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Abstract

This paper is devoted to the extension of a quasi-Newton/variable preconditioning (QNVP)
method to non-smooth problems, motivated by elasto-plastic models. Two approaches are dis-
cussed: the first one is carried out via regularized approximations of the nonsmooth problem,
and the second one gives an extension to nonsmooth operators in order to be applied directly.
Convergence analysis is presented for both variants. Then these abstract methods are applied
to elasto-plasticity where two different variants of QNVP are investigated and combined with
the deflated conjugate gradient and aggregation-based algebraic multigrid methods. The con-
vergence results are illustrated on numerical examples in 3D inspired by real-life problems,
and they demonstrate that the suggested QNVP methods are competitive with the standard
Newton method. Well-documented Matlab codes on elasto-plasticity are used and enriched by
the suggested methods.
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1. Introduction

This paper is focused on the iterative solution of nonlinear operator equations in the form
F(u*) =0 (1.1)

where F': H — H is a semismooth operator defined in a Hilbert space H. Such elliptic
equations appear in certain physical problems, and their proper discretizations lead to large-
scale nonlinear systems. These system are often solved by the semismooth Newton method,
see e.g., [1-4]. Since we encounter large-scale problems, the linearized systems of equations
appearing in each Newton’s iteration have to be solved by preconditioned iterative methods
and thus we arrive at inexact variants of the semismooth Newton method, see e.g. [5-7]. Even
in this case a next difficulty is the fact that the generalized derivative (Jacobian) of F' has
usually a complicated structure, which is costly to update and it is not easy to find convenient
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preconditioners for them. To overcome this drawback, approximations of the Jacobians with
simpler structure are chosen and thus we arrive at quasi-Newton (QN) methods.

The family of QN methods is very broad. For an overview, we refer to, for example, [8].
The most known are BFGS, Broyden, DFP or SR1 methods, where the approximations of
Jacobians are constructed recursively with proper algebraic techniques. The construction and
convergence analysis of some QN methods for semismooth operators can be found, for example,
in [3,9].

We focus on the so-called quasi-Newton/variable preconditioning (QNVP) method elabo-
rated earlier in [10] and the monograph [11] and applied further in the authors’ papers [12,13]
for general elliptic problems. Unlike other QN methods, the QNVP method involves spectrally
equivalent approximations of the Jacobians, and for this aim it exploits the structure of the un-
derlying PDE in the iterative solution of the problem discretized by finite elements. Therefore,
in particular, the method is convenient for large-scale problems. It has been recently used for
smooth problems in nonlinear elasticity in [14] and proved to be competitive with full Newton
linearizations regarding overall computational cost. It is recommended there to combine the
QNVP method with the deflated conjugate gradient method [15].

Up to now, the QNVP method has been used only for smooth operators. Therefore, the
first aim of this paper is to extend its convergence analysis for nonsmooth operators within the
abstract setting of the problem. In Section 2, two different approaches are presented together
with local linear convergence analysis:

o First, we consider regularized approximations of the nonsmooth operator, such that the
smooth versions of QNVP iterations can be applied. We show that the convergence is
bounded independently of the regularization parameter e.

e Secondly, we define QNVP iterations for the original problem directly, under the assump-
tion of the semismoothness of F'. We consider two theoretical variants and prove their
local linear convergence.

The next aim of this paper is to apply the abstract framework to elasto-plasticity, see
Sections 3 and 4. Elasto-plastic models are described, for example, in [6,16-18], and the arising
discretized elasto-plastic operators, defined in terms of displacements, are usually semismooth
as was shown, for example, in [19,20]. For convergence analysis of Newton-like methods in
elasto-plasticity, we refer to [5,6,20-23].

In Section 3, we present a von Mises type elasto-plastic operator, its smooth regularization
and space dicretization by the finite element method. The assumptions on the abstract operator
F, specified in Section 2, are verified in this elasto-plastic case.

In Section 4, we introduce two preconditioners approximating the generalized Jacobian of
the investigated elasto-plastic operator. They are in the form of the elastic stiffness matrix with
fixed and variable material parameters. We derive spectral bounds for these preconditioners
and specify the convergence results.

Section 5 is devoted to preconditioned iterative solvers for the linearized systems correspond-
ing to the semismooth Newton and QNVP methods. As in [14], the deflated conjugate gradient
(DCG) method is considered. Unlike the incomplete Cholesky factor preconditioner used in
[14], we combine DCG with the displacement decomposition [24-26] and the aggregation-based
algebraic multigrid (AGMG) preconditioner [27-29], leading to much better numerical results.

Section 6 reports in detail on numerical experiments in 3D, carried out for two geotechnical
problems involving homogeneous and heterogeneous materials, respectively. The first problem
is related to the analysis of the bearing capacity of a soil foundation, whereas the second



one concerns a composite sample comprising coal and polyurethane, derived from computer
tomography. The performance of the proposed methods is tested and compared to the exact
Newton linearizations, showing that one can achieve lower overall runtimes with the suggested
QNVP methods, hence the latter are competitive with Newton’s method.

The results of this paper are also supported by the extension of recently developed and
well-documented codes on elasto-plasticity (see [30]) to include the QNVP, DCG and AGMG
methods. The extended codes are available for download at [31].

2. The QNVP method: abstract background

In this section, we consider the abstract operator equation (1.1) and introduce the QNVP
method. First we summarize the existing background for smooth operators, then we extend
it for nonsmooth operators. To this end we use two different approaches: a regularization
approach and a direct nonsmooth approach.

Let H denote a real Hilbert space with inner product (.,.) and induced norm [|.||. For
simplicity, the norm of linear operators are also denoted by ||.||.

2.1. QNVP approaches based on smooth operators
2.1.1. Smooth operators

First, let F' be a smooth operator. In fact, it suffices if it has a Gateaux derivative denoted
as F’, further, if F’ is continuous only in the weak sense of bihemicontinuity, see [11], which
means that for any u,v,w, 2 € H the mapping (s,t) — F’'(u+tv+ sw)z is continuous from R?
to H.

We briefly state our earlier related result, for more details we refer to the monograph [11]
and the authors’ recent papers [12,13], see also [10].

We formulate the following properties for F”:

Assumptions 2.1.1

(i) (Symmetry.) For any v € H the operator F'(u) is self-adjoint.
(ii) (Ellipticity.) There exist constants 5y > 2 > 0 such that

Bo|lh|* < (F'(w)h, by < Bi[|hl* (Vu,h € H). (2.1)
(iii) (Lipschitz continuity.) There exists a constant L > 0 such that
[F'(u) = F'()[| < Lllu—o]  (Vu, h € H).
Conditions (i)—(ii) imply that equation (1.1) has a unique solution u* € H, see, e.g., [11].

The formulation of the following theorem uses the energy *-norm |||, := (F'(u*) v, v)/2.

Theorem 1. Let Assumptions 2.1.1 hold. Let ug be in a properly small neighborhood of u*,
and let the sequence {u,} be defined by

2 _
Up41 = Up — m Bn lF(Un) (n € N), (22)
where 0 < m,, < M, and the self-adjoint linear operators B,, : H — H satisfy
M (Brh, h) < (F'(up)h, h) < M, (B,h,h) (n €N, heH). (2.3)

We require {m,,} to be positively bounded from below and {M,} bounded from above. Then {u,}
converges to u*, that is, ||u, —u*|| < éHF(un)H — 0 and

£ (1) ||+
£ (un) [

M, —m,

" .
M, +m,,

lim sup < lim sup



Proof. 1t follows from [11], see also [13]. O

Remark 1. The above local convergence result can be made global by proper damping, which
is typical for Newton type methods. See [11] and [12] for details.

Remark 2. It follows from (2.1) that the operator F itself satisfies the uniform monotonicity
Bollu —v]* < (F(u) = F(v),u—v)  (Yu,v € H), (24)

and thus also
Bollu —v|| < ||[F(u) = F(o)[  (Vu,v € H). (2.5)

2.1.2. Regularized nonsmooth operators

Now we consider equation (1.1) when F is nonsmooth (non-differentiable). We assume that
it can be approximated with smooth operators of the type considered in Section 3.1. Namely,
for any € > 0 there exists an operator

Fo:H—H

with the following properties:
Assumptions 2.1.2
(i) There exists K > 0 such that for any € > 0:

[F(u) = Fe(u)|| < Kelull - (Vu € H). (2.6)

(ii) For any w € H the operator F!(u) is self-adjoint.
(iii) There exist constants 51 > fs > 0, independently of €, such that

Bollh|* < (F(w)h, h) < Bu|[Rl*  (Vu,h € H). (2.7)
(iv) (Lipschitz continuity.) For any e > 0 there exists L(e) > 0 such that
1F7(u) = F(u)| < L&) [lu =0l (Vu, h € H). (2.8)
(Here we may allow that lim. o L(e) = +00.)

Theorem 2. Let Assumptions 2.1.2 hold.
(1) If u* and uf are the solutions of equations F(u) =0 and F.(u.) = 0, respectively, then

|lu* —ul]| =0 as e —0,.

(2) Let € > 0 be fixed. Let uy be in a properly small neighborhood of u., and let the sequence
{u,} be defined by

(B9 F.(uy,) (n € N), (2.9)

Up41 = Up — m n

where 0 < m{ < M,ge), and the self-adjoint linear operators BY:H-H satisfy

m(BOh by < (F'(u,)h,h) < M(BOh h)  (neN,heH). (2.10)



Assume that there exist constants M > m > 0, independently of €, such that
m<m9<MI<M (VneN). (2.11)

Then {u,} converges to u’ as n — oo, that is, ||u, — u’|| < éHFe(un)H — 0 and

Fe n * MT(LE) - 'gle)
lim sup M < lim sup ()—m() <Q, (2.12)
notoo [Fe(tn)lls 7 notoo MY 4+ mis
M —
where Q== 1 s independent of €. (2.13)
M+m

Proof. (1) Comparing the two equations, we have F(u*) = F.(u}) = 0. Hence,

F.(u*)— F(u") = F.(u") — F.(u}).

€

Assumption (iii) and Remark 2 imply

Pollu” = ull| < [[Fe(u®) = Fe(ul)]l -

€

From this relation and assumption (i), we obtain
Bollu” — w|| < [[Fe(u®) = F(u")[| < Ke[u®|| =0 as e — 0.

(2) We may apply Theorem 1 to the operator F, with fixed €, since it satisfies Assumptions
2.1.1. This yields (2.12). The bounds in (2.11), which are independent of ¢, imply that (2.13)
holds as well. Note that () does not involve the Lipschitz constant L(e). ]

2.2. The QNVP method for nonsmooth operators

Now our goal is to study the QNVP method for an in general nonsmooth nonlinear operator
F: H — H directly, without regularized approximations. In this case, proper analogues of As-
sumptions 2.1.1 are imposed on the generalized derivatives of F', denoted by F°(u). Altogether,
we assume that F' satisfies the following properties:

Assumptions 2.2

(A1) F is Lipschitz continuous and uniformly monotone in the sense of (2.4).

(A2) For any u € H there exists a bounded self-adjoint linear operator F°(u) : H — H,
representing a generalized derivative of I’ at u, and satisfying the assumptions below.
(A3) There exist constants 1 > 2 > 0 such that

Bol|hl* < (Fe(u)h, k) < Bul[R]* (Vu,h € H). (2.14)
(A4) For any u € H, there exist constants d,, > 0 and L, > 0 such that
1F(v) = F(u) = F°(0)(v —w)| < Lo flu =l (Vv € V(u,d.), (2.15)
where V(u,d,) ={ve H | ||lu—v| <d,}.

Remark 3. If H is finite-dimensional, Assumption (A4) means that the function F' is strongly
semismooth in H. For an infinite-dimensional H, the operator F° may represent the so-called
slant derivative. Assumption (A1) implies that there exists a unique solution v* € H of (1.1),
see, e.g., [32].



In order to solve problem (1.1), we use the following QNVP method, which is the nonsmooth
analogue of (2.2)—(2.3):

2 —1
_ m B, F(uy) (n € N), (2.16)
where:

(A5) 0 < mpin < my < M,y < My, and B, : H — H x H are self-adjoint operators satisfying
mu(Bph, h)y < (F°(u,)h, h) < M,(B,h,h) (neN, he H). (2.17)

We present two results on local linear convergence of Algorithm (2.16)—(2.17) under different
restrictions. The first one is relevant for mild nonlinearities (that is, when the bounds /3, and (3,
in (2.14) are relatively close to each other, see (2.19) below) and is expressed with the standard
norm in H. The second one may cover stronger nonlinearities, using proper energy norms,
provided that the latter satisfy extra stability type conditions near the solution.

2.2.1. Mild nonlinearities
Theorem 3. (Local linear convergence in || - || norm.) Let Assumptions (A1)-(A5) hold and
u, be sufficiently close to u*. Then

" =l < Gt — | + O = ) (218)

Consequently, if

L &Mmax — Mmin

= <1, 2.19
K 52 Mmaz + Min ( )
then Algorithm (2.16)-(2.17) provides at least a linear rate of convergence.
Proof. Using (2.16) and (1.1), we consequently derive:
2
U — Uy =u" —u B, N (F(uy) — F(u*)) = (2.20)

nt n
M, +m,,

2 B(F(un) - Flu®) — F(wn)(t — %))

2
— (- — " B'F(u) ) (v — ) +
( M, +m, " (u ))(u u)+Mn+mn "

If u,, is sufficiently close to u*, then assumptions (A3) and (A4) imply

I = il < |1 = g B o) o = a4 O = ). (220)
Further, we have:
1= g B )| < [ = gl 22
M, + m, M, +m,
where assumption (A3) yields
[F(un)|| = sup |(F°(un)v,v)| < Br. (2.23)



Applying [10] to (2.17) and (2.14), respectively, we have for any n € N and v € H:

M By o, v) < (F(up)"to,0) <mg H(Brtv, o), Byl < (F2(u)™Ho,v) < Byl
Hence,
Mn - n — — 2 — Mn - n —
) ) € (P = g B ) € SR ) M)
(2.24)
Fo(u,)™! 2 B = sup [ (F(u,)"" — LB’l)v v
" M, +m, " [|v]|=1 " M, +m, " ’
M, —m M, —m, 1
" 2 sup (F°(u,) o, v " == 2.25
M,, +my, ||v||£1< ( ) > - M, +m, 62 ( )
Inserting (2.22)—(2.25) into (2.21), we arrive at (2.18). O
If, in particular, we choose B, = F°(u,), then we arrive at the standard semismooth

Newton method, in addition, m,, = M,, = 1 and (2.18) implies the local quadratic convergence
of Algorithm (2.16).

However, if B, # F°(u,), then possibly £;/82 >> 1 may occur for strongly nonlinear
problems and thus the convergence criterion ¢ < 1 in the theorem can be too restrictive. To
overcome this drawback, we study the local linear convergence in an appropriate energy norm,
see the next subsection.

2.2.2. Stronger nonlinearities
Let us introduce the following norms induced by the operators F°(u*) and F°(u,), respec-
tively:

|o]]ws = V{Fo(u*)v,v), |||, = V{(Fo(uy)v,v)  (u,v € H).

From Assumption (A3), it follows that there exist positive constants v1(n), va(n), 7, 72, » € N,
such that 0 <7, < y2(n) < v(n) <7, and

2. (Yu,v € H, ¥n € N). (2.26)

Ye(m)lvlli < vl < %)l

The main advantage of the bound (2.26) against (2.14) is the fact that the constants v;(n) and
v2(n) can be close to one if u, tends to u*. For example, it occurs if F' has locally Lipschitz
continuous derivative in vicinity of u*. Therefore, our aim is to improve the estimate (2.18)
using the norm || - ||~ and the constants y;(n) and ~2(n). To this end, we need the following
auxiliary result. Let A, S be linear self-adjoint operators in H such that A is also positive

definite, and let
(u,v)4 = (Au,v), ||vl]ja =V (Av,v) VYu,v € H,

define the corresponding inner product and norm in H. Then A~1S is A-selfadjoint: for any
z,h € H we have (A~'Sh, z) 4 = (Sh,z2) = (h,Sz) = (h, A=1Sz) 4. Hence,

= sup [Sh, b)) (2.27)

1A~ (:: sup |
B (AR

||A_15hI|A) _ p|<A_1Sh>h>A| |(Sh, h)|
nzo  ||Rla h£0



Theorem 4. (Local linear convergence in || - ||« norm.) Let Assumptions (A1)-(A5) hold and

u, be sufficiently close to u*. Then

lw* — tpg || < () My £ |u* =t |[ur + O(|u* — un|2.). (2.28)
Consequently, if there exists ¢ < 1 such that ) My—mn q for all m € N, then Algorithm

y2(n) Mp+may
(2.16) provides at least a linear rate of the convergence.

Proof. The identity (2.20) can be derived as in the proof of Theorem 1. If w, is sufficiently
close to u*, then the assumptions (A3) and (A4) imply

[ =t [, < HI ~ N B () B [t = Ul + Ol — w*[[2,). (2:29)
Since
I— LBleO(u )= F°(u )*1(F°(u ) — LFO(U VB FO(u ))

the identity (2.27) can be applied with A = F°(u,,) and S = F°(u,)— Mnimn F°(u,) B, FO(uy,).
Namely, for any h € H,

((Sh, 1] = | {(F(un) — ﬁ F(u) By F () 1, )| (2.30)
= [{((F°(un) ™" — ﬁ B, ) F(un)h, F(un)h)| (2.31)

M, —m, o B M, —m,
< (P () = ot (A, B, (2.32)

where (2.24) was used for v := F°(u,)h. Hence, (2.27) yields

2 |(Sh,h)| _ M, —m,
= sup <

I——— B 'F°u, .
Mt B (U)un nio (Ah,h)y = M, +m,

(2.33)

Further, (2.26) implies

[0 = tnpallu, = V()" = ungallus, (0" = wnllu, < Vo)le” —unlle. (2.34)
Inserting (2.33)—(2.34) into (2.29), we arrive at (2.28). O

Based on Theorem 4, one can introduce the following assumption on F' to ensure local linear
convergence of Algorithm (2.16):

(A6) There exist positive constants d, Ymin and Y such that
2 < (Fu)0,0) € a2 (I EN, Ut il <8),  (235)

Ymax Mmax — Mimin
1/ <1 2.36
Ymin Mma;t + Mmin 7 ( )
where M, and my,;, are defined within Assumption (A5).

Corollary 1. Let Assumptions (A1)-(A6) hold. Then Algorithm (2.16) provides local linear
convergence.

Yrmin ||V

Remark 4. The above convergence is ensured if ||F°(u,) — F°(u*)|| — 0 as n — oo, which
guarantees that v, and V., — 1 as n — oo. It is satisfied, for example, if F' has a locally
Lipschitz continuous derivative in a vicinity of u*.
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3. The elasto-plastic problem and its smooth approximation

In this section, we specify the operators F', F'° and F, from Section 2 for a selected elasto-
plastic problem and verify that the assumptions are satisfied for these operators. In particular,
we consider a simplified static version of the elasto-plastic model with the von Mises yield
criterion and isotropic hardening. It is well-known that a quite similar problem arises from
time discretization of the related quasi-static problem. We follow [14,18,33].

3.1. The nonlinear PDE system and its finite element discretization

We consider a body occupying a three-dimensional bounded domain Q C R3 with Lipschitz
continuous boundary denoted as 0€2. The investigated problem can be described via the fol-
lowing quantities: the displacement vector u : 2 — R3, the strain tensor € : Q — R**? and the
stress tensor o : 0 — R3*3. The basic system of equations is as follows:

—div o; = ¢i(x) in Q, oi-v = v(x) only, uy = 0 onlp (1=1,2,3).
(3.1)
Here = € ) is the space variable, v is the outward unit normal to 09, o; = (01,02, 043)
(i = 1,2,3) denotes the ith row of the matrix o. The functions ¢ : @ — R?* and v: 'y — R?
describe the body and boundary force vectors, respectively. The body is clamped on I'p, where
0Q =Tn UTp is a disjoint measurable subdivision and I'p is nonempty and open in 9. The
strain tensor is determined from the displacement, that is, ¢ = £(u), where

e(u) = % (Vu+Vu'). (3.2)

(Here Vu' (z) denotes the transpose of the matrix Vu(z) € R*3.) This means that in this
model the strains are assumed to be small enough such that geometric nonlinearity can be
neglected. Finally, the following general form of nonlinear stress-strain operator is considered:

o(x) =T(z,e(u(x))) (3.3)

The matrix-valued mapping 7 : 2 x R3*3 — R3*3 is given and will be specified in Section 3.2
together with its generalized derivative T° and its smooth approximation 7..

Inserting (3.2) and (3.3) into (3.1), we arrive at a second order system of partial differential
equations in terms of the displacement u = (uq,ug, uz). Its weak formulation is defined in a
standard way in the Sobolev space

HE (), where Hp(Q) := {ue H'(Q): ur, = 0},

endowed with the inner product and the corresponding norm

(u,v) = /QVu -V, |ul|? = /Q |Vul? (u,v € HH(Q)?). (3.4)

The weak problem reads as follows. Find u = (uy, uz, us) € Hj(Q)? such that

/QT(x e(u /cp v—/ you =0 (ve H Q). (3.5)

The nonlinear problem (3.5) is properly discretized and then solved numerically by some
iterative method. For the discretization we use finite elements (FEM). In general, let V,, C
H}, () be a fixed FEM subspace. To be in accordance with the notation from Section 2, we

9



set H := V;? for a fixed discretization parameter h. Then the FEM problem is the discrete
analogue of the weak form (3.5): find u* € H such that

/T(x,g(u*)) :e(v) —/gpm—/ v-v =0 (v e V). (3.6)
Q Q I'n
It leads to the following weak operator equation

(F(u*),v) =0 (v e H). (3.7)

or just

Fu*)=0 in H. (3.8)

Analogously, one can introduce smoothing operators F, by using smooth approximations
T, instead of T', detailed in the next subsection. It is evident that the properties of F' and F,
depend mainly on the properties of the nonlinear mappings 7" and T..

3.2. Constitutive operators and their properties

We investigate the constitutive operators T and T, for a fixed material point x within this
section. Therefore, we do not highlight the dependence of these operators on z, for the sake of
brevity.

Let I denote the identity matrix, and for any matrix A € R¥3 let tr A = 37 | A; be the
trace of A. We denote

1
vol A = g(tr A)l, devA=A—volA. (3.9)
Let : and | - | denote the elementwise matrix product and the corresponding Frobenius norm
defined by
3 3
A:B=> ApBy, |AP=A:A=) A% (A BeRY). (3.10)
ik=1 ik=1

The stress-strain operator T representing the von Mises yield criterion and isotropic hard-
ening has the following definition (see e.g. [22]):

T(A) = 3kvol A+ 2u(|dev A|*) dev A (A € R¥9). (3.11)

Here k£ > 0 is the bulk modulus and p(z) is the nonlinear Lamé coefficient defined by

Ho, if 21“0\/5 < Y7
n(z) =

3.12
(=)ot 2%V if 2uy/z > Y, (312)

where gy > 0 is the linear Lamé coefficient, o € (0, 1) represents the isotropic hardening
parameter and Y > 0 is the initial yield stress. It is easy to see that the function u is Lipschitz
continuous and piecewise smooth. Such functions are also strongly semismooth. Further,
smooth functions with locally Lipschitz derivatives are strongly semismooth. In addition, finite
sums, products or compositions of strongly semismooth functions are also strongly semismooth.
Therefore, the function T defined by (3.11) is strongly semismooth in R3*3, see also [20].

The generalized derivative T° can be defined by

T°(A)B = 3kvol B + 2u(|dev A]*) dev B + 4p°(|dev A|*) (vol A : vol B)vol A (VB € R>%),
(3.13)

10



where
(=) =0 f 2u0y/z <Y,

p(z) = 0 if 2ugy/z=Y, (3.14)
p(z) =—5=Y if 2upy/z>Y.

In order to relate the operator T° with its simplified approximations, arising later in the pre-
conditioners in Section 4, we introduce the following fourth-order tensors:

Ty B :=3kvol B+ 2uydev B VB € R, (3.15)
T(A)B := 3kvol B + 2u(|dev A]*)dev B VB € R**?, (3.16)
T(A)B := 3k vol B + 2u(|dev A]*)dev B VB € R>?, (3.17)
where
w(z) = p(z) +2u°(2)z, (I—o)po < p(2) < p(z) <po VzeRF (3.18)

Notice that T,; represents Hooke’s law for purely linear elastic response. The following estimates
hold for any B € R3*3:

(1—a)TyB:B<T(A)B:B<T(A)B:B<T(A)B:B<TyB:B. (3.19)

Similar bounds were derived, for example, in [14] or [20].
To define the smoothing operator T, to T', it suffices to replace the function p in (3.11) with
its smooth approximation for given e € (0, 1):

Ho, 2:u0\/z < Y<1 - 6)7
,U/e(z> = (1 - Oé),u() + %ﬁ[y - ﬁ<2/£0\/_ -Y - 6)2]7 QMO\/E < [Y(l - 6)7 Y<]- + 6)]7
(1—04)#0—1—%55/, 210v/z > Y (1 +¢).
(3.20)
This function was introduced in [14] and the following bounds were derived there:
(1-a)TyB:B<T(A)B:B<T/(A)B:B<T.(A)B:B<TyB:B, (3.21)
where
T.(A)B := 3kvol B + 2u.(|dev A]*)dev B VB € R¥*, (3.22)
T (A)B := 3kvol B+ 2u (|dev A])dev B VB € R, (3.23)
B (2) = pe(2) +2u(2)2, (1 —a)uo < p(2) < pe(2) <po Yz e R (3.24)

We also refer to [22] for the relationships between T' and 7, which are important for the
verification of Assumptions 2.1.2.

3.8. Properties of the elasto-plastic operators F', F° and F

In general, we suppose that the investigated body consists of a heterogeneous material and
assume that the material functions k, 1o, Y, a belong to L>°(Q2). In addition, we assume that
k, po, Y are uniformly bounded from below by the positive constants k, Ky Y, respectively,
and that « is bounded from above by & < 1.
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The operators F', F° and F, are defined as follows:

~
i
=
<
I

/QT(x,a( w)) : e(v) — /gp v—/ v (u,v € H), (3.25)
<F6(u),v):/QT(xa ; /go U—/FN7 v (u,v € H), (3.26)
(Fo(u)o, v) = /Q To(z, e(u))e() : ev)  (u,v € H). (3.27)

Remark 5. If higher-order finite elements are considered, the integrals introduced within the
definitions F', F° and F, are usually computed numerically. It means that the operator F' is
defined as a finite sum of terms containing the operator 7" at integration points.

Similarly to F, one can also introduce the operators Fy, £, F F, F°, and FIE defined by
Te, T, T, T, and ']I‘E, respectively. It is well-known that one can apply the Korn inequality
[18] to prove that the elastic operator F; induces an inner product in H which is equivalent
to the standard inner product (-, -). Therefore, it suffices to investigate Assumptions 2.1.2 and
2.2 with respect to the following elastic inner product and the corresponding norm:

(U, v) e == (Fou,v), ul| == (Fou,u) (u,v € H). (3.28)
From (3.19) and (3.21), the following estimates can be derived for any u,v € H:

(1= @)ollZ < (E°(u)v,v) < (Fo(u)v,v) < (F(w)v,v) < [lolZ, (3.29)
(L= oll% < (Fi(u)o,v) < (Fl(u)o,v) < (Fo(w)v,v) < [|o]|% (3.30)

These bounds imply the assumptions (2.7) and (2.14) and can be easily extended to the infinite-
dimensional space (H5(€2))3. In addition, properties (2.6) and (2.8) follow from [22] or [23].
The assumption (2.15) was proven for the investigated elasto-plastic model in [20]. It implies
that the operator F' is strongly semismooth in H. To the best of our knowledge, this property
has not been extended to (HL(£2))3, yet.

Altogether, we arrive at the following result:

Corollary 2. The operators F', F° and F, defined by (3.25)—(3.27) satisfy Assumptions 2.1.2
and 2.2.

In particular, it follows that problem (3.5) has a unique weak solution and that the FE
approximations converge to it for admissible families of FE subspaces.

4. The QNVP method for the elasto-plastic system

In this section, we suggest preconditioners BY and B, for Algorithms (2.9) and (2.16),
respectively, to be convenient for the investigated elasto-plastic problem. We follow on our
recent work [14] and extend its results, especially for the semismooth operator F'. In particular,
we investigate two types of preconditioners, with variable and fixed elastic stiffness matrices,
and calculate their corresponding bounds used in Algorithms (2.9) and (2.16). Finally, we
derive the corresponding convergence results for all preconditioners.
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4.1. Preconditioner 1 — the elastic stiffness matriz with variable parameters
For a given iterate u,, € V}?, let us choose weight functions g, , pt, € L>°(2) such that the
following inequalities hold almost everywhere in €2

p (Jdeve(un)?) < pne < pe(ldeve(u,)?), (4.1)
p(ldeve(un)?) < pn < pldeve(u,)l?), (4.2)

where the functions p, g, p and p, were defined in Section 3.2. The preconditioners Bl =

B9 and B, = B corresponding to these weight functions are defined by

(Lp p) = VO : vole(v ev : deve(v .
(B9, v) /Q(?)k Le(h) : vole(v) + 2 deve(h) « deve(v)), (4.3)
(BWh, v) ::/(3k:vols(h) : vole(v) + 2u, deve(h) : devz—:(v)), (4.4)
Q

for all h,v € H.

Remark 6. Within Preconditioner 1, we approximate the dev part using only a scalar coeffi-
cient, in contrast to the full Newton linearization where the tensor dev e(u, )deve(u,)" is also
required in the second terms. The above difference in the complexity is reflected as well in the
fact that the assembly of the FE matrix requires less operations for B9 than for I’ (up).

The following estimates hold for the arising spectral bounds.

Proposition 1. The operators BY9 and BY satisfy

m(B&Ih, By < (Fl(un)h, by < MBI b)Y (Vh € H), (4.5)

mM (BOh,hy < (FO(up)h,h)y < MY (BVhh)y — (Vh € H),

where
(|deve(u,)[? ’
009 — inf pre(ldev e(un)*) 1owm1], MO = sup pe(ldev e(un)?) 1,—— (@7
Q e Q Hone 1-a
deve(u,)|? 2 1

i) = ing LUV )y g e e oy L

Proof. The bounds in (4.7) and (4.8) follow from (3.18), (3.24), (4.1) and (4.2). Further, using
(3.29) and (4.4), we have

mi (B b, h) < (E2(un)hs h) < (F(un)h, h) < (F(un)h h) < MP(BDh. ),
implying (4.6). Similarly, one can prove (4.5). O

In practice it is natural to let u, be a convex combination of u and u, e.g. the arithmetic
mean as in our numerical examples presented in Section 6. The choice y, = p leads to the
preconditioner corresponding to the well-known Picard’s/Kachanov’s iterations applied to the
investigated elasto-plastic problem.

In the numerical examples, we denote the QNVP method with Preconditioner 1 as QNVP-
la. Since the assembly of BY or BM in each Newton’s iteration is computationally costly,
we introduce the following modification [14]:

if | pn — pn—1|/|pn| < 0.1 for any z € Q then set B = BYW . (4.9)
if [pine = pin—1.el/|ftne] < 0.1 for any x € Q then set B = Br(ll_’i). -

We term the corresponding variant as QNVP-1b.
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4.2. Preconditioner 2 — the elastic stiffness matriz with fized parameters

The operators (4.3) and (4.4) can be simplified if the scalar coefficients are kept the same
throughout the iteration. Then, we arrive at the “purely elastic fixed preconditioner”, B® =
BT(?) = B,(LQ’G) = F,; where F,; was introduced in Section 3.3. Thus,

(B@h,v) = (h,v)q = /

<3kvols(h) : vole(v) 4+ 2pp deve(h) : deve(v)) (4.10)

(for all h,v € V?). A fixed (i.e. constant) preconditioner is favourable, since it does not
need updating, moreover, one may use efficient CG solutions for the corresponding sequence of
systems with a fixed matrix using a deflated CG method as described in [14]. We also note that
such a globally spectrally equivalent fixed preconditioner provides global convergence without
damping, see, e.g., [11].

Proposition 2. The operator (4.10) satisfies

m{F N BOh,h) < (F/(up)h, h) < MP(BPh,h)  (vh € H), (4.11)
m®(B@h, by < (F°(u,)h,h) < M@ (BPh h)y  (Yhe H), (4.12)
where
dev e(uy,)|?
m7(1276) = lnf HEO ( )l )e [1 - av 1]7 MT(LZG) = 1? (413)
Q Ho
d D2
m® = inf plldevet)l oy 5w =1, (4.14)
Ho

Proof. This result follows from the bounds (3.29), (3.30) and the definitions of £°, F°, F*, and
F. O

€

In the numerical examples presented in Section 6, we denote the QNVP method with Pre-
conditioner 2 as QNVP-2.

4.3. Convergence of the QNVP iterations

We analyze the convergence properties of the quasi-Newton iterative solver using both
Preconditioners 1 and 2, relying on the abstract results of Section 2.

Owing to Propositions 1 and 2 and the properties of F', F'° and F, derived in Section 3.3, we
see that the assumptions of Theorems 2, 3 and 4 are satisfied and therefore, these theorems can

be used to investigate the local linear convergence of Algorithm (2.9) with operators Bfll’e) and

B® and of Algorithm (2.16) with operators BY and B®. We summarize the results below in
three corollaries.

First, let us consider the regularized versions. The e-independent bounds in (4.7) and (4.13)
imply that the condition (2.11) of Theorem 2 is satisfied with both preconditioners. Together
with the validity of the other assumptions of Theorem 2, we obtain:

Corollary 3. Let uy be sufficiently close to u* and BS’E), B® = B%9 pe defined by (4.3) and
(4.10), respectively. Then Algorithm (2.9) with the preconditioner B or B® exhibits at least
a linear rate of convergence and the convergence rates in (2.12) are bounded uniformly in e.

Now let us turn to the nonsmooth versions of the iterations without regularization and apply
Theorems 3 and 4. In this case, we involve additional sufficient conditions on the problem. First,
when applying Theorem 3, we bound the isotropic hardening parameter.
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Corollary 4. Let ug be sufficiently close to u*.

(1) If & < 0.456, then Algorithm (2.16) with preconditioner Bfll) provides a linear rate of
convergence.

(2) If @ < 0.585, then Algorithm (2.16) with preconditioner B® provides a linear rate of
convergence.

Proof. We apply Theorem 3. Let us find the values of B, B2, Miaz, Mmin- To find By, Ba, we
use the elastic norm || - ||¢; instead of || - ||. Then one can set $; = 1 and 5y = (1 — @), which
follows from (3.30).

(1) From (4.8), it follows that m,,;, = 1 —a@ and M., = 1/(1—a). Inserting these constants
and f1, B2 into (2.19), we obtain

1 1-(1-a)?
S l-a 14 (1-a)?

q < 1.

This condition is satisfied for & < 0.456.

(2) From (4.14), it follows that m,,;, = 1 — @ and M,,,, = 1. Inserting these constants and
B1, Po into (2.19), we obtain
1 a
l-a 2-@

This condition is satisfied for @ < 2 — v/2 & 0.585. O

< 1.

q

Finally, Theorem 4 and Corollary 1 imply the local linear convergence of Algorithm (2.16)
if the extra assumption (A6) holds, since we have seen that the other assumptions (A1)-(A5)
hold for the operator and preconditioners.

Corollary 5. Let ug be sufficiently close to u*, assumption (A6) hold and B,(ll), B®@ be defined

by (4.4) and (4.10), respectively. Then Algorithm (2.16) with the preconditioner B or B®
exhibits at least a linear rate of convergence.

Remark 7. Corollary 5 involves no restiction on «, in contrast to Corollary 4. In turn, it
relies on the extra assumption (A6). This assumption is readily satisfied if the function F' is
differentiable at the solution u*. To justify this statement, it suffices to show that the existence
of F'(u*) implies that F' has a locally Lipschitz continuous derivative in vicinity of u*, see
Remark 4. Indeed, it follows from the fact that F' can be defined as a finite sum of terms
containing the operator T" at integration points, see Remark 5. Further, from the definition of
T, it is easy to see that if T is differentiable at A, then T is also differentiable in vicinity of A
and is Lipschitz continuous there.

In addition, we know that the function F' is almost everywhere differentiable. Therefore,
one can expect that the assumption (A6) is satisfied despite the fact that the existence of F'(u*)
cannot be a priori checked. The numerical tests in Section 6 demonstrate that the convergence
holds indeed similarly to the regularized case.

5. Iterative solvers for the linearized equations

During the solution process using either the Newton or QNVP method, we encounter a series
of linear systems of equations. The individual systems in the series share similar structures
and properties. In our previous work [14], we demonstrated that the QNVP method can
be competitive with the Newton method if an appropriate iterative solver for the linearized
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systems is employed. This finding arises from the fact that the linear systems encountered in
QNVP methods are slightly better conditioned than those in the Newton method, as well as
the observation that the QNVP method requires less accurate solutions of linear systems than
the Newton method to maintain its convergence rate.

In this section, we present our solution concept, which slightly improves the one from [14]
and consists of the deflated conjugate gradient method and an appropriate preconditioner for
the linearized systems. We use the unifying notation C,s, = b, for the linearized systems,
where the matrix C,, represents either F°(u,), F!(u,) (within the Newton method) or B,
B B® (in case of QNVP-1 and QNVP-2), b, = —F(u,), and s,, denotes the step direction.

5.1. The deflated conjugate gradient (DCG) method

The deflated conjugate gradient (DCG) method is described, for example, in [15]. In this
work, we utilize the DCG method as an extension of the preconditioned conjugate gradient
(PCG) method. This extension is based on the deflation basis W,,, which serves as an additional
input parameter in the solution process. The solution is additively split into two parts: s, =
s}l + sfl:

o The first part, s!, consists of the projection of the solution of the system C,s, = b, onto
the deflation space W,,, which can be constructed as
sh =W, (WIC,W,) ™ Wb,
« The second part, s2, is obtained by solving the system using the PCG method on the

orthogonal complement of the deflation space, W. This is done by projecting the residual
during the PCG iterations with the projector

P, =I—W, (W C,W,) ' W]C,.

The DCG method is applicable to any linearly independent basis W,. However, to achieve
faster convergence of the PCG method on Wt (compared to the standard PCG applied to the
original system), the deflation space must either capture a substantial portion of the solution
s, or enhance the spectral properties of C,, on W:X. The DCG approach adds a small overhead
to the computational time of PCG. This overhead is proportional to the size of the deflation
basis and it is negligible in comparison with the cost of the preconditioner discussed in Section
5.2. As a result, we observe cost savings that are proportional to the number of saved PCG
iterations.

The aforementioned similarity of individual systems of linearized equations allows us to
construct a deflation space W, that reduces PCG iterations at a very low computational cost.
The idea is to construct the deflation space iteratively:

e In the first Newton or QNVP iteration, the corresponding linearized system is solved with
an empty deflation space W, = (), i.e., by the PCG method.

« In all subsequent iterations, the deflation basis consists of the solutions of previous systems
in the series, W, = [s1,..., Sn_1]-

The efficiency of such a construction of the deflation basis depends on the similarity of the
linearized systems, which differs between the Newton and QNVP methods. Based on our
numerical examples presented in the following section or in [14], we observe that for the Newton
method, the reduction in the number of PCG iterations between the first and last linearized
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systems is typically 10-30 %, while for the QNVP-1a,b and QNVP-2 methods, it is usually up
to 50 %.

In the case of QNVP-2, the series of linear systems share the same system matrix B® in
each iteration. This allows for a different and more efficient modification of the DCG method,
which consists of two key aspects:

1. Instead of collecting just a solution from each linear system, we collect the entire Krylov
subspace K,. Consequently, the resulting series of deflation bases consist of W, =
[Kl, o .. ,Kn_l].

2. The deflation space collected in this manner is B®-orthogonal, meaning (WnT B (2)Wn)
is a diagonal matrix. Moreover, the values on the diagonal are computed and collected
during the PCG iteration process as the inverses of the B®-norms of the conjugate
directions.

-1

In this way, the most computationally expensive part of the deflation process is eliminated, leav-
ing only the additional system matrix multiplication and W,| multiplication per PCG iteration.
This means that even with much larger deflation spaces, the overhead remains minimal.

5.2. Preconditioner for the linear systems

The systems for QNVP methods are essentially linear elasticity systems with specified het-
erogeneous material, whereas the systems for Newton’s method are similar, but cannot be
exactly interpreted as linear elasticity. In our previous study [14], we employed an incomplete
Cholesky factor preconditioner for Newton’s and QNVP methods. However, this preconditioner
is computationally expensive and its cost does not scale linearly with the discretization size.
In this work, we present an alternative approach that alleviates these deficiencies. It combines
separate displacement decomposition (developed in [24-26]) with aggregation-based algebraic
multigrid (AGMG) (see [27-29]). For comparison purposes, we aim to use the same type of
preconditioner across all methods.

As described in [24-26], the separate displacement decomposition approach involves sepa-
rating the degrees of freedom for each nodal displacement direction. Since our problem from
Section 3 is defined in 3D, we can express the system matrix in block form as

Cip Cia Cig
Ch,=| Cy1 Coo (a3 |,
C31 Cso Cs3

where C 1, Cy 9, Cs 3 represent blocks corresponding to individual displacement components and
depend on n. This form may be virtual, achieved through permutation matrices within the
context of the preconditioner. The displacement decomposition preconditioner employs the
block diagonal as a preconditioner:

M, = diag (Cy1,Cs2,C53),

whose spectral equivalence to the original matrix relies on Korn’s inequality. Each block’s so-
lution can then be achieved using CG with an AGMG preconditioner. Here, we apply only one
iteration of the multigrid V-cycle for each C},Cs4,Cs 3 system, i.e., we utilize the precondi-
tioner

M, = diag (01,1, 6'2,2, é3,3> ;

where (:“1,1, (7272,(73,3 denote the AGMG preconditioners for each C1,Cs2,C53. For our nu-
merical experiments, we employ the AGMG implementation [29].
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For the Newton method, M, must be set up for any n. In contrast, the QNVP-1a,b and
QNVP-2 methods can utilize a constant preconditioner (]\7[n =M ) corresponding to the elastic
matrix C, = B®@. In the case of QNVP-1a and QNVP-1b, such a choice of M is feasible even
though the matrix BT(ll) depends on Newton’s step n and differs from B®. This approach is
justified because the time required to set up the preconditioner outweighs the additional time
spent in an increased number of iterations due to a sub-optimal preconditioner.

It is worth noting that an AGMG preconditioner could also be applied directly to the entire
system, provided a variant of AGMG that utilizes information about the near-null space of the
matrix (here consisting of rigid body modes) is available (see, e.g., [34]).

5.8. Accuracy of the inner solver

The DCG method is equipped with a stopping criterion based on the relative residuum.
Let us denote n as the prescribed tolerance that defines the accuracy of DCG method. The
influence of n on the convergence of Newton’s solvers in elasto-plasticity was analyzed, for
example, in [5,6]. It was observed that the number of Newton’s iterations is not particularly
sensitive to 77, and a relatively rough value of n = 10~! was sufficient. In [14], the total runtimes
of the Newton and QNVP solvers were compared as a function of 7. It was observed that the
optimal value of  was 10~* for the Newton method, while for the QNVP method, n = 107! or
even larger values were sufficient. This difference can be explained by the fact that the main
advantage of the Newton method is its superlinear convergence. However, with rough accuracy
in the inner solver, this superlinear convergence can be lost, unlike the linear convergence of
the QNVP method.

The fact that the QNVP method is less sensitive to n than the Newton method is also used
in the numerical experiments presented below. This characteristic is one of the most notable
advantages of the QNVP methods, making them competitive with the Newton method.

6. Numerical experiments

In this section, we demonstrate the validity of our theoretical results and also compare the
suggested QNVP-1a, QNVP-1b and QNVP-2 methods with the Newton method on two distinct
numerical examples involving homogeneous and heterogeneous materials, see Subsections 6.1
and 6.2, respectively. We also investigate the influence of mesh density and the parameters «
and € on the convergence results.

For the FEM solution, we employ P1 elements. The stopping criterion for Newton-like
solvers is defined as follows:

ug =0, | F(u,)|| < 1075||F(up)|| with K = 10. (6.1)

It is worth noting that the chosen higher tolerance with K = 10 is more favourable for the
Newton method (having a local quadratic convergence rate) than for the QNVP methods (hav-
ing only a local linear convergence rate). Further, we set the tolerance 7 for the inner solver of
linearized systems of equations (see Subsection 5.3) at 10~! for the quasi-Newton methods and
10~ for Newton’s method.

For the comparison of the methods, we record the resulting number of Newton (QNVP)
iterations, cumulative CG iterations, and runtimes for each test and method. This comprehen-
sive approach aids in distinguishing different types of factors. For example, if the number of
Newton’s iterations remains constant but the cumulative number of CG iterations increases, it
indicates that the linearized problems are more difficult to solve (indicative of worse condition-
ing). Conversely, if the cumulative number of CG iterations remains stable but the runtime
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increases, the additional computational difficulty likely lies in the assembly of the systems and
possibly in the application of the AGCM preconditioner from Section 5.

We have utilized in-house Matlab codes, available at [31], for the numerical examples pre-
sented below. These codes are derived from recently developed and well-documented codes on
elasto-plasticity (see [30]) such that the QNVP, DCG and AGMG methods have been added.

6.1. Numerical example with a homogeneous material

The first numerical example is inspired by the well-known strip-footing problem, where the
bearing capacity of a soil foundation is analyzed. The geometry of this problem is illustrated
in Figure 1. We consider a cubic body with dimensions of 10 meters on each side. Zero normal
displacements, u - v = 0, are prescribed on all vertical faces and the bottom.
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Figure 1: Geometry of the strip-footing problem.

The strip-footing area, located on the top domain, is a one-meter square. The positioning
of this area at the corner is justified by the anticipated symmetry with respect to the x; and
x9 axes. A constant pressure of 73 = —450 Pa is applied in the x3 direction. Volume forces are
not considered in this model.

Regarding the material properties, we set the elastic parameters as follows: Young’s modulus
E = 10MPa and Poisson’s ratio vy = 0.48. Using these values, the aforementioned elastic
parameters k and pg are derived from established formulas. Additionally, the initial yield stress
is set at Y = 100 Pa.

In our analysis, we vary both the hardening parameter o and the regularization parameter
€ to assess their effects on the results. We investigate a range of mesh densities, originating
from gradual uniform refinement, which encompasses configurations from 25,578 (mesh level 2)
up to 5,241,478 (mesh level 12) unknowns (degrees of freedom).

The first experiment focuses on the effect of the hardening parameter a on the convergence
of the investigated algorithms. It is crucial to note that higher values of « induce stronger
nonlinearity as follows from the bounds presented in Sections 3 and 4. Specifically, we analyze
cases with « set at 0.3, 0.5, 0.9, and € at 0, 0.1, using the finest mesh. The results of the
experiments are presented in Table 1. Additionally, the runtimes are graphically represented
in Figure 2.

It is noteworthy that the standard Newton method exhibits minimal sensitivity to changes
in a. In contrast, both QNVP methods demonstrate a strong dependence on «, especially
when comparing the number of iterations in the table. We observe that the suggested methods
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QNVP-1b and QNVP-2 are faster than the Newton method for smaller values of «, indicating
their better efficiency in problems with milder nonlinearity. Conversely, the Newton method is
the fastest for a = 0.9. It is also noted in these and subsequent experiments that QNVP-1a
and QNVP-1b have the same number of Newton’s and CG iterations but different runtimes.
This discrepancy is attributed to the freezing criterion (4.9) implemented in QNVP-1b. Due
to this criterion, which depends on the smoothness of ., the runtimes of QNVP-1b are
also influenced by e, unlike the other methods investigated (as further detailed in the next
experiment). Specifically, the matrix BY is updated more frequently than the matrix B
with e = 0.1.

\ Setup \ « \ Newton \ QNVP-1a \ QNVP-1b \ QNVP-2 \
0.3 6/305/194.3 12/195/195.9 12/195/141.0 16/192/146.6
e=0 |0.5 6/313/192.5 15/222/238.7 15/222/174.1 22/221/175.3
0.9 7/460/257.8 49/385/774.2 49/385/442.9 115/531/511.3
0.3 5/249/155.4 12/196/197.2 12/196/114.8 16/192/148.2
e=0.1]0.5 6/313/193.3 15/224/238.2 15/225/140.0 22/221/176.4
0.9 7/469/256.5 47/393/731.4 47/394/388.0 115/521/521.9

Table 1: Homogeneous material: Dependence on «, finest mesh (level 12). Values in the table are Newton’s
iterations/Cumulative CG iterations/Runtime [s]. The best timing results are highlighted in blue.

T T T T

| |=-8 -Newton, ¢ =0 —e—Newton, ¢ =0.1
QNVP-la,e =0 QNVP-1a, e =0.1
| |2 -QNVP-1b, e = 0 —e— QNVP-1b, ¢ = 0.1
500 Hl— 2 -QNVP-2, e =0 —e—QNVP-2,e=0.1 -

Solver Runtime [s]

200 -

0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 2: Homogeneous material: Dependence on «, finest mesh (level 12).

The second experiment focuses on the dependence on the regularization parameter €. Results
for the smoothest grid, with two variants of a = 0.5,0.9 and a series of € values, are recorded
in Table 2 and visualized in Figure 3. Let us note that the values on x-axis of the plot are not
to scale and is for illustrative purposes only.

Here, the primary observation is that both Newton and QNVP-2 remain unaffected by the
choice of e. The QNVP-1b exhibits the same behavior as in the previous example. Further,
QNVP-1a and QNVP-1b converge approximately 20% faster for ¢ = 0.5 than for ¢ = 0. This
accelerated convergence is likely due to the increased smoothness of p, (z) for € = 0.5. Finally,
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it is worth mentioning that the observed convergence of QNVP-1a and QNVP-2 is uniform for
0 < € < 0.1, which is in accordance with Corollary 3. Additionally, the convergence does not
degenerate for the limit case € = 0.

| Setup | € | Newton | QNVP-la | QNVP-1b | QNVP-2 |
0] 6/313/192.5 15/222/238.7 15/222/174.1 22/221/175.3
0.001 6/317/193.7 15/222/238.1 15/222/157.0 22/221/176.1
a=05] 0.01 6/311/192.2 15/223,/240.1 15/222/149.0 22/221/180.3
0.1 6/313/193.3 15/224,/238.2 15/225,/140.0 22/221/176.4
0.5 6/313/191.8 14/215/223.9 14/210/122.4 22/227/181.9
0 7/460/257.8 49/385/774.2 49/385/442.9 115/531/511.3
0.001 7/461/248.8 49/387/764.1 49/387/430.8 114/532/521.1
a=09]| 0.01 7/459/250.2 49/393/757.5 49/393/415.7 115/542/523.1
0.1 7/469/256.5 47/393/731.4 47/394/388.0 115/521/521.9
0.5 7/473/257.4 38/376/594.1 38/376/320.5 113/530/511.7

Table 2: Homogeneous material: Dependence on e, finest mesh (level 12). Values in the table are Newton’s
iterations/Cumulative CG iterations/Runtime [s]. The best timing results are highlighted in blue.
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Figure 3: Homogeneous material: Dependence on e, finest mesh (level 12). The values on z-axis are not to
scale.

The final experiment, which addresses the homogeneous problem, investigates the depen-
dence on mesh density. We explore mesh levels 2, 4, 6, 8, 10, and 12, examining two distinct
configurations: (o = 0.3,e = 0.5) and (o = 0.9,¢ = 0). The results are recorded in Table 3 and
visualized in Figure 4.

We see that the number of Newton’s iterations is not overly sensitive to the mesh density.
Only for a = 0.9 and QNVP-1a,b, the iteration number is moderately dependent on the mesh
size. Additionally, QNVP-1b remains the fastest method for o = 0.3 and all the investigated
meshes.

Regarding scaling relative to the increasing problem size, for the parameters (a« = 0.3,¢ =
0.5), it is observed to be roughly linear O(n') for all methods, see Figure 4. This linearity
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\ Setup \ dofs \ Newton \ QNVP-1a \ QNVP-1b \ QNVP-2 \
25,578 5/185/2.1 11/128/1.7 11/122/1.4 16/136/1.7
198,358 5/215/7.2 11/146/7.3 12/158/4.8 16/162/5.7
a=0.3 662,338 5/230/19.8 11/158/22.2 12/172/13.1 15/160/15.5
e=0.5 | 1,561,518 5/238/45.8 11/167/51.6 12/178/29.6 16/184/40.5
3,039,898 5/245/87.8 11/171/99.8 12/185/57.2 16/185/78.5
5,241,478 | 5/251/155.7 11/175/176.7 | 12/192/102.8 | 16/188/142.1
25,578 6/234/2.7 22/172/2.7 22/169/2.1 113/237/3.2
198,358 7/331/10.6 30/234/17.1 29/230/10.3 112/284/13.4
a=0.9 662,338 7/372/30.2 36/283/67.4 36/283/39.4 113/309/45.8
e=0 1,561,518 7/397/71.0 43/325/196.8 | 43/325/115.0 | 114/413/133.3
3,039,898 | 7/426/149.1 47/362/423.9 | 47/362/263.3 | 113/469/265.7
5,241,478 | 7/460/257.8 49/385/774.2 | 49/385/442.9 | 115/531/511.3

Table 3: Homogeneous material: Dependence on the discretization (number of degrees of freedom). Values in the
table are Newton’s iterations/Cumulative CG iterations/Runtime [s]. The best timing results are highlighted

in blue.

persists for the Newton method even with parameters (« = 0.9,¢ = 0). However, for these
parameters, all QNVP methods demonstrate less favourable scaling, with an approximate com-
plexity of O(n'?).
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Figure 4: Homogeneous material: Dependence on the discretization (number of degrees of freedom).

6.2. Numerical example with a heterogeneous material

We consider a cubic composite sample comprising coal (in black) and polyurethane (in
yellow), as shown in Figure 5. The heterogeneity of this sample was derived in [35] by computer
tomography and the corresponding mechanical properties were analyzed in [35] and [36].
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Figure 5: Left — heterogeneous composite material, right — displacement field and deformed shape w.r.t the
applied forces.

We prescribe zero normal displacements at the bottom and on two vertical faces at the
front, as depicted in Figure 5. A constant pressure of v3 = 20 MPa is applied to the entire top
face. Additionally, we set the following material parameters: for coal, £ = 2 GPa, vy = 0.3,
Y = 30MPa, a = 0.5; for polyurethane, £ = 0.3 GPa, vy =0.4, Y = 10 MPa, a = 0.5.

We keep the regularization parameter e constant throughout the entire cube and investi-
gate a series of € values. Additionally, we explore two different discretizations: mesh level 1,
consisting of 1,094,364 degrees of freedom, and mesh level 2, consisting of 4,404,888 degrees
of freedom, in the experiments described below. The deformed shape of the composite caused
by the applied force is depicted in Figure 5. This output is not overly sensitive to € and the
mesh density. Further, we record the resulting number of Newton iterations, cumulative CG
iterations, and runtimes in Table 4. The runtimes are also visualized in Figures 6 and 7.

The main observations are very similar to those in the homogeneous case, i.e., QNVP-
la, QNVP-1b, and QNVP-2 remain competitive with the Newton method. Additionally, we
observe that QNVP-1b and QNVP-2 are significantly faster than the Newton method for the
investigated values of parameters. Unlike the example from Section 6.1, we find that QNVP-2
is now faster than QNVP-1b. Further, from Figure 6, it is evident that both Newton and
QNVP-2 methods remain unaffected by the choice of €, whereas QNVP-1a and QNVP-1b
respond favourably to increasing €. A notable new observation here is that the Newton method
experiences significantly worse runtimes for ¢ = 0.5, despite maintaining the same number of
iterations. This is attributed to the more costly assembly and CG preconditioner setup and
application, resulting from a larger number of non-zero elements during matrix assembly due to
an increased volume in the plastic zone of p. Lastly, Figure 7 shows that the scaling obtained
from the two mesh sizes is linear, denoted as O(n'), for all methods.
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\ Setup \ € \ Newton QNVP-1a \ QNVP-1b \ QNVP-2 \
0 6/124/31.4 16/83/42.3 16/83/28.0 22/80/14.9
0.001 6/115/32.7 16/83/44.1 16/83/24.2 22/80/15.6
Mesh level 1 | 0.01 6/117/31.9 16/83/44.4 16/83/22.2 22/80/15.4
0.1 6/120/32.4 15/81/40.8 15/81/19.0 22/80/15.6
0.5 6/120/43.9 13/79/38.0 13/80/18.8 21/82/17.1
0| 6/113/126.6 16/79/181.3 16/79/117.1 22/69/59.3
0.001 | 6/113/128.7 16/79/180.3 16/79/103.9 22/69/58.4
Mesh level 2 | 0.01 | 6/115/126.5 16/79/179.6 16/79/95.6 22/69/58.0
0.1 6/118/129.9 15/77/169.0 15/78/77.7 22/71/59.3
0.5| 6/117/182.0 14/77/168.2 14/76/81.9 21/70/70.1

Table 4: Heterogeneous material: Values in the table are Newton’s iterations/Cumulative CG iterations/Run-
time [s]. The best timing results are highlighted in blue.
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Figure 6: Heterogeneous material: Dependence of runtimes on e. The values on z-axis are not to scale.
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Figure 7: Heterogeneous material: Dependence of runtimes on grid size.

7. Conclusion

We have extended the QNVP method for non-smooth operators and derived related con-
vergence results dealing with local linear convergence. The developed abstract framework has
been successfully applied to elasto-plasticity and tested on numerical examples in 3D where
comprehensive numerical analysis has been done. We have compared the suggested variants of
the QNVP method with the standard Newton method and developed in house codes in Matlab.

It was shown that the QNVP method is faster than the Newton method under the following
two conditions:

1. Convenient iterative solvers are considered for linearized systems of equations appearing
in each Newton’s iteration. In particular, we have suggested to use the deflated conjugate
gradient method with the AGMG preconditioner.

2. Applied external forces do not cause a strongly non-linear material response. In particular,
the suggested QNVP method is rather convenient for plasticity with hardening than for
perfect plasticity. It follows from the fact that the convergence of the QNVP method
depends on the hardening parameter.

Finally, it is important to note that some more advanced elasto-plastic models than the
investigated one also appear in literature, see e.g. [17]. The related constitutive operators are
often in implicit forms and it is difficult to construct their derivative for Newton’s method.
Therefore, the QNVP method or its modifications could be also useful for this advanced treat-
ment in future work.
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