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 A B S T R A C T

The eigenvalue distribution of a binary tree-structured multi-degree-of-freedom linear oscillator 
is examined. The block masses and spring stiffnesses in the model are a power-law function of 
the tree level. A recursive formula is proven for the characteristic polynomial of the undamped 
system. For the power-law quotient 𝜎 = 1∕2 the resulting characteristic equation is solved 
analytically and the eigenvalue distribution is derived as the function of the tree level up to 
the limit of the infinite tree. The importance of the eigenvalue distribution is demonstrated 
with examples of the dynamical behavior, when the system is subjected to small mistuning 
of its block masses. The mistuning perturbs the block masses by drawing a random value 
from a uniform distribution centered around the base value of each block mass. The width 
of the uniform distribution for each block mass is given by the product of the base value of the 
mass and the mistuning parameter 𝑟. The displacement solutions of the governing differential 
equation with two sets of initial conditions are compared for different values of the mistuning 
parameter 𝑟. Even though the mistuning has only a small effect on the eigenfrequencies of the 
system, it is concluded that the small perturbation of the block masses can cause a significant 
shift in the apparent frequency of the vibration.

. Introduction

The dynamics of vibrational systems and the associated energy transfer mechanisms are a fundamental subject of engineering 
esearch. State-of-the-art engineering systems are complex, and their study requires a certain degree of simplification. Engineering 
pproximations and physical modeling are applied to derive mechanical models that can be studied with the tools of classical 
echanics. This modeling approach often leads to a multi degree-of-freedom (MDoF) mechanical system. Linear MDoF systems are 
haracterized by their eigenfrequencies and mode shapes, their response to combined excitations is governed by the superposition 
rinciple [1]. Consequently, the response of linear vibrational systems scales with the input energy magnitude, but the qualitative 
ehavior remains unchanged. Energy transfer and the distribution of vibrational energy in linear systems are directly related to the 
ode shapes [2]. This predictability of linear systems can be exploited by using tuned mass dampers (TMD) designed to reduce 
ibrations within a narrow frequency range. TMDs are effective independently of the magnitude of the vibration amplitude, but 
heir effectiveness is limited to their intended operating frequency [3,4].
In general, real life systems feature nonlinearity. While new challenges arise with the introduction of nonlinearity, it also offers 

ew approaches to channel vibrational energy. The superposition principle does not apply for nonlinear systems. Hence, they are 
ensitive to the input energy, their qualitative behavior changes for increasing vibration amplitude [5]. On the other hand, nonlinear 
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Fig. 1.1. The mechanistic turbulence model with 𝑛 = 3 levels.

dissipative elements – often referred to as nonlinear energy sinks (NESs) – offer efficient, irreversible energy transfer and high 
dissipation for a broad range of vibration frequencies as opposed to TMDs. The efficacy of NESs depends on the input energy, 
i.e., the magnitude of the vibration amplitude. Some types of NESs require a threshold input energy to activate and their effectiveness 
peaks in a broad, but limited input energy range [6]. Researchers proposed a variety of NES designs to improve their effectiveness, 
e.g., bistable NES [7–9] and vibro-impact NES [10–12].

The real life prevalence of nonlinearity in engineering systems seemingly makes linear modeling obsolete. However, infinite DoF 
linear systems can also exhibit complex behavior [13]. Moreover, finite-dimensional nonlinear systems can be embedded in infinite-
dimensional linear systems via the Carleman linearization technique [14]. Studying high DoF or infinite DoF linear systems can lead 
to intriguing findings. A typical example is self-similar systems in which parts of the system resemble the whole system. Self-similarity 
can be exploited to derive the eigenvalue distribution of a self-similar linear system, even in the limit of infinite DoF [15]. Nature 
often follows such self-similar patterns [16], understanding their advantageous properties might inspire innovations and scientific 
breakthroughs.

In this study a MDoF binary tree-structured linear mechanical oscillator shown in Fig.  1.1, dubbed “mechanistic turbulence 
model”, is studied. The structure of this model is shown in the figure, the masses of blocks are connected by linear springs and also 
by linear dampers between the blocks of the last two levels.

Our motivation of studying this particular structure stems from our interest in the turbulent energy cascade that is sustained 
by the production of large vortices that eventually break up into gradually smaller vortices until viscous dissipation prevails at the 
smallest scales of eddies [17–19]. In the mechanistic turbulence model the blocks have decreasing masses as the bottom of the tree 
is approached, thus, different scales of masses make up the model. The energy of the model is dissipated by the dampers that are 
connected to the blocks with the smallest masses.

Kalmár-Nagy and Bak [2] studied the energy distribution among the levels/scales of the mechanistic turbulence model, a formula 
was derived analytically for the steadily decaying phase of the vibration, when the initial transients have already died out. They 
showed that for certain parametrizations the mechanistic turbulence model exhibits a mean energy distribution over the mass scales 
that is qualitatively similar to the Kolmogorov spectrum of 3D homogeneous isotropic turbulence [18,19]. As the eigenvalues of the 
system determine its dynamics, the eigenvalue distribution of the mechanistic turbulence model was also examined. The distribution 
of the eiqenfrequencies resembled a Devil’s staircase function. The characteristic equation of the undamped model for a set of system 
parameters was provided as a claim. Zanette [20] also studied energy exchange between coupled linear oscillators.

Vakakis et al. [5] discusses that the introduction of strong, essential nonlinearities gives rise to targeted energy transfer in 
MDoF vibrational systems. They show various examples for systems that consist of a primary MDoF linear oscillator to which one or 
multiple nonlinear attachments, NESs are connected. These NESs realize irreversible, efficient energy transfer from the primary linear 
system towards the nonlinear attachments. Nonlinear systems that involve multiple scales (for instance, the mechanistic turbulence 
model) can exhibit an energy cascade, i.e., a primarily one-way transfer of energy from the larger scales towards the smaller ones. 
This is referred to as “mechanical turbulence” [21–23].

In another study, Bak et al. [24] added essential nonlinearity to the mechanistic turbulence model to initiate efficient, irreversible 
energy transfer for different types of external excitations. The dynamics of such nonlinear oscillators are dominated by the nonlinear 
2 
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normal modes that are commonly visualized with the frequency energy plot. Finding these nonlinear normal modes and the 
construction of the frequency energy plot require the calculation of the eigenvalues of the two underlying linear systems. The 
nonlinear connections are either completely omitted or replaced with rigid connections to derive these underlying linear systems. 
This led us back to further study the purely linear mechanistic turbulence model, particularly focusing on the eigenvalue distribution 
of the model.

Eigenvalue distribution of various structures is also frequently studied with self-similar matrices and graphs cropping up in 
diverse areas. Xiuqing and Youyan [25] and Fu et al. [26] studied one-dimensional Fibonacci-class quasilattices and showed that 
for these types of lattices the energy spectrum exhibits a staircase behavior. He et al. [27] studied a family of tree graphs whose 
adjacency matrix also approaches a piecewise constant Cantor function as the tree grows. Kalmár-Nagy et al. [15] considered the 
adjacency matrix associated with a graph that describes transitions between the states of the discrete Preisach memory model. 
The characteristic polynomial of the adjacency matrix was shown to be the product of Chebyshev polynomials. The eigenvalue 
distribution was explicitly calculated and was shown to approach a scaled Devil’s staircase. Loong et al. [28] analyzed mechanical 
oscillators that have fractal monopodial tree structure. They provided analytical formulas for the eigenfrequencies and mode shapes 
of the self-similar structure. While this study did not particularly focus on the eigenfrequency distribution of the system, the high 
geometric multiplicity of some vibration modes suggest that the eigenvalue distribution might form a Cantor function in the limiting 
case of an infinite tree. The authors also highlighted the practicality of the particular structure as it efficiently reduces the vibration 
amplitude of the main trunk.

Kostadinov [29] expressed the free energy of a one-dimensional Ising model with random couplings in terms of the maximal 
eigenvalue of a self-similar matrix. He also related the calculation for the spectra of molecular type of systems in the tight 
binding approximation to the eigenvalues and eigenvectors of self-similar Hermitian matrices. Stosic et al. [30] found the analytical 
expression for the residual entropy of the two-dimensional Ising model with nearest-neighbor antiferromagnetic coupling in terms 
of the fractal Fibonacci matrix. Katsanos and Evangelou [31] studied the level-spacing distribution of a fractal Fibonacci matrix 
to address questions related to Anderson localization and quantum chaos. Hsu et al. introduced Fibonacci cubes as a new class of 
self-similar graphs [32]. Ferrand [33] considered a self-similar matrix related to the Thue–Morse sequence.

The goal of this paper is to describe and formally prove some of these properties in the case of the mechanistic turbulence model 
(for example, we show that the mechanistic turbulence model of Fig.  1.1 has a self-similar eigenvalue distribution in the limit of 
infinite DoFs), offering an example of analytical treatment of a self-similar graph to the wider scientific community. We provide the 
characteristic polynomial of the undamped mechanistic turbulence model with proof for a more general set of system parameters 
than those reported in [2]. For a specific choice of the parameter 𝜎 introduced by Eq. (2.5) an analytical formula is also derived 
for the eigenfrequencies of the system. This closed form analytical formula allows us to prove that the eigenvalue distribution of 
the system is a scaled Devil’s staircase function. The significance of the eigenvalue distribution on the dynamical behavior of the 
system is demonstrated through a set of examples, in which small perturbations are applied to the block masses of the mechanistic 
turbulence model.

This paper is structured as follows. In Section 2 the mechanistic turbulence model is introduced. In Section 3 analytical results 
regarding the eigenvalue distribution of the mechanistic turbulence model are derived. A formula for the characteristic polynomial 
of the undamped system is given. Then, a closed form analytical expression is provided for the undamped system, when 𝜎 = 1∕2. It is 
proven that the eigenvalue distribution of the undamped system follows a Devil’s staircase function, in particular, the corresponding 
Devil’s staircase function is formulated for both finite and infinite DoF systems. In Section 3.4 another formula is provided for the 
characteristic equation of the grounded variant of the undamped system that was first proposed without a proof by Kalmár-Nagy 
and Bak [2]. In Section 4 mistuning of the model parameters is introduced, in particular, a perturbation to the masses of the blocks 
is applied. Preliminary numerical results of the eigenvalue distribution of the unperturbed and perturbed systems are presented. In 
Section 5 the effect of the mistuning on the dynamics of the system is discussed. Finally, conclusions are drawn in Section 6.

2. Model description

2.1. The mechanistic turbulence model

The mechanistic turbulence model depicted in Fig.  1.1 is an 𝑛-level binary tree-structured linear mechanical oscillator that is 
described by the set of differential equations 

𝑚𝑖𝑥̈𝑖 = −𝑘𝑖𝑥𝑖 + 𝑘2𝑖(𝑥2𝑖 − 𝑥𝑖) + 𝑘2𝑖+1(𝑥2𝑖+1 − 𝑥𝑖), 𝑖 ∈ (1),

𝑚𝑖𝑥̈𝑖 = 𝑘𝑖(𝑥⌊𝑖∕2⌋ − 𝑥𝑖) + 𝑘2𝑖(𝑥2𝑖 − 𝑥𝑖) + 𝑘2𝑖+1(𝑥2𝑖+1 − 𝑥𝑖), 𝑖 ∈ (𝑙), 𝑙 = 2,… , 𝑛 − 2,

𝑚𝑖𝑥̈𝑖 = 𝑘𝑖(𝑥⌊𝑖∕2⌋ − 𝑥𝑖) + 𝑘2𝑖(𝑥2𝑖 − 𝑥𝑖) + 𝑘2𝑖+1(𝑥2𝑖+1 − 𝑥𝑖) + 𝑐2𝑖(𝑥̇2𝑖 − 𝑥̇𝑖)

+ 𝑐2𝑖+1(𝑥̇2𝑖+1 − 𝑥̇𝑖), 𝑖 ∈ (𝑛 − 1),

𝑚𝑖𝑥̈𝑖 = 𝑘𝑖(𝑥⌊𝑖∕2⌋ − 𝑥𝑖) + 𝑐𝑖(𝑥̇⌊𝑖∕2⌋ − 𝑥̇𝑖) 𝑖 ∈ (𝑛),

(2.1)

where 𝑚𝑖 are the masses of the blocks, 𝑘𝑖 are the stiffnesses of the springs, 𝑐𝑖 are the damping coefficients of the dampers, 𝑥𝑖 ≡ 𝑥𝑖(𝑡)
are the displacements of the blocks, and 𝑡 is the time. The set of indices (𝑙) = {

2𝑙−1,… , 2𝑙 − 1
} covers the indices of all elements 

on level 𝑙.
In this model, the blocks of masses are connected by linear springs. Linear dampers are only introduced between the blocks of 

the last two levels as Fig.  1.1 shows.
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Fig. 2.1. The structure of the damping and the stiffness matrices for 𝑛 = 6 levels, the black squares show the nonzero elements.

The system of differential equations (2.1) can be formulated in matrix form as 
𝐌𝐱̈(𝑡) + 𝐂𝐱̇(𝑡) +𝐊𝐱(𝑡) = 𝟎, (2.2)

where 𝐌, 𝐂, and 𝐊 are the mass, damping, and stiffness matrices, respectively. Let 𝑁 = 2𝑛 −1 be the number of degrees of freedom 
in the system. Then, the diagonal mass matrix 𝐌 has the form 

𝐌 = diag(𝑚1,… , 𝑚𝑁 ). (2.3)

Examples of matrices 𝐂 and 𝐊 for 𝑛 = 3 levels are given in Eq. (2.4), and their structure is shown in Fig.  2.1 for 𝑛 = 6 levels. The 
damping matrix 𝐂 has a zero submatrix in its top left corner for 𝑛 ≥ 3, because dampers are placed exclusively between the blocks 
of the last two levels. 

𝐂 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0 0 0 0 0 0
0 𝑐4 + 𝑐5 0 −𝑐4 −𝑐5 0 0
0 0 𝑐6 + 𝑐7 0 0 −𝑐6 −𝑐7
0 −𝑐4 0 𝑐4 0 0 0
0 −𝑐5 0 0 𝑐5 0 0
0 0 −𝑐6 0 0 𝑐6 0
0 0 −𝑐7 0 0 0 𝑐7

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

𝐊 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑘1 + 𝑘2 + 𝑘3 −𝑘2 −𝑘3 0 0 0 0
−𝑘2 𝑘2 + 𝑘4 + 𝑘5 0 −𝑘4 −𝑘5 0 0
−𝑘3 0 𝑘3 + 𝑘6 + 𝑘7 0 0 −𝑘6 −𝑘7
0 −𝑘4 0 𝑘4 0 0 0
0 −𝑘5 0 0 𝑘5 0 0
0 0 −𝑘6 0 0 𝑘6 0
0 0 −𝑘7 0 0 0 𝑘7

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(2.4)

2.2. Model parameters

The block masses 𝑚𝑖 and the spring stiffnesses 𝑘𝑖 of the model are considered to follow a simple power-law, where the parameters 
on a given level 𝑙 are the same. In other words, each level is described by a mass scale 𝑀𝑙 and a stiffness scale 𝐾𝑙 as 

𝑚𝑖 = 𝑀𝑙 = 𝜎1−𝑙 , 𝑖 ∈ (𝑙), 𝑙 = 1,… , 𝑛,

𝑘𝑖 = 𝐾𝑙 = 𝜎1−𝑙 , 𝑖 ∈ (𝑙), 𝑙 = 1,… , 𝑛,
(2.5)

where parameter 𝜎 ≥ 0 is the base of the power-law distribution. This equation prescribes the mass of the first (top), largest block 
to be 𝑀1 = 1, and the stiffness of the spring connecting it to the motionless wall to be 𝐾1 = 1.

Each damper in the last level has the same damping coefficient, i.e., 
𝑐𝑖 = 𝐶𝑛 ≥ 0, 𝑖 ∈ (𝑛). (2.6)

3. Eigenvalues and eigenvalue distribution of the mechanistic turbulence model

For the undamped system (𝐶𝑛 = 0) all eigenvalues of system (2.1) are purely imaginary. The top left plot in Fig.  3.1 shows the 
imaginary parts of the eigenvalues for 𝑛 = 6 levels and 𝜎 = 1∕2. We call this ordered set of the imaginary parts of the eigenvalues 
4 
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Fig. 3.1. Eigenvalue distribution of the undamped system (top left), 𝐶𝑛 = 0.001 (top right), 𝐶𝑛 = 0.01 (bottom left), and 𝐶𝑛 = 0.125 (bottom right). The system 
has 𝑛 = 6 levels and 𝜎 = 1∕2.

the eigenvalue distribution. This eigenvalue distribution resembles the Devil’s staircase, a notion that will be made precise and proven 
in Section 3.3. The eigenvalue distributions for positive values of the damping 𝐶6 = 0.001,… , 0.125 are also shown in Fig.  3.1.

Kalmár-Nagy and Bak [2] provided – without proof – an analytic formula for the characteristic polynomial of the grounded 
mechanistic turbulence model (additional 𝑛 + 1th level springs grounded the blocks in the 𝑛th level) with a set of parameters 
obeying the scaling relation (2.5). Their formula contained Chebyshev polynomials of the second kind. The appearance of Chebyshev 
polynomials in the characteristic function is not surprising, since characteristic functions of tridiagonal and other structured matrices 
frequently involve Chebyshev polynomials.

Let us denote by 𝑈𝑙(𝜆) the Chebyshev polynomial of the second kind of degree 𝑙 [34]. For example, they can be defined by the 
recursive relations 

𝑈0(𝜆) = 1; 𝑈1(𝜆) = 2𝜆; 𝑈𝑙+1(𝜆) = 2𝜆𝑈𝑙(𝜆) − 𝑈𝑙−1(𝜆), (3.1)

or by the explicit formula 

𝑈𝑙(cos(𝑦)) =
sin((𝑙 + 1)𝑦)

sin 𝑦
. (3.2)

3.1. Characteristic polynomial of the mechanistic turbulence model

The equation of motion of the undamped (𝐶𝑛 = 0) system (2.1) with parameters specified by the power law in Eq. (2.5) reduces 
to 

𝑀𝑙𝑥̈𝑖 = 𝜎𝐾𝑙𝑥2𝑖 + 𝜎𝐾𝑙𝑥2𝑖+1 − (1 + 2𝜎)𝐾𝑙𝑥𝑖, 𝑖 ∈ (𝑙), 𝑙 = 1,

𝑀𝑙𝑥̈𝑖 = 𝐾𝑙𝑥⌊𝑖∕2⌋ + 𝜎𝐾𝑙𝑥2𝑖 + 𝜎𝐾𝑙𝑥2𝑖+1 − (1 + 2𝜎)𝐾𝑙𝑥𝑖, 𝑖 ∈ (𝑙), 𝑙 = 2,… , 𝑛 − 1,

𝑀𝑙𝑥̈𝑖 = 𝐾𝑙𝑥⌊𝑖∕2⌋ −𝐾𝑙𝑥𝑖, 𝑖 ∈ (𝑙), 𝑙 = 𝑛,

(3.3)

with 𝑀1 = 1, 𝐾1 = 1.
Let 𝐌𝑛 and 𝐊𝑛 be the mass and stiffness matrices described by Eq. (3.3) of the mechanistic turbulence model depicted in Fig. 

A.1, where the subscript 𝑛 stands for the number of tree levels.
Let 𝐀𝑛(𝜆) be 

𝐀𝑛(𝜆) = 𝜆2𝐌𝑛 +𝐊𝑛, (3.4)

then the characteristic equation of system (3.3) is 
det

(

𝐀 (𝜆)
)

= 0. (3.5)
𝑛

5 
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Theorem 1.  The characteristic polynomial of the system described by Eq. (3.3) has the form 
det(𝐀𝑛(𝜆)) = 𝜎2+(𝑛−2)2

𝑛
𝑃𝑛(𝜆),

𝑃𝑛(𝜆) =
𝑄𝑛(𝜆)
𝑄𝑛−1(𝜆)

𝑃 2
𝑛−1(𝜆),

(3.6)

where 
𝑃0(𝜆) = 𝑄0(𝜆) = 1,

𝑄𝑛(𝜆) = 𝑞𝑛𝑈𝑛

(

𝜆2 + 𝑎
𝑏

)

− 2𝜎𝐾1𝑞
𝑛−1𝑈𝑛−1

(

𝜆2 + 𝑎
𝑏

)

,

𝑎 =
𝐾1
𝑀1

(1 + 2𝜎), 𝑏 =
2𝐾1
𝑀1

√

2𝜎, 𝑞 = 𝐾1

√

2𝜎,

(3.7)

and 𝑈𝑛 are Chebyshev polynomials of the second kind.
The proof of this theorem is provided in Appendix  A. We immediately have the following

Corollary 1.  The polynomial 𝑃𝑛(𝜆) in Eq. ((3.6) ) can be written as 

𝑃𝑛(𝜆) = 𝑄𝑛(𝜆)
𝑛−1
∏

𝑙=0
𝑃𝑙(𝜆), 𝑛 ≥ 1. (3.8)

Proof.  We see that 𝑃1(𝜆) = 𝑄1(𝜆) = 𝑀1𝜆2 +𝐾1, thus Eq. (3.8) holds for 𝑃1(𝜆). Next we assume that it holds up to 𝑛− 1, 𝑛 ≥ 2, then 
for 𝑛 we have 

𝑃𝑛(𝜆) =
𝑄𝑛(𝜆)
𝑄𝑛−1(𝜆)

𝑃 2
𝑛−1(𝜆) =

𝑄𝑛(𝜆)
𝑄𝑛−1(𝜆)

𝑃𝑛−1(𝜆) ⋅𝑄𝑛−1(𝜆)
𝑛−2
∏

𝑙=0
𝑃𝑙(𝜆) = 𝑄𝑛(𝜆)

𝑛−1
∏

𝑙=0
𝑃𝑙(𝜆). □ (3.9)

Consequently we obtain

Corollary 2.  The polynomial 𝑃𝑛(𝜆) in Eq. ((3.6) ) can be written as 

𝑃𝑛(𝜆) = 𝑄𝑛(𝜆)
𝑛−1
∏

𝑙=0
𝑄2𝑙

𝑛−1−𝑙(𝜆), 𝑛 ≥ 1. (3.10)

Proof.  Eq. (3.10) clearly holds for 𝑃1(𝜆). Assuming it holds up to some 𝑛 − 1, 𝑛 ≥ 2, for 𝑛 we have 

𝑃𝑛(𝜆) =
𝑄𝑛(𝜆)
𝑄𝑛−1(𝜆)

𝑃 2
𝑛−1(𝜆) =

𝑄𝑛(𝜆)
𝑄𝑛−1(𝜆)

𝑄2
𝑛−1(𝜆)

𝑛−2
∏

𝑙=0
𝑄2𝑙+1

𝑛−2−𝑙(𝜆)

= 𝑄𝑛(𝜆)𝑄𝑛−1(𝜆)
𝑛−1
∏

𝑙=1
𝑄2𝑙

𝑛−1−𝑙(𝜆) = 𝑄𝑛(𝜆)
𝑛−1
∏

𝑙=0
𝑄2𝑙

𝑛−1−𝑙(𝜆).

□ (3.11)

Based on Corollary  2., the first few characteristic polynomials 𝑃𝑛(𝜆) are 
𝑃1(𝜆) = 𝑄1(𝜆),

𝑃2(𝜆) = 𝑄1(𝜆)𝑄2(𝜆),

𝑃3(𝜆) = 𝑄2
1(𝜆)𝑄2(𝜆)𝑄3(𝜆),

𝑃4(𝜆) = 𝑄4
1(𝜆)𝑄

2
2(𝜆)𝑄3(𝜆)𝑄4(𝜆),

𝑃5(𝜆) = 𝑄8
1(𝜆)𝑄

4
2(𝜆)𝑄

2
3(𝜆)𝑄4(𝜆)𝑄5(𝜆),

𝑃6(𝜆) = 𝑄16
1 (𝜆)𝑄8

2(𝜆)𝑄
4
3(𝜆)𝑄

2
4(𝜆)𝑄5(𝜆)𝑄6(𝜆).

(3.12)

The characteristic polynomials written out in Eq. (3.12) show that system (3.3) has a large number of repeated eigenvalues, 
which explains the plateaus in the eigenvalue distributions shown in Fig.  3.1.

3.2. Analytical calculation of the eigenvalues

Using Eq. (3.10) it is possible to provide an analytical formula to calculate the eigenvalues of the system given by Eq. (3.3) 
for certain special cases. Since Eq. (3.10) shows that the characteristic polynomial 𝑃𝑛(𝜆) is a product of the 𝑄𝑙(𝜆) (𝑙 = 1,… , 𝑛) 
generalized Chebyshev polynomials, it is enough to find an analytical solution for the problem 

𝑄𝑙(𝜆) = 0. (3.13)

Written out, this is equivalent to 

𝑄𝑙(𝜆) = 𝑞𝑙𝑈𝑙

(

𝜆2 + 𝑎
)

− 2𝜎𝐾1𝑞
𝑙−1𝑈𝑙−1

(

𝜆2 + 𝑎
)

= 0. (3.14)

𝑏 𝑏

6 
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Fig. 3.2. An example of the angles 𝜃𝑙,𝑗 defining the 𝜆𝑙,𝑗 roots of 𝑄𝑙(𝜆) of the undamped mechanistic turbulence model on the unit circle for 𝑙 = 10, 𝜎 = 1∕2.

Dividing (3.14) by 𝑞𝑙 and remembering that 𝑞 = 𝐾1
√

2𝜎 (see Eq. (3.6)), we get 

𝑈𝑙

(

𝜆2 + 𝑎
𝑏

)

−
2𝜎𝐾1
𝑞

𝑈𝑙−1

(

𝜆2 + 𝑎
𝑏

)

= 𝑈𝑙

(

𝜆2 + 𝑎
𝑏

)

− 2𝜎
√

2𝜎
𝑈𝑙−1

(

𝜆2 + 𝑎
𝑏

)

= 𝑈𝑙

(

𝜆2 + 𝑎
𝑏

)

−
√

2𝜎𝑈𝑙−1

(

𝜆2 + 𝑎
𝑏

)

= 0.
(3.15)

Let us introduce 

cos 𝑦 = 𝜆2 + 𝑎
𝑏

. (3.16)

By substituting 𝑈𝑙(cos(𝑦)) from Eq. (3.2) and cos 𝑦 from Eq. (3.16) into (3.15) (provided sin 𝑦 ≠ 0, i.e., 𝑦 ≠ 𝜋𝑗, 𝑗 ∈ Z) we get 

sin((𝑙 + 1)𝑦) −
√

2𝜎 sin(𝑙𝑦) = (1 +
√

2𝜎) sin
( 𝑦
2

)

cos
((

𝑙 + 1
2

)

𝑦
)

+ (1 −
√

2𝜎) cos
( 𝑦
2

)

sin
((

𝑙 + 1
2

)

𝑦
)

= 0.
(3.17)

For the special case 𝜎 = 1∕2 Eq. (3.17) reduces to 

sin
( 𝑦
2

)

cos
((

𝑙 + 1
2

)

𝑦
)

= 0, (3.18)

whose solutions are 

𝑦 =

{

2𝜋𝑗, 𝑗 ∈ Z,
2𝑗+1
2𝑙+1 𝜋, 𝑗 ∈ Z.

(3.19)

With the constraint 𝑦 ≠ 𝜋𝑗, 𝑗 ∈ Z that is required by the substitution of 𝑈𝑙(cos(𝑦)) performed in Eq. (3.17), the eigenvalues are 

𝜆𝑙,𝑗 = ±
√

𝑏 cos(𝑦) − 𝑎 = ±

√

𝑏 cos
(

2𝑗 + 1
2𝑙 + 1

𝜋
)

− 𝑎, 𝑗 = 0,… , 𝑙 − 1. (3.20)

Note that 𝑎, 𝑏 > 0 and 

𝑎 − 𝑏 =
𝐾1
𝑀1

(

1 −
√

2𝜎
)2

≥ 0, (3.21)

thus the eigenvalues only have imaginary parts and can be written as 

𝜆𝑙,𝑗 = ±𝚤

√

𝑎 − 𝑏 cos
(

2𝑗 + 1
2𝑙 + 1

𝜋
)

= ±𝚤
√

𝑎 − 𝑏 cos(𝜃𝑙,𝑗 ), 𝑗 = 0,… , 𝑙 − 1. (3.22)

Fig.  3.2 shows the angles 𝜃𝑙,𝑗 defining the eigenvalues of the mechanistic turbulence model on the unit circle.

3.3. Eigenvalue distribution

Spectral properties of structured matrices have been extensively studied. The book by Böttcher and Grudsky [35] focuses on 
banded Toeplitz matrices. Spectral graph theory (see, for example, [36]) relates the eigenvalues of the adjacency matrix to other 
properties of the graph. In the following derivations we assume that the scaling parameter of Eq. (2.5) is 𝜎 = 1∕2. Then, we can 
exploit the findings of Section 3.2 to demonstrate that the eigenvalue distribution follows a Devil’s staircase function. We also derive 
the Devil’s staircase function in the limit of 𝑛 → ∞.
7 
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Fig. 3.3. Eigenvalue distribution function for the undamped mechanistic turbulence model for different number of levels 𝑛, 𝜎 = 1∕2.

Fig. 3.4. Transformation between the distribution function 𝐹𝑛(𝑧) and ℎ𝑛(𝑧) (left), and the limit distribution function 𝐹 (𝑧) (right).

Based on Eq. (3.22) for any 𝑙 ∈ {1,… , 𝑛} the solutions of 𝑄𝑙(𝜆) = 0 have the form 

𝜆𝑙,𝑗 = ±𝚤

√

𝑎 − 𝑏 cos
(

2𝑗 + 1
2𝑙 + 1

𝜋
)

, 𝑗 = 0,… , 𝑙 − 1. (3.23)

According to Eq. (3.6) we have 𝑎 = 𝑏 = 2𝐾1∕𝑀1.
Let 𝐹𝑛(𝑧) be the distribution function of positive eigenfrequencies as 

𝐹𝑛(𝑧) =
#
{

𝜆 ∶ det(𝜆2𝐌𝑛 +𝐊𝑛) = 0, 0 < Im(𝜆) ≤ 𝑧
}

2𝑛
, (3.24)

where # denotes the number of elements in a set. The 𝐹𝑛(𝑧) function is shown in Fig.  3.3 for a few particular values of 𝑛. Furthermore, 
let ℎ𝑛(𝑧) be 

ℎ𝑛(𝑧) =
#
{

𝜆 ∶ det(𝜆2𝐌𝑛+𝐊𝑛)
𝑄𝑛(𝜆)

= 0, 0 < Im(𝜆) ≤
√

𝑎 − 𝑏 cos(𝑧𝜋)
}

2𝑛
. (3.25)

Theorem 2.  For any 𝑛 ≥ 2, 𝑧 ∈ [0,
√

𝑎 + 𝑏] pair, the function ℎ𝑛(𝑧) defined by Eq. (3.25), and the distribution function 𝐹𝑛(𝑧) given by 
Eq. (3.24) corresponding to the characteristic polynomial 𝑃𝑛(𝜆) = det(𝜆2𝐌𝑛 +𝐊𝑛) of system (3.3) with 𝜎 = 1∕2 satisfy the relationship 

ℎ𝑛

(

1
𝜋
arccos

(

𝑎 − 𝑧2

𝑏

))

≤ 𝐹𝑛(𝑧) ≤ ℎ𝑛

(

1
𝜋
arccos

(

𝑎 − 𝑧2

𝑏

))

+ 𝑛
2𝑛

. (3.26)

The proof of this theorem is provided in Appendix  B.
We define the distribution function in the limit 𝑛 → ∞ as 

𝐹 (𝑧) = lim
𝑛→∞

𝐹𝑛(𝑧). (3.27)

Fig.  3.4 shows the transformation connecting 𝐹 (𝑧) and ℎ (𝑧) as described by Theorem  2, and the behavior of 𝐹 (𝑧).
𝑛 𝑛
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Fig. 3.5. The Devil’s staircase function ℎ(𝑧).

Kalmár-Nagy et al. [15] showed that the distribution function of the eigenvalue distribution of a similarly structured system in 
the limit 𝑛 → ∞ is closely related to the Devil’s staircase function 

𝑔(𝑧) =
∞
∑

𝑗=1

⌊𝑗𝑧⌋
2𝑗

, 0 ≤ 𝑧 < 1. (3.28)

Here, we consider the related function 

ℎ(𝑧) =
∞
∑

𝑗=1

1
2𝑗

⌊

(2𝑗 − 1)𝑧 + 1
2

⌋

, 0 ≤ 𝑧 < 1, (3.29)

which is shown in Fig.  3.5.

Theorem 3.  The distribution function 𝐹𝑛(𝑧) given by Eq. (3.24) corresponding to the characteristic polynomial 𝑃𝑛(𝜆) = det(𝜆2𝐌𝑛 + 𝐊𝑛)
of system (3.3) with 𝜎 = 1∕2 satisfies the relationship 

𝐹 (𝑧) = lim
𝑛→∞

𝐹𝑛(𝑧) = ℎ
(

1
𝜋
arccos

(

𝑎 − 𝑧2

𝑏

))

, (3.30)

where 𝑧 ∈ [0,
√

𝑎 + 𝑏), and ℎ(𝑧) is defined in Eq. (3.29).
The proof of this theorem can be found in Appendix  B.
Theorems  2 and 3 demonstrate that the eigenvalue distribution (top left plot of Fig.  3.1) of the undamped system is directly 

related to the Devil’s staircase function given in Eq. (3.29).

3.4. Characteristic polynomial of the grounded mechanistic turbulence model

Kalmár-Nagy and Bak [2] provided – without proof – an analytic formula (the claim is given by Eqs. (5) and (6) in Section 3 
of [2]) for the characteristic polynomial of the grounded mechanistic turbulence model (additional 𝑛 + 1th level springs grounded 
the blocks in the 𝑛th level) with a set of parameters obeying the scaling relation (2.5). The formula was restricted to the undamped 
system with 𝜎 = 1∕2. Here we supply the formal proof for the recursive formula of the characteristic polynomial proposed in that 
earlier paper.

Similarly to Section 3.1, the damping of the system is neglected, and the masses and spring stiffnesses follow the scaling relation 
given in Eq. (2.5). With this, the stiffness of the springs connecting the blocks of the last level to the ground is 

𝐾𝑛+1 = 𝜎𝐾𝑛. (3.31)

The equation of motion for this grounded system with parameters following Eqs. (2.5) and (3.31) is 
𝑀𝑙𝑥̈𝑖 = 𝜎𝐾𝑙𝑥2𝑖 + 𝜎𝐾𝑙𝑥2𝑖+1 − (1 + 2𝜎)𝐾𝑙𝑥𝑖, 𝑖 ∈ (𝑙), 𝑙 = 1,

𝑀𝑙𝑥̈𝑖 = 𝐾𝑙𝑥⌊𝑖∕2⌋ + 𝜎𝐾𝑙𝑥2𝑖 + 𝜎𝐾𝑙𝑥2𝑖+1 − (1 + 2𝜎)𝐾𝑙𝑥𝑖, 𝑖 ∈ (𝑙), 𝑙 = 2,… , 𝑛 − 1,

𝑀𝑙𝑥̈𝑖 = 𝐾𝑙𝑥⌊𝑖∕2⌋ − (1 + 𝜎)𝐾𝑙𝑥𝑖, 𝑖 ∈ (𝑙), 𝑙 = 𝑛.

(3.32)

Theorem 4.  The characteristic polynomial of the system described by Eq. (3.32) has the form 
det(𝐀𝑛(𝜆)) = 𝜎2+(𝑛−2)2

𝑛
𝑃𝑛(𝜆),

𝑃𝑛(𝜆) =
𝑄𝑛(𝜆) 𝑃 2 (𝜆),

(3.33)
𝑄𝑛−1(𝜆) 𝑛−1
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where
𝑃0(𝜆) = 𝑄0(𝜆) = 1,

𝑄𝑛(𝜆) = 𝑞𝑛𝑈𝑛

(

𝜆2 + 𝑎
𝑏

)

− 𝜎𝐾1𝑞
𝑛−1𝑈𝑛−1

(

𝜆2 + 𝑎
𝑏

)

,

𝑎 =
𝐾1
𝑀1

(1 + 2𝜎), 𝑏 =
2𝐾1
𝑀1

√

2𝜎, 𝑞 = 𝐾1

√

2𝜎,

and 𝑈𝑛 are Chebyshev polynomials of the second kind.

The proof of this theorem is provided in Appendix  C.

Remark 1.  It is clear that Corollaries  1. and 2. also apply to the characteristic polynomial of the grounded system given in Eq. (3.33), 
since these only rely on the recursive formula of 𝑃𝑛(𝜆), which is identical in the grounded and ungrounded cases as seen by comparing 
the respective Eqs. (3.6) and (3.33).

Remark 2.  Note that the characteristic polynomials of the ungrounded and grounded systems given in Eqs. (3.6) and (3.33) are 
essentially the same, with a small difference in the factor of 𝑈𝑛−1

(

𝜆2+𝑎
𝑏

)

 in the formula for 𝑄𝑛(𝜆). As such, the equation 𝑄𝑙(𝜆) = 0
becomes 

𝑄𝑙(𝜆) = 𝑞𝑙𝑈𝑙

(

𝜆2 + 𝑎
𝑏

)

− 𝜎𝐾1𝑞
𝑙−1𝑈𝑙−1

(

𝜆2 + 𝑎
𝑏

)

= 0. (3.34)

Dividing this by 𝑞𝑙, where 𝑞 = 𝐾1
√

2𝜎 (given in Eq. (3.33)) yields 

𝑈𝑙

(

𝜆2 + 𝑎
𝑏

)

−
𝜎𝐾1
𝑞

𝑈𝑙−1

(

𝜆2 + 𝑎
𝑏

)

= 𝑈𝑙

(

𝜆2 + 𝑎
𝑏

)

− 𝜎
√

2𝜎
𝑈𝑙−1

(

𝜆2 + 𝑎
𝑏

)

= 𝑈𝑙

(

𝜆2 + 𝑎
𝑏

)

−
√

𝜎
2
𝑈𝑙−1

(

𝜆2 + 𝑎
𝑏

)

= 0.
(3.35)

This means that the derivation of the analytical eigenvalues given in Section 3.2 can be completed for the grounded mechanistic 
turbulence model as well, if 𝜎 = 2 is chosen.

4. Mistuning

Mistuning usually refers to variations of properties/parameters in mechanical systems, e.g., deviation in properties of turboma-
chinery blades caused by manufacturing imperfections, material inconsistencies, or wear. Mistuning can lead to altered resonant 
frequencies and amplified vibrations. In some cases mistuning is responsible for structural failures, however it can also yield 
increased energy transfer resulting in better energy harvesting.

Bendiksen [37,38] explored the impact of mistuning on aeroelastic stability and flutter in bladed disks. Wei and Pierre [39] 
presented a statistical framework for analyzing the effects of random mistiming on the forced response of nearly cyclic assemblies. 
Mignolet et al. [40,41] developed a combined closed-form and perturbation approach for analyzing mistuned bladed disks. 
Vargha [42] examined the effect of mistuning on the mechanistic turbulence model.

We consider perturbations of the masses with parameter 𝑟 as 
𝑚𝑖 ∼  [(1 − 𝑟)𝑀𝑙 , (1 + 𝑟)𝑀𝑙], 𝑖 ∈ (𝑙), 𝑙 = 1,… , 𝑛, (4.1)

where   denotes the continuous uniform distribution, and 𝑟 ∈ [0, 1) is the mistuning parameter. We refer to the mechanistic 
turbulence model for 𝑟 = 0 and 𝑟 ≠ 0 as the unperturbed system and the perturbed system, respectively. Fig.  4.1 shows typical 
eigenvalue distributions for increasing mistuning parameter 𝑟. The changes are typical for damped systems in the investigated range 
of dampings 𝐶𝑛 ∈ [0.001, 0.125].

As the mistuning parameter 𝑟 increases, the horizontal lines of the eigenvalue distribution become slanted which means that 
the repeated eigenvalues break up to separate values. Adjacent non-equal eiqenfrequencies are drawn closer to each other, further 
smoothing this eigenspectrum.

We examined the effects of the mistuning of block masses for the complete range 𝑟 ∈ [0, 1) of the mistuning parameter as 
well. Fig.  4.2 shows the behavior of these eigenfrequencies as a function of 𝑟 for the undamped perturbed system averaged over 
1000 realizations. This figure shows that the smaller eigenvalues experience smaller changes, while the largest eigenvalues increase 
progressively with the increase of the mistuning parameter 𝑟.

Looking at the eigenvalues |𝜆𝑖| in increasing order, for instance, at 𝑟 = 0.99 we find one among the ten smallest eigenvalues 
which exceeds ∼ 10% of relative change compared to its value in the unperturbed system. On the other hand, the smallest relative 
difference compared to the unperturbed system among the ten largest eigenvalues is ∼ 40%, the largest eigenvalue |𝜆63| has the 
maximum relative change of ∼ 280% from its value corresponding to the unperturbed system. This behavior of the eigenfrequencies 
is qualitatively the same for damped systems in the investigated range of dampings 𝐶 ∈ [0.001, 0.125].
𝑛
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Fig. 4.1. Imaginary part of the eigenvalues for the unperturbed system (left), and for different values of the mistuning parameter 𝑟 (right) without damping 
(𝐶𝑛 = 0).

Fig. 4.2. Mean eigenvalues for 𝑟 ∈ [0, 1), averaged over 1000 realizations of the undamped perturbed system with 𝑛 = 6 levels, 𝜎 = 1∕2.

5. Dynamics

In this section, we present some results on the dynamics of the mechanistic turbulence model described in Section 2. We focus 
on the comparison of the unperturbed and perturbed systems to show the effect of mistuning on the dynamics. As discussed in 
Section 4, the mistuning breaks up the repeated eigenvalues into simple eigenvalues and increases the larger eigenfrequencies more 
significantly than the smaller ones. Though the actual change of the eigenfrequencies seems small for the investigated mistuning 
parameter range 𝑟 ∈ (0, 0.1], the oscillations are significantly affected due to the beating phenomenon that is very sensitive to small 
changes in the eigenfrequencies.

Let us consider a system with 𝑛 = 6 levels, the scaling parameter of Eq. (2.5) is 𝜎 = 1∕2. For 𝑛 = 6 we have 𝑁 = 26−1 = 63 blocks 
in the system. The damping coefficient of the dampers in the last level is set to 𝐶6 = 0.001 to include a light damping that does not 
alter the eigenfrequencies significantly as shown by comparing the plots in Fig.  3.1. The moderately small mistuning parameters 
𝑟 = 0.02, 0.05, 0.1 were set.
11 
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Fig. 5.1. Displacement solutions of the 16th and 32nd blocks with initial conditions (5.1) and (5.3) for the unperturbed system (top left), for 𝑟 = 0.02 (top 
right), for 𝑟 = 0.05 (bottom left), and for 𝑟 = 0.1 (bottom right).

We consider two different sets of initial conditions (ICs) for the velocity of the blocks 𝑖 ∈ {1,… , 63} as listed in Eqs. (5.1), (5.2), 
and (5.3). These equations show that only the top three blocks have a nonzero velocity 𝑣 > 0.

• Case 1: 
𝑥̇𝑖(0) = 𝑣, 𝑖 = 1, 2, 3,

𝑥̇𝑖(0) = 0, 𝑖 = 4,… , 63.
(5.1)

• Case 2: 
𝑥̇𝑖(0) = 𝑣, 𝑖 = 1, 2,

𝑥̇𝑖(0) = −𝑣, 𝑖 = 3,

𝑥̇𝑖(0) = 0, 𝑖 = 4,… , 63.

(5.2)

• The initial position of every block is zero for both cases, i.e., 
𝑥𝑖(0) = 0, 𝑖 = 1,… , 63. (5.3)

The total energy 𝐸(𝑡) of the system is 
𝐸(𝑡) = 𝐱̇ (𝑡)T 𝐌𝐱̇ (𝑡) + 𝐱 (𝑡)T 𝐊𝐱 (𝑡) . (5.4)

The positive value of 𝑣 is chosen such that the initial energy (𝑡 = 0) of the system is 𝐸(0) = 1, i.e., 

𝐸(0) = 1
2
(

𝑚1 + 𝑚2 + 𝑚3
)

𝑣2 = 1. (5.5)

This yields 

𝑣 =

√

2
𝑚1 + 𝑚2 + 𝑚3

. (5.6)

For the unperturbed system we get 𝑣 = 1, since 𝑚1 = 1, 𝑚2 = 𝑚3 = 𝜎𝑚1 =
1
2 .

5.1. Case 1

In Fig.  5.1 the displacement solutions for the 16th and 32nd blocks are shown for the different values of the mistuning parameter 
𝑟. As we have a MDoF system with an initial condition that cannot match any mode shapes of the system, it is expected that 
12 
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Fig. 5.2. Displacement solutions of the 16th and 32nd blocks with initial conditions (5.1) and (5.3) for the unperturbed system (top left), and for 𝑟 = 0.1 (top 
right and bottom row).

Table 5.1
The dominant and the secondary frequencies of the displacement solutions of the unperturbed 
and perturbed systems with initial conditions (5.1) and (5.3).
 Case 𝜔1 𝜔2 𝜔1∕𝜔2  
 Unperturbed system 0.241891 0.709964 0.340708 
 𝑟 = 0.02 0.241891 0.709964 0.340708 
 𝑟 = 0.05 0.241891 0.709964 0.340708 
 1st realization with 𝑟 = 0.1 0.238749 0.706823 0.337778 
 2nd realization with 𝑟 = 0.1 0.241891 0.703682 0.343750 
 3rd realization with 𝑟 = 0.1 0.241891 0.716247 0.337719 

the displacement solutions are superpositions of multiple vibrational modes. The modulated displacement solutions shown in Fig. 
5.1 agree. Introducing moderately small mistuning to the system causes the periodic behavior of the displacements to change. In 
particular, while the main oscillation frequency remains practically the same, the envelopes of the displacement solutions change 
significantly.

Since larger mistuning has a stronger impact on the dynamics of the system, we further investigated the case 𝑟 = 0.1. Fig.  5.2 
shows the displacement solutions 𝑥16(𝑡) and 𝑥32(𝑡) again for the unperturbed system and for three particular realizations of perturbed 
systems with 𝑟 = 0.1. The larger mistuning of 𝑟 = 0.1 permits significant shifts in the apparent frequency of the solution.

This can be explained by inspection of the energy spectral density of the displacement solution. For example, the energy spectral 
densities of 𝑥32(𝑡) are depicted in Fig.  5.3 for the displacement solutions shown in Fig.  5.1. The two dominant eigenfrequencies 
(characterized by the largest peaks in Fig.  5.3) are given in Table  5.1 for the cases depicted in Figs.  5.1 and 5.2.

The dominant frequency is hardly affected by the mistuning, but the secondary frequency is significantly changed for the different 
realizations of the perturbed system with 𝑟 = 0.1. Consequently, the ratio of the dominant and secondary frequencies changes which 
accounts for the frequency change of the apparent envelope of the displacement solutions in some cases. This is in accordance with 
the findings of Section 4, the eigenfrequencies can shift as a result of the mistuning. In detail, the smallest eigenfrequencies are 
the least affected by this shift, while the largest ones experience more significant changes for an increased value of the mistuning 
parameter 𝑟.

In other cases of Table  5.1, when the fractions of the two dominant frequencies are the same as those of the unperturbed system, 
the frequency change of the apparent envelope occurs because of the additional vibration modes being activated by the mistuning. 
The plots of Figs.  5.3 show indeed that additional vibrational modes activate with different frequencies in the perturbed systems as 
𝑟 increases. Interestingly, the active modes by the unperturbed system exclusively correspond to simple eigenvalues. In contrast, the 
13 
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Fig. 5.3. Energy spectral density of 𝑥32(𝑡) and the eigenvalue distribution of the system with initial conditions (5.1) and (5.3) for 𝑟 = 0 (top left), for 𝑟 = 0.02
(top right), for 𝑟 = 0.05 (bottom left), and for 𝑟 = 0.1 (bottom right).

Table 5.2
The dominant and the secondary frequencies of the displacement solutions of the unperturbed 
and perturbed systems with initial conditions (5.2) and (5.3).
 Case 𝜔1 𝜔2 𝜔1∕𝜔2  
 Unperturbed system 0.241891 0.285871 0.846154 
 𝑟 = 0.02 0.241891 0.285871 0.846154 
 𝑟 = 0.05 0.241891 0.285871 0.846154 
 𝑟 = 0.1 0.238749 0.282729 0.844444 

mistuning causes the repeated eigenvalues of the unperturbed system to “split”, and a few modes associated with these now simple 
eigenvalues become active.

5.2. Case 2

Fig.  5.4 shows the displacement solutions of the connected 16th and 32nd blocks for the unperturbed system and for typical 
realizations of the perturbed system with increasing mistuning parameter 𝑟. The displacements of the blocks exhibit a very different 
behavior from what we have seen by Case 1. These displacement solutions suggest that the two dominant frequencies are much 
closer to each other than those of Case 1, which causes beats in the displacement solution. Moreover the frequency of the beats is 
hardly affected by the mistuning of masses.

Indeed, the energy spectral density of 𝑥32(𝑡) depicted in Fig.  5.5 shows that the two dominant frequencies are close to each other, 
while Table  5.2 also shows that their values remain practically unchanged despite the mistuning. These two eigenfrequencies happen 
to be the lowest ones. Hence, they are the least affected by the mistuning as discussed in Section 4, this is why the displacement 
solutions are less sensitive to the mistuning in this case.

6. Summary and discussion

We studied the mechanistic turbulence model (Fig.  1.1), a binary tree-structured MDoF linear oscillator described by the equation 
of motion (2.1). We chose a set of parameters defined by Eq. (2.5) for our study.

We proved a recursive formula for the characteristic polynomial of the undamped system described by Eq. (3.3), and derived an 
alternative formulation given in Eq. (3.10) as a product of generalized Chebyshev polynomials. This provided a more efficient way 
14 
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Fig. 5.4. Displacement solution of the 16th and 32nd blocks with Eq. (5.2) and (5.3) for the unperturbed system (top left), 𝑟 = 0.02 (top right), 𝑟 = 0.05 (bottom 
left), and 𝑟 = 0.1 (bottom right).

Fig. 5.5. Energy spectral density of 𝑥32(𝑡) and the eigenvalue distribution of the system with initial conditions (5.2) and (5.3) for 𝑟 = 0 (top left), 𝑟 = 0.02 (top 
right), 𝑟 = 0.05 (bottom left), and 𝑟 = 0.1 (bottom right).
15 
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of calculating the eigenvalues of the system compared to directly solving the characteristic Eq. (3.5). The roots of the characteristic 
polynomial in Eq. (3.10) were derived for 𝜎 = 1∕2, which are generated by the angles 𝜃𝑙,𝑖 given in Eq. (3.22).

The eigenvalue distribution of the unperturbed system exhibits a self-similar structure which resembles the Devil’s staircase 
function. Knowing the exact eigenvalues for 𝜎 = 1∕2 enabled the derivation of a lower and an upper bound of the distribution 
function 𝐹𝑛(𝑧) given in Eq. (3.24). As demonstrated in Theorem  3, these bounds converge to the same ℎ(𝑧) function given in 
Eq. (3.29), which is related to the Devil’s staircase function 𝑔(𝑧) of Eq. (3.28) discussed in detail in [15].

We examined the effects of random mistuning of the block masses of the system according to Eq. (4.1). As a result of the 
mistuning process, the Devil’s staircase falls apart, i.e., the repeated eigenvalues of the system break up into distinct eigenvalues. As 
the mistuning parameter 𝑟 is increased, the larger eigenvalues are also perturbed to a greater extent than the smaller ones, extending 
the range covered by the eigenvalue distribution. To demonstrate the impact of the mistuning on the dynamics of the system, the 
equation of motion (2.1) was solved with two types of initial conditions for the unperturbed and perturbed systems for different 
values of the mistuning parameter 𝑟.

For the in-phase initial conditions defined by Eq. (5.1), the displacement solutions changed significantly by the mistuning process. 
While the main oscillation frequency remained practically the same, the envelope of the displacement solution was sensitive to 
the small changes of the eigenfrequencies. In contrast, the out-of-phase initial condition (5.2) resulted in beating. In this case the 
dominant active modes corresponded to the two smallest eigenfrequencies which were the least affected by the mistuning. As a 
result of this, the frequency of the beats showed resilience against the mistuning.

In the future, we plan to show analytically the sensitivity of the oscillation envelope on the particular eigenfrequencies of 
mistuned systems. We also plan to derive and prove a more general formula for the characteristic polynomial (3.6). For example, we 
are interested in deriving the characteristic polynomial for damped systems. We also intend to study 𝑚-ary tree-structured systems, 
i.e., when the oscillator has more than two branches emanating from each block.
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Appendix A. Characteristic equation of the mechanistic turbulence model

Theorem 1.  The characteristic polynomial of the system described by Eq. (3.3) has the form 
det(𝐀𝑛(𝜆)) = 𝜎2+(𝑛−2)2

𝑛
𝑃𝑛(𝜆),

𝑃𝑛(𝜆) =
𝑄𝑛(𝜆)
𝑄𝑛−1(𝜆)

𝑃 2
𝑛−1(𝜆),

(A.1)

where 
𝑃0(𝜆) = 𝑄0(𝜆) = 1,

𝑄𝑛(𝜆) = 𝑞𝑛𝑈𝑛

(

𝜆2 + 𝑎
𝑏

)

− 2𝜎𝐾1𝑞
𝑛−1𝑈𝑛−1

(

𝜆2 + 𝑎
𝑏

)

,

𝑎 =
𝐾1
𝑀1

(1 + 2𝜎), 𝑏 =
2𝐾1
𝑀1

√

2𝜎, 𝑞 = 𝐾1

√

2𝜎,

(A.2)

and 𝑈  are Chebyshev polynomials of the second kind.
𝑛
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Fig. A.1. The undamped mechanistic turbulence model with 𝑛 = 3 levels and ungrounded last level (left), and the scaling property of the model (right).

Proof.  We prove Theorem  1. by induction. For 𝑛 = 1, the characteristic polynomial is 

det(𝐀1(𝜆)) = 𝑀1𝜆
2 +𝐾1. (A.3)

Using Eq. (A.1), we get 

det(𝐀1(𝜆)) = 𝑃1(𝜆) =
𝑄1(𝜆)
𝑄0(𝜆)

𝑃 2
0 (𝜆) = 𝑄1(𝜆) = 𝐾1

√

2𝜎𝑈1

(

𝜆2 + 𝑎
𝑏

)

− 2𝜎𝐾1

= 2𝐾1

√

2𝜎 𝜆
2 + 𝑎
𝑏

− 2𝜎𝐾1 =
2𝐾1

√

2𝜎
2𝐾1
𝑀1

√

2𝜎
𝜆2 + 1 + 2𝜎

2
√

2𝜎
2𝐾1

√

2𝜎 − 2𝜎𝐾1

= 𝑀1𝜆
2 +𝐾1.

(A.4)

Now we assume that Eq. (A.1) holds up to some 𝑛 ≥ 1. The key idea of the proof is that the binary tree with 𝑛 ≥ 2 can be thought of 
as two binary trees with 𝑛−1 levels and parameters scaled by 𝜎 being connected to the first block that has a mass of 𝑀1, as shown 
in Fig.  A.1. By rearranging the rows and columns of 𝐀𝑛+1(𝜆) accordingly, the characteristic polynomial takes the form 

det(𝐀𝑛+1(𝜆)) =

|

|

|

|

|

|

|

|

𝜎𝐀𝑛(𝜆) 𝐚𝑛 𝟎𝑛
𝐚T𝑛 𝑃1(𝜆) + 2𝜎𝐾1 𝐚T𝑛
𝟎𝑛 𝐚𝑛 𝜎𝐀𝑛(𝜆)

|

|

|

|

|

|

|

|

=
|

|

|

|

|

|

𝜎𝐀𝑛(𝜆) 𝐁𝑛

𝐁T
𝑛 𝐃𝑛(𝜆)

|

|

|

|

|

|

, (A.5)

where 

𝐚𝑛 =

⎡

⎢

⎢

⎢

⎢

⎣

−𝜎𝐾1
0
⋮
0

⎤

⎥

⎥

⎥

⎥

⎦

∈ R(2𝑛−1),

𝟎𝑛 =
⎡

⎢

⎢

⎣

0 … 0
⋮ ⋱ ⋮
0 … 0

⎤

⎥

⎥

⎦

∈ R(2𝑛−1)×(2𝑛−1),

𝐁𝑛 =
[

𝐚𝑛 𝟎𝑛
]

,

𝐃𝑛(𝜆) =
[

𝑃1(𝜆) + 2𝜎𝐾1 𝐚T𝑛
𝐚𝑛 𝜎𝐀𝑛(𝜆)

]

.

(A.6)

Using the expression for the determinant of a 2 × 2 block matrix, we get 
det(𝐀𝑛+1(𝜆)) = det(𝜎𝐀𝑛(𝜆)) det(𝐃𝑛(𝜆) − 𝐁T

𝑛 (𝜎𝐀𝑛(𝜆))−1𝐁𝑛)
𝑁(𝑛)+2𝑛−1 −1 T −1 (A.7)
= 𝜎 𝑃𝑛(𝜆) det(𝐃𝑛(𝜆) − 𝜎 𝐁𝑛𝐀𝑛 (𝜆)𝐁𝑛),
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where 

𝑁(𝑛) = 2 + (𝑛 − 2)2𝑛. (A.8)

As [𝐁𝑛
]

𝑖,𝑗 = −𝛿1,𝑖𝛿1,𝑗𝜎𝐾1, where 𝛿 denotes the Kronecker delta, the product 𝐁T
𝑛𝐀

−1
𝑛 (𝜆)𝐁𝑛 will have only one non-zero element, 

i.e., 
[

𝐁T
𝑛𝐀

−1
𝑛 (𝜆)𝐁𝑛

]

𝑖,𝑗 =
2𝑛−1
∑

𝑠,𝑢=1

(

[

𝐁T
𝑛
]

𝑖,𝑠
[

𝐀−1
𝑛 (𝜆)

]

𝑠,𝑢
[

𝐁𝑛
]

𝑢,𝑗

)

= 𝛿1,𝑖𝛿1,𝑗𝜎
2𝐾2

1
[

𝐀−1
𝑛 (𝜆)

]

𝑖,𝑗 . (A.9)

The (1,1)-th element of the inverse can be calculated using Cramer’s rule, i.e., 
[

𝐀−1
𝑛 (𝜆)

]

1,1 =
1

det(𝐀𝑛(𝜆))
𝐴1,1(𝜆), (A.10)

where 𝐴1,1(𝜆) is the minor corresponding to the (1, 1)-th element of 𝐀𝑛(𝜆). Once again, we use the scaling property of the binary 
tree to rearrange the rows and columns of the minor, thus we get 

𝐴1,1(𝜆) =
|

|

|

|

|

𝜎𝐀𝑛−1(𝜆) 𝟎𝑛−1
𝟎𝑛−1 𝜎𝐀𝑛−1(𝜆)

|

|

|

|

|

= det(𝜎𝐀𝑛−1(𝜆))2 = 𝜎2𝑁(𝑛−1)+2𝑛−2𝑃 2
𝑛−1(𝜆). (A.11)

Substituting Eqs. (A.1) and (A.11) into Eq. (A.10) yields 
[

𝐀−1
𝑛 (𝜆)

]

1,1 = 𝜎−𝑁(𝑛)+2𝑁(𝑛−1)+2𝑛−2
𝑃 2
𝑛−1(𝜆)
𝑃𝑛(𝜆)

,

[

𝐁T
𝑛𝐀

−1
𝑛 (𝜆)𝐁𝑛

]

1,1 = 𝜎−𝑁(𝑛)+2𝑁(𝑛−1)+2𝑛𝐾2
1

𝑃 2
𝑛−1(𝜆)
𝑃𝑛(𝜆)

,

(A.12)

where the exponents of 𝜎 yield 
−𝑁(𝑛) + 2𝑁(𝑛 − 1) + 2𝑛 − 2 = −

[

(𝑛 − 2)2𝑛 + 2
]

+ 2
[

(𝑛 − 3)2𝑛−1 + 2
]

+ 2𝑛 − 2 = 0,

−𝑁(𝑛) + 2𝑁(𝑛 − 1) + 2𝑛 = −
[

(𝑛 − 2)2𝑛 + 2
]

+ 2
[

(𝑛 − 3)2𝑛−1 + 2
]

+ 2𝑛 = 2.
(A.13)

Substituting Eq. (A.12) into Eq. (A.7) yields 

det(𝐀𝑛+1(𝜆)) = 𝜎𝑁(𝑛)+2𝑛−1𝑃𝑛(𝜆)
|

|

|

|

|

|

|

𝑃1(𝜆) + 2𝜎𝐾1 − 𝜎𝐾2
1
𝑃 2
𝑛−1(𝜆)
𝑃𝑛(𝜆)

𝐚T𝑛
𝐚𝑛 𝜎𝐀𝑛(𝜆)

|

|

|

|

|

|

|

= 𝜎𝑁(𝑛)+2𝑛−1𝑃𝑛(𝜆) det(𝜎𝐀𝑛(𝜆))

⋅

[(

𝑃1(𝜆) + 2𝜎𝐾1 − 𝜎𝐾2
1

𝑃 2
𝑛−1(𝜆)
𝑃𝑛(𝜆)

)

− 𝜎−1𝐚T𝑛𝐀
−1
𝑛 (𝜆)𝐚𝑛

]

.

(A.14)

As [𝐚𝑛]𝑖,1 = −𝛿1,𝑖𝜎𝐾1, we have 

𝐚T𝑛𝐀
−1
𝑛 (𝜆)𝐚𝑛 =

2𝑛−1
∑

𝑠,𝑢=1

(

[

𝐚T𝑛
]

1,𝑠
[

𝐀−1
𝑛 (𝜆)

]

𝑠,𝑢 [𝐚𝑛]𝑢,1
)

=
[

𝐚T𝑛
]

1,1
[

𝐀−1
𝑛 (𝜆)

]

1,1 [𝐚𝑛]1,1

= 𝜎2𝐾2
1
[

𝐀−1
𝑛 (𝜆)

]

1,1 = 𝜎2𝐾2
1

𝑃 2
𝑛−1(𝜆)
𝑃𝑛(𝜆)

.

(A.15)

Substituting into Eq. (A.14) leads to 

det(𝐀𝑛+1(𝜆)) = 𝜎2
[

𝑁(𝑛)+2𝑛−1
]

𝑃 2
𝑛 (𝜆)

(

𝑃1(𝜆) + 2𝜎𝐾1 − 2𝜎𝐾2
1

𝑃 2
𝑛−1(𝜆)
𝑃𝑛(𝜆)

)

. (A.16)

For the exponent of 𝜎 we get 
2
[

𝑁(𝑛) + 2𝑛 − 1
]

= 2𝑁(𝑛) + 2𝑛+1 − 2 = 2
[

(𝑛 − 2)2𝑛 + 2
]

+ 2𝑛+1 − 2

= (𝑛 − 2)2𝑛+1 + 4 + 2𝑛+1 − 2 = (𝑛 − 1)2𝑛+1 + 2 = 𝑁(𝑛 + 1).
(A.17)

Based on Eq. (A.1) we have 
𝑃 2
𝑛−1(𝜆)
𝑃𝑛(𝜆)

=
𝑄𝑛−1(𝜆)
𝑄𝑛(𝜆)

, (A.18)

thus 

det(𝐀𝑛+1(𝜆)) = 𝜎𝑁(𝑛+1)𝑃 2(𝜆)
(𝑃1(𝜆) + 2𝜎)𝑄𝑛(𝜆) − 2𝜎𝐾2

1𝑄𝑛−1(𝜆)
. (A.19)
𝑛 𝑄𝑛(𝜆)
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All that is left to show is that 
𝑄𝑛+1(𝜆) = (𝑃1(𝜆) + 2𝜎𝐾1)𝑄𝑛(𝜆) − 2𝜎𝐾2

1𝑄𝑛−1(𝜆). (A.20)

Using the fact that 𝑈𝑛(𝑥) = 2𝑥𝑈𝑛−1(𝑥) − 𝑈𝑛−2(𝑥) and 𝑈1(𝑥) = 2𝑥, 𝑄𝑛+1 for 𝑛 ≥ 2 can be written as 

𝑄𝑛+1(𝜆) =
(

𝐾1

√

2𝜎
)𝑛+1

𝑈𝑛+1

(

𝜆2 + 𝑎
𝑏

)

− 2𝜎𝐾1

(

𝐾1

√

2𝜎
)𝑛

𝑈𝑛

(

𝜆2 + 𝑎
𝑏

)

=
(

𝐾1

√

2𝜎
)𝑛+1

[

2𝜆
2 + 𝑎
𝑏

𝑈𝑛

(

𝜆2 + 𝑎
𝑏

)

− 𝑈𝑛−1

(

𝜆2 + 𝑎
𝑏

)]

− 2𝜎𝐾1

(

𝐾1

√

2𝜎
)𝑛

[

2𝜆
2 + 𝑎
𝑏

𝑈𝑛−1

(

𝜆2 + 𝑎
𝑏

)

− 𝑈𝑛−2

(

𝜆2 + 𝑎
𝑏

)]

= 2𝑘1
√

2𝜎 𝜆
2 + 𝑎
𝑏

[

(

𝐾1

√

2𝜎
)𝑛

𝑈𝑛

(

𝜆2 + 𝑎
𝑏

)

− 2𝜎𝐾1

(

𝐾1

√

2𝜎
)𝑛−1

𝑈𝑛−1

(

𝜆2 + 𝑎
𝑏

)]

−
(

𝐾1

√

2𝜎
)2

[

(

𝐾1

√

2𝜎
)𝑛−1

𝑈𝑛−1

(

𝜆2 + 𝑎
𝑏

)

− 2𝜎𝐾1

(

𝐾1

√

2𝜎
)𝑛−2

𝑈𝑛−2

(

𝜆2 + 𝑎
𝑏

)]

=
[

𝐾1

√

2𝜎𝑈1

(

𝜆2 + 𝑎
𝑏

)

− 2𝜎𝐾1 + 2𝜎𝐾1

]

𝑄𝑛(𝜆) − 2𝜎𝐾2
1𝑄𝑛−1(𝜆)

=
(

𝑃1(𝜆) + 2𝜎𝐾1
)

𝑄𝑛(𝜆) − 2𝜎𝐾2
1𝑄𝑛−1(𝜆).

(A.21)

As 𝑈−1 is not defined, the case of 𝑛 = 1 must be handled separately as 

𝑄2(𝜆) =
(

𝐾1

√

2𝜎
)2

𝑈2

(

𝜆2 + 𝑎
𝑏

)

− 2𝜎𝐾1

(

𝐾1

√

2𝜎
)

𝑈1

(

𝜆2 + 𝑎
𝑏

)

=
(

𝐾1

√

2𝜎
)2

[

2𝜆
2 + 𝑎
𝑏

𝑈1

(

𝜆2 + 𝑎
𝑏

)

− 𝑈0

(

𝜆2 + 𝑎
𝑏

)]

− 2𝜎𝐾1

(

𝐾1

√

2𝜎
)

𝑈1

(

𝜆2 + 𝑎
𝑏

)

= 𝐾1

√

2𝜎
[

𝐾1

√

2𝜎𝑈1

(

𝜆2 + 𝑎
𝑏

)

− 2𝜎𝐾1

]

𝑈1

(

𝜆2 + 𝑎
𝑏

)

− 2𝜎𝐾2
1

=
(

𝑃1(𝜆) + 2𝜎𝐾1
)

𝑄1(𝜆) − 2𝜎𝐾2
1𝑄0(𝜆).

□ (A.22)

Appendix B. Eigenvalue distribution of the mechanistic turbulence model

Theorem 2.  For any 𝑛 ≥ 2, 𝑧 ∈ [0,
√

𝑎 + 𝑏] pair, the function ℎ𝑛(𝑧) defined by Eq. (3.25), and the distribution function 𝐹𝑛(𝑧) given by 
Eq. (3.24) corresponding to the characteristic polynomial 𝑃𝑛(𝜆) = det(𝜆2𝐌𝑛+𝐊𝑛) of system (3.3) with 𝜎 = 1∕2 satisfy the relationship 

ℎ𝑛

(

1
𝜋
arccos

(

𝑎 − 𝑧2

𝑏

))

≤ 𝐹𝑛(𝑧) ≤ ℎ𝑛

(

1
𝜋
arccos

(

𝑎 − 𝑧2

𝑏

))

+ 𝑛
2𝑛

. (B.1)

Proof.  By substituting 1𝜋 arccos
(

𝑎−𝑧2
𝑏

)

 into the argument of ℎ𝑛(𝑧), we can conclude that for any 𝑧 ∈ [0,
√

𝑎 + 𝑏] Eq. (3.25) becomes 

ℎ𝑛

(

1
𝜋
arccos

(

𝑎 − 𝑧2

𝑏

))

=
#
{

𝜆 ∶ det(𝜆2𝐌𝑛+𝐊𝑛)
𝑄𝑛(𝜆)

= 0, 0 < Im(𝜆) ≤ 𝑧
}

2𝑛
. (B.2)

Since 𝑄𝑛(𝜆) is a factor of det(𝜆2𝐌𝑛 +𝐊𝑛) according to Corollary  2., the expression 
det(𝜆2𝐌𝑛 +𝐊𝑛)

𝑄𝑛(𝜆)
= 0 (B.3)

must have fewer roots than det(𝜆2𝐌𝑛 +𝐊𝑛) = 0, therefore, the lower bound of 𝐹𝑛(𝑧) is expressed as 

ℎ𝑛

(

1
𝜋
arccos

(

𝑎 − 𝑧2

𝑏

))

≤ 𝐹𝑛(𝑧). (B.4)

𝑄𝑛(𝜆), as defined in Eq. (3.6), has 2𝑛 solutions, thus 
#
{

𝜆 ∶ 𝑄 (𝜆) = 0, 0 < Im(𝜆)
}

= 𝑛. (B.5)
𝑛

19 



R. Rochlitz et al. Journal of Sound and Vibration 611 (2025) 119111 
The upper bound of 𝐹𝑛(𝑧) is derived as 
#
{

𝜆 ∶ det(𝜆2𝐌𝑛 +𝐊𝑛) = 0, 0 < Im(𝜆) ≤ 𝑧
}

=
(

#
{

𝜆 ∶
det(𝜆2𝐌𝑛 +𝐊𝑛)

𝑄𝑛(𝜆)
= 0, 0 < Im(𝜆) ≤ 𝑧

})

+
(

#
{

𝜆 ∶ 𝑄𝑛(𝜆) = 0, 0 < Im(𝜆) ≤ 𝑧
})

≤
(

#
{

𝜆 ∶
det(𝜆2𝐌𝑛 +𝐊𝑛)

𝑄𝑛(𝜆)
= 0, 0 < Im(𝜆) ≤ 𝑧

})

+
(

#
{

𝜆 ∶ 𝑄𝑛(𝜆) = 0, 0 < Im(𝜆)
})

= #
{

𝜆 ∶
det(𝜆2𝐌𝑛 +𝐊𝑛)

𝑄𝑛(𝜆)
= 0, 0 < Im(𝜆) ≤ 𝑧

}

+ 𝑛.

(B.6)

Thus, we have the upper bound 

𝐹𝑛(𝑧) ≤ ℎ𝑛

(

1
𝜋
arccos

(

𝑎 − 𝑧2

𝑏

))

+ 𝑛
2𝑛

. □ (B.7)

Theorem 3.  The distribution function 𝐹𝑛(𝑧) given by Eq. (3.24) corresponding to the characteristic polynomial 𝑃𝑛(𝜆) = det(𝜆2𝐌𝑛+𝐊𝑛)
of system (3.3) with 𝜎 = 1∕2 satisfies the relationship 

𝐹 (𝑧) = lim
𝑛→∞

𝐹𝑛(𝑧) = ℎ
(

1
𝜋
arccos

(

𝑎 − 𝑧2

𝑏

))

, (B.8)

where 𝑧 ∈ [0,
√

𝑎 + 𝑏), and ℎ(𝑧) is defined in Eq. (3.29).

Proof.  Since 
lim
𝑛→∞

𝑛
2𝑛

= 0, (B.9)

applying the squeeze theorem to Theorem  2 implies 

𝐹 (𝑧) = lim
𝑛→∞

ℎ𝑛

(

1
𝜋
arccos

(

𝑎 − 𝑧2

𝑏

))

, 𝑧 ∈ [0,
√

𝑎 + 𝑏). (B.10)

Next, we seek an alternative representation of ℎ𝑛(𝑧) which enables us to determine its limit in 𝑛 → ∞. Eq. (3.22) implies that for 
𝑧 ∈ [0, 1), 

0 < Im(𝜆) ≤
√

𝑎 − 𝑏 cos(𝑧𝜋) ⟺
2𝑗 − 1
2𝑙 − 1

≤ 𝑧, 1 ≤ 𝑗 ≤ 𝑙 − 1, 1 ≤ 𝑙 ≤ 𝑛. (B.11)

Then, for every 0 ≤ 𝑧 < 1 and 𝑛 ≥ 2 pair, we define 

𝑛(𝑧) =
{

(𝑗, 𝑙) ∶
2𝑗 − 1
2𝑙 − 1

≤ 𝑧, 1 ≤ 𝑗 ≤ 𝑙 − 1, 1 ≤ 𝑙 ≤ 𝑛
}

. (B.12)

Using Corollary  2, we can factorize the polynomial in the definition of ℎ𝑛(𝑧) as 

det(𝜆2𝐌𝑛 +𝐊𝑛)
𝑄𝑛(𝜆)

=
𝑛−1
∏

𝑙=0
𝑄2𝑙

𝑛−1−𝑙(𝜆) =
𝑛
∏

𝑙=1
𝑄2𝑛−𝑙

𝑙−1 (𝜆) =
𝑛
∏

𝑙=2
𝑄2𝑛−𝑙

𝑙−1 (𝜆). (B.13)

With the multiplicity of the 𝑄𝑙(𝜆) factors known, ℎ𝑛(𝑧) can alternatively be written as 

ℎ𝑛(𝑧) =
∑

(𝑗,𝑙)∈𝑛(𝑧)

2𝑛−𝑙
2𝑛

=
∑

(𝑗,𝑙)∈𝑛(𝑧)

1
2𝑙
, 0 ≤ 𝑧 < 1. (B.14)

Let 
𝑙(𝑧) = {(𝑗, 𝑙) ∶ 2𝑗 − 1 ≤ (2𝑙 − 1)𝑧} , 𝑙 ∈ Z, (B.15)

then 

𝑛(𝑧) =
𝑛
⋃

𝑙=1
𝑙(𝑧). (B.16)

Substituting this into Eq. (B.14) yields 

ℎ𝑛(𝑧) =
𝑛
∑

𝑙=1

∑

(𝑗,𝑙)∈𝑙 (𝑧)

1
2𝑙

=
𝑛
∑

𝑙=1

1
2𝑙

⌊

(2𝑙 − 1)𝑧 + 1
2

⌋

, 0 ≤ 𝑧 < 1. (B.17)

Clearly, 
lim ℎ (𝑧) = ℎ(𝑧), 0 ≤ 𝑧 < 1, (B.18)

𝑛→∞ 𝑛
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thus for any 𝑧 ∈ [0,
√

𝑎 + 𝑏), 

𝐹 (𝑧) = lim
𝑛→∞

ℎ𝑛

(

1
𝜋
arccos

(

𝑎 − 𝑧2

𝑏

))

= ℎ
(

1
𝜋
arccos

(

𝑎 − 𝑧2

𝑏

))

. □ (B.19)

Appendix C. Characteristic equation of the grounded mechanistic turbulence model

Theorem 4.  The characteristic polynomial of the system described by Eq. (3.32) has the form 
det(𝐀𝑛(𝜆)) = 𝜎2+(𝑛−2)2

𝑛
𝑃𝑛(𝜆),

𝑃𝑛(𝜆) =
𝑄𝑛(𝜆)
𝑄𝑛−1(𝜆)

𝑃 2
𝑛−1(𝜆),

(C.1)

where
𝑃0(𝜆) = 𝑄0(𝜆) = 1,

𝑄𝑛(𝜆) = 𝑞𝑛𝑈𝑛

(

𝜆2 + 𝑎
𝑏

)

− 𝜎𝐾1𝑞
𝑛−1𝑈𝑛−1

(

𝜆2 + 𝑎
𝑏

)

,

𝑎 =
𝐾1
𝑀1

(1 + 2𝜎), 𝑏 =
2𝐾1
𝑀1

√

2𝜎, 𝑞 = 𝐾1

√

2𝜎,

and 𝑈𝑛 are Chebyshev polynomials of the second kind.

Proof.  We prove Theorem  4. by induction. For 𝑛 = 1, the characteristic polynomial is 
det(𝐀1(𝜆)) = 𝑀1𝜆

2 +𝐾1(1 + 𝜎). (C.2)

Using Eq. (C.1), we get 

det(𝐀1(𝜆)) = 𝑃1(𝜆) =
𝑄1(𝜆)
𝑄0(𝜆)

𝑃 2
0 (𝜆) = 𝑄1(𝜆) = 𝐾1

√

2𝜎𝑈1

(

𝜆2 + 𝑎
𝑏

)

− 𝜎𝐾1

= 2𝐾1

√

2𝜎 𝜆
2 + 𝑎
𝑏

− 𝜎𝐾1 =
2𝐾1

√

2𝜎
2𝐾1
𝑀1

√

2𝜎
𝜆2 + 1 + 2𝜎

2
√

2𝜎
2𝐾1

√

2𝜎 − 𝜎𝐾1

= 𝑀1𝜆
2 +𝐾1(1 + 𝜎).

(C.3)

Now we assume that Eq. (C.1) holds up to some 𝑛 ≥ 1. The key idea of the proof is that the binary tree with 𝑛 ≥ 2 can be thought of 
as two binary trees with 𝑛−1 levels and parameters scaled by 𝜎 being connected to the first block that has a mass of 𝑀1, as shown 
in Fig.  A.1. By rearranging the rows and columns of 𝐀𝑛+1(𝜆) accordingly, the characteristic polynomial takes the form 

det(𝐀𝑛+1(𝜆)) =

|

|

|

|

|

|

|

|

𝜎𝐀𝑛(𝜆) 𝐚𝑛 𝟎𝑛
𝐚T𝑛 𝑃1(𝜆) + 𝜎𝐾1 𝐚T𝑛
𝟎𝑛 𝐚𝑛 𝜎𝐀𝑛(𝜆)

|

|

|

|

|

|

|

|

=
|

|

|

|

|

|

𝜎𝐀𝑛(𝜆) 𝐁𝑛

𝐁T
𝑛 𝐃𝑛(𝜆)

|

|

|

|

|

|

, (C.4)

where 

𝐚𝑛 =

⎡

⎢

⎢

⎢

⎢

⎣

−𝜎𝐾1
0
⋮
0

⎤

⎥

⎥

⎥

⎥

⎦

∈ R(2𝑛−1),

𝟎𝑛 =
⎡

⎢

⎢

⎣

0 … 0
⋮ ⋱ ⋮
0 … 0

⎤

⎥

⎥

⎦

∈ R(2𝑛−1)×(2𝑛−1),

𝐁𝑛 =
[

𝐚𝑛 𝟎𝑛
]

,

𝐃𝑛(𝜆) =
[

𝑃1(𝜆) + 𝜎𝐾1 𝐚T𝑛
𝐚𝑛 𝜎𝐀𝑛(𝜆)

]

.

(C.5)

Using the expression for the determinant of a 2 × 2 block matrix, we get 
det(𝐀𝑛+1(𝜆)) = det(𝜎𝐀𝑛(𝜆)) det(𝐃𝑛(𝜆) − 𝐁T

𝑛 (𝜎𝐀𝑛(𝜆))−1𝐁𝑛)
𝑁(𝑛)+2𝑛−1 −1 T −1 (C.6)
= 𝜎 𝑃𝑛(𝜆) det(𝐃𝑛(𝜆) − 𝜎 𝐁𝑛𝐀𝑛 (𝜆)𝐁𝑛),
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where 

𝑁(𝑛) = 2 + (𝑛 − 2)2𝑛. (C.7)

As [𝐁𝑛
]

𝑖,𝑗 = −𝛿1,𝑖𝛿1,𝑗𝜎𝐾1, where 𝛿 denotes the Kronecker delta, the product 𝐁T
𝑛𝐀

−1
𝑛 (𝜆)𝐁𝑛 will have only one non-zero element, 

i.e., 
[

𝐁T
𝑛𝐀

−1
𝑛 (𝜆)𝐁𝑛

]

𝑖,𝑗 =
2𝑛−1
∑

𝑠,𝑢=1

(

[

𝐁T
𝑛
]

𝑖,𝑠
[

𝐀−1
𝑛 (𝜆)

]

𝑠,𝑢
[

𝐁𝑛
]

𝑢,𝑗

)

= 𝛿1,𝑖𝛿1,𝑗𝜎
2𝐾2

1
[

𝐀−1
𝑛 (𝜆)

]

𝑖,𝑗 . (C.8)

The (1,1)-th element of the inverse can be calculated using Cramer’s rule, i.e., 
[

𝐀−1
𝑛 (𝜆)

]

1,1 =
1

det(𝐀𝑛(𝜆))
𝐴1,1(𝜆), (C.9)

where 𝐴1,1(𝜆) is the minor corresponding to the (1, 1)-th element of 𝐀𝑛(𝜆). Once again, we use the scaling property of the binary 
tree to rearrange the rows and columns of the minor, thus we get 

𝐴1,1(𝜆) =
|

|

|

|

|

𝜎𝐀𝑛−1(𝜆) 𝟎𝑛−1
𝟎𝑛−1 𝜎𝐀𝑛−1(𝜆)

|

|

|

|

|

= det(𝜎𝐀𝑛−1(𝜆))2 = 𝜎2𝑁(𝑛−1)+2𝑛−2𝑃 2
𝑛−1(𝜆). (C.10)

Substituting Eqs. (C.1) and (C.10) into Eq. (C.9) yields 
[

𝐀−1
𝑛 (𝜆)

]

1,1 = 𝜎−𝑁(𝑛)+2𝑁(𝑛−1)+2𝑛−2
𝑃 2
𝑛−1(𝜆)
𝑃𝑛(𝜆)

,

[

𝐁T
𝑛𝐀

−1
𝑛 (𝜆)𝐁𝑛

]

1,1 = 𝜎−𝑁(𝑛)+2𝑁(𝑛−1)+2𝑛𝐾2
1

𝑃 2
𝑛−1(𝜆)
𝑃𝑛(𝜆)

,

(C.11)

where the exponents of 𝜎 yield 
−𝑁(𝑛) + 2𝑁(𝑛 − 1) + 2𝑛 − 2 = −

[

(𝑛 − 2)2𝑛 + 2
]

+ 2
[

(𝑛 − 3)2𝑛−1 + 2
]

+ 2𝑛 − 2 = 0,

−𝑁(𝑛) + 2𝑁(𝑛 − 1) + 2𝑛 = −
[

(𝑛 − 2)2𝑛 + 2
]

+ 2
[

(𝑛 − 3)2𝑛−1 + 2
]

+ 2𝑛 = 2.
(C.12)

Substituting Eq. (C.11) into Eq. (C.6) yields 

det(𝐀𝑛+1(𝜆)) = 𝜎𝑁(𝑛)+2𝑛−1𝑃𝑛(𝜆)
|

|

|

|

|

|

|

𝑃1(𝜆) + 𝜎𝐾1 − 𝜎𝐾2
1
𝑃 2
𝑛−1(𝜆)
𝑃𝑛(𝜆)

𝐚T𝑛
𝐚𝑛 𝜎𝐀𝑛(𝜆)

|

|

|

|

|

|

|

= 𝜎𝑁(𝑛)+2𝑛−1𝑃𝑛(𝜆) det(𝜎𝐀𝑛(𝜆))

⋅

[(

𝑃1(𝜆) + 𝜎𝐾1 − 𝜎𝐾2
1

𝑃 2
𝑛−1(𝜆)
𝑃𝑛(𝜆)

)

− 𝜎−1𝐚T𝑛𝐀
−1
𝑛 (𝜆)𝐚𝑛

]

.

(C.13)

As [𝐚𝑛]𝑖,1 = −𝛿1,𝑖𝜎𝐾1, we have 

𝐚T𝑛𝐀
−1
𝑛 (𝜆)𝐚𝑛 =

2𝑛−1
∑

𝑠,𝑢=1

(

[

𝐚T𝑛
]

1,𝑠
[

𝐀−1
𝑛 (𝜆)

]

𝑠,𝑢 [𝐚𝑛]𝑢,1
)

=
[

𝐚T𝑛
]

1,1
[

𝐀−1
𝑛 (𝜆)

]

1,1 [𝐚𝑛]1,1

= 𝜎2𝐾2
1
[

𝐀−1
𝑛 (𝜆)

]

1,1 = 𝜎2𝐾2
1

𝑃 2
𝑛−1(𝜆)
𝑃𝑛(𝜆)

.

(C.14)

Substituting into Eq. (C.13) leads to 

det(𝐀𝑛+1(𝜆)) = 𝜎2
[

𝑁(𝑛)+2𝑛−1
]

𝑃 2
𝑛 (𝜆)

(

𝑃1(𝜆) + 𝜎𝐾1 − 2𝜎𝐾2
1

𝑃 2
𝑛−1(𝜆)
𝑃𝑛(𝜆)

)

. (C.15)

For the exponent of 𝜎 we get 
2
[

𝑁(𝑛) + 2𝑛 − 1
]

= 2𝑁(𝑛) + 2𝑛+1 − 2 = 2
[

(𝑛 − 2)2𝑛 + 2
]

+ 2𝑛+1 − 2

= (𝑛 − 2)2𝑛+1 + 4 + 2𝑛+1 − 2 = (𝑛 − 1)2𝑛+1 + 2 = 𝑁(𝑛 + 1).
(C.16)

Based on Eq. (C.1) we have 
𝑃 2
𝑛−1(𝜆)
𝑃𝑛(𝜆)

=
𝑄𝑛−1(𝜆)
𝑄𝑛(𝜆)

, (C.17)

thus 

det(𝐀𝑛+1(𝜆)) = 𝜎𝑁(𝑛+1)𝑃 2(𝜆)
(𝑃1(𝜆) + 𝜎)𝑄𝑛(𝜆) − 2𝜎𝐾2

1𝑄𝑛−1(𝜆)
. (C.18)
𝑛 𝑄𝑛(𝜆)
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All that is left to show is that 
𝑄𝑛+1(𝜆) = (𝑃1(𝜆) + 𝜎𝐾1)𝑄𝑛(𝜆) − 2𝜎𝐾2

1𝑄𝑛−1(𝜆). (C.19)

Using the fact that 𝑈𝑛(𝑥) = 2𝑥𝑈𝑛−1(𝑥) − 𝑈𝑛−2(𝑥) and 𝑈1(𝑥) = 2𝑥, 𝑄𝑛+1 for 𝑛 ≥ 2 can be written as 

𝑄𝑛+1(𝜆) =
(

𝐾1

√

2𝜎
)𝑛+1

𝑈𝑛+1

(

𝜆2 + 𝑎
𝑏

)

− 𝜎𝐾1

(

𝐾1

√

2𝜎
)𝑛

𝑈𝑛

(

𝜆2 + 𝑎
𝑏

)

=
(

𝐾1

√

2𝜎
)𝑛+1

[

2𝜆
2 + 𝑎
𝑏

𝑈𝑛

(

𝜆2 + 𝑎
𝑏

)

− 𝑈𝑛−1

(

𝜆2 + 𝑎
𝑏

)]

− 𝜎𝐾1

(

𝐾1

√

2𝜎
)𝑛

[

2𝜆
2 + 𝑎
𝑏

𝑈𝑛−1

(

𝜆2 + 𝑎
𝑏

)

− 𝑈𝑛−2

(

𝜆2 + 𝑎
𝑏

)]

= 2𝑘1
√

2𝜎 𝜆
2 + 𝑎
𝑏

[

(

𝐾1

√

2𝜎
)𝑛

𝑈𝑛

(

𝜆2 + 𝑎
𝑏

)

− 𝜎𝐾1

(

𝐾1

√

2𝜎
)𝑛−1

𝑈𝑛−1

(

𝜆2 + 𝑎
𝑏

)]

−
(

𝐾1

√

2𝜎
)2

[

(

𝐾1

√

2𝜎
)𝑛−1

𝑈𝑛−1

(

𝜆2 + 𝑎
𝑏

)

− 𝜎𝐾1

(

𝐾1

√

2𝜎
)𝑛−2

𝑈𝑛−2

(

𝜆2 + 𝑎
𝑏

)]

=
[

𝐾1

√

2𝜎𝑈1

(

𝜆2 + 𝑎
𝑏

)

− 𝜎𝐾1 + 𝜎𝐾1

]

𝑄𝑛(𝜆) − 2𝜎𝐾2
1𝑄𝑛−1(𝜆)

=
(

𝑃1(𝜆) + 𝜎𝐾1
)

𝑄𝑛(𝜆) − 2𝜎𝐾2
1𝑄𝑛−1(𝜆).

(C.20)

As 𝑈−1 is not defined, the case of 𝑛 = 1 must be handled separately as 

𝑄2(𝜆) =
(

𝐾1

√

2𝜎
)2

𝑈2

(

𝜆2 + 𝑎
𝑏

)

− 𝜎𝐾1

(

𝐾1

√

2𝜎
)

𝑈1

(

𝜆2 + 𝑎
𝑏

)

=
(

𝐾1

√

2𝜎
)2

[

2𝜆
2 + 𝑎
𝑏

𝑈1

(

𝜆2 + 𝑎
𝑏

)

− 𝑈0

(

𝜆2 + 𝑎
𝑏

)]

− 𝜎𝐾1

(

𝐾1

√

2𝜎
)

𝑈1

(

𝜆2 + 𝑎
𝑏

)

= 𝐾1

√

2𝜎
[

𝐾1

√

2𝜎𝑈1

(

𝜆2 + 𝑎
𝑏

)

− 𝜎𝐾1

]

𝑈1

(

𝜆2 + 𝑎
𝑏

)

− 2𝜎𝐾2
1

=
(

𝑃1(𝜆) + 𝜎𝐾1
)

𝑄1(𝜆) − 2𝜎𝐾2
1𝑄0(𝜆). □

(C.21)

Data availability

Data will be made available on request.
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