov (2018)
percolation properties for the Boolean model based on a large class of stationary Gibbs point
processes are considered for fixed radii. In Coupier and Dereudre (2014), percolation in the
Boolean model is proved to exist for dense Gibbs point processes with quermass interaction,
where the radii are random but not i.i.d.. Further, in Ghosh, Krishnapur and Peres (2016), the
authors study a class of repelling point processes in R2 that include the Ginibre ensemble
as well as the Gaussian zero process, with fixed radii. For the Gaussian zero process, they
establish uniqueness of the infinite cluster and non-triviality of continuum percolation. For
the Ginibre ensemble, they also prove uniqueness of the infinite cluster; the non-triviality
of continuum percolation for this point process was already verified in Blaszczyszyn and
Yogeshwaran (2014). In the same direction, in Blaszczyszyn and Yogeshwaran (2013), the
authors study clustering and percolation for a family of stationary point processes that ex-
hibit negative association, such as general determinantal point processes and some perturbed
lattices, see also Georgii and Yoo (2005). These processes may cluster less than the Poisson
point process but still have non-trivial percolation properties in the associated Boolean model
with non-random radii. The paper Blaszczyszyn and Yogeshwaran (2013) also presents an
example of a stationary Cox point process with stronger clustering properties than the Pois-
son point process, but which nevertheless percolates for all positive non-random radii. In
Hirsch, Jahnel and Cali (2019), non-triviality of percolation is shown for the Boolean model
with non-random radii, based on stabilizing Cox point processes with sufficiently connected
support. This was the starting point for our investigation presented in this paper, and we will
refer to these results frequently in what follows. Finally, in Gouéré (2009), conditions are pre-
sented for the existence of subcritical regimes for percolation for Boolean models based on
stationary point processes. The derivation of these conditions is very similar to our approach,
and in fact, checking these conditions provides an alternative strategy for the proof of some
of our results.

2 Setting and main results

We are interested in the setting where X is a Cox point process, that is, a Poisson point
process with a random intensity measure. To be more precise, we consider random ele-
ments � in the space M of Borel measures on Rd equipped with the evaluation σ -algebra.
In the whole manuscript, we assume � to be stationary and normalized so that it satisfies
E[�([0,1]d)] = 1. Then, for λ > 0, we let X be a Cox point process with intensity measure
λ� and call � its directing measure. The particular case where � equals the Lebesgue mea-
sure almost surely corresponds to a homogeneous Poisson point process with intensity λ.
Figure 1 provides an illustration of a realization of the Boolean model based on a Cox point
process, where the directing measure � is given by the edge-length measure on a Poisson–
Voronoi tessellation, see Section 3.1.2 for more details.

Under conditions of stabilization and connectedness, see below, we essentially reproduce
the known picture for the Poisson case also for the Cox case. Let us start by noting that some
known results for general stationary point processes, as for example, the one-dimensional
triviality or the first part of the complete-coverage result from Theorem 1, immediately trans-
fer to the case of Cox point processes. In the next few results, we recover the statements of
Theorem 1 related to Poisson point processes. We start by giving an extension of the second
statement in Part (1) in Theorem 1. Here, � is called ergodic if P(� ∈ E) ∈ {0,1} for all
measurable and translation-invariant events E ⊂ M.
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Figure 1 Realization of a Boolean model (blue) based on a Cox point process (red) with directing measure given
by a realization of a Poisson–Voronoi tessellation (black).

Proposition 3 (No complete coverage). Let d ≥ 1 and C be the Boolean model based on
a Cox point process with stationary intensity measure λ� and with i.i.d. radii distributed
as �. If E[�d ] < ∞, then P(C = Rd) < 1 for all λ > 0. If additionally � is ergodic, then
P(C = Rd) = 0.

We next lift the result in Part (2) in Theorem 1 to the level of Cox point processes with
ergodic intensity measures.

Proposition 4 (One-dimensional triviality). Let d = 1 and C be the Boolean model based
on a Cox point process with ergodic intensity measure λ� and with i.i.d. radii distributed as
�. If E[�d ] < ∞, then C contains no unbounded component, almost surely.

Let us note that (at least) for � a convex combination of finitely many ergodic mea-
sures, the statement of Proposition 4 should also hold. For the uniqueness result, we need
the following condition on the connectedness of the directing measure �. Let us write
Qr(x) = [−r, r]d + x for the box with sidelength 2r , centered at x ∈ Rd and abbreviate
Qr = Qr(o) and Ac = Rd \ A for A ⊆ Rd . Further, let us write

supp(�) = {
x ∈ Rd : �

(
Qε(x)

)
> 0 for every ε > 0

}

for the support of a measure � and �A for the restriction of � to the set A, that is, �A(B) =
�(A ∩ B) for measurable A,B ⊂ Rd .

Definition 5 (Essential r-connectedness). Let r > 0. We say that the stationary random
measure � is essentially r-connected if there exists a random field of connectivity radii R =
{Rx}x∈Rd , defined on the same probability space as �, such that

1. (�,R) are jointly stationary,
2. limα↑∞P(supy∈Qα∩Qd Ry ≥ α) = 0, and
3. for all α ≥ 1, whenever supy∈Q2α∩Qd Ry < α/2, we have that for all x, y ∈ supp(�Qα)

there exists a finite sequence of points (x1, . . . , xl) ⊂ supp(�Q2α
) such that |xi −xi+1| < r

for all i ∈ {0,1, . . . , l + 1} where x = x0 and y = xl+1.
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Let us mention that our definition of essential r-connectedness is different from the defi-
nition of asymptotic essential connectedness as presented in Hirsch, Jahnel and Cali (2019).
One of the differences is that essential r-connectedness does not imply stabilization, see be-
low. However, for many directing measures both connectedness conditions can be verified.
We comment on this further and present examples for essentially r-connected directing mea-
sures in Section 3. Equipped with these definitions, we can now state our first main result on
the uniqueness of the unbounded component for Cox point processes.

Theorem 6 (Uniqueness). Let d ≥ 1 and C be the Boolean model based on an ergodic Cox
point process with stationary intensity measure λ� and with i.i.d. radii distributed as �. If
r = esssup(�) < ∞ and � is essentially r-connected, then C has at most one unbounded
cluster, almost surely.

Recall that if esssup(�) = ∞, then Theorem 1 already implies uniqueness of the infinite
cluster for any stationary point process. Note that the Propositions 3, 4 and Theorem 6 estab-
lish a version of Theorem 1 for Cox point processes. Their proof can be found in Section 4.1.
Before we come to our second main result, in which we present conditions under which a
version of Theorem 2 is available for Cox point processes, we need to introduce the follow-
ing condition on spatial decorrelation of the directing measures. For this, we define for all
measurable A,B ⊂Rd the distance dist(A,B) = inf{|x − y| : x ∈ A and y ∈ B}.
Definition 7 (Stabilization). We say that the stationary random measure � is φ-stabilizing
if there exists a random field of stabilization radii R = {Rx}x∈Rd , defined on the same prob-
ability space as �, such that

1. (�,R) are jointly stationary,
2. limα↑∞ φ(α) = 0, where φ(α) = P(supy∈Qα∩Qd Ry ≥ α), and
3. for all α ≥ 1, the random variables(

f (�Qα(x))1
{

sup
y∈Qα(x)∩Qd

Ry < α
})

x∈ψ

are independent for all bounded measurable functions f : M → [0,∞) and finite ψ ⊂ Rd ,
as long as dist(x,ψ \ x) > 3α for all x ∈ ψ .

Note that, in case of stabilization, in our main theorem below we will require certain inte-
grability properties for φ, and that is why we specify φ. Further note that φ-stabilization for
� implies that � is ergodic. This can be easily seen by verifying a mixing condition for local
events. We present examples for φ-stabilizing directing measures in Section 3.

Theorem 8 (Phase transition). Let d ≥ 2, s > 0 and consider the Boolean model based on a
Cox point process with stationary intensity measure λ� and with i.i.d. radii distributed as �.

1. If � is φ-stabilizing with sufficiently large esssup(�), then λvp < ∞, λdp < ∞ and λnp <

∞.
2. Let E[�d ] < ∞. If � is φ-stabilizing, then λvp > 0, λdp > 0 and λnp > 0.
3. Let E[�d+s] < ∞. If � is φ-stabilizing with

∫ ∞
0 αs−1φ(α)dα < ∞, then λv(s/d) > 0 and

λd(s) > 0. Further, λn(s/d) > 0 if � is φ-stabilizing with
∫ ∞

0 αs−1φ(α)dα < ∞ and
∫ ∞

0
αs−1P

(
�(Bα) ≥ cαd)

dα < ∞ for some c > 0. (2.1)

4. Let E[�d+s] = ∞. If � is ergodic, then λv(s/d) = 0, λd(s) = 0 and λn(s/d) = 0.
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Let us comment on the result, the proof of which can be found in Section 4.2. A version
of the statement that λvp < ∞ has been first proved under a condition of asymptotic essential
connectedness in Hirsch, Jahnel and Cali (2019) for fixed positive radii. The statement that
λvp < ∞ for stabilizing directing measures if the (fixed) radius is sufficiently large originates
from Tóbiás (2020), Corollary 2.5. The same assertion for random radii follows from Jahnel
and Tóbiás (2020b), Theorem 1.1, but since the papers Tóbiás (2020), Jahnel and Tóbiás
(2020b) use a rather different notation, we provide a self-contained proof for part (1) of The-
orem 8 in the present paper. Regarding Part (2) of Theorem 8, the statement that λvp > 0,
for stabilizing directing measures, has been proven for the case of fixed nonnegative radii in
Hirsch, Jahnel and Cali (2019). Moreover, the statements about λvp > 0 and λdp > 0 can be
alternatively established by proving that certain general conditions provided in Gouéré (2009)
are applicable for stabilizing Cox point processes, see also our comments in Section 4.2. This
also holds for the statements about λv(s/d) > 0 and λd(s) > 0 in Part (3) of Theorem 8.
In particular, Gouéré (2009), Theorem 1.3, provides the statements for λvp > 0, λdp > 0,
λv(s/d) > 0 and λd(s) > 0 with respect to general stationary point processes that feature fi-
nite dependencies, in the spirit of our definition of b-dependence below (cf. Section 3.1.1).
Although checking the conditions of Gouéré (2009) is relatively straightforward, it is not very
insightful. Hence, we decided to present a self-contained proof of these parts of Theorem 8
instead, extending the methods of Gouéré (2008) to the case of Cox point processes. Here,
the φ-stabilization condition becomes very useful, since it allows us to factorize certain local
percolation events in disjoint areas and also quantify the associated probabilistic errors. This
is essential in order to successfully apply the renormalization scheme and any less restrictive
condition would require a substantial innovation in the methodology. The integrability con-
ditions on the stabilization probability φ of the directing measures are often easy to verify
for particular examples, as we will exhibit in Section 3. Finally, Condition (2.1) establishes
integrability of the deviation of the directing measure from its expectation. It can be guaran-
teed with the help of some moment conditions on the environment, which we present now
and further use in Section 3.

Lemma 9. Condition (2.1) holds if any of the following two conditions holds,

lim sup
α↑∞

α−d logE
[
exp

(
β�(Bα)

)]
< ∞ for some β > 0, (2.2)

lim sup
α↑∞

αs−dβ+εE
[∣∣�(Bα) − |Bα|∣∣β]

< ∞ for some β ≥ 1 and ε > 0. (2.3)

We prove this lemma in Section 4.3. In the next section, we present and discuss a number
of examples of Cox point processes in order to illustrate the generality and also limitations of
our results. We complement this by listing some relevant open questions related to the context
of Theorem 6 and Theorem 8 in Section 5.

3 Examples

3.1 Boundedness, φ-stabilization, essential r-connectedness and ergodicity

As has been discussed already in Hirsch, Jahnel and Cali (2019), often, directing measures
� can be categorized as either being absolutely continuous or singular with respect to the
Lebesgue measure on Rd .
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Figure 2 Realization of a Boolean model (blue) based on a Cox point process (red) with directing measure given
by an independent Poisson–Boolean model with fixed radii (green).

3.1.1 Absolutely continuous directing measures. We say that � is an absolutely continuous
directing measure if �(dx) = �x dx is given via a non-negative random field (�x)x∈Rd , where
dx denotes the Lebesgue measure on Rd . A stationary and absolutely continuous directing
measure is called bounded if there exists M > 0 such that �o < M almost surely. Let us
consider some examples of such random fields.

Example 10 (Bounded absolutely continuous directing measures). Bounded environ-
ments can be constructed via random fields of the form �x = λ11{x ∈ �} + λ21{x /∈ �},
where � ⊂ Rd is a random closed set and λ1, λ2 ≥ 0. For example, � could be given as
an independent Boolean model C̄, see Figure 2 for an illustration. Note that in case both
λ1, λ2 > 0, then � is essentially r-connected for any r > 0. In this case it is also asymptoti-
cally essentially connected in the sense of Hirsch, Jahnel and Cali (2019).

As a corollary of Theorems 2 and 8, let us note that the existence of a subcritical phase for
a Cox–Boolean model where the Cox point process has an absolutely continuous, bounded,
and ergodic directing measure, behaves the same way as in the case of the Poisson point
process.

Corollary 11. The statements of Part (2) of Theorem 2 remain true if Poisson point processes
are replaced by Cox point processes with ergodic, absolutely continuous, and bounded direct-
ing measures.

The proof of this corollary can be found in Section 4.3. The analogous statement does in
general not hold for the existence of a supercritical phase as presented in Part (1) of Theo-
rem 2, as already mentioned in Hirsch, Jahnel and Cali (2019). For example, it may fail in
the case of Example 10 when C̄ is the Poisson–Boolean model with constant radii and either
λ1 or λ2 is zero, see Tóbiás (2020).

We say that a φ-stabilizing directing measure � is b-dependent if there exists b > 0, such
that φ(α) = 0 for all α > b. Further, we call a φ-stabilizing directing measure � exponentially
stabilizing if there exist c > 0, such that φ(α) ≤ exp(−cα) for all sufficiently large α > 0.
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Example 12 (Unbounded b-dependent absolutely-continuous directing measures). As
an example of an unbounded absolutely continuous environment consider the shot-noise field,
where �x = ∑

i∈I κ(Yi −x), with (Yi)i∈I a homogeneous Poisson point process and κ : Rd →
[0,∞) integrable. If κ is additionally compactly supported and the diameter of the support
is given by b, then the associated directing measure is b-dependent. If the support of κ has
Lebesgue measure equal to infinity, then there exists no φ such that the associated directing
measure is φ-stabilizing. For any r > 0, in general, the shot-noise field is also not essentially
r-connected and also not asymptotically essentially connected in the sense of Hirsch, Jahnel
and Cali (2019). However, there are cases when it is asymptotically essentially connected,
see Tóbiás (2020), Section 2.5.1.

Example 13 (Unbounded stabilizing absolutely-continuous directing measures). Keep-
ing the Example 10 in mind, consider the directing measure based on the random field given
by �x = λ

∑
i∈I 1{|Yi − x| < �i} where λ > 0 and (Yi)i∈I is an independent homogeneous

Poisson point processes with intensity μ and with i.i.d. marks �i , distributed according to �.
This is essentially an environment coming from a Poisson–Boolean model with random radii,
where instead of considering C, we count the number of balls in C containing a given point
x. In particular, this environment is unbounded. Again, if b = esssup(�) < ∞, then � is b-
dependent and stochastically dominated from above by a shot-noise field, see Example 12. If
even essinf(�) > 0, then it is also stochastically dominated from below by a shot-noise field.
For esssup(�) < ∞, this model is not essentially r-connected for any r > 0. However, it is
asymptotically essentially connected, in the sense of Hirsch, Jahnel and Cali (2019), for all
fixed finite � and sufficiently large μ. If esssup(�) = ∞ and E[�d+s] < ∞ for s > 0, then �

is φ-stabilizing with
∫ ∞

0 αs−1φ(α)dα < ∞. Indeed, define the stabilization radii

Ry = sup
{
�i : |Yi − y| < �i,Yi ∈ Y

}
,

as the largest radius of a ball in C that contains y ∈ Rd . Then, indeed, for x, z ∈ Rd with
|x − z| > 3α,

�Qα(x)1
{

sup
y∈Qα(x)∩Qd

Ry < α
}

and �Qα(z)1
{

sup
y∈Qα(z)∩Qd

Ry < α
}

(3.1)

are independent, since, under the stabilization event (3.1), (C ∩ Qα(x)) ∩ B�i
(Yi) = ∅ for all

Yi ∈ Y ∩ Qc
2α(x). Moreover, using Campbell’s formula,

φ(α) ≤ P
(
#
(
Yi ∈ Y : �i ≥ α, |Yi | < �i + 2α

) ≥ 1
) ≤ μ

∫ ∞
α

|B2α+r |ν(dr),

where ν = P ◦ �−1, and hence for all s > 0, there exists a constant c, only depending on s

and the dimension, such that∫ ∞
0

αs−1φ(α)dα ≤ c

∫ ∞
0

rd+sν(dr),

which is finite by assumption. Note that such an example, where there is stabilization but it
is not necessarily exponential, was not provided in Hirsch, Jahnel and Cali (2019), Tóbiás
(2020). Finally, if for some β > 0 we have that E[exp(β�)] < ∞, then

φ(α) ≤ μ

∫ ∞
α

|B2α+r |ν(dr) ≤ μvd exp(−βα)

∫ ∞
0

rd exp(βr/3)ν(dr) ≤ c exp(−βα),

for some constant c > 0, writing vd = |B1|, since rd exp(βr/3) ≤ exp(βr) for sufficiently
large r . Hence, in this case, the directing measure is even exponentially stabilizing. Similarly,
one can show that if E[�d ] < ∞ but E[�d+s] = ∞, then the associated � is φ-stabilizing
but

∫ ∞
0 αs−1φ(α)dα = ∞. Finally, note that in case E[�d ] = ∞, then �o is equal to infin-

ity, almost surely, and hence the model is not well-defined, see Meester and Roy (1996),
Section 3.1.
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3.1.2 Singular directing measures. We say that a directing measure � is singular if �(dx)

is almost surely singular with respect to the Lebesgue measure dx on Rd . We already gave an
illustration of a singular directing measure given by the edge-length measure of a Poisson–
Voronoi tessellation in Figure 1. More formally, a large class of singular environments can be
constructed via random segment processes S ⊂ Rd , by defining directing measures �(A) =
ν1(S ∩ A) for any measurable A ⊂ Rd , where ν1 denotes the one-dimensional Hausdorff
measure.

Example 14 (Stabilizing singular directing measures). A particularly interesting class of
segment processes are tessellation processes in R2. Most prominently the Poisson–Voronoi
and the Poisson–Delaunay tessellations, see Møller (1989) for more background on tessella-
tion processes. It has already been observed in Hirsch, Jahnel and Cali (2019) that both the
Poisson–Voronoi and the Poisson–Delaunay tessellation give rise to exponentially stabilizing
directing measures that are asymptotically essentially connected, see Hirsch, Jahnel and Cali
(2019), Section 3, for details. From this, it is clear that they are also essentially r-connected
for any r > 0.

Example 15 (Essentially r-connected but not stabilizing directing measures). Another
particularly interesting class of segment processes is the Manhattan grid in R2, see for ex-
ample Jahnel and Tóbiás (2020a), which is defined as follows. Let Y = (Yv, Yh) be the tuple
where Yv = {Yi,v}i∈Iv and Yh = {Yi,h}i∈Ih are two independent simple stationary point pro-
cesses on R. Then, the Manhattan grid is defined as

S = S(Y ) = ⋃
i∈Iv,j∈Ih

(
R× {Yi,h}) ∪ ({Yj,v} ×R

)
.

The singular directing measure � corresponding to the Manhattan grid is essentially r-
connected for all r > 0. Indeed, for (x, y) ∈ R2 define the connectivity radius

R(x,y) = inf
{
r > 0 : [y, y + r) ∩ Yh 
=∅ and [x, x + r) ∩ Yv 
=∅

}
.

In words, R(x,y) is the smallest distance within which, measured from (x, y), there is a hor-
izontal line of the Manhattan grid above (x, y) and a vertical line on the right of (x, y).
Clearly, for R = (R(x,y))(x,y)∈R2 , points (1) and (2) of Definition 5 are satisfied. Assume
now that for some α > 0, sup(x,y)∈Qα∩Qd R(x,y) < α. Then in particular, for (x, y) = (0, α),
there is a horizontal line lh of the Manhattan grid above (x, y) within distance at most α.
Further, for (x, y) = (α,0), there is a vertical line lv on the right of (x, y) within distance
at most α. Now, any vertical (respectively horizontal) line of S intersecting with Qα inter-
sects with lh (respectively lv) within Q2n. Since lh and lv also intersect within Q2n, it follows
that supp(�Qα) is entirely connected within one single connected component of supp(�Q2α

),
which implies that condition (3) of Definition 5 also holds.

Since S consists of infinite lines, � is not φ-stabilizing for any φ. Hence, the vast majority
of the results of Hirsch, Jahnel and Cali (2019) is not applicable in the case of the Cox
point process with directing measure λ�. In particular, for constant radii, also in the simplest
nontrivial case when both Yv and Yh are Poisson processes, both existence of a subcritical case
and the one of a supercritical phase for percolation are unknown. Nevertheless, thanks to the
fact that � is essentially r-connected and also ergodic, some of the results of the present paper
that are not necessarily true for any stationary Cox point process can be applied for Manhattan
grids. Namely, Theorem 6 holds for them, that is, there is at most one unbounded cluster, also
if the radii are bounded. Further, Part (4) of Theorem 8 implies that for � sufficiently heavy-
tailed, if a certain moment of the volume, diameter and point-number of Co is infinite for the
Poisson point process, then the same holds for the Manhattan grid.
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An even more fundamental segment process in R2 is the Poisson line tessellation, see for
example Møller (1989), Jahnel and Tóbiás (2020a), which is also ergodic but not φ-stabilizing
for any φ. We expect that it is also essentially r-connected and this can be verified similarly
to the case of Manhattan grids, but we refrain from presenting here the details.

3.1.3 Pathological behaviour of non-ergodic examples. In the case of constant radii where
� ≡ r > 0 holds almost surely, it is easy to show that λvp = λdp = λnp. Now, as already
mentioned, if � is φ-stabilizing, then this critical intensity is positive for any r > 0 and finite
for all sufficiently large r > 0. In Section 3.1.1, we explained that λvp = λdp = λnp = ∞
occurs for some relevant φ-stabilizing examples for small r > 0. In contrast, the lack of a
subcritical phase is often thought of as a pathology. A general construction of examples of �

with this property can be found in Tóbiás (2019), Section 4.2.3.3. The simplest one among
these examples is the mixed Poisson point process, which also lacks a subcritical phase in the
case of general nonzero random radii, as the following example shows.

Example 16 (Zero critical intensity). The stationary mixed Poisson point process is the Cox
point process with directing measure �(dx) = Z dx, where Z is a non-negative random vari-
able with E[Z] = 1. Then, � is not ergodic and in particular not φ-stabilizing. We claim that
for d ≥ 2, if esssup(Z) = ∞ and � satisfies P(� > 0) > 0, then λvp = λdp = λnp = 0. Indeed,
then we can choose ε > 0 and p ∈ (0,1] such that P(� > ε) = p > 0. Now, let λ > 0 and con-
sider the Cox point process X with directing measure λZ dx for λ > 0. Then, the independent
thinning Xε = {Xi ∈ X : �i > ε} of X is a Cox point process with nonzero intensity Zpλdx.
Now, in the event {Z > 2λc(ε)/(pλ)} that has positive probability, this intensity is greater
than 2λc(ε), where λc(ε) denotes the critical intensity for percolation of the Boolean model
with constant radii ε based on a Poisson point process. Thus,

⋃
Xi∈Xε B�i

(Xi) stochastically
dominates the Boolean model of a Poisson point process of supercritical intensity, hence, al-
most surely it contains a cluster including infinitely many points of X, which also has infinite
volume as well as infinite diameter. It follows that λvp = λdp = λnp = 0, as wanted. Note that
in case essinf(Z) > 0, the mixed Poisson point process is also essentially r-connected for
any r > 0. However, since � is not ergodic, our uniqueness result is technically not appli-
cable, but thanks to a comparison to the Poisson point process, there cannot be more than
one unbounded cluster. Still, the number of unbounded clusters may not be constant almost
surely.

In the following, similar example, λvp = λdp = λnp = 0 also holds if esssup(�) is suffi-
ciently large but λvp = λdp = λnp = ∞ if esssup(�) is small and positive.

Example 17 (Zero critical intensity only for large radii). Let �′ be any φ-stabilizing inten-
sity measure such that λnp(r) = ∞ for sufficiently small constant radii r > 0 and λnp(r) < ∞
for large enough constant radii r . Recall that for non-random radii λnp(r) = λdp(r) = λvp(r).
Let rc = inf{r > 0 : λnp(r) < ∞} denote the critical radius for the existence of a supercritical
phase. Let now Z be an unbounded random variable with E[Z] = 1 that is independent of �′
and define the intensity measure � via �(dx) = Z�′(dx). Then, � is not ergodic. Now, if
r > rc, then the Cox point process associated to � satisfies λnp = 0, analogously to the case
of Example 16. In contrast, for r < rc we have λnp = ∞. Note that it is also easy to see that
that λnp(rc) ∈ {0,∞}.
3.2 Deviations of the directing measure

In this section, we present examples for which the deviation condition, Condition (2.1), holds.
Let us start with the following statement for b-dependent environments with sufficient inte-
grability.
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Lemma 18. Let � be stationary and b-dependent for some b > 0. Then, Condition (2.1)
holds if

E
[∣∣�(Bb) − |Bb|

∣∣2k]
< ∞ for some (1 + s)/d < k ∈ N.

The proof rests on an application of Lemma 9 and is presented in the Section 4.3. Note
that Lemma 18 can be used to show that Condition (2.1) holds for example for the shot-
noise field as presented in Example 12. Indeed, in case b = diam(supp(κ)) < ∞ and κmax =
sup{κ(x) : x ∈ Rd} < ∞, we have for any n ∈N

E
[
�(Bb)

n] ≤ (
c1|Bb|)nE[

#(Y ∩ B2b)
n] ≤ c

(
κmax|Bb|)n(

μ|B2b|)n,
where c is a constant depending only on n and μ, the intensity of the underlying Poisson
point process. But this implies that for all k ∈ N

E
[∣∣�(Bb) − |Bb|

∣∣2k]
< ∞.

Let us next verify that the unbounded stabilizing absolutely continuous directing measure
exhibited in Example 13 also satisfies Condition (2.1). For this, we verify Condition (2.3)
in Lemma 9 for β = 2k with k ∈ N sufficiently large. For the directing measure presented
in Example 13 we can re-express the 2kth central moment in terms of the complete Bell
polynomials Gn, see Gwan-Woo, San and Taekyun (2019), that is,

E
[(

�(Bα) − |Bα|)2k] = E

[(∑
i∈I

∣∣B�i
(Yi) ∩ Bα

∣∣ − |Bα|
)2k]

= G2k(0, u2, . . . , u2k),

where

uj =
∫ ∫ (

λμ
∣∣Br(x) ∩ Bα

∣∣)j ν(dr)dx ≤ (λμ)j (2α)d
∫

rd(j+1)ν(dr)

is the j th cumulant of
∑

i∈I |B�i
(Yi)∩Bα| and ν = P ◦�−1. In particular, using the recursive

formula for Bell polynomials, if
∫

rd(2k+1)ν(dr) < ∞, then there exists a constant c > 0, only
depending on d , k, ν, λ and μ, such that

G2k(0, u2, . . . , u2k) ≤ cαdk.

Hence, Condition (2.3) is verified once we have that s < dk, which is the case whenever∫
rd(2k+1)ν(dr) < ∞ for some k > s/d .
Finally, we establish Condition (2.1) for the stationary singular but not b-dependent envi-

ronment defined via the Poisson–Delaunay tessellation, as presented in Example 14.

Lemma 19. For any s > 0, Condition (2.1) holds for �(dx) = ν1(S ∩ dx), where S is the
edge set of the Delaunay tessellation based on a homogeneous Poisson point process Y in
R2.

We give the proof in Section 4.3. Let us note that Lemma 19 also holds for example for
the Poisson–Voronoi tessellation in R2, but we do not present a proof for this statement.

4 Proofs

Recall for all x ∈ Rd the notations Qr(x) = Qr + x, where Qr is the box of side length 2r

centered at the origin, and Br(x) = Br + x, where Br is the ball of radius r centered at the
origin. Further, let ν denote the distribution of � and vd = |B1|. Also, for any set A ⊂Rd , we
define the Boolean model based on the points in A,

C(A) = ⋃
i∈I : Xi∈A

B�i
(Xi),

and let Cx(A) ⊂ C(A) denote the cluster in C(A) that contains x ∈ Rd .
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4.1 Proofs of Propositions 3, 4, and Theorem 6

Proof of Proposition 3. Let Vn = nd − |C ∩Qn/2| denote the volume of the vacant region in
Qn/2. Then, we have the following estimate for the expected volume fraction,

n−dE[Vn] = n−dE

[∫
Qn/2

1{x /∈ C}dx

]
= P(o /∈ C)

= E

[∏
i∈I

P
(|Xi | ≥ �i

)] = E

[
exp

(∑
i∈I

logP
(|Xi | ≥ �i

))]

= E

[
exp

(
−λ

∫
�(dx)P

(
� > |x|)

)]
= E

[
exp

(−λE
[
�(B�)

])]

≥ exp
(−λE

[
�(B�)

]) = exp
(−λvdE

[
�d])

> 0,

where we used first stationarity, then the representation of the Laplace transform for i.i.d.
marked Poisson point processes and finally Jensen’s inequality. Now, E[Vn] > 0 implies that
P(Vn > 0) > 0 for all n ∈ N and hence with positive probability C 
= Rd . Since this is a
translation-invariant event, under ergodicity, P(C = Rd) = 0. �

Proof of Proposition 4. As in the proof of Proposition 3, by Jensen’s inequality,

P(o /∈ C) = E
[
exp

(−λE
[
�(B�)

])] ≥ exp
(−λvdE

[
�d])

> 0.

Since � is ergodic, we conclude using the same arguments as in Meester and Roy (1996),
Corollary 3.1. �

Proof of Theorem 6. The proof rests on a generalization of the Burton–Keane argument
presented in the proof of Meester and Roy (1996), Theorem 3.6, additionally using the FKG
inequality for Poisson point processes. First note that, by ergodicity, the number of infinite
clusters in C is almost surely equal to a constant K ∈ N0 ∪ {∞} for all possible choices of
the parameters, see for example Meester and Roy (1996), Section 3.6. Let us first exclude the
case that 2 ≤ K < ∞. We do this by contradiction and assume that the number of unbounded
clusters is equal to K almost surely for some K < ∞. Let r = esssup(�) < ∞ and ε > 0 and
consider the event

En = {
for all unbounded clusters C ⊂ C

(
Qc

3n

) : dist(C,Q3n) < r − ε and

there exists X1, . . . ,Xl ∈ X ∩ Q3n such that |Xj − Xj+1| < �j + �j+1

for all j = 1, . . . , l − 1,B�1(X1) ∩ C 
= ∅ and Xl ∈ Qn

}
.

In words, in the event En, all the unbounded clusters, restricted to the parts that come from
Cox points outside Q3n, intersect a small neighborhood around Q3n and are moreover con-
nected to Qn, with one point in Qn. Note however that in the event En, the Cox points in
Q3n that establish the connection to Qn do not necessarily have to be different for different
unbounded clusters of C(Qc

3n). Next, consider the event

Fn = {
for all x, y ∈ supp(�) ∩ Qn there exist X1, . . . ,Xl ∈ X ∩ Q2n such that

|Xj − Xj+1| < �j + �j+1 for all j = 1, . . . , l − 1, x ∈ B�1(X1) and y ∈ B�l
(Xl)

}
that any pair of locations in supp(�) ∩ Qn is connected by a finite path of Cox points in Q2n

with overlapping balls. Now, in the event En ∩ Fn, the K unbounded clusters of C(Qc
3n) are

in fact connected in the Boolean model C and hence K ∈ {0,1}. Thus, it suffices to prove
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that P(En ∩ Fn) > 0. In particular, it suffices to prove that P(En ∩ Fn ∩ Gn) > 0, where
Gn = {sup{Ry : y ∈ Q2n ∩ Qd} < n/2} is the event which guarantees that supp(�Qn) is r-
connected in supp(�Q2n

). For this, note that

P(En ∩ Fn ∩ Gn) = E
[
1{� ∈ Gn}P(En ∩ Fn|�)

] ≥ E
[
1{� ∈ Gn}P(En|�)P(Fn|�)

]
,

where we used the FKG inequality. To see that the FKG inequality is indeed applicable, for
any measurable set B ⊆ Rd , we write P �

B for a Poisson point process with intensity measure
λ�B . Then

P(En ∩ Fn|�) =
∫ ∫

1{ω1 ∪ ω2 ∈ En}1{ω2 ∈ Fn}P �
Q2n

(dω2)P
�
Qc

2n
(dω1),

where we used the independence of the Poisson point processes and the fact that Fn only
depends on Poisson points in Q2n. Conditioned on ω1, the functions ω2 �→ 1{ω1 ∪ ω2 ∈ En}
and ω2 �→ 1{ω2 ∈ Fn} are both increasing, and hence, by the FKG inequality for Poisson
point processes, see, for example, Last and Penrose (2017), Theorem 20.4,

P(En ∩ Fn|�) ≥
∫ ∫

1{ω1 ∪ ω2 ∈ En}P �
Q2n

(dω2)P
�
Qc

2n
(dω1)

∫
1{ω2 ∈ Fn}P �

Q2n
(dω2)

= P(En|�)P(Fn|�).

To continue, let us abbreviate en(�) = P(En|�) and fn(�) = P(Fn|�). Note that the event
En is implied by the event that all K unbounded clusters have a non-empty intersection with
the box Qn. Hence, by ergodicity, for all ε1, there exists n1 ∈ N such that for all n ≥ n1,
P(En) > 1− ε1. Hence, there exists c > 0 such that P(Hn) > 1− ε1, where Hn = {en(·) > c}.
This can be easily checked via contradiction. Moreover, by the assumption of essential r-
connectedness, for all ε2 > 0, there exists n2 ≥ n1 such that for all n ≥ n2 we have that
P(Gn) > 1 − ε2 and hence, for sufficiently small ε1 and ε2, also P(Gn ∩ Hn) > 0 for all
sufficiently large n. Hence, for such n,

E
[
1{� ∈ Gn}en(�)fn(�)

] ≥ E
[
1{� ∈ Gn ∩ Hn}en(�)fn(�)

]
> cE

[
1{� ∈ Gn ∩ Hn}fn(�)

]

and, in order for the expression on the right-hand side to be positive, it suffices to prove that
fn(�) > 0 for almost all � ∈ Gn ∩ Hn. But this is true since conditioned on �, under Gn,
points can be connected via sufficiently many Poisson points, which has positive probability.

What remains to be proved is that P(K = ∞) = 0. Consider the event

E′
n = {

there is an unbounded cluster C that contains a Cox point X1 ∈ Qn and

C ∩ Qc
2n contains at least three unbounded clusters

}
.

Using the exact same arguments as in the proof of Meester and Roy (1996), Theorem 3.6, the
claim follows once we have shown that P(E′

n) > 0. In order to show this, recall the definitions
of the events Fn and Gn from above and note that P(E′

n) ≥ P(E′′
n ∩ Fn ∩ Gn), where

E′′
n = {

there exist at least three unbounded clusters C ⊂ C
(
Qc

3n

) : dist(C,Q3n) < r − ε and

there exists X1, . . . ,Xl ∈ X ∩ Q3n such that |Xj − Xj+1| < �j + �j+1

for all j = 1, . . . , l − 1,B�1(X1) ∩ C 
= ∅ and Xl ∈ Qn

}
.

But this probability is positive, which can be seen using the same arguments as in the first
part of the proof. �
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4.2 Proof of Theorem 8

We prove the four parts of Theorem 8 individually. Let us start with the proof of Part (1)
which uses coupling arguments.

4.2.1 Existence of a supercritical phase for percolation.

Proof of Part (1) of Theorem 8. As for the assertion that λvp < ∞ in case � is φ-stabilizing
and esssup(�) is sufficiently large, let us note that it was observed in Tóbiás (2020), Corol-
lary 2.5, that if � is φ-stabilizing, then

R = inf
{
r > 0 : λvp < ∞ for the Boolean model

⋃
i∈I

Br(Xi)

}

is positive and finite. Hence, the proof of the assertion reduces to a simple coupling argument
as follows. Let us assume that esssup(�) > R, then there exists r > R such that p = P(� >

r) > 0. Now, for i ∈ I let

�−
i = r1{�i ≥ r}

and consider X− = {Xi : i ∈ I, �−
i = r}, which is an independent thinning of the Cox point

process X with probability p, and hence a Cox point process with intensity pλ� thanks to
the Colouring theorem, see Kingman (1993). Further, since �−

i ≤ �i almost surely, we have
C− = ⋃

Xi∈X− B�−
i
(Xi) ⊂ C. Now, by the definition of R, one can choose λ > 0 such that

C− exhibits volume percolation with probability 1, and hence so does C. This together with
the stationarity of C implies that |Co| = ∞ holds with positive probability, and therefore
λvp < ∞. Again, λdp < ∞, since λdp ≤ λvp. Finally, since in the supercritical regime for
volume percolation, the unbounded cluster in C− already contains infinitely many points, so
does C, which implies that also λnp < ∞. �

4.2.2 Existence of a subcritical phase for percolation. The proof of Part (2) of Theorem 8
rests on a generalization of arguments first presented in Gouéré (2008), for Poisson–Boolean
models, which leverage scaling properties of the process. Let us mention again that, for
the existence of subcritical regimes for volume percolation and diameter percolation, alter-
natively the conditions of Gouéré (2009), Theorem 2.8, can be verified. However, we de-
cided to present here a self-contained direct proof since the verification of the conditions
in Gouéré (2009) is not substantially quicker, less instructive, and less transferable towards
point-number percolation. The latter transfer presented the main technical difficulties that we
had to overcome, since we do not assume the random environment to be bounded.

Recall that Cx(A) denotes the connected component of the Boolean model based on points
in A that contains x, then we define for any x ∈ Rd and α > 0 the event

G(x,α) = {(
Cx

(
B10α(x)

) ∪ Bα(x)
) 
⊂ B8α(x)

}
that the cluster of x, only using points in B10α(x), reaches beyond B8α(x). Then, we have the
following lemma.

Lemma 20. Consider the Boolean model based on the Cox point process X with stationary
intensity measure λ�, where � is φ-stabilizing. Then, there exists a constant c > 0, depend-
ing only on d , such that for all α > 0, we have

P
(
G(o,10α)

) ≤ cP
(
G(o,α)

)2 + λc

∫ ∞
α

rdν(dr) + 2cφ(10α) and

P
(
G(o,α)

) ≤ cλαd.
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Proof of Lemma 20. Consider the event

H ′(α) = {there exists Xi ∈ X ∩ B100α : �i ≥ α},
and let Kα denote a finite subset of the sphere Sα = {x ∈Rd : |x| = α} such that

Sα ⊂ ⋃
x∈Kα

B1(x).

Then, since (G(o,10α) \ H(α)) ⊂ ((
⋃

k∈K10
G(αk,α)) ∩ (

⋃
l∈K100

G(αl,α))), we have

P
(
G(o,10α)

) ≤ P

(( ⋃
k∈K10

G(αk,α)

)
∩

( ⋃
l∈K100

G(αl,α)

))
+ P

(
H ′(α)

)

≤ ∑
k∈K10,l∈K100

E
[
P

(
G(αk,α)|�)

P
(
G(αl,α)|�)] + P

(
H ′(α)

)
.

This estimate is a small generalization of the arguments presented in the proof of Gouéré
(2008), Lemma 3.3. Then, using φ-stabilization,

E
[
P

(
G(αk,α)|�)

P
(
G(αl,α)|�)]

≤ E
[
1

{
sup

y∈Q10α(αk)∩Qd

Ry < α
}
P

(
G(αk,α)|�)

1
{

sup
y∈Q10α(αl)∩Qd

Ry < α
}
P

(
G(αl,α)|�)]

+ 2φ(10α),

and hence, for some c1 > 0 only depending on the dimension, by stationarity,

P
(
G(o,10α)

) ≤ c1P
(
G(o,α)

)2 + 2c1φ(10α) + P
(
H ′(α)

)
.

Finally, using a union bound, there exist constants c2, c3 > 0, depending only on the di-
mension, such that

P
(
H ′(α)

) ≤ λc2

∫ ∞
α

rdν(dr) and P
(
G(o,α)

) ≤ λc3α
d,

for details see Gouéré (2008), Lemmas 3.5 and 3.6. This finishes the proof. �

Next, recall that by X(A) we denote number of points of X in A ⊂ Rd . Consider

M = sup
{|x| : x ∈ Co

}
,

the largest distance to the origin of any point in the cluster of the origin. We have the following
estimates.

Lemma 21. Consider the Boolean model based on the Cox point process X with stationary
intensity measure λ�. Then, there exists a constant c > 0, only depending on d , such that for
all α > 0, we have

P(M ≥ 9α) ≤ P
(
G(o,α)

) + λc

∫ ∞
α

rdν(dr) and

P
(
Xλ(Co) > Xλ(B8α)

) ≤ P
(
G(o,α)

) + λc

∫ ∞
α

rdν(dr).

Proof of Lemma 21. Consider the event,

H(α) = {
there exists Xi ∈ X ∩ Bc

10α : |Xi | ≤ 9α + �i

}
.
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Then, using the fact that G(o,α)c ∩ H(α)c ⊂ (M ≥ 9α)c, as in the proof of Gouéré (2008),
Lemma 3.2, we have that

P(M ≥ 9α) ≤ P
(
G(o,α)

) + P
(
H(α)

)
.

Moreover, we have that (G(o,α)c ∩ H(α)c) ⊂ {Co ⊂ B8α} since, under the event H(α)c,
points outside B9α cannot help the cluster Co to reach outside of B8α . But since {Co ⊂ B8α} ⊂
{X(Co) ≤ X(B8α)}, we have

P
(
X(Co) > X(B8α)

) ≤ P
(
G(o,α)

) + P
(
H(α)

)
.

Finally, again using a union bound as in the proof of Gouéré (2008), Lemma 3.4, there exists
a constant c > 0, only depending on the dimension, such that

P
(
H(α)

) ≤ λc

∫ ∞
α

rdν(dr),

which finishes the proof. �

We will also need the following essential result about convergence and integrability prop-
erties of functions satisfying some scaling inequality.

Lemma 22 (Gouéré (2008), Lemma 3.7). Let f and g be two bounded measurable func-
tions from [1,∞] to [0,∞). Additionally, let f be bounded by 1/2 on [1,10], g be bounded
by 1/4 on [1,∞] and assume

f (α) ≤ f (α/10)2 + g(α), for all α ≥ 10.

Then, limα↑∞ g(α) = 0 implies that limα↑∞ f (α) = 0. Moreover, if s ∈ [0,∞) is such that∫ ∞
1 αsg(α)dα < ∞, then

∫ ∞
1 αsf (α)dα < ∞.

The first statement of Lemma 22 can be used to prove existence of a subcritical phase for
percolation.

Proof of part (2) of Theorem 8. We assume that E[�d ] < ∞ and � to be φ-stabilizing. In
order to prove that λvp > 0 and λdp > 0, it suffices to show that limα↑∞P(M ≥ 9α) = 0 for all
sufficiently small λ. For λnp > 0, it suffices to show that limα↑∞P(Xλ(Co) > Xλ(B8α)) = 0
for all sufficiently small λ. But those two statements are true whenever limα↑∞ P(G(0, α)) =
0, by an application of Lemma 21. In order to show that limα↑∞P(G(0, α)) = 0, we apply
the Lemmas 20 and 22 for proper choices of f and g. For this, first define

αc = inf
{
x ≥ 1 : φ(α) < (4c)−2 for all α ≥ x

}
,

and note that αc < ∞ by the assumption of φ-stabilization. Based on this, we make the
following definitions. In case E[�d ] ≥ 1,

A = 10αc and λo = (
2c2E

[
�d]

(100αc)
d)−1

, (4.1)

f (α) = cP
(
G(o,Aα)

)
and g(α) = λc2

∫ ∞
Aα/10

rdν(dr) + 2c2φ(Aα/10). (4.2)

Then, indeed, using Lemma 20, we have that

f (α) ≤ c2λ(Aα)d ≤ (10αcα)d

2E[�d ](100αc)d
≤ 1

2
, for all 1 ≤ α ≤ 10 and λ < λo,

g(α) ≤ 1

8αd
c

+ 2c2φ(αcα) ≤ 1

4
, for all 1 ≤ α and λ < λo, and

f (α) ≤ c2P
(
G(o,Aα/10)

)2 + λc2
∫ ∞
Aα/10

rdν(dr) + 2c2φ(Aα/10) = f (α/10)2 + g(α)
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for all α ≥ 10. Hence, since limα↑∞ g(α) = 0, an application of Lemma 22 gives the result.
On the other hand, in case E[�d ] < 1, we set

A = 10αc and λo = (
2c2(100αc)

d)−1
,

and we again define the functions f and g according to (4.2). Then, again using Lemma 20,
we have that,

f (α) ≤ c2λ(Aα)d ≤ (10αcα)d

2(100αc)d
≤ 1

2
, for all 1 ≤ α ≤ 10 and λ < λo

g(α) ≤ 1

2(100αc)d
+ 2c2φ(αcα) ≤ 1

4
, for all 1 ≤ α and λ < λo, and

f (α) ≤ c2P
(
G(o,Aα/10)

)2 + λc2
∫ ∞
Aα/10

rdν(dr) + 2c2φ(Aα/10) = f (α/10)2 + g(α)

for all α ≥ 10. Hence, again an application of Lemma 22 gives the result. �

4.2.3 Existence of moments. In this section, we prove Part (3) of Theorem 8 by establishing
regimes of sufficiently small λ, such that moments for the volume, the diameter, and the
number of points in the cluster of the origin exist. Again, let us mention that, for the existence
of moments for cluster volumes and cluster diameters, alternatively the conditions of Gouéré
(2009), Theorem 2.9, can be verified. However, we present here self-contained direct proofs
based on the results in the previous section.

Proof of Part (3) of Theorem 8. In this proof, we use the statement about integrability from
Lemma 22. Let s > 0 and recall the definitions of the functions f and g from (4.2). Under
the assumption that

∫ ∞
0 αs−1φ(α)dα < ∞ and E[�d+s] < ∞ we have that

∫ ∞
0

αs−1g(α)dα = λc2
∫ ∞

0
αs−1

∫ ∞
αcα

rdν(dr)dα + 2c2
∫ ∞

0
αs−1φ(αcα)dα

= λc2α−s
c

∫ ∞
0

αs−1
∫ ∞
α

rdν(dr)dα + 2c2α−s
c

∫ ∞
0

αs−1φ(α)dα

= s−1λc2α−s
c

∫ ∞
0

rd+sν(dr) + 2c2α−s
c

∫ ∞
0

αs−1φ(α)dα < ∞.

Hence, for λ sufficiently small, that is, λ < λo where λo was defined in (4.1), by an application
of the Lemmas 22 and 21, we obtain

∞ >

∫ ∞
0

αs−1f (α)dα = c

∫ ∞
0

αs−1P
(
G(o,Aα)

)
dα

≥ c

∫ ∞
0

αs−1P(M ≥ 9Aα)dα − λc2
∫ ∞

0
αs−1

∫ ∞
Aα

rdν(dr)dα

= c(9A)−s
∫ ∞

0
αs−1P(M ≥ α)dα − λc2A−s

∫ ∞
0

rd+sν(dr)

= c(9A)−sE
[
Ms] − λc2A−sE

[
�d+s].

Hence, E[Ms] < ∞. Since diam(Co) ≤ M and |Co| ≤ Md , also E[diam(Co)
s] < ∞ and

E[|Co|s/d ] < ∞. This provides the proof for the existence of moments for the volume and
diameter of Co.
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For the existence of moments for the number of points in Co, note that under the assump-
tions

∫ ∞
0 αs−1φ(α)dα < ∞ and E[�d+s] < ∞, we have, that

E
[
X(Co)

s/d] =
∫ ∞

0
αs−1P

(
X(Co) ≥ αd)

dα

≤
∫ ∞

0
αs−1P

(
X(BKα) ≥ αd)

dα +
∫ ∞

0
αs−1P

(
diam(Co) ≥ Kαd)

dα, (4.3)

for all K > 0, where the second summand in (4.3) is finite for all sufficiently small λ, for any
choice of K > 0. Hence, by our assumptions, it suffices to show that the first summand in
(4.3) is finite for all sufficiently small λ, which is equivalent to showing that∫ ∞

0
αs−1P

(
X(Bα) ≥ c′αd)

dα < ∞,

for some c′ > 0 and λ > 0. But this is true whenever c′ > c for any c > 0 for which the
Assumption (2.1) is satisfied for the constant c/λ. Indeed, for these choices,

P
(
X(Bα) ≥ c′αd) ≤ E

[
1

{
λ�(Bα) < cαd}

P
(
X(Bα) ≥ c′αd |�)] + P

(
λ�(Bα) ≥ cαd)

,

where by assumption
∫ ∞

0 αs−1P(�(Bα) ≥ cαd/λ)dα < ∞. For the other term, we can apply
Poisson concentration inequalities, which lead to an upper bound given by

E
[
1

{
λ�(Bα) < cαd}

P
(
X(Bα) ≥ c′αd |�)] ≤ exp

(−c′′αd)
,

where c′′ = c((c′/c) log(c′/c) + 1 − c′/c) > 0, and hence∫ ∞
0

αs−1 exp
(−c′′αd)

dα < ∞.

This concludes the proof. �

4.2.4 Non-existence of moments. In this part, we finish the proof of Theorem 8 by verifying
Part (4) using a generalization of the proof presented for Meester and Roy (1996), Theo-
rem 3.2, and in Gouéré (2008).

Proof of Part (4) of Theorem 8. Let E[�d+s] = ∞ and assume � to be ergodic. We may
assume that E[�d ] < ∞, otherwise there is nothing to prove, see Theorem 1 Part (1). Let
us start by considering moments of the diameter of Co. We reproduce the strategy used for
Gouéré (2008), Lemma 3.9. Note that for all α ≥ 0

P
(
diam(Co) ≥ α

) ≥ P
(
there exists Xi ∈ X such that |Xi | + α < �i

)

= E

[
1 − exp

(
−λ

∫ ∞
0

�(Br+α)ν(dr)

)]

= 1 −E

[
exp

(
−λ

∫ ∞
α

�(Br)ν(dr)

)]
.

By ergodicity of �, for all ε ∈ (0,1), there exists an R > 0 such that the event
{
(1 − ε)|Br | < �(Br), for all r > R

}
has probability at least 1/2, and hence, conditioned on this event, for α > R, we can further
bound

P
(
diam(Co) ≥ α

) ≥ 1

2
− 1

2
E

[
exp

(
−λvd(1 − ε)

∫ ∞
α

rdν(dr)

)]
.
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Since E[�d ] < ∞, there exists a constant c > 0 such that

1

2
− 1

2
E

[
exp

(
−λvd(1 − ε)

∫ ∞
α

rdν(dr)

)]
≥ c

∫ ∞
α

rdν(dr),

and thus, since E[�d+s] = ∞,

E
[
diam(Co)

s] ≥
∫ ∞
R

αs−1P
(
diam(Co) ≥ α

)
dα ≥ c

∫ ∞
R

αs−1
∫ ∞
α

rdν(dr)dα = ∞.

This proves the case for the diameter. For the volume, we can use the same arguments. In
particular, for all α > R, there exists a finite constant c > 0 such that we can estimate

P
(|Co| ≥ |Bα|) ≥ P

(
there exists Xi ∈ X such that |Xi | + α < �i

) ≥ c

∫ ∞
α

rdν(dr),

and thus,

E
[|Co|s/d] ≥

∫ ∞
R

αs−1P
(|Co| ≥ αd)

dα = v
s/d
d

∫ ∞
R/v

1/d
d

αs−1P
(|Co| ≥ |Bα|) dα = ∞.

This proves the case for volumes. Finally, for the number of points in Co, as in the proof
for the existence of a subcrititical regime, we need extra arguments. We follow the general
approach used in Meester and Roy (1996). It will be convenient to assume the radii to be
integer-valued by setting ρ = ���. This is no restriction since E[�d+s] = ∞ if and only if
E[ρd+s] = ∞. Note that conditioned on �, the Poisson point process X� can be seen as a
superposition of independent Poisson point processes X�,j with intensities P(ρ = j)λ�(dx).
The number of direct neighbors Xi of the origin in Co coming from the process X�,j such
that |Xi | ≤ j/2 is denoted by N�

j = X�,j (Bj/2). Note that here, different from our guiding
example for this part of the proof, Meester and Roy (1996), Theorem 3.2, it will be very
useful to have the extra factor 1/2 in the radius. Further, let

M� = max
{
j ≥ 0 : N�

j > 0
}
,

and put M� = −1 in case N�
j = 0 for all j ≥ 0. Note that the event {M� = m} depends only

on the processes X�,j for j ≥ m, where we write X�,−1 = ∅. Hence,

E
[
X(Co)

s/d |�] =
∞∑

m=−1

E
[
X(Co)

s/d1
{
M� = m

}|�]

=
∞∑

m=−1

P
(
M� = m|�)

E
[
X(Co)

s/d |�,M� = m
]

≥
∞∑

m>ko

P
(
M� = m|�)

E
[
X(Co)

s/d |�,M� = m
]
,

where ko = min{i ≥ 1 : P(ρ = i) > 0}. Now, for the first term,

P
(
M� = m|�) = (

1 − P
(
N�

m = 0|�)) ∏
j>m

P
(
N�

j = 0|�)

= (
1 − exp

(−P(ρ = m)λ�(Bm/2)
))

exp
(
−λ

∑
j>m

P(ρ = j)�(Bj/2)

)

≥ P(ρ = m)λ�(Bm/2) exp
(
−λ

∑
j≥m

P(ρ = j)�(Bj/2)

)
,
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where we used that 1 − exp(−x) ≥ x exp(−x) for all x ≥ 0. For the second term, note that
under the event {M� = m} with m > ko, there exists at least one Cox point Xi with |Xi | ≤
m/2 and Bm(Xi) ⊂ Co. In particular, Bm/2 ⊂ Bm(Xi) and hence, for all Cox points Xj ∈
Bm/2 we have Xj ∈ Co. Thus, we can estimate using independence,

E
[
X(Co)

s/d |�,M� = m
] ≥ E

[
X�,ko(Bm/2)

s/d |�]
.

Next, we distinguish two cases.
Case s/d ≥ 1: In this case, x �→ xs/d is convex and hence, using Jensen’s inequality,

E
[
X�,ko(Bm/2)

s/d |�] ≥ (
P(ρ = ko)λ�(Bm/2)

)s/d
.

Then, putting everything together, we have that

E
[
X(Co)

s/d] ≥ λ1+s/dP(ρo = ko)
s/d

∑
m>ko

P(ρ = m)E

[
�(Bm/2)

1+s/d

× exp
(
−2λ

∑
j≥m

�(Bj/2)P(ρ = j)

)]
.

To finish this case, by ergodicity of �, there exists an N ∈ N such that the event{
1 − ε <

�(Bm/4)

|Bm/4| < 1 + ε, for all m > N

}
(4.4)

has probability at least 1/2, and hence, conditioned on this event and assuming that E[ρd ] <

∞,

E
[
X(Co)

s/d] ≥ 1

2

(
(1 − ε)λ

)1+s/d
P(ρo = ko)

s/d

× ∑
m≥N∨(ko+1)

P(ρ = m)|Bm/4|1+s/d

× exp
(
−2λ

∑
j≥m

|Bj/2|(1 + ε)P(ρ = j)

)
,

which is infinite by the assumptions. Finally, we consider the other case.
Case s/d < 1: In this case, note that for a Poisson random variable L with parameter μ,

we can estimate

E
[
Ls/d] = e−μ

∑
n≥0

ns/d μn

n! = μe−μ
∑
n≥1

ns/d−1 μn−1

(n − 1)! = μe−μ
∑
n≥0

(n + 1)s/d−1 μn

n! ,

where x �→ (x + 1)s/d−1 is convex. Hence, again via Jensen’s inequality,

E
[
Ls/d] ≥ μ(μ + 1)s/d−1 ≥ μ

μ + 1
μs/d.

We can now use this to estimate

E
[
X�,ko(Bm/2)

s/d |�] ≥ c�(Bm/2)

c�(Bm/2) + 1

(
c�(Bm/2)

)s/d
,

where we abbreviated c = P(ρ = ko)λ. Putting things together and using again ergodicity via
the event (4.4), we have

E
[
X(Co)

s/d] ≥ λcs/d
∑

m>ko

P(ρ = m)E

[
�(Bm/2)

1+s/d c�(Bm/2)

c�(Bm/2) + 1
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× exp
(
−2λ

∑
j≥m

�(Bj/2)P(ρ = j)

)]

≥ 1

2
λcs/d(1 − ε)1+s/d

∑
m≥N∨(ko+1)

P(ρ = m)|Bm/4|1+s/d c|Bm/2|(1 − ε)

c|Bm/2|(1 + ε) + 1

× exp
(
−2λ

∑
j≥m

|Bj/2|(1 + ε)P(ρ = j)

)
].

Now, assuming that ε < 1/3, there exists K ∈ N, such that c|Bm/2|(1 − ε)/(c|Bm/2|(1 + ε)+
1) > 1/2, for all m ≥ K . Hence, since E[ρd] < ∞, we finally have that,

E
[
X(Co)

s/d] ≥ 1

4
λcs/d(1 − ε)1+s/d

∑
m≥N∨K∨(ko+1)

P(ρ = m)|Bm/4|1+s/d

× exp
(
−2λ

∑
j≥m

|Bj/2|(1 + ε)P(ρ = j)

)
] = ∞.

This finishes the proof. �

4.3 Proofs of Lemma 9, Corollary 11, and Lemmas 18 and 19

Proof of Lemma 9. The proof relies on two applications of the Markov inequality. For Con-
dition (2.2), using the exponential Markov inequality for some constant β > 0, we have∫ ∞

0
αs−1P

(
�(Bα) ≥ cαd)

dα ≤
∫ ∞

0
αs−1 exp

(−βcαd)
E

[
exp

(
β�(Bα)

)]
dα. (4.5)

By Condition (2.2), there exists αc, β > 0 and c′ > 0 such that

E
[
exp

(
β�(Bα)

)] ≤ exp
(
c′αd)

,

for all α > αc. Hence, for c > c′/β , the integral (4.5) is finite.
For Condition (2.3), writing vd = |B1|, choosing c > vd and using the Markov inequality

with x �→ xβ , we have∫ ∞
0

αs−1P
(
�(Bα) ≥ cαd)

dα = (c − vd)β
∫ ∞

0
αs−1α−βdE

(∣∣�(Bα) − |Bα|∣∣β)
dα

By Condition (2.3), there exists αc > 0, β > 1 and c′ > 0 such that

αs−1−βdE
(∣∣�(Bα) − |Bα|∣∣β) ≤ c′α−1−ε

for all α > αc, which shows the desired integrability. �

Proof of Corollary 11. There exists a coupling such that the Boolean model C described
in the corollary is almost surely included in a Boolean model C′ based on a Poisson point
process with intensity λM dx with the same radius distribution �, where M = esssup(�o) is
the bounding constant. Hence, whenever the latter Boolean model satisfies λvp > 0, λdp > 0
or λnp > 0, then the same assertion holds for C. Similarly, for s > 0, if C′ satisfies λv(s) > 0,
λd(s) > 0 or λn(s) > 0, then the same holds for C. We conclude that E[�d ] < ∞ implies all
the assertions λvp > 0, λdp > 0 and λnp > 0 for C. Further, if for s > 0, E[�d+s] < ∞, then
λv(s/d) > 0, λd(s) > 0 and λn(s/d) > 0 hold for C.

Assume now that � is such that at least one of the assertions λvp > 0, λdp > 0 or λnp > 0
fails for C′. Then in fact all of these assertions fail and we have that E[�d ] = ∞. Hence, by
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Theorem 1 Part (1), we conclude that P(C = Rd) = 1, and hence λvp = λdp = λnp = 0 for C
as well, as required.

Finally, assume now that for some s > 0 we have λv(s/d) = 0 for C′. Then it follows
from Theorem 2 that E[�d+s] = ∞. But then, since � is ergodic, it follows from Theorem 8
that λv(s/d) = 0 holds also for C′. Using analogous arguments, we conclude that λd(s) =
λn(s/d) = 0 for C′ implies E[�d+s] = ∞ and thus also λv(s) = λn(s/d) = 0 for C. Therefore,
the corollary follows. �

Proof of Lemma 18. We verify Condition (2.3) from Lemma 9 for β = 2k. For convenience,
let us replace Bα by cubes Qα/2(x) of sidelength α > 0. Then, assuming α/b ∈ N,

E
[∣∣�(Qα/2) − αd

∣∣2k] = E

[∣∣∣∣
∑

z∈bZd∩Qα/2

Yb
z

∣∣∣∣
2k]

= ∑
z1,...,z2k∈bZd∩Qα/2

E
[
Yb

z1
· · ·Yb

z2k

]
,

where Yb
z = �(Qb/2(z)) − bd . Note that, as soon as one of the zi is isolated within

(z1, . . . , z2k), we have E[Yz1 · · ·Yz2k
] = 0. But, the number of possible configurations of the

(z1, . . . , z2k), such that none of the points is isolated is upper bounded by (α/b)dk(2k(2d +
1))k . Hence, using Hölder’s inequality,

∑
z1,...,z2k∈bZd∩Qα

E
[
Yb

z1
· · ·Yb

z2k

] ≤ (α/b)dk(2k(2d + 1)
)k
E

[(
Yb

o

)2k]
.

Finally, under our assumptions, we have that E[(Y b
o )2k] < ∞ and k > 1+ (1+ s)/d , and thus

lim supα↑∞ αs−d(2k−1)+ε+dk = 0 for some ε > 0. Hence, Condition (2.3) is satisfied. �

Proof of Lemma 19. First, we can use the Chebyshev inequality
∫ ∞

0
αs−1P

(
�(Bα) ≥ cα2)

dα ≤ c1 +
∫ ∞

1
αs−5E

[
�(Bα)2]

dα.

Next, we introduce the stabilization radii as in the proof of Jahnel and Tóbiás (2020a), Propo-
sition 2.3. We define

R = min
{
r ∈N : r ≥ 2α and ∀z ∈ Zd with ‖z‖∞ = 2,Qr(rz) ∩ Y 
= ∅

}
, (4.6)

the finest discretization of Rd into boxes such that every box in the 2-annulus contains Pois-
son points in Y . Note that R is almost surely finite. Then, for k ∈ N such that k > �2α�,

P(R ≥ k) ≤ P
(∃z ∈ Z2 with ‖z‖∞ = 2 such that Qk−1

(
(k − 1)z

) ∩ Y = ∅
)

≤ 16 exp
(−λ(k − 1)2)

.

Note that once k > �2α�, the right-hand side does not depend on α. Now, the crucial observa-
tion is that, on the event that R = k, Delaunay edges intersecting Bα must have both endpoints
within the ball B2k , for details see the proof of Jahnel and Tóbiás (2020a), Proposition 2.3.
Hence, we can use Hölder’s inequality to estimate

E
[
�(Bα)2] ≤ (2α)2

∑
k≥2α

E
[
(Y (Q6k)

21{R = k}]

≤ (2α)2
∑

k≥2α

E
[
Y(Q6k)

4]1/2
P(R = k)1/2

≤ c3α
2

∑
k≥2α

(
36k2λ

)2 exp
(−λ(k − 1)2/2

)
,
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for some constant c3 > 0, coming from lower-order terms in the evaluation of the moments
of the Poisson random variable Y(B6k). Hence, there exists a finite constant c4 > 0 such that

∫ ∞
1

αs−5E
[
�(Bα)2]

dα ≤ c4
∑
k≥1

ks+2 exp
(−λ(k − 1)2/2

)
,

which is finite for any s > 0. This finishes the proof. �

5 Open questions

Certainly, in the context of Theorem 8, the main question is when the critical intensities λvp,
λdp, λnp, λv, λd and λn are positive and when they are finite for Boolean models based on
arbitrary stationary Cox point processes. However, as Section 3 also shows, the vast majority
of relevant examples of the directing measure � are in fact ergodic. Hence, it would already
be very satisfying to answer this ultimate question restricted to ergodic intensity measures.
We have also seen in Section 3.1.3 that the Boolean model based on Cox point processes
with non-ergodic directing measures can exhibit rather pathological behavior, and hence a
full characterization in the ergodic case may be easier than in the general stationary case, but
we believe that it is still difficult.

Given Theorem 8, we find the following partial questions particularly interesting. Does
there exist an ergodic directing measure where for the associated Cox–Boolean model λvp,
λdp or λnp are equal to zero without complete coverage? And can the non-existence of mo-
ments described in Part (4) of Theorem 8 occur for an ergodic directing measure � without
assuming E[�d+s] = ∞? In this context, from our perspective, the two most prominent ex-
amples of ergodic directing measures that are not φ-stabilizing are the Manhattan grid and the
Poisson line tessellation mentioned in Example 15, which play important roles in the statis-
tical analysis of real-world street systems, see, for example, Hinsen et al. (2019). As already
mentioned, no assertions about λvp, λdp, λnp being positive or finite are known. As for λv, λd,
λn, Part (4) of Theorem 8 applies and yields a behavior analogous to the Poisson case, but in
the case of less heavy-tailed radii nothing is known about these critical intensities either.

Let us also mention that the question of equivalence of the different critical intensities
(cf. Meester and Roy (1996), Theorems 3.4, 3.5, and Proposition 3.2, in the Poisson case)
is completely untouched in this manuscript, although certain inequalities between them are
quite easy to see.

Finally, let us emphasize that there is a change of perspective in the present paper regard-
ing essential r-connectedness, compared to the earlier works Hirsch, Jahnel and Cali (2019),
Tóbiás (2020). Indeed, in those papers, instead of essential r-connectedness, asymptotic es-
sential connectedness was considered, which more or less means essential r-connectedness
together with φ-stabilization (see Hirsch, Jahnel and Cali (2019), Definition 2.5, for a pre-
cise definition). Our observation in the present paper is that if we remove the φ-stabilization
assumption from this definition and slightly modify the connectivity assumption, then the
Manhattan grid also satisfies the obtained new definition, which is sufficient for the unique-
ness of the infinite cluster for this intensity measure (cf. Theorem 6). As already mentioned,
we also expect that the Poisson line tessellation is essentially r-connected as well. We believe
that in general, connectivity plays a decisive role in the percolation phase transitions also for
intensity measures that are not φ-stabilizing. Of course, it is also a prominent open question
whether uniqueness of the infinite cluster always holds for the Boolean model of a Cox point
process with not necessarily essentially r-connected intensity.
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