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Abstract

In this paper, we extend our earlier results in [17] on the DMP for nonlinear
parabolic systems of PDEs. We propose a linearly implicit scheme, where only lin-
ear problems have to be solved on the time layers. We obtain a DMP without the
restrictive condition At < O(h?). We show that we only need the lower bound
At > O(h?), further, depending on the Lipschitz condition of the given nonlinear-
ity, the upper bound is just At < C (for globally Lipschitz) or At < O(h") (for
locally Lipschitz) for some constant C' > 0 arising from the PDE, or some v < 2,
respectively. In most situations in practical models, the latter condition becomes
At < O(h?/3) in 2D and At < O(h) in 3D. Various real-life examples are also
presented where the results can be applied to obtain physically relevant numerical
solutions.

Keywords: Nonlinear parabolic PDEs, finite element methods, linearly implicit sche-
mes, maximum-minimum principles

1 Introduction

Parabolic partial differential equations or systems arise in abundant diffusion type mod-
els in applied mathematics, hence their numerical solution is a widespread task, see, e.g.,
[27, 31, 32]. The qualitative reliability of these numerical methods is naturally based on
the need to reproduce the qualitative properties of the original solution. These properties
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for parabolic problems are essentially various forms of the (continuous) maximum princi-
ple (CMP), see e.g. [30] for its classical variants and [6, 13] for the authors’ results on the
nonlinear case. In the discrete case the so-called discrete maximum principles (DMPs)
for parabolic problems were first derived for the linear case in [19, 25], and were later
extended in several works, see e.g. [10, 12, 16, 17, 33] and the references therein. An im-
portant special case of the DMP is the discrete nonnegativity preservation, which ensures
the physical relevance of the obtained numerical solution such as obeying the laws of
thermodynamics.

In our earlier paper [17] in this journal, we have presented the DMP for nonlinear
parabolic systems of PDEs, allowing a general framework including nonsymmetric terms
and mixed boundary conditions, discretized in space by finite elements (FEM). This paper
has been then used and extended in several directions, see, e.g., [3, 8, 18, 34]. However,
in this and the other mentioned works, the usual requirement for the space and time dis-
cretization steps is generally At = O(h?). The essential restrictive part of this requirement
is the upper bound At < O(h?), since this leads to very small time-steps on a fine space
mesh. This condition is usually considered as inevitable, both to achieve convergence and
to satisfy the DMP, unless one uses an implicit scheme. Then, however, in turn one has
to solve nonlinear problems on each time layer.

In this paper we propose a linearly implicit scheme, where only linear problems have
to be solved on the time layers. Still, extending the results of [17], we obtain a DMP
without the restrictive condition At < O(h?). We only need the lower bound

At > O(h?),

further, depending on the Lipschitz condition of the given nonlinearity, the upper bound
is just

At < C  (for globally Lipschitz) or At < O(h") (for locally Lipschitz)

for some constant C' > 0 arising from the PDE, or some v < 2, respectively. In most
situations in practical models the latter condition becomes At < O(h??) in 2D and
At < O(h) in 3D. The space FEM mesh is constructed under similar geometric properties
as in [17].

The paper is organized as follows. The basic nonlinear PDE model is described in
Section 2, and the linearly implicit scheme is presented in Section 3. Then the main
results on the DMP for this problem are derived in Section 4. Further, Section 5 provides
generalization of these results to more general PDEs and systems, and finally, Section 6
presents various real-life examples where the results can be applied to obtain physically
relevant numerical solutions.



2 The nonlinear problem

2.1 Formulation of the problem

Let us consider the following nonlinear parabolic problem. Find a function v = u(x,t)
such that

% —div (a(z)Vu) + w(z) - Vu+q(z, t,u) = f(z,t) in Qr:=Qx(0,7), (2.1)
where (2 is a bounded domain in R? (d > 2) and T' > 0 is fixed. The boundary and initial
conditions are given as

u(z,t) = g(z,t) for (z,t) € Tp x[0,T], (2.2)
Qu—0 for (z,t)€Tlyx][0,T], (2.3)
u(z,0) = ug(x) for ze€Q, (2.4)

respectively, where v is the outward unit normal vector of the boundary surface. Notice
that while we allow general nonhomogeneous Dirichlet boundary condition, the Neumann
condition is assumed to be homogeneous, see Remark 2.1 below.

Assumptions 2.1.

(A1) Q is a bounded polytopic domain in R? with a Lipschitz continuous boundary 9§;
I'n,I'p C 00 are relative open sets such that I'p is nonempty, I'y N T'p = () and
I'yul'p = 09.

(A2) The coefficients satisfy a € L>®(Q), w € W1*°(Q)4, further, the function ¢ : Qp x
R — R is bounded w.r.t z,t and is continuously differentiable w.r.t. its last variable.
In addition, f € L>®(Qr), g € L>*(I'p x [0,T]) and ug € L>(2).

(A3) There exist positive constants o and py such that
0<po<alr)<u (2.5)
for all z € ().
(A4) We have divw <0 on Qrp, w-v>0 onIy x[0,T].

(A5) There exists a constant a > 0 such that for any (z,t) € Qr and £ € R,

0< %’;’5) <a (2.6)
(A6) For any (z,t) € Qr
q(z,t,0) = 0. (2.7)



We define weak solutions in the usual way. Here and in the sequel, equality of functions
in Lebesgue or Sobolev spaces is understood almost everywhere on domains and in trace
sense on boundaries. Letting H7,(Q2) :={u € H'(Q) : u|r, = 0}, we expect that u(.,t) €
H'(Q) for all t € (0,T) and satisfies the relation

ou

. dr + /(a(x)Vu -V + (w(x) - Vu)v + q(u, t,u)v) dr = /fv dx (2.8)

(Vv e HH(Q), t€(0,7)), further,

u=g on [0,7]xTp, Ul—mo =up in . (2.9)

Remark 2.1 (Discussion of the conditions.)

(i) Most conditions are standard to make the formulae meaningful and to ensure the
monotonicity of the elliptic terms, this concerns (A1)-(A4) and the lower bound in (Ab5).

(ii) Condition (A6) can be achieved for any equation (2.1) by subtracting ¢(z,t,0)
from both sides and redefining ¢ and f. On the other hand, in many real models (A6)
already holds since zero values of u imply zero force.

(iii) The upper bound in (A5) yields Lipschitz continuity of ¢ w.r.t. £&. We will briefly
discuss the analogue of the above problem for locally Lipschitz nonlinearities, and also for
some systems of PDEs in Section 5.

(iv) The Neumann condition in (2.3) is considered to be homogeneous, which is natural
since it is induced in this form by the weak formulation (2.8). We will also refer to
nonhomogeneous Neumann condition in Section 5, but the corresponding DMP is not as
directly analogous to the continuous case as for the homogeneous one.

2.2 Maximum-minimum principles in the continuous case

Now let us recall the studied qualitative properties on the level of the above nonlinear
PDE. The classical formulations assume that u € C(f), thus it has a maximum and
minimum. (The latter are replaced by ess sup and ess inf in the general case.) Various
maximum-minimum principles (MPs) have been studied in [13] as proper extensions of
the linear case [12], and in particular, Corollary 13 therein implies the following MP for

problem (2.1)—(2.4): for all (x,t) € Qr

min{0, min u|r,,, } + ¢ - min{0, glf [} < u(x,t) < max{0,maxulp,,, } + ¢ - max{0,sup f},
T —

T

(2.10)
where the parabolic boundary for the studied mixed problem is defined as
Lpar == (I'p x [0,77]) U (2 x {0}) (2.11)
and
QF =QrU(QxT). (2.12)



The MP (2.10) can be rewritten in a simpler form using the negative and positive parts
of a function as

min(ulr,,, )" +1t- glf [~ <wu(z,t) <max(ulr,,, )" +t-sup [T, (2.13)
T —

Qr

where the negative (resp. positive) part of a function is defined as follows, e.g. for the
function f such that f~ and f* are also in L*(Qr):

f(z,t) := min{0, f(z,t)} (resp.fT(z,t) := max{0, f(x,t)}).

The general form covers various special cases where one can readily derive more specific
bounds from the above. For instance, as simple consequences of (2.13), we may mention
the more classical maximum principle:

if f =0 andulp,, >0, then r%axu = maxulp,,, ;
T

and the nonnegativity preservation:
if f>0, ¢g>0 and ug >0, then w« > 0.

In what follows, our goal is to derive the analogue of the general MP (2.10) for the
properly discretized problems. The main result will be developed in Section 4, where
Theorem 4.2 reproduces the discrete form of (2.10) for problem (2.1)-(2.4). Further,
similar results will be proved for some more general PDEs in Section 5.

3 Construction of the discretization scheme

The discretization of problem (2.1)—(2.4) is built up in a linearly implicit way. The pre-
sentation below is the modification of that in [16, 17] to this case.

3.1 Semidiscretization in space

Let 75, be a finite element mesh over the solution domain Q C R?, where

h = KmeaT}:{dlam(lC)}

stands for the discretization parameter. We define the nodal points P, ..., P5 on the mesh
such that P, ..., P, lie in Q or on 'y, and P41, ..., Pm lie on ['p, respectively, where
m and my are given in N*. We choose continuous basis functions ¢, ..., ¢, and assume
that the basis functions satisfy

¢ >0 (i=1,...,m), zm:gbizl, (3.1)

¢i(Pj) = 04, (3.2)



where ¢;; is the Kronecker symbol. (These conditions hold e.g. for standard linear, bilinear
or prismatic FEM.) Let V}, denote the finite element subspace spanned by the above basis
functions:

Vi, = span{¢y, ..., om} C H(Q).

The basis functions @1, ..., ¢, satisfy the homogeneous Dirichlet boundary condition on
['p, ie., ¢; € HS (). We define

Vio = span{ o1, ..., omy} C H%)(Q).

Then the semidiscrete problem for (2.8) with initial-boundary conditions (2.9) reads as
follows: find a function uy = uy(z,t) such that

up(z,0) = ul(z) (Vo € Q), up(.,t) —gn(,t) € Vo (Yt € (0,7)),

and

8uh

¢ U dx + /(a(x)Vuh -V + (w(z) - Vugp)op + gz, ¢, uh)vh> dr = /fvh dxr (3.3)
Q Q

(Vup, € Vi, t € (0,7)). In the above formulae, the functions uf and g(.,t) (for any
fixed t) are suitable approximations of the given functions ug and g(.,t), respectively, in
the given basis. In particular, we will use the following form to describe gy:

Z gz gbmo—i-z (34)

where my := m — my. We note that, based on the consistency of the initial and boundary
conditions (g(s,0) = ug(s),s € I'p ), we obtain

g(PmOH-,O) ZUO(PmO+i)7 7= 1,...,m3.

We seek the semidiscrete solution in the form

Z u! ) + gn(x,t) (3.5)

and notice that it is sufficient that w, satisfies (3.3) for vy, = ¢, @ = 1,2,...,mq only.
Then, introducing the notation
w'(t) = [uf (1), ., (1), 91 (2), -+ gy (D] (3.6)

we are led to the following Cauchy problem for the system of ordinary differential equa-
tions:

M L i) = 1) (3.7)
W(0) = [wo(P) . . o Pog). g0, - . g (O)]F (3.8)



where

M = Myl My = [ 03(a)oia) do, (39)
G (1)) = (GO W)y
GO (0); = [ (ale) V- V6 + (w(a) - Dun)o + glastyug)on) do
Q
(0 = (s, e 50 = [ 10010 do. (3.10)

The solution u”" = u"(t) of problem (3.7)—(3.8) is also called the semidiscrete solution be-
cause it delivers the coefficient functions in (3.5). Notice that only the first mg components
of u(t) are unknown. The other components are known from the boundary condition.
The existence and uniqueness of u”(t) is ensured by Assumptions 2.1, since then G is
locally Lipschitz continuous.

3.2 Full discretization with a linearly implicit scheme

In order to get a fully discrete numerical scheme, we choose a time-step At and apply a
linearly implicit scheme for discretizing (3.7) in time. Splitting the linear and nonlinear
terms, we define the decomposition

G(u"(1)) = Ku'(t) + Q(u'(1)), (3.11)

where, fort=1,...,mg, j=1,...,m,

Kij:/(a(x)wj.v¢i+(w(q;).v¢j)¢i) dz, Q(uh(t))i:/q(m,t,uh)qb,-dx. (3.12)

Q Q

We consider n = 0, 1,2, ..., ny timesteps, where nyrAt = T, and denote the corresponding
r.h.s as
" .= f(nAt) (n=0,1,2,...,n7).

We look for the approximations
u” ~ u”(nAt).

We then define the scheme as the following system of nonlinear algebraic equations:

unJrl —u®
M——F——+ Ku"™ +Qu") = f" (3.13)
n=20,1,...,nr — 1, which can be rewritten as a recursion
(M + AtK) u"tt = Mu" — AtQ(u") + At f* (3.14)

with u® = u”(0). As can be seen from (3.9) and (3.12), here K, M and Q(u") are matrices
from R™0*™ further u™ € R™. The elements of Q(u™) are meant as

Q(u"); = /q(x,t,u’ﬁ)gbi de (1=1,...,mq), (3.15)

Q



where uj is defined as follows. The semidiscrete solution wu; can be approximated with
the fully discretized numerical solution in the form

up(,t) & (1) = (u"); ¢i(x), (3.16)
i=1
where t = nAt, x € Q and n = 0,1,...,np. Then u} is a shorthand for the function

ﬂh(~, nAt) .

We note that finding u"** in (3.14) requires the solution of a linear algebraic system.
However, in the typical cases, the matrix of this system has a simple structure, therefore
its solution is relatively simple. The unique solvability of (3.14) will follow from our
subsequent study of the scheme, see later (4.25) and property P2 of Theorem 4.1.

3.3 On the convergence of the fully discretized model

Here we justify the choice and convergence of the scheme (3.14), based on the paper [1].
Therein the following semidiscretized equation is considered:

duh(t)

L) = NW(Z (1)), (3.17)

We use different notations here and unlike in the previous paragraphs we indicate the
dependence of the mappings on h. Here L, is a positive definite, self-adjoint, densely
defined linear operator and AN, (-, t) is a (possibly) nonlinear operator on a Hilbert space
H. For stability purposes, the validity of the estimate

INW(v, 1) = Na(2, 1) < Allv = 2]z, + pllv — 2llo (3.18)

is assumed uniformly in ¢ in a tube around the solution %", where |.||o is the norm in H,
IVllz, = Hﬁ,ll/szo is the energy norm, ||.||, is the dual norm w.r.t || .||z, , further, A <1
is the stability constant and p > 0 is an appropriate constant.

In order to solve equation (3.17) numerically, a family of linear g-step methods is
constructed in the form

q q—1
D pi( ALY = ALY i (ALLL)NG (0 ), (3.19)
i=0 i=0
where the functions p;,0; : [0,00] — R (i = 0,...,q) are rational functions that satisfy

the properties p, = 1, 0, = 0 and 0;(c0) = 0. For = € [0, 0o] the polynomials p(x,-) and
o(x,-) are introduced by

p(z,¢) = Z pi(x)C oz, ¢) = Zai(x)ﬁi. (3.20)

The roots of ¢ — p(x,() are denoted by (;(x) (where j = 1,2, ...

,q). These roots are
ordered such that they are continuous on z € [0,00], and [(;(0)] = 1

for y =1,...,s



(s < q). These unimodular roots are called principal roots and are denoted by &; := (;(0).
The growth factor of §; is defined as

L alp(ovgj)
! 5j82p<07 5])

For the numerical method (3.19), the following requirements are posed to guarantee
the stability of the method.

L |¢(z)|<1lforall j=1,...,q and 0 < z < oo (strong A(0)-stability).
2. The principal roots are simple and their growth factors have positive real parts.

3. If Sy denotes the curve of the unit circle on the complex plane, then

A < 1/(supmax |z o(x,()/p(x,C)|). (3.21)

z>0 (E€S1

Then two types of order are defined for the method. The first one is the order of the
consistency error

—_

1 q q— ‘
E(Af) = o > i ALY (tni) = > o ALLYNGW( W (tnga) ), (3.22)
=0

i

Il
=)

which is denoted by p when E,,(At) = O(AtP). This is proved to hold if ;(z) = O(aPT17)
asx — 0+ (I=1,...,p), where

pu(r) = [i'pilw) = (' + 2i)oy(x)], 1=1,....p—1,
=0 (3.23)

q

pp(x) = [Ppi(x) — pi* i) .

=0

The polynomial order of consistency can be defined as follows. Let us apply the method
to the scalar equation (%h)/ (t)+aZ"(t) = F(t), where a > 0 is constant, and .F € CP.
We say that the polynomial order of the scheme is p < p if it integrates the above equation
exactly, whenever the exact solution % (t) is a polynomial of degree at most p — 1.

Now we return to our problem and guarantee the convergence of the scheme with
Theorem 5.1 from [1]. Let us introduce the partitions

M= MM K = KK, ! (3.24)

o>
—~

~

~—

| IS |

where M and Ky are in R™*™0 M, and Ky are in R™*™2 ul(t) € R™ and gh(t) €
R™ following (3.6). Because My, is invertible, system (3.7) with (3.11) can be rewritten
as

duf dgh

— T My Koug () = Mg () = Mg 'Q(u" (1)) — My Kog" (t) — My 'My——-. (3.25)



As one can easily see, (3.25) can be written in the form (3.17) with the choice

d h
Lo =My Ko, Ni(uf(1).1) = My £(0) = My Q(u (1)) — My Kog" (1) ~ My "My

(3.26)
With the partition

ll"l = [;g} ) ug — [U?, .. 7u:ln0:|T E Rmo and gn — [g?’ - 7977:;8],11 e Rma7 (3'27>

the scheme (3.14) can be written as

uptt — (T4 AtM; 'Ko) g

=T+ AtM;'Ko)"'My! (Mag" — AtQ(u”) + Atf™ — (My + AtKy)g" ™), (3.28)
which corresponds to scheme (3.19) with the choice
1 1
g=1; po(x)= iz pi(z) =1, oo(x) = T (3.29)
That is, we have
o) =~ ¢ and o(rQ) =

Let us notice that scheme (3.28) contains the approximation of dg"/dt in the form
(g™t — g")/At that introduces a local approximation error of O(At). This does not
modify the final order of the scheme.

We check the validity of the requirements for our problem and scheme.

First, it is easy to see that problem (3.25) satisfies the estimate (3.18) with the mapping
N, defined in (3.26).

We work in the space R™. If z = [z1, ..., 2,]7, then we define the following norms,
which are related to the norms of the function z := 3" z¢;:

1/2 1/2
Izllo == Moz -2) " = 2]l 2(), Izl = (Koz-2) "~ = ||zl ).c

where [|z([%1 oy » = [ alVz[*. Note that

Iz)|2, = |12, 2llo = (Lhz, 2)o = MoLiyz -2 = Koz - 2 = |23
The dual norm of £, is

M .
Iyll. = sup (20l _ g, Moy 2], (3.30)

0 ||zllz, _z¢0 (A1

Now let v,w € R™ and v(t) := [v, g"(¢)], w(t) := [w, g"(¢)]T. Then

Na(v, ) = Na(w,t) = =My (Q(v(1)) — Q(W(t))),

10



hence, letting v and w be the semidiscrete approximations in the form (3.5), and us-
ing (3.30) and the weighted Poincaré-Friedrichs inequality |z||z2() < Cacllz|lmy @)z
respectively, we have

NG (v 1) — N (w. )] = sup LT (E) — QW (1)) -]

270 1z][1
t — t —
— sup UQ(Q(% ,v) —q(z, ,w))z\ <a sup v w||L2(Q)||Z||L2(Q)

z€HE(Q) ||Z||H},(Q),E 2€HL(Q) ||Z||H})(Q),E

< aCorllv— w2 = alarllv —wllo = pl|v — w/o,
that is, (3.18) holds with

A=0 and p=aCq>0. (3.31)
Second, we check that our scheme satisfies the above requirements 1-3.
1
1. Since ¢ = 1, we have only one root (;(x) = T3 which is a continuous function in
x

x. Moreover |(;(z)] < 1if z € (0, 00].

2. The only principal root is & = (1(0) = 1. Since d1p(0,&;) = 1 and 0up(0,&;) = 1
therefore A\; = 1, which has positive real part.

3. We have seen in (3.31) that A = 0, hence the estimate (3.21) is trivially satisfied.

Now, based on [1], we can already give an esimation for the fully discretized approxima-
tion. Clearly, the local approximation error of our (p, o)-method is p = 1. The polynomial
order of consistency can be determined as follows. An easy computation shows that the
polynomial order of the method is also p = 1, since the method is exact on the scalar
equation if its solution is constant. In order to estimate the fully dicretized solution, we
use Theorem 5.1 in [1]. Let us denote the space discretization stepsize and the order of
the semidiscretization by h and r, respectively, Then, according to the cited Theorem 5.1,
there exists a constant C' > 0, independent of At and h, such that the estimate

max [[u"(t,) — u"|| 20y < C(At + h")
holds, provided that At and h* At™! are sufficiently small. We note that 2r > 2, hence
the latter restrictions can be ensured if there exist suitable constants C, Cy > 0 such that

Cih* <At <C,. (3.32)

4 The discrete maximum-minimum principle for the
nonlinear problem

The goal of this section is to give conditions that guarantee the maximum-minimum
principle for the fully discretized nonlinear problem. To achieve this, first we reformulate
our problem, then we investigate the linear case, and based on the obtained results, we
give the sufficient conditions in the nonlinear case. As we will see, the maximum-minimum
principle has a linear algebraic formulation because we consider the totally discretized
scheme.

11



4.1 Reformulation of the problem

We can rewrite problem (2.8) as follows. Let

r(z,t,€) ::/0 g—g(:c,t, s€)ds ((z,t) € Qr, £ €R), (4.1)

then the Newton-Leibniz formula yields (see assumption (A6) in Assumptions 2.1) for all
x,t,& that
qz,t,8) =r(z,t,§) €.

We thus obtain that problem (2.8) is equivalent to

/—vd:c—i—Bu u,v) ):/fvdx (Vv € Hp(Q), te(0,7)),

where
B(z;u,v)(t) := /(a(az)Vu -Vu+ (w(z) - Vu)v +r(x,t, z)uv) dx (4.2)
Q
(z,u,v € H5(2)). Then, introducing the notations

R(u") = [R(u")ij]moxm , where R(u");; = / r(z, ty, up)ip; do (4.3)
Q

the full discretization (3.14) becomes
Mu"™ + AtK u"™ = Mu" — AtR(u™)u” + At f". (4.4)

Letting
A =M + AtK, B(u") := M — AtR(u"), (4.5)

the iteration procedure (4.4) takes the form with a coefficient matrix B depending on u™:

Au™t!t = B(u")u" + At f". (4.6)

4.2 DMP in the linear case

The scheme (4.6) can be considered as an iteration with a varying matrix B. Its stepwise
qualitative properties can be investigated by considering the linear special case of the

procedure:
Au™t! = Bu" + At ", (4.7)

where now B is a fixed matrix. We recall some results from [17, Section 4].
We use the following partitions of the matrices and vectors:

n un
A= [AyJAs], B =[ByBy], w = [ i } (48)
where, obviously, Ay and By are square matrices from R"™0*™0; Ay By € R™0>*™Mo,
uy = [y, ... up " € R™ and g" = [g?,...,g,’;a]T € R™.

12



Then the iteration (4.7) can be also written as

un+1

Al { e ] — [Bo|By) { ‘;ﬁ } L ALE (4.9)
We will use the following notations:
eo=1[1,.., 1]TeR™, ey=1[1,....,1]TeR™, e=]1,...,1]T € R™ (4.10)
Definition 4.1 The scheme (4.7) is called admissible if the following properties are valid:
P1. Ae > 0;
P2. A, is a monotone matrix, that is A is invertible and Agl > 0;
P3. Aj'A, <0; P4. B > 0;
P5. Ae > Be.

We will use the following various notations:

g :=ming" = min{g7, ... ,gr’}m}, gr .. = maxg" = max{g7,... ,g:;a}, (4.11)
Uy -= Minug = min{uf, ..., u,, 1}, Uy gy -= Max Uy = max{uy,...,u, }, (4.12)
vy, =minu" = min{g),.  un .} V) e = maxu" = max{g, ., um.}, (4.13)

S o } { Il o }
N =ming ————, ..., . [ .. = max e : 4.14
B = min e G (Acy ' TAe), S Y
We formulate below a stepwise discrete maximum-minimum principle (DMP) for the
discrete model (4.7), following [19, p. 100] and [17, Section 4.2]:

”*1 < maX{O r s g"Jrl }+ At maX{O froet

max? maac

(4.15)

(t=1,....,mp;n=0,1....,np—1).

Proposition 4.1 If the scheme (4.7) is admissible in the sense of Definition 4.1, then
the stepwise DMP of the form (4.15) holds.

PROOF. The statement follows from [17, Lemma 4.1 and Theorem 4.1]. For complete-
ness, we summarize the proof, since [17] uses these properties in a combined way with
auxiliary ones. For any n = 0,...,np let

n —
Upin,— = min{0, v

n
max,+

:n'n,— = min{o? f??nn}7 g@ax,—i— - maX{O? f??mam}'
In view of P1, the values in (4.14) are well-defined. We define the positive diagonal matrix

D = diag((Ae)1,. .., (Ae),,) € R™>*™ which is invertible. The inverse is also a positive
diagonal matrix. Then Ae = Dey,.

e = max{0, v

(4.16)

max}
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Note that (4.9) implies
Agul ™!+ Apg™ ! = Bu” + At (4.17)

Here (4.14) yields maxD~'f"* = fr < fr . hence D™'" < f . eg, and from the

positivity of D we get f* < f . Deg = f,. . Ae. This and (4.17) yield
Agui™ + Apg™tt < Bu" + At frae + Ae.
Hence, using P2, and then P4 and P5, respectively, we get
ug™ = —AJ Ay gt + AT But + Alfr L AgTAe <
< —AjTAs gt ol A Be+ Atfr  AjTAe <
< —AJMA g ol AT Ae + ALfEL AT Ae = (4.18)
= _A 1A3 gn+1 + ( YUmaz,+ + Atfma;t +)A (AOeU + Ay ea)
= —Ay Ap 8"+ (Ve + Atfe ) (€0 + Ag T A eg).

mazx,+

Regrouping the above inequality, we get

ug+1 ( VT)LfLa:r,Jr + Atfglaxﬂr)eo S _AEIAZ? (gn-l-l - (Un + Atf??laxﬂr)ea)' (419)

max,+

Now we observe that, due to P1 and P2, we have that —A;'Ae < 0, that is, taking
into the account the partition, we obtain that —Aj'(Agey + Ages) < 0. This can be
transformed into the relation

—AalAaea S €p . (420)

From this, for the i-th coordinate of the both sides of (4.19), first using P3 and f >0,
we obtain

U?+1 Uma:v 7+ Atfna:r ,+ < Z ( lAa) ( 7L+1 Umax ,+ At fnax +)
S (Z;‘nzal (_AglAa)i]) maX{O maxj{gnJrl Umax +}} < maX{O maXJ{ - max,Jr}}'

axr,+ —

Finally, expressing u?“, we obtain the required inequality. The inequality on the leftﬁjrz
side of (4.15) can be proved similarly. |
4.3 The DMP for the nonlinear problem
Now we can study our main goal. Recall our full discretization scheme (4.6):
Au"™ = B(u")u”" + At £, (4.22)
where according to (4.5) we have
A =M + AtK, B(u") =M — AtR(u"). (4.23)

14



We will rely on subsection 4.2, hence we use the following partitions of the matrices and
vectors, analogous to (4.8):

n n n n un
A= [l B = BB w=| W]
where Ay and B(u")g are from R"™0*™0; Ay B(u")y € R™*™ ug = [uf, ... up |7 € R™
and g" = [¢7,..., g, ]" € R™. Then the iteration (4.22) can be written as
un+1 . . u” .
Aoladl | W5 | = BB | 5] s acr (1.5

In what follows, we will need a proper (patch-)regularity of the considered meshes.
Definition 4.2 Let Q C R A family of FEM subspaces V = {V},}s_0 will be called
reqular if there exist constants ci, ca, c3 > 0 such that for any A > 0 and basis function ¢;,
Co
h

(where meas denotes d-dimensional measure and supp denotes the support, i.e. the closure
of the set where the function does not vanish),

c;h?® < meas(supp ¢;) < czh?, max |Ve;| < (4.26)

Conditions (3.1)—(3.2) and the above regularity properties are satisfied for linear, bilin-
ear or prismatic elements if the mesh is shape regular, i.e., satisfies the minimum angle
condition. This follows from the standard formulae for the basis functions [29].

The following main theorem uses the constants ¢y, ¢, c3 > 0 from the above definition,
o from (2.5), and we let
w :=sup |[w|.
Q

Theorem 4.1 Let problem (2.1)-(2.4) satisfy Assumptions 2.1. Let us consider a family
of finite element subspaces V = {V}, }n_0 that is reqular in the sense of Definition 4.2 and
the basis functions satisfy (3.1)—(3.2). Let the following assumptions hold:

(i) (acuteness/non-narrowness of the space mesh) foranyi=1,...mg, j =1,....,m (i #
J), if meas(supp ¢; Nsupp ¢;) > 0 then

V¢i-Vo; <0 on Q and / Vi - Vo; < —Koh?™? (4.27)
Q

with some constant Kog > 0 independent of 1,7 and h;

(#) (upper bound of the space mesh size) the mesh parameter h satisfies

K
h< hy = 2220 (4.28)
WCeCaC3
(i1i) (lower bound of the time step) the time-step At satisfies
2
cah < At (4.29)

polo —weacsh
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(iv) (upper bound of the time step) the time-step At satisfies, with o from (2.6),

ar<t (4.30)
(0

Then the scheme (5.14) satisfies the following properties, where the notations e, ey
and e are from (4.10):

P1. Ae > 0; P2. Ay is a monotone matrix;
P3. A;'A, <0; P4. B(u") > 0;
P5. Ae > B(u")e.

PrROOF. We have, from (3.12), (4.3) and (4.23), fori =1,...,mq, j=1,...,m,

Ajj = My + ALK = /bejcbi - At/(tLV(bj -V + (w- quj)gbi) (4.31)
Q
and
“ Q

(1) First we prove that

Let
€;; 1= supp ¢; N supp ;. (4.34)
Here, by (3.1) and (4.26),
/ o < meas(Qij) < czh? (4.35)
Q
By (2.5) and (4.27),
/ anbj . VQZSZ S —[L()K() hd_2 (436)
Q
and by (3.1), (4.26)
WCeCo d—1
/(w -Vo;)pi < - meas(§i;) < weaesh® . (4.37)
Q

Altogether, we obtain

d poKo  weaes _ d — o Ko + weacz h
Améh (03—|— At(— P + h )) =h (Cg—l— At 72 )

Since h < hg for hg defined in (4.28), it follows that we have a negative coefficient of
At above, and from (4.29) we obtain that the expression in the large parentheses is
nonpositive, hence A;; < 0.

(2) Now we can verify properties P1-P5.

16



P1., Let i = 1,...,mg. From (3.1) and (3.12),

(4.38)
Hence by (4.31)

:iAij:Zm:Mij:/Q<§¢j) ¢i:/§2¢i>0- (4.39)

=1 j=1

P2., As seen in (4.33), we have offdiag(A) < 0. Hence, in particular, Ay < 0, and based
on P1, we obtain
Aoeo > Ageo + Aae@ =Ae>0 (440)

for the vector ey > 0. Therefore Ay is an M-matrix, which implies P2.
P3., This is now obvious, since we have seen A;' > 0 and A, < 0.
P4., By its definition (4.1) the function r inherits (2.6), i.e
0<r<a. (4.41)

Hence, from (4.30) and (4.32), also using (3.1), forany i =1,...,mgy, j=1,...,m
we have

P5., By (4.23) we have A — B(u") = At (K + R(u")). Hence, using (4.3), (4.38) and
(4.41),

(A= B(u")e), = At (K + R(u"))e), = At (Z Kj+ R(u");)  (4.42)

= At /r z, by, uy) (quj) /r(:c,tn,u;:) 0; >0,
Q

Q
hence P5 holds. ]

Now we are in the position to derive the corresponding discrete maximum principles.
First, Proposition 4.1 implies that the stepwise DMP of the form (4.15) holds:

Corollary 4.1 If the conditions of Theorem 4.1 hold, then the scheme (3.14) satisfies

uf ! < max{0, gmaw,g”“ b+ At max{o frat

max’ ma;t
(i=1,...,mp;n=0,1,....,np—1).

(4.43)
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The above result reduces the values of v on a given time level to those on the previous
time level. By induction, we obtain a global DMP that reduces the values of u only to the
input data until the considered time level. For this we introduce the notations

gf:i)n = min{ggﬂm te ’ggmm}’ fmm = min{ S@im ] nrmlm}’
(4.44)
gﬁ,’&ix = max{ggmx, e ,gﬁmx}, ) = max{ O m”ax}

Corollary 4.2 If the conditions of Theorem 4.1 hold, then the scheme (3.14) satisfies

min{0, gir, u tin} A N0, | £y

mwn

(4.45)
< ul < max{0, g u ud 4+ nAt max{0, flnt }

(i=1,...,mp; n=0,...,n7).

Our final goal is to reproduce the discrete form of the maximum-minimum principle
(2.10) for the approximation of the semidiscrete solution (see (3.16)). For this, we intro-
duce the discrete parabolic boundary Fpa as an analogue of (2.11) such that we only
involve the discrete time levels: letting

T

T = {nAt}n:O,l ..... nr

we define
I = (T'px71)U(Qx{0}). (4.46)

par

Theorem 4.2 [f the conditions of Theorem 4.1 hold, then the scheme (3.14) satisfies

min{0, min @ pa, }+¢-minf0, mf [} < (2, t) < max{0, maxay, s, }+1t-max{0, Sélp I}

(4.47)
for all x € Q0 and t = nAt, where n =0,...,np.

PROOF. Firstly, to replace the terms with g and u° in (4.45), we just have to refor-
mulate them and take the partition-of-unity property (3.1)—(3.2) into account. Indeed,
then the definitions (4.11) and (4.44) for g, and the definitions (3.8) and (4.13) for u,

respectively, imply

(n) : 0 _ i h n 0o _ h
Imin > MM Gh |0 px7s Uppin = HIS%H Up gfnzix < max gn|rpxr; Upaz = mgxuo :

Then, from (4.46),

min{o’ 91(77;2)717 min

ar’ ~'max

} = min{0, min @, rn, } and max{0, g™ 0 1< max{0, max @y, s, }-

Secondly, let us estimate the terms with f. Using (3.10) and (4.39), for any i =
1,...,mgand j =0,1,...,n we have

i = it /f:ct owydr<sip s [ o =su - (Ae).
Q QT
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hence, by (4.14) and (4.44),

Similarly f;n;)n > glf f, hence in (4.45)
T

max

min{O,fT(,Z)n} > min{O,iéle f} and max{0, £ 1 < max{(),sql?lp f}

Altogether, we have obtained that (4.45) implies (4.47) for all «! and thus, taking again
the partition-of-unity property (3.1)—(3.2) into account, for u,(z,t) for all z € Q and
t = nAt. |

We note that we can rewrite (4.47) similarly to (2.13):

min(ayra )" 4+t glf [~ <an(.t) < max(ty, e )T+ t-sup fT (4.48)
par T par QT

for t = nAt, where n =0,1,...,ny.

Remark 4.1 (Discussion of the assumptions in Theorem 4.1.)

(i) Assumption (i) can be ensured by suitable geometric properties of the space mesh,
see subsection 5.4 below.

(ii) The value of hy contains given or computable constants from the assumptions on
the coefficients, the mesh regularity and geometry.

(iii) The lower bound in (4.29) is asymptotically

At > O(h?) (4.49)

as h — 0, and the constants are similarly computable. The upper bound 1/« is also
computable.

An important special case is the discrete nonnegativity preservation principle:

Corollary 4.3 Let the conditions of Theorem 4.1 hold, and let f >0, g > 0 and ug > 0.
Then the discrete solution satisfies

in(ta) =0 (n=0,1,...n7).

This means that @" is nonnegative for all time levels nAt. If, in addition, we extend the
solutions to Q)7 with values between those on the neighbouring time levels, e.g. with the
method of lines, then we obtain that the discrete solution satisfies

a" >0 on Qr. (4.50)
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5 Extensions to some more general problems

5.1 DMP for equations with superlinear nonlinearity

Now let us allow stronger growth of the nonlinearity ¢ than in the previous subsection.
Namely, a polynomial growth can be prescribed such that the limitation is the embedding
of H'(Q) to LP(2) that still allows the weak form of the PDE to make sense.

Assumptions 5.1.1. Let the item (A5) in Assumptions 2.1 be replaced by the fol-
lowing;:

(A5) Let 2 <p ifd=2,or2<p< % if d > 2. There exist constants «, 8 > 0 such
that for any (z,t) € Qr and £ € R

dq(z,t,¢)

<
0< o€

<a+ P (5.1)

Further, let the other items of Assumptions 2.1 hold as they are.

For this case we need some extra technical results and assumptions. Regarding the
exact solution, [16, Lemma 5.12] states that for all ¢ € [0, T

1
lu, )@y < Mp = [u’llo) + TIQ47 | fllz@r) - (5.2)

Now let us summarize the additional assumptions. We let (2;; := supp ¢; N supp ¢; as in
(4.34), and let us use notation
|Qz]| = meaS(Qij).

Assumptions 5.1.2.

(B1) There exists g9 > 0 such that for any basis functions ¢; and ¢,
/ Pip; > €olSj - (5.3)
Qij
(This is satisfied for linear, bilinear or prismatic elements if the mesh is shape
regular.)

Further, one of the following conditions is satisfied: either

(B2a) the capacity of the model is finite, i.e. there exists a constant U > 0 such that any
solution uy, satisfies supg, . |uxy| < U; or:

(B2b) the discretization satisfies M, := sup,c(o ry [[u(.,t) — un(.,t)||zr) < o0

Theorem 5.1 Let problem (2.1)-(2.4) satisfy Assumptions 5.1.1. Let us consider a fam-
ily of finite element subspaces V = {Vi}n_o that is regular in the sense of Definition
4.2 and the basis functions satisfy (3.1)-(3.2), further, Assumptions 5.1.2 hold. Let as-
sumptions (i)—(iii) of Theorem 4.1 hold, further, let its assumption (iv) be replaced by the
following one:
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(iv’) (upper bound of the time step) the time-step At satisfies the following: if (B2a)

holds, then
~ o
At < g = ————; 5.4
S & ot + Up_2/6 ) ( )
and if (B2b) holds, then with o from (2.6),
At < % and At < Myh P (5.5)
a
where My = 72y 01%.

28 (Mr+Mp)

Then the scheme (3.14) satisfies the properties P1-P5 stated in Theorem 4.1.

ProOF. Compared to Theorem 4.1, the only difference in the proof is in condition P4,
since that was the only part where the restricton » < o was used. Now, instead,

0<r(xt &) <a+plEf2 (5.6)

Hence, by (3.1),

B(u");; = /Q

For the first term above, from (5.3),

(1 — At r(z,t,, uZ)) bip; > (1 — aAt) /Q Pip; — B AL /Q P2 pih;
’ ’ (5.7)

ij

Qi

To involve the second term, let us use Assumptions 5.2 (B2). If (B2a) holds, then

J

This and (5.7)—(5.8) yield

|up [P~ 2¢i; < / up [P~ < UP72|Qy] .
ij Q5
B(u")ij Z (60 — At (600( + Up—25)> |QZJ| 2 0

by assumption (5.4). In turn, if (B2b) holds, then first we use (3.1) and the general
Holder’s inequality:

L1Zs )

- _ -2
/Q [uh P2, < / L A e
ij

I, 190 < 2, (0P
Here (5.2) and condition (B2b) imply

lupllLr) < My + M, =: M
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and thus
[ iz, < i (5.9)

This and (5.7)—(5.8) yield
B(U.n)ij Z 50(1 — OéAt) ‘QZJ| — BAt MP—Q |Qij|2/p.

Using (5.5), )
n 0 0 “rp— —(1-2
B(u )z]2| z]‘(; —BAtMp 2 ’Q”| (1 P)>.

Here, from (4.26) and (5.5),

_ _ _2
D BAEMT |00 > %0 CBAtMP 2 R0 >

2

Y

hence B(u™);; > 0. u

Remark 5.1 (Discussion of the assumptions in Theorem 5.1.) The conditions on the
space mesh are similar as discussed in Remark 4.1, as well as the lower bound on At.

Compared to Remark 4.1, depending on assumptions (B2), the upper bound on At is
either constant again, or satisfies a restriction proportional to a power of h. Assumptions
2.1 item (A5) implies

d(p—2
=2 5
that is, the exponent in (5.5) is less than 2. In fact, in various practical models we have
p < 3, see section 6, in which case @ < g, thus (5.5) becomes

At < O(h3) in2D and At < O(h) in3D.

Similarly to the sublinear case, we can derive the corresponding maximum-minimum
principle as in Theorem 4.2:

Corollary 5.1 If the conditions of Theorem 5.1 hold, then the scheme (3.14) satisfies
(4.47).

Further, in particular, the nonnegativity preservation principle holds:

Corollary 5.2 Let the conditions of Theorem 5.1 hold, and let f > 0, g > 0, and uy > 0.
Then the discrete solution satisfies

uy >0 (n=0,1,...np, i=1,...,m).
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5.2 DMP for cooperative systems

Now let us consider systems of parabolic PDEs. The following system is analogous to
(2.1) and is a special case of system (1)-(5) in [17]. The coupling arises in the zeroth order
terms in a cooperative way. We sketch how the DMP can be extended to such systems for
the linearly implicit scheme. Also a main point for our scheme, discussed later in (6.8),
is that it leads to decoupled and hence parallelizable problems. We refer to [17] for more
technical details on the FEM solution of such problems.

We look for uy, = ug(z,t) (k=1,...,s) such that

0
% —div ( (x )Vuk) +w(x) - Vug + qe(z, t,ug, ... us) = fe(z,t) in Qp,  (5.10)
ug(x,t) = gp(z,t) for (z,t) € I'p x[0,7], (5.11)
Gu—0 for (z,t)€Tlyx][0,T], (5.12)
ug(z,0) = u,io)(m) for x €, (5.13)

Assumptions 5.2.
(S1) The domain and the coefficients a and w satisfy Assumptions 2.1 (A1)-(A4).
(S2) The nonlinearities g have the following properties:
(a) (Balance.) Analogously to (2.7), for any (z,t) € Qr and k =1,...;s

qr(z,1,0) = 0. (5.14)

(b) (Boundedness.) There exists a constant a > 0 such that for all (z,t) € Qr,
§eER and k,0=1,...,s,

P (xt 5)‘ < a. (5.15)

(c) (Cooperativity.) For all (z,t) € Qr, { € R® and k, L =1,...,s5,

g—?(x,t,ﬁ) <0  whenever k #/. (5.16)
, S

(d) (Weak diagonal dominance.) For all (z,t) € Qr, { € R* and k =1,..., 5,
5%
> 0. 5.17
Z 3¢, (@69 (5.17)

The FEM discretization in space for such systems is described in detail in [17, Sec.
3]. We indicate the main points compared to the scalar case. Let us start from the FEM
subspaces and basis functions that had been defined in our subsection 3.1 for the scalar
case. Then the natural choice for subspaces for the PDE system are the direct products of
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these subspaces with themselves s times. Keeping the notation V}, and V}, ¢ from subsection
3.1 for the scalar subspaces, we have (V},)® and (V},0)® as product subspaces.

The basis functions in these product spaces are defined by repeating the scalar basis
functions in each of the s coordinates and setting zero in the other coordinates. That is,
let

No:=smg and N :=sm.

The interior basis functions are indexed as 1 <1 < Ny, rewritten as
i=(ko—1)mog+p forsomel<ky<sandl<p<my, (5.18)
and the boundary basis functions are indexed as Ny + 1 < ¢ < N, rewritten as

i=No+ (ko—1)(m —mg) +p—mg forsomel<ky<sandmy+1<p<m.
(5.19)
In both cases we define

¢ :=10,...,0,0p,0,...,0]" where ¢, stands at the koth entry, (5.20)

(denoting again the transposed of a vector by ), that is, the mth coordinate of ¢; satisfies
(¢:), =¢p if m=ky and (¢;), =0 if m # k.

The full discretization is defined analogously to (3.14). Here we denote the correspond-
ing matrices by an upper index s to indicate that their size is s times larger than in the
scalar case. Thus the scheme reads as

(M® + AtK®) u™! = MGu™ — AtQ®) (u”) + At £” (5.21)

for n = 0,1,...,np — 1. Note that the mass matrix M) and the linear stiffness matrix
K®) consist of identical scalar diagonal blocks, which follows from the form of (5.10).
That is,

M) = blockdiag(M, ..., M) and K® = blockdiag(K,...,K) (5.22)

where M and K are the scalar mass matrix and the linear stiffness matrix appearing in
(3.14), with entries (3.9) and (3.12), respectively.

Now we can verify the analogue of Theorem 4.1 for problem (5.10)—(5.13).

Theorem 5.2 Let the system (5.10)—(5.13) satisfy Assumptions 5.2. Consider a family
of finite element subspaces such that Vi, h and At satisfy the conditions of Theorem 4.1.

Then the scheme (5.21) satisfies the properties P1-P5 listed in Theorem 4.1.

PROOF. First we rewrite our problem analogously to (4.1)—(4.2): defining

! gy, s
ru(x,t, &) = /o 8—&(1’,15, 2€) dz (k,i=1,...,s (z,t) € Qr, £ €R), (5.23)
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we obtain the weak form
.0
/Z %vk dzx + B(u;u,v)(t) = (¥(t),v) (Vv e Hh(Q)%, te(0,7)),
o k=1

where

s

B(y;u,v)(t) := / (a(x)Vuk -V, + (w(x) - Vug)vy, + Z re(z, t,y) ulvk) dx (5.24)
o k=1 k=1

s

and (Y(t),v) = / frvr dz. We also reformulate the scheme (5.21) analogously to
o k=1

(4.22)—(4.23):

Ay = BO (u)u" 4 At ", (5.25)
where
A® =M  AtK®,  B® (") =M — AtR®(u"). (5.26)
Note that
A®) = blockdiag(A, ..., A). (5.27)
Now let us write the indices2 =1,..., Ngand j = 1,..., N according to the notations
(5.18)—(5.19):
i=(ko—1)mo+p forsomel<ky<sandl<p<my, (5.28)

j=lo—1)mg+q forsomel <ly<sand1l<qg<mgor
j=No+ (lp —1)(m —mg) +q—mgy for some 1 <y <sand my+1<qg<Tm.

(5.29)

Then the entries of R®)(u") are
RO = [ (ot ) 2y 0y (5:30)

0
Similarly, from (5.22),
0 if ko # lo;
M(S)i' — ) 5.31
J Mpq:/gppgoq if kg =1, (5.31)
0
0 if ko # lo;

K(S)ij _ (5.32)

Kpq = / (a Vg Vi, + (w- Vﬁbq)%?) if ko =1lo-
Q
Now we can verify properties P1-P5 for A®), relying on Theorem 4.1.
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e P1-P3 for A® follow readily from (5.27), since its blocks satisfy P1-P3 by Theorem
4.1, and (in P2-P3) also using that

Al = blockdiag(A, . . ., Ag).

e P4: Using (5.30) and (5.31), we have

_At/rko lo(xv n, u;zl) Pp Pq if ko 7& lo;

B (u");; = M ~AR® (u");; = o

/(1 — A ok (2, s ul)) 0ppq i ko =1o.

Q
Here, similarly to (4.41), the functions ry, inherit the properties of g—?z. In particular,
for all (z,t) € Qr, { €R* and k, £ =1,...,;5, (5.15)-(5.16) yield
Tee(w,t,§) <0 (if kb # () and ‘Tke(x,té)‘ < a.

Hence:

if kg # 1y, then B(s)(u”)ij = —At/rko 1o (T tn,up) 0, g > 0;
Q

if ko =lp, then B®(u");; > (1 — aAt) / ©p g > 0.
Q

e P5: From (5.17) we have for all (z,t) € Qr, { € R* and k =1,...,5,

s

Z Tkg(x, t,g) Z O

=1
Let i =1,..., N. First, using (4.38) and (5.22), we have
(K®We®), =0.

From the above, using (5.26), analogously to (4.42),

((A(S) — B(S)(u”))e(s)>i = At <(K(S) + R(s)(u”))e) = At (R(S)(u”))e). =

2
K

= At /Zrkolo(x,t,uh)gop (ngq) = At /Zrkolo(x,t,uh)app >0,
o) =1 Q

lo=1 lo=1

hence P5 holds. ]

Now, from Theorem 5.2 and Proposition 4.1, we can derive the DMP, extending
the scalar case in Theorem 4.2. Note that the estimations take into account the max-
ima/minima of the coordinate functions in analogy with [17, Thm 5.2].
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Theorem 5.3 If the conditions of Theorem 5.2 hold, then the scheme (5.21) satisfies

. . . ~h . . . .
mln{O,kir%}.?’S min “k\rgw} +1 mln{o’kirll}l.l.,s 16151Tf fr}
< al(z,t) < max{0, max maxﬂz‘rh }+t-max{0, max sup fi}
k=1,....s par k=1,....s Qr

for x € Q and t = nAt, where n =0,1,...,nyp.

Remark 5.2 Finally we note that some parts of Assumptions 5.2 can be relaxed.

First, one may allow power growth of the nonlinear terms, analogously to (5.1) in
subsection 5.1. For the same restrictions on p as in Assumptions 5.1.1, we may only
require that

aq}c p—2
¢ (@18 < a+ B¢ (5.33)
9&
for all (z,t) € Qr, £ € R® and k,{ =1,..., 5. In this case an analogue of Theorem 5.1 can
be formulated.

Further, we may allow different coefficients a;, w;. in the linear part of the equations

in (5.10), moreover, their dependence on ¢ can be also allowed. With uniform bounds one
may ensure the DMP under the same conditions as in the scalar case.

5.3 Boundary source terms

As we have seen, the homogeneous Neumann condition 2% = 0 on I'y x [0,7] in (5.12)

corresponds to a natural b.c. induced by the weak form (2.8). In the presence of a boundary
source term v € L®(I'y x [0,7]), we have an inhomogeneous condition

%:7 on I'ny x[0,7].

The DMP (4.45) on discrete level is still valid under the conditions of Theorem 4.1. In
turn, the r.h.s estimate of (4.47) is modified in the same way as for the fully implicit
scheme, see [17, Lemma 5.1]. In the scalar case the factor ¢ - max{0, sup f} is replaced

Qr
by
Jry opdo
t -max{0, sup f, D(h)- sup ~}, where D(h) := max X —
Qr ' x[0,T] p=1,..,m fQ p dx
and in the case of systems the additional term involves also sup -, furthermore, the

k=1,...,s
same modification applies to the terms with minimum.

5.4 Geometric properties of the space mesh

In order to satisfy condition (4.27), the most direct way is to require

Vi Vo; < —% (5.34)

27



pointwise on the common support €2;; := supp ¢; N supp ¢; of these basis functions. This
condition means a straightforward geometric restriction in the case of simplicial meshes:
(5.34) requires that the family of meshes is uniformly acute [4, 5]. In the case of bilinear
elements, condition (4.27) is equivalent to the ”strict non-narrowness” of the meshes
[14, 22]. Constructions of such meshes are given e.g. in [4, 9].

The above pointwise condition can be weakened [24, 28]. For instance, one can require
(5.34) only on a proper subpart of each intersection of supports with asymptotically
nonvanishing measure, that is, let there exist subsets Q;; C §2;; for all ¢ and j such that
the basis functions satisfy

o
V¢Z : VQSJ S _ﬁ <0 on Q:;, V¢Z . V¢] < 0 on Qi]’ \ Q;;, (535)

and we have
meas (Q:;) o 0 5 36
meas(€2;;) G =0 (5.36)

Then (4.27) still holds. This condition for simplicial meshes means that some possible
right angles are allowed, which makes the refinement easier.

6 Examples

We give some real-life examples where discrete maximum-minimum principles, and in
particular, discrete nonnegativity can be derived for suitable discretizations.

6.1 Scalar equations

(a) Reaction-diffusion problems

A reaction-diffusion process in a body Q C R?, d = 2 or 3, is often described by the

model
% —div (a(2)Vu) + q(z,u) = f(z,1) (6.1)

in Qr := Q x (0,7) with boundary and initial conditions (2.2)—(2.4). The function u
describes the concentration of the considered chemical material or pollutant, hence

u > 0.

Here the coefficients a, f, g and ug are bounded nonnegative measurable functions and
a has a positive lower bound. Further, ¢ desribes the rate of reaction in the body, hence
q(z,0) = 0 for all z. In various examples the reaction process is such that ¢ grows along
with wu, further, the rate is at most polynomial, i.e. the growth condition (5.1) is satisfied.

The nonlinearity in such problems is only defined for nonnegative arguments u, hence
one has to extend it for © < 0 to obtain an operator to be used in the numerical process.
In the case ¢(x,0) = 0, this is done, e.g., by the formula

q(z, —u) = —q(x,u). (6.2)
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However, finally, using Corollary 4.3 or 5.2, we will obtain that the discrete solution

satisfies min 4y, > 0. That is, 4y, is the solution of the problem with the original nonlinearity
Q
and preserves the physical meaning.

Some concrete situations are as follows:

e Michaelis-Menten reaction in enzyme kynetics [7, 26]:

1 u

T,u) = —
q( ) EU+ K

(u=>0)

describes the rate of reaction, where x,e > 0 are constants. Using (6.2), we can
rewrite the rate as

1
= — R).
) = T (weR)
Then
1 1
r(z,u) = ——— < —
e(lul+rK) ~ er

hence Theorem 4.2 and Corollary 4.3 can be used. In particular, the condition on
the time-step is
O(R*) < At < O(1).

e A generalized case of the above is
1 U
T,U) = ————
ale,v) e (u+ k)P
where 0 < 8 < 1. Then, for large u, letting ¢ = 1 — 3, we have the order
q(z,u) ~ const. - u’
where 0 < ¢ < 1, which is typical for some autocatalytic chemical reactions [7].

Then, after rewriting as before,

1 < 1
(lu] + k)P — exf

r(z,u) = .

hence Theorem 4.2 and Corollary 4.3 can be used. In particular, the condition on
the time-step is
O(h?) < At < O(1).

e In general, the rate of reaction is limited by the given quantity up to some rate
constant, hence (5.1) becomes

dq(z,§)
0< ¢

For instance, the decay of hypochlorite ions leads exactly to the reaction rate
q(x,u) = ku? for u > 0 with some constant k& > 0 (see [2]), i.e., using (6.2),

< a+ B¢l (6.3)

@) = ke (E€R), and thus %ﬁé)zzkm
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The bound (6.3) corresponds to the case p = 3, hence and Corollaries 5.1 and 5.2
can be used. As mentioned in Remark 5.1, the upper bound for the time-step is

At < O(h%) in2D and At < O(h) in3D.

(b) Transport problems

Several transport processes involve a convection field and also a nonlinear reaction
term for the considered material. Then one has a model similar to (6.4) but with a first-
order convection term:

ETi div (a(z)Vu) + w(z) - Vu+ q(z,u) = f(z,t) (6.4)

where w describes the convection field satisfying Assumptions 2.1.

Then, depending on the growth of the reaction term ¢, Theorem 4.2 and Corollary 4.3
or Corollaries 5.1 and 5.2, respectively, can be applied.

(c) On the obtained qualitative properties

Some consequences of the above results are as follows.

In the given examples we have g > 0 and ug > 0 for physical reasons. Therefore, under
the imposed conditions, based on (4.50), the discrete nonnegativity principle holds:

>0 on Q.

In particular, if the r.h.s f = 0, i.e. there is no outer source, then (4.47) also yields the

upper bound

U, < maxyrn, = max{maxu),, maxg"} on Qr.

6.2 Systems

Here we sketch two types of models for systems of parabolic PDEs that were described in
more detail in [17] in the context of fully implicit schemes. It was seen therein that they
satisfy Assumptions 5.2 (allowing (5.33) when applicable).

(a) Population dynamics

Some model systems in population dynamics can be given in the form

ou
8_151 — Auy = ug My (uq, us),
(6.5)
N Mo (ur, us)
at 2 = U 2{U1, w2/,
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where w1, us describe the quantity of two species modeled as distributed continuously in
a plane region (2, see e.g. [10]. Proper boundary and initial conditions hold. The species
are considered to live in symbiosis, which means that

82M1 Z 0 and 81M2 Z 0. (66)

This implies cooperativity of the system. Conditions on weak diagonal dominance are
discussed in [17, Sec 6.4].

(b) Reaction-diffusion(-convection) systems

Reaction-diffusion-convection processes are often described by systems of the following
form:
@uk

W—Auk—l—w(xquk—i— Pe(z,uy, ... us) = fr(x,t) in Qr (k=1,...,s) (6.7)

in a domain  C RY d = 2 or 3. Such systems also model air pollution transport. In
reaction-diffusion models in chemistry sometimes no convection is considered, in which
case w = 0.

Here P, (typically a polynomial) characterizes the rate of the reactions involving the
k-th species. As discussed in [17, Sec 6.2], most items of Assumptions 5.2 hold in a natural
way. In particular, the so-called mass action kinetics [20] implies that Py (z,0) =0 on Q
for all k. In turn, the cooperativity and weak diagonal dominance conditions mean that
we consider chemical processes with cross-catalysis and strong autoinhibiton.

(c) Qualitative properties and efficiency of the proposed scheme

Similarly as mentioned in the scalar case, in the given examples the initial-boundary
data and the source terms are all nonnegative for physical reasons. Therefore, under the
imposed conditions, the discrete nonnegativity principle holds: all coordinate functions
satisfy

ar>0 (k=1,...,5) on Qr.

We also underline the efficiency of the linearly implicit scheme for systems of PDEs.

Some of these systems have a large number of components, e.g. in air pollution models

(6.7) one may have around 30 or even 100 species, depending on the involved materials
[36]. Now recall the scheme (5.21):

(M(s) + AtK(s)) "t = M yu" — AtQ(s)(un) + At " (6.8)

forn =0,1,...,np— 1. Thanks to (5.22), our scheme yields that M® + AtK®) is a block
diagonal matrix, hence the linear system (6.8) is decoupled to s independent systems of
s times smaller size: we have to solve

(M + AtK)up™ = Mup — At (QP(u"), + Atf) (k=1,...,5),
which can be executed in parallel. This is much favourable, compared to the fully implicit

scheme [17], for problems like the above-mentioned ones where s is large.
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