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Abstract. Submodular set functions are undoubtedly among the most important building blocks
of combinatorial optimization. Somewhat surprisingly, continuous counterparts of such functions
have also appeared in an analytic line of research where they found applications in the theory
of finitely additive measures, nonlinear integrals, and electric capacities. Recently, a number of
connections between these two branches have been established, and the aim of this paper is to
generalize further results on submodular set functions on finite sets to the analytic setting. We
first extend the notion of duality of matroids to submodular set functions and characterize the
uniquely determined decomposition of a submodular set function into the sum of a nonnegative
charge and an increasing submodular set function in which the charge is maximal. Then, we describe
basic properties of infinite-alternating set functions, a subclass of submodular set functions that
serves as an analytic counterpart of coverage functions. By relaxing the monotonicity assumption
in the definition, we introduce a new class of submodular functions with distinguished structural
properties that includes, among others, weighted cut functions of graphs. We prove that, unlike
general submodular set functions over an infinite domain, any infinite-alternating set function can be
written as the sum of an increasing and a decreasing submodular function or as the difference of two
increasing submodular functions, thus giving an extension of results on monotonic decompositions
in the finite case. Finally, motivated by its connections to graph parameters such as the maximum
size of a cut and the maximum size of a fractional triangle packing, we study the structure of such
decompositions for weighted cut functions of undirected graphs.
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1. Introduction. The study of submodular set functions goes back to the
pioneering work of Rado [35] and Edmonds [13]. These functions are defined over
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subsets of a given set and capture the notion of diminishing returns, roughly mean-
ing that the marginal gain from adding an element to a smaller set is at least as
great as adding it to a larger set that contains the former. This property not only
captures intuitive economic behaviors but also aligns with practical decision-making
processes where resources are limited. As a result, submodular set functions have
many practical applications, such as network design and facility location in combina-
torial optimization [1, 11], feature selection in machine learning and data mining [25],
auction design in economics [27], and segmentation tasks in computer vision [6, 22].
The main reason for the wide range of applications is that submodularity often allows
for efficient optimization. An illustrative example is the greedy algorithm for maxi-
mizing a monotone submodular set function under a cardinality constraint [32], which
provides a constant-factor approximation of the optimum value. We refer the inter-
ested reader to [16, 17, 37] for a thorough introduction to the theory of submodular
set functions and to [5] for a recent survey.

Less well known in the optimization community, submodularity has also appeared
under the name “strong subbaditivity” in an analytic line of research that originated
in the seminal paper of Choquet [10]. His work was inspired by a question raised by
Brelot and Cartan concerning the relation between the interior and exterior Newtonian
capacity of a Borel subset of R? and culminated in a comprehensive study of set
functions defined on Borelian sets. In Choquet’s work on capacities, a charge is a
finitely additive set function defined on an algebra or sigma-algebra, generalizing the
notion of a measure. Recently, motivated by the growing demand for a limit theory of
matroids, Lovédsz [30] developed these ideas further, studying submodular functions
on sigma-algebras and several connections between the combinatorial and analytic
theory.

One of Choquet’s key contributions is the construction of the Choquet integral
of a bounded measurable function with respect to any monotone set function. Let
(J,B) be an algebra or sigma-algebra of subsets of J. Integration with respect to a
measure can be generalized to increasing submodular set functions ¢ via the Choquet
integral, also called the “layer cake representation,” defined by ¢(f):= fooo pf>t,dt
for bounded measurable functions f: J — Ry. If ¢ is modular, ¢ is linear; if ¢ is
submodular, ¢ is convex, as shown by Choquet [10] and Sipos [38] for increasing set
functions, and by Lovész [29] in the finite case. This construction was extended in
[30] to certain not necessarily monotone set functions, namely, those with bounded
variation. Such set functions can be decomposed as the sum of an increasing and
a decreasing finite-valued set function, and it is proved that every submodular set
function admits such a decomposition. The two set functions appearing in this de-
composition are subadditive, which naturally raises the question of whether stronger
structural properties can be enforced: Can every bounded submodular set function be
written as the sum of two submodular set functions, one increasing and one decreas-
ing? One can also ask a related question: Can every bounded submodular set function
be written as the difference of two submodular set functions, both increasing?

The study of submodular functions on infinite ground sets is motivated by both
analytic and algorithmic considerations. On the analytic side, decompositions into
monotone components provide a natural tool: beyond defining integration with re-
spect to submodular functions, they allow many statements to be verified separately
on the monotone parts, in analogy with the decomposition of a signed measure into its
positive and negative parts. On the algorithmic side, decompositions into submodular
components make it possible to handle set functions that are not globally submod-
ular but can be approximated or expressed as differences of submodular functions
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[14, 21, 31] or as sums of submodular and supermodular functions [3]. These methods
extend submodular optimization techniques to a broader class of set functions, with
applications ranging from information theory to economics. Working in the infinite
setting also makes it possible to study the existence of integrals and to capture the
asymptotic behavior of submodular functions on very large ground sets, providing a
framework for approximating global properties without analyzing all subsets directly.

It is worth mentioning that Bach [2] generalized submodular functions to contin-
uous domains, established their connection with convexity, and showed they can be
minimized via convex optimization with practical algorithms and convergence guar-
antees, although our work takes a different perspective.

1.1. Our contribution. Our main contributions are the following.

1. We generalize the notion of matroid duality to submodular set functions,
which yields a uniquely determined decomposition (Theorem 3.1).

2. We show that, unlike in the finite case, submodular functions defined over
set algebras do not always admit monotonic sum and diff-decompositions
(Corollaries 5.8 and 5.12).

3. We also study alternating functions, a class of submodular functions in-
troduced by Choquet that generalize coverage functions, and we introduce
weakly alternating functions, which include graph cut functions (section 4).
We show that, unlike general submodular functions, weakly alternating func-
tions admit the desired monotone decompositions (Theorem 6.2).

4. We study weighted cut functions, the fundamental examples of weakly alter-
nating functions, and their decompositions into monotone parts. We prove
structural results (Theorems 7.4 and 7.7) and show connections between these
decompositions and graph parameters such as the maximum fractional trian-
gle packing (Corollary 7.8).

In more detail, we generalize the notion of duality of matroids to submodular set
functions (section 3.1) and use it to characterize the (uniquely determined) decom-
position of a submodular set function into the sum of a nonnegaive charge and an
increasing submodular set function in which the charge is maximal (Theorem 3.1).

While investigating the properties of capacities, Choquet [10] introduced the no-
tion of infinite-alternating set functions, a class consisting of increasing submodular
set functions with strong structural properties. He gave a thorough analysis of such
functions from an analytical point of view and determined the extreme rays of their
convex cone. His work, however, has not yet been discussed in the context of dis-
crete optimization. In addition to describing basic properties of infinite-alternating
functions, we explain their relation to coverage functions, an important special case
of submodular functions [4, 7, 8] (section 4.1). We then initiate the study of a new
class obtained by dropping the monotonicity assumption in Choquet’s work, leading
to the notion of weakly infinite-alternating set functions (section 4.2). We present
several examples of infinite-alternating and weakly infinite-alternating set functions
(section 4.3) and also show that any set function over a finite domain can be written
as the difference of two infinite-alternating set functions (Theorem 4.18).

While it is known that in the finite case, every submodular set function has a de-
composition into the sum of an increasing and a decreasing submodular set function,
this fails in the infinite case (Corollary 5.8). The situation with the question about
difference will be similar (Corollary 5.12). One of the main technical ingredients is
establishing a connection between the finite and infinite cases: the existence of a de-
composition in the infinite case is often equivalent to the existence of a decomposition
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in the finite setting with absolute bounds on the function values (Theorem 5.1 and
Corollary 5.2).

As a positive result for the infinite case, we show that the required decompositions
always exist for weakly infinite-alternating functions, even in the stronger form when
one of the functions is required to be infinite-alternating and the other to be a finitely
additive measure (Theorem 6.2).

Weighted cut functions of undirected graphs are probably the most fundamen-
tal examples of weakly infinite-alternating set functions. Determining the maximum
weight of a cut, called the MAX-CUT problem, is a well-studied graph theoretic prob-
lem that has received a lot of attention. It is one of Karp’s 21 NP-complete problems
[23], and though it is known to be APX-hard, it has several applications in cluster-
ing, VLSI design, and network design. This motivates the study of decompositions
of weighted cut functions into monotone parts. We analyze the structure of such de-
compositions in more detail (Theorems 7.4 and 7.7) and reveal connections between
the properties of the functions in the decomposition and certain graph parameters,
such as the maximum size of a fractional packing of triangles (Corollary 7.8).

The rest of the paper is organized as follows. Basic definitions and notation
are introduced in section 2. In section 3 we construct decompositions under a strong
boundedness condition. In section 4, we analyze the properties of alternating set func-
tions and introduce the notion of weakly infinite-alternating set functions, a subclass
of submodular set functions. Section 5 presents constructions that disprove the exis-
tence of sum- and diff-decompositions in the infinite case: we first reduce the problems
from an infinite to finite domain in section 5.1, and then describe the counterexamples
in sections 5.2 and 5.3, respectively. Section 6 is devoted to the analysis of weakly
infinite-alternating set functions, leading to an extension of sum-decompositions from
the finite case to this class. Graph cut functions are discussed in section 7, where
properties of the decompositions are studied in the context of certain graph parame-
ters. Several remarks and examples are included throughout to provide further insight
and help the reader to understand the basic concepts.

2. Preliminaries.

Basic notation. We denote the sets of reals, rationals, and integers by R, Q, and Z,
respectively, and we add + as a subscript when restricting the given set to nonnegative
values only. The set of even integers is denoted by 2 - Z. For a positive integer k, we
use [k] :={1,...,k}. T X CJ and y € J, then X \ {y} and X U {y} are abbreviated
as X —y and X +y, respectively. Similarly, for a set function f and = € J, we simply
write f(x) instead of f({z}). If J is finite, X C J, and w: J — R is a weight function,
then we use the notation w(X) =3 .y w(e). For a vector v € R", we denote by v+
and v~ the positive and negative parts of v, respectively, i.e., (vt); = max{0,v;} and
(v™); = max{0, —v;} are nonnegative vectors with v =v* —v~.

Submodular set functions. Given a ground set J, a set algebra (J,B) is a family
of subsets of J that is closed under taking complements and finite unions. When J
is finite, we always assume that B = 27. By a slight abuse of notation, we call the
members of B measurable. A set function ¢: B — R is increasing if X CY implies
o(X) < oY) and decreasing if it satisfies the reverse inequality. The function is
bounded if there exists b € R such that —b < ¢(X) < b for every X € B. We set
lloll = sup{|e(X)|| X € B}. The set function ¢ is called submodular if

P(X)+ oY) Zp(XNY)+p(XUY)
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for all X,Y € B. If J is finite and B = 27, then this is equivalent to p(X + u) +
(X +v)—p(X)—p(X+u+v)>0forall X CV, u,v e V\X, and u #v. We
say that ¢ is supermodular if —¢ is submodular and modular if it is both sub- and
supermodular. We say that the function is modular on a pair A, B € Bif ¢(A)+¢(B) =
»(ANB)+ (AU B). Note that shifting ¢ by a constant preserves these properties,
and hence we can usually assume that o(0)) =0. We call ¢ normalized if p(J)=1. If
Q={Q1,...,Qq} is a finite measurable partition of J, that is, each @); is measurable,
then /Q: 219 — R denotes the map defined by (¢/Q)(X) = p(UsexQ;) for X C [q].
We use Bg :={A € B| A= U;crQ; for some I C[q]}. Adopting the terminology of
[36], we refer to a (not necessarily nonnegative) finitely additive measure as a charge.
When we say “measure,” we tacitly mean a countably additive measure. So a measure
is a countably additive nonnegative charge. We denote the Lebesgue measure by A. If
the ground set J is finite, then measures coincide with nonnegative modular functions,
that is, set functions ¢: 27 — R, satisfying ¢(X) = > sex Uz for some vector v € Ry

Monotonic decompositions. Let (J,B) be a set algebra and ¢: B — R be a set
function with o(@) = 0. A monotonic sum-decomposition means writing up ¢ as a
sum @ = @1 + @2, where @1 and o are increasing and decreasing submodular set
functions, respectively, with 1(0) = p2(0) =0. A monotonic diff-decomposition of ¢
means writing up ¢ as a difference ¢ = 1 — @2, where both ¢; and 5 are increasing
submodular with ¢1(0) = p2(0) =0. By a monotonic decomposition, we mean either
a monotonic sum- or diff-decomposition. Note that ¢ > ¢ necessarily holds in both
cases. Using this terminology, the two questions posed in the introduction ask for
the existence of monotonic sum- and diff-decompositions of any bounded submodular
set function. For some ¢ € R, we call a monotonic decomposition c-bounded if
lloill < e || for i=1,2. If ¢ has a finite domain, then this is equivalent to

(X)) <e- X)|.
gr(l%lw( )<e gfgggl@( )
i€

We use ||¢||+ =min{p;(J) | ¢ = p1 + @2 is a monotonic sum-decomposition}, ||¢| - =
min{p1(J) | ¢ = p1 — @2 is a monotonic diff-decomposition} and call a monotonic
decomposition optimal if p1(J) attains the optimum value in the corresponding min-
imum.

As a warm-up, let us show why sum- and diff-decompositions exist in the finite
case. For any sufficiently large ¢ > 0, the set function p1(X) = ¢(X) + | X] is
increasing submodular while ¢o(X) = —¢|X| is decreasing modular, and hence ¢ =
©1+p2 and ¢ = 1 —(—p2) provide sum- and diff-decompositions, respectively. In fact,
we will see that diff-decompositions exist in a much stronger form: any set function
o over a finite set can be written as the difference of two increasing submodular set
functions that are infinite-alternating (see Theorem 4.18). Another decomposition,
which generalizes to strongly bounded submodular set functions on infinite sets, will
be described in section 3. Let us note that this construction does not provide any
bound in terms of the maximum value of ¢ on the values of the functions appearing
in the decomposition.

As an example of a monotonic sum-decomposition in the infinite case, let h: [0, 1]
— R, be a real-valued function with ~(0) = 0. It is easy to show (see, e.g., Denneberg
[12, Example 2.1]) that the set function ¢(X)=h(A(X)) is submodular on the Borel
subsets of [0,1] if and only if & is concave. Assume now that h is concave, and thus ¢
is submodular. We claim that ¢ admits a 1-bounded monotonic sum-decomposition.
If h is increasing or decreasing, then the same holds for ¢ and the problem is trivial.
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Otherwise, let z¢g = argmax(h). We define hi(x) = h(z) if © <z and hy(x) = h(zo)
otherwise, and hqo(x) =0 if x <y and ha(x) = h(x) — h(xo) otherwise. Note that hy
and ho are concave, h; is increasing, hs is decreasing, and h = hy + ha. So p1(X) =
h1(AM(X)) and @o(X) = ha(A(X)) are submodular, ¢; is increasing, s is decreasing,
and ¢ = 1 + pa. Since max{||gs ||, |2} = max{h(zo), |h(1) = h(xo)[} = h(zo) = |||l
by the definition of z(, the decomposition ¢ = 1 + 4 is 1-bounded.

Hypergraph and graphs. Let H = (V,€) be a hypergraph and w: £ — R be a
weight function. For a subset £ C &, we use the notation w(€’) := Y pce w(F).
A hyperedge is said to connect two disjoint subsets X and Y of V if it intersects
each of X and Y. For two arbitrary subsets X,Y C V, we denote by £[X,Y] the
set of hyperedges connecting X \'Y and Y \ X. The set function dg,,, defined by
dpw(X) = w(&[X,V \ X]) is called the weighted cut function of H with respect to
w. We denote by E[X] the set of hyperedges induced by X, that is, hyperedges F € £
with F' C X. When H is a graph, i.e., each hyperedge has size 2, we use similar
notation with E in place of £, and we denote the subgraph (X, E[X]) by H[X]. We
use the notation ip ,(X) =w(E[X]) and ep o (X) =i, (X) + di,w(X). We dismiss
the subscript H whenever the hypergraph is clear from the context. It is not difficult
to verify that

(1) dw(X)+dw(Y)=dw(XNY)+d,(XUY)+w(E[X,Y]NEX UY])
+w(EX,YINEV\ (X NY)]),

(2)  w(X)+iw(Y)=iu(XNY) +i,(XUY) —w(E[X,Y]NEX UY]), and

() ew(X)4ewY)=euw(XNY)+e,(XUY)+wE[X,Y]NEV\(XNY)))

for all X, Y C V. Indeed, to prove any of the equalities, one has to check that
every hyperedge of H has the same contribution to both sides. In particular, if w is
nonnegative, then d,, and e,, are submodular while 4,, is supermodular. As a special
case of hypergraphs, we consider undirected graphs G = (V, E).

Matroids. For basic definitions on matroids, we refer the interested reader to
[33]. A matroid M = (J,r) is defined by its finite ground set J and its rank function
r: 27 — 7, that satisfies the rank azioms: (R1) 7(0) =0, (R2) X CY = r(X) <r(Y),
(R3) r(X) <|X|, and (R4) r(X)+r(Y) >r(XNY)+r(XUY). Note that axiom (R4)
asserts the submodularity of the rank function. A set X C J is called independent
if 7(X) = |X| and dependent otherwise. An inclusionwise minimal dependent set
is called a circuit, and a loop is a circuit of size 1. Given pairwise disjoint sets
J1U---UJ; CJ, the corresponding partition matroid M = (J,r) is defined by setting
r(X)=[{i| X NJ; #0} for all X CJ.!

3. Strongly bounded set functions. In this section we describe two simple
monotonic sum-decompositions, which work under a strong boundedness condition.

3.1. Upper bounding charges. Let ¢ be a nonnegative submodular set func-
tion on a set algebra (J, B) with ¢(#) =0. We define : B—RU {oo} by

(4) P(X) = SupZ<p(X¢),

! Partition matroids could be defined in a more general form where r(X) =37 | min{|XNJ;|,g;}
for some g1,...,9q € Z4+. However, in this paper, we are interested only in the case when g; =1 for
all ¢ € [g] except for at most one which is 0.
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where {Xi,...,X,} ranges over all finite measurable partitions of X. We define
©(0) = 0. The set function @ as defined may take infinite values. We call the set
function ¢ >0 strongly bounded if @ is finite.

Let us recall some properties of strongly bounded set functions and the function
@ from [30]. Considering the partition of X into a single class, we see that B > .
If ¢ is a nonnegative charge, then @ = ¢; hence every nonnegative charge is strongly
bounded. If ¢ is a submodular set function, refining the partition {Xi,...,X,} does
not decrease the value of ) . ¢(X;). In particular, if the underlying set is finite, we
have
(X)=_ ¢la).

zeX

<l

It is easy to see that both ¥ and p — ¢ are increasing. If ¢ > 0 is a strongly bounded
submodular set function on (J, B) with (@) = 0, then the set function ¥ is a nonnega-
tive charge. Furthermore, if a: B — R, is a nonnegative charge such that ¢ < «, then
it follows easily that < «. This implies that a nonnegative modular set function ¢
with ¢() = 0 is strongly bounded if and only if there exists a nonnegative charge «
on (J,B) such that ¢ < a. If ¢ is strongly bounded, then @ is the unique smallest
nonnegative charge magjorizing . If, in addition to submodularity, ¢ is continuous
from below, then ¥ is a measure, implying that ¢ is also continuous from above; see,
e.g., [30] for the precise definitions.

To sum up, every strongly bounded submodular set function ¢ with ¢() =0 has
the decomposition

p=0+ (-9

into the sum of a nonnegative charge and a decreasing submodular set function.
Furthermore © is the unique smallest nonnegative charge that can occur in such a
decomposition.

3.2. Duality and lower bounding charges. Let us fix a charge n on (J, B),
and let msf(n) denote the set of all increasing submodular set functions ¢ on (J,B)
with () =0 and ¢ < 7. Recall that the condition ¢ <7 is equivalent to @ <. For
p €msf(n), we define its dual with respect to n as the set function

@7 (X) = p(J\X) +n(X) = @ (J).

This formula generalizes the formula for the rank function of the dual of a finite
matroid, where 7 is the counting measure. Note that 7 € msf(n) and " = 0.

It is trivial that ¢ is submodular and ¢ () = 0. Furthermore, ¢©"* is increasing.
The monotonicity of ¢ implies that ¢ (X) < n(X), so ¢ € msf(n). Hence n is a
charge majorizing 7", which implies

() P <.

For a given submodular set function ¢, it is natural to consider n =% and to define
its canonical dual as

P (X) =p(J\ X) +2(X) = o(J).

If ¢ is a charge, then @ = ¢ and hence ¢* =0. So the canonical dual measures, in a
sense, how nonmodular ¢ is. Also, ** 1= (¢*)* =0, so ¢** # ¢ as * =0.

THEOREM 3.1. Let (J,B) be a set algebra, and let ¢ be an increasing submod-
ular set function on B with ¢(()) = 0. Then, p = ¢ — p** is a nonnegative charge.
Furthermore, ¢ is the unique largest charge o such that ¢ — o is increasing.
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Proof. In general, we have
P (X) =" (J\ X) + 95 (X) — " (J)
=p(X)+2(J\X) —¢
=¢(X) + (@) —-8(X)

= p(X) = 2(X) + "X

< +
=%
+ X
* |
=5
=
sl
=
|
5
=

and hence

P(X) — o™ (X) =2(X) — o*(X).
Recalling (5), we see that ¢ = ¢ — ¢*™* is a nonnegative charge. For the second half,
first observe that ¢ — ¢ is increasing. Indeed, this follows from the monotonicity of
©**. By the submodularity of ¢, it is not difficult to see that ¢ — « is increasing for a
charge « if and only if p(X) — a(X) < ¢(J) — «(J) holds for every X € B. Let a be
a charge satisfying this condition, then

o (X) = p(J\ X) + B(X) — o(J)
<a(J\ X) + () — alJ) +B(X) — ()
= 5(X) — a(X).

So p—a is a charge majorizing ¢*, which implies that p—a > ¢*. By ¢o(X)—¢p**(X) =
P(X) — ¢*(X), this is equivalent to o < . O

Remark 3.2. In [30], a pair of submodular set functions (p,) on the same set
algebra is called diverging if ¢ — 1 is increasing. It was pointed out that this is a
direct generalization of the matroid theoretical notion that the identity map J — J
is a strong map ¢ — . So the identity map is strong both as ¥ — ¢ and ¢ — .
Furthermore, % is the unique smallest modular set function o on .J for which the
identity map o — ¢ is strong, and ¢ is the unique largest modular set function 5 on
J for which the identity map ¢ — 3 is strong.

4. Alternating set functions. The aim of this section is to give a better un-
derstanding of a highly structured but still rich class of submodular set functions. In
section 4.1, we overview the notion of alternating set functions originally introduced
by Choquet [10] and prove some of their basic properties. Some of these results were
already known before, but since they were mostly implicit in Choquet’s work, we prove
those here for the sake of completeness of the paper. Furthermore, we show that, in
the finite case, these functions coincide with coverage functions, an important special
case of submodular functions that arise in many applications. We then initiate the
study of a weakening of the k-alternating property and establish a link between the
two definitions in section 4.2. To put the proposed class of functions into context, we
describe some basic examples in section 4.3. Finally, we show that any set function
over a finite domain can be written as the difference of two infinite-alternating set
functions.

4.1. k-alternating set functions. Let (J,B) be a set algebra and ¢: B — R
be a set function. For a positive integer k and sets Ag, Ai1,...,Ar € B, we de-
note V,(Ao; A1, ..., Ax) == ZKC[k,](—l)‘K‘QD(AO UU,ex Ai) and call the function k-
alternating if ©(0) =0 and -

(]C—ALT) V@(AO;AI;-“)AIC) <0
for all Ay, Ay,..., A € B. If ¢ is k-alternating for all positive integer k, then it is
called infinite-alternating.
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LEMMA 4.1. We get an equivalent definition if we restrict Ay to be disjoint from
Ule A;. Furthermore, it suffices to consider sets A; #0 for all j > 0.

Proof. For the first half of the lemma, observe that the left-hand side of (k-ALT)
does not change if we replace A; with A; \ Ag for i = 1,... k. For the second half,
observe that A; =0 implies that Ao U Uj;cx Ai = Ao U U;e ey Ai for all K C[k] —j,
and hence the inequality holds with equality as the terms of the sum cancel each other
out pairwise. ]

For fixed sets Ao, Ay, ..., Ay, the definition implies that Vi, := V,(Ao; A1,..., A)
is a linear function of ¢, i.e., V4 =V, +Vy and V.., = c- V,, for arbitrary functions
p, ¥, and ¢ € R. Furthermore, we have

(6) V;o(Ao;Al, e 7Ak) = VW(A();Ah. . .,Akfl) — Vg@(AO UAg;Aq,... 7Ak,l),

i.e., the k-alternating sum can be expressed as the difference of two (k—1)-alternating
sums. For k = 2, inequality (k-ArT) for pairwise disjoint Ag, A1, Ao is called the
diminishing returns property of submodular set functions.

Remark 4.2. If J is finite and ¢: 27 — R is a set function depending only on
the cardinality, i.e., ¢(X) = ¢(|X]) for some function g: Z4y — R, then (6) can be
considered as a generalization of discrete derivatives [18]. For a function f: Z; — R,
let Af(n) := Alf(n) := f(n+1) — f(n), and for k > 2 define AFf recursively as
AFf = A(A*~1f). By induction, if |Ag| =n and ay,as,...,a; are distinct elements
of J\ Ao, then (6) gives V,(Ao; {a1},...,{ar}) = (=1)*A¥g(n).

The definition is monotone in the sense that a k-alternating set function is also
{-alternating for any 1 </ <k.

LEMMA 4.3. If ¢ is k-alternating, then it is also £-alternating for all ¢ € [k].

Proof. Tt suffices to verify the statement for / =k — 1. Let Ag, Ay,...,Ax_1 € B
be arbitrary and set Ay = Ap_1. Then, we get
0>V,(Ao; A1, ..., Ak)
=V,(Aog; A1, ..., Ag—2) = V(Ao U Ag_1; Av, ..., Ak—2)
—Vo(AgU AR Avy o Ap2) + Vo (Ag U A1 U AR Ay, Ap—2)
=V, (Ao; Ar, ... A1),
concluding the proof of the lemma. ]

For k=1 and k = 2, we get back the notion of increasing and increasing submod-
ular set functions, respectively.

LEMMA 4.4. A set function ¢ is 1-alternating if and only if it is increasing. A
set function @ is 2-alternating if and only if it is increasing and submodular.

Proof. The first part is immediate from the definition.

For the second part, assume that ¢ is 2-alternating. Then, by Lemma 4.3, it is
l-alternating and thus increasing as well. Let X,Y € B and define Ay := X NY,
A =X\Y, Ay:=Y \ X. Then, (k-ALT) gives

P(XNY) —p(X) —p(Y) + (X UY)
=¢(Ao) — (Ao U A1) — p(Ag U Az) + p(Ag U A1 U A)
<0,

implying submodularity.
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Conversely, assume that ¢ is increasing and submodular and let Ag, Ay, As € B.
We can assume that Ag N A; = AgN Ay =0 by Lemma 4.1. Then, we get

©(Ao) — (Ao U Ay) — (Ao U Az) + (Ao U A1 U As)
S QD(AO ] (Al n Ag)) - (p(AQ ] Al) - (p(AO U Ag) + SO(AO U A1 ] AQ)
<0,

where the first inequality holds since ¢ is increasing, while the second inequality holds
by the submodularity of ¢ when applied to the sets Ao U A; and Ay U As. 0

There is a long line of research focusing on the characterization of extreme rays
of the convex cone of submodular set functions; see [40] for an overview. For infinite-
alternating set functions, there is a simple characterization which relies on the fol-
lowing construction. For a set algebra (J,B) and for any A € B, let v4: B — R be
defined as

0 ifXNA=0,

Q W‘(X):{l it X N A0,

It is not difficult to see that ¢4 is a normalized infinite-alternating set function.
Choquet [10, section 43] showed that in the finite case these set functions correspond
to the extreme rays of the convex cone of infinite-alternating set functions, while a
different proof appeared in [30].

PROPOSITION 4.5 (Choquet). The set of normalized extremal elements of the
convez cone of infinite-alternating set functions over a finite set J is {oa |0 # AC J}.

In the finite setting, Proposition 4.5 provides an interesting connection between
three combinatorial objects: infinite-alternating set functions, coverage functions, and
rank functions of partition matroids. Assume that J is finite and let ¢ : 27 — R be a set
function. Let G' = (.J,2”7; E) be a bipartite graph where one vertex class corresponds
to the elements of J, the other class corresponds to subsets of J, and there is an edge
between a € J and A € 27 if and only if a € A. By Proposition 4.5, if ¢ is infinite-
alternating, then there exist nonnegative weights a4 € Ry for A C J such that
o(X)=>laa| A€ N(X)] for all X CJ, where N(X) denotes the set of neighbors of
X in G. Vice versa, it is not difficult to check that if G = (J,U; E) is a bipartite graph
and «, € Ry for u € U, then ¢(X) := > [ay | u € N(X)] is an infinite-alternating
set function over J. The latter construction may be familiar to those interested in
combinatorial optimization. A coverage function f: 27 — R, is determined by a
universe U of elements, weights o, € Ry for v € U, and a family U = {U, | a € J}
of subsets of U by setting f(X) =) [ | u € J,ex Ud] for X CJ. That is, f is the
infinite-alternating function corresponding to the bipartite graph G = (J,U; E) with
weights «,, € Ry for u € U, where au is an edge if u € U,. Thus infinite-alternating
functions over a finite domain are exactly the coverage functions. Finally, observe that
4 defined as in (7) is the same as the rank function of the partition matroid with
classes A and J\ A and bounds 1 and 0, respectively. Furthermore, the rank function
of any partition matroid can be obtained as the sum of such functions. Therefore,
by Proposition 4.5, the class of infinite-alternating set functions coincides with the
convex cone of partition matroid rank functions.

Remark 4.6. 1t is not hard to prove that the functions {¢4 | ) # A C J} are linearly
independent; see, for example, [30] or the first proof of Theorem 4.18. Consequently,
for any infinite-alternating function ¢: 27 — R there exists a unique decomposition
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© = ppacs@apa with ay € Ry for all § # A C J. There are multiple ways
to generalize Proposition 4.5 to infinite domains, but generally not all normalized
extremal elements take the form ¢4 for some set A € B, see [10, 30].

The following observations will be useful later on.

LEMMA 4.7. Let (J,B) be a set algebra and A, Ay, A1,...,Ax € B. Then,
-1 ifAgNA=0 and A;NA#D for all 1 <i<k,

0 otherwise.

VLpA(AO;A17~--7Ak)—{

Proof. If Ag N A # (), then p(Ao U ;e Ai) = 1 for all K C [k], and hence
VLpA(AO;Ala-“yAk) =0.

If there exists an index j € [k] such that AN A; =0, then w4 (Ao UJ;cx Ai) and
©a(AgUU,epe j Ai) cancel out each other in the sum for all K C [k] — j, and hence
V@A(AO;AI;-“,AIG) :0

Finally, if AgNA=0 and A;NA#Q for all 1 <i <k, then ps(AoUJ;cx Ai) =1
for all nonempty K C [k], and pa(Ag) =0, and hence V,,, (Ao; 41,...,Ax)=—-1. 0O

LEMMA 4.8. Let p= Z@;MQJOZASOA be an infinite-alternating set function over a
finite domain written as the nonnegative combination of normalized extremal elements,
and let ko be a positive integer. Then, V,(Ao; Ai1,...,Ar) =0 for all k > ko and
pairwise disjoint sets Ag, A1, ..., Ay if and only if aa =0 for all AC J with |A| > ko.

Proof. By linearity, V,(Ao; A1,...,Ax) = Z(Z)#ACJQAV@A (Ao; A1, ..., Ag), where
Vioa(Ao; A1,...,A) <0 for all ) # A C J. Therefore, it suffices to show that for a
fixed A C J, if k > |A|, then V,,, (Ao; A1,...,Ar) = 0 for all pairwise disjoint sets
Ap, Ay, ..., Ay, and if k < |A], then there exist pairwise disjoint sets Ag, A1,..., Ak
with V;,A (Ao;Al, ey Ak) < 0.

If k > | A|, then for any pairwise disjoint sets Ay, A1, ..., Ak, there exists an index
j € [k] such that AN A; =0, and hence V,,, (Ag; A1,...,Ax) = 0 by Lemma 4.7. If
k <Al let Ag =0 and Ay, As,..., Ax be pairwise disjoint subsets of A. By Lemma
4.7, we get Vi, (Ao; Ar,..., Ap) =—1.

LEMMA 4.9. Let J be a finite set, £ a positive integer, and ¢ :=> [pa |0 # A C
J,|A| < L]. Then, for any pairwise disjoint sets Ag, A1, ..., Ak, Vyo(Ao; Ar, ..., Ag) =0
if and only if k > {, and otherwise V,(Ao; A1, ..., Ax) <O0.

Proof. The “if” direction follows from Lemma 4.8. For the “only if” direction, let
Ap, A1,..., Ay be pairwise disjoint sets with k& < ¢. Choose A such that |A| < ¢ and
ANA; #0 precisely if 1 <i <k. By Lemma 4.7, V,,, (Ao; A1,...,Ax) = —1, and hence
Vw(Ao;Al,...,Ak;)<0. 0

4.2. Weakly k-alternating set functions. In certain cases, it will be more
convenient to work with set functions satisfying the k-alternating property for pairwise
disjoint sets, which motivates the following definition. Let (J,B) be a set algebra. For
a positive integer k, a set function ¢: B — R is weakly k-alternating if () =0 and
it satisfies the inequality (k-Avr) for all pairwise disjoint Ag, Ay,...,Ax € B. The
connection between the k-alternating and weakly k-alternating properties is given by
the following lemma.

O

LEMMA 4.10. A set function ¢ is k-alternating if and only if it is weakly ¢-
alternating for all ¢ € [k].

Proof. If ¢ is k-alternating, then, by Lemma 4.3, it is also f-alternating and so
weakly (-alternating for ¢ € [k].
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The other direction is a bit more technical and is proved using strong induction on
k, and subject to this, by induction on |Uf=1 A;|. For k=1 and k =2, the statement
is true by Lemma 4.4. Therefore, assume that k£ > 3 and that the statement is true for
all £ < k and for all sets Af, A,..., A}, with |Uf:1 Al < |Uf:1 A;|. By Lemma 4.1,
we may assume that Ao N (Y, A;) =0 and 4; # 0 for all i € [k]. If Ay, Ay, ..., Ay
are pairwise disjoint, then the inequality follows by the weakly k-alternating property.
Otherwise, by possibly relabeling the sets, there exists a 2 </ <k and a set X with
ﬂle A;=X and XN Uf:EH A; =0. By the inductive hypothesis, (k-Art) holds for
the sets Aj = AgUX and A} = A;\ X for i € [k], and hence it is enough to prove that

Vio(Ao; A1, .. A) < V(A AL .. A).

The sets Ag U, e Ai and AjU ;¢ Aj are equal if K N[{] # 0, and otherwise their
difference is exactly X. Thus, we get

VLP(AO;Ala .. .,Ak) — VW(AB’AID .. 7A;c)

_ Yy (@ <A0U U Ai> —<p<XuA0u UAZ->>

KC[k]\[¢] €K iEK
= VLP(AO;AZ+1; Af+27 e aAlﬁX)
<0,

where the last inequality follows by induction for sets Ag, A¢4+1, Aet2, ..., Ak, X. This
finishes the proof of the lemma. 0

The lemma implies the following characterization of infinite-alternating set
functions.

COROLLARY 4.11. A set function ¢ is infinite-alternating if and only if it is
weakly k-alternating for all k> 1.

It is a natural question whether there exists a k such that every infinite-alternating
function is already k-alternating. The following theorem answers this question in the
negative.

THEOREM 4.12. For any ¢ > 1, there exists a function @ which is ¢-alternating
but not (£ + 1)-alternating.

Proof. Let J be a finite set with |J| > ¢, and X C J with |X|=/¢+ 1. Define

P = Z PA

PA£ACT
|A|<e

and ¥ =@ — ¢px. For k </, using Lemma 4.7 on ¢x, Lemma 4.9 on ¢, and linearity,
Vi (Aoi Aty Ap) = Vio(Aoj A, -, Ag) — Vi (Ags Ar, ..., Ag) <0

for any pairwise disjoint sets Ag, A1,...,Ax, and hence v is ¢-alternating by Lemma
4.10.

Ifk=0+4+1, Ag=0, and A; ={a;} for 1 <i<k, where X ={x1,29,..., 24}, then
again, using Lemma 4.7 on ¢x, Lemma 4.9 on ¢, and linearity,

V¢(A0;A1, .. ,Ak) = VLP(AO;A17' .. ,Ak) — V@X (AO;Al, .. .,Ak) = 1,

and hence v is not (¢ + 1)-alternating. |
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As a relaxation of infinite-alternating set functions, we introduce one of the key
concepts of the paper and call a set function ¢: B — R weakly infinite-alternating if it
is weakly k-alternating for all £ > 2. At this point, it is probably not clear to the reader
what exactly the relationship is between the proposed class and, for example, coverage
functions. In section 6, we will show that any weakly infinite-alternating function can
be obtained from an infinite-alternating function by subtracting a nonnegative charge
(Corollary 6.5).

4.3. Examples. To give a better understanding of infinite-alternating and
weakly infinite-alternating set functions, we present some basic examples.

Ezample 4.13. Let (J,B) be a set algebra. Every constant function ¢ on B
satisfies (k-Avt) for all k > 1, and hence it satisfies all requirements of being infinite-
alternating apart from ¢(f)) = 0. Furthermore, V,,(Ag; A1) = 0 for all Ap, A;, and
hence by induction and (6), V,,(Ag; A1,...,Ax) =0 for all k> 1 and Ay, As,..., As.
This guarantees that the assumption ¢ () = 0 could be relaxed everywhere, as shifting
the values of ¢ by a constant does not change the values V,,(Ao; A1, ..., Ag).

Ezample 4.14. Let (J,B) be a set algebra. Every nonnegative charge (or equiv-
alently, every increasing modular set function) p: B — R is infinite-alternating with
Vi(Ao; A1, ..., Ag) =0 for all k> 2 and pairwise disjoint sets Ag, A1,..., Ag. Indeed,
as p is modular, V), (Ag; A1, As) =0 for all pairwise disjoint sets Ag, A1, A2, and hence
by induction and (6), V,(Ao; A1,...,Ax) =0 for all £ > 2 and pairwise disjoint sets
Ag, A1, .., Ag.

If u is a charge (or equivalently, a modular set function), then an analogous
computation shows that p is weakly infinite-alternating with V,(A¢; A1,...,Ax) =0
for all k£ > 2 and pairwise disjoint sets Ag, Aq,..., Ag.

Ezample 4.15. Let G = (V, E) be a graph and w: E — R be a weight function.
Then, e, is infinite-alternating and d,, is weakly infinite-alternating. Furthermore, we
have V¢, (Ao; A1, ..., Ax) =0 and Vg, (Ao; A1,...,Ax) =0 for all £ > 3 and pairwise
disjoint sets Ag, A1,..., Ak.

To see these, note that e,, = Z{u’v}eEw({u,v})w{u’v}, where ¢4 is defined as in
(7). Therefore, e,, is infinite-alternating by Proposition 4.5, and V., (Ap; A1,..., Ax) =
0 holds for all £ > 3 and pairwise disjoint sets Ag, A1,..., A by Lemma 4.8. The
statements about d,, follow from the equality d,, = 2e,, — (ew + i), since e, (X) +
iw(X)=>,cx dw(r) is modular.

It is not difficult to see that a set function ¢ is infinite-alternating with V,,(Ag; A1,
..., Ax) =0 for k=1 if and only if it is identically 0. Examples 4.14 and 4.15 provide
examples of infinite-alternating and weakly infinite-alternating set functions such that
Vio(Ao; Ai,...,Ag) =0 for all k£ > 2 and k > 3, respectively. Using Lemma 4.8, it is
easy to see that the converse is also true, i.e., these examples characterize infinite-
alternating and weakly infinite-alternating set functions with V,,(Ag; A1,...,Ax) =0
forall k>1, k>2,or k> 3.

Remark 4.16. It is worth mentioning that hypergraph cut functions are not weakly
infinite-alternating. Let e = {a,b,¢,d} be the only hyperedge of a hypergraph, and
let Ag = {a}, A1 = {b}, Ay = {c}, A3 = {d}. If d denotes the cut function of the
hypergraph, then d(Ao U ;¢ Ai) =0 if and only if K = [3], and hence

Vd(Ao;Al,AQ,Ag):lf?)‘F?)*O:1.

Ezxample 4.17. A natural problem is to characterize matroid rank functions that
satisfy (k-Art) for some k. While every infinite-alternating set function can be
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obtained as the nonnegative combination of partition matroid rank functions, it turns
out that the hierarchy of k-alternating matroid rank functions does not give an in-
teresting categorization of matroids. More precisely, let (M,r) be a loopless matroid
with rank function r. Then, the following are equivalent:
(i) r is 3-alternating,

(ii) r is infinite-alternating,

(iii) M is a partition matroid with upper bound 1 on each partition class.

Here, the implication (ii)=-(i) is immediate.

For (i)=-(iii), suppose first that M has a circuit C with |C| > 3. Let Ag =0 and
A1, Aa, Az be a partition of C. Then, r is almost the modular set function r(X) = | X|
on the set algebra generated by Ay, As, As, except for (A1 UAsUA3) =r(C) =|C|—1.
This implies V,.(Ag; A1, A2, A3) = 1, contradicting r being 3-alternating. Therefore,
each circuit of M has size at most 2, which is equivalent to M being a partition
matroid with upper bound 1 on each partition class.

Finally, for (iii)=-(ii), let Py,..., P, denote the partition classes defining M. Then,
r=31_,¢p,, where ¢4 is defined as in (7). Hence r is infinite-alternating by Propo-
sition 4.5.

4.4. Difference of infinite-alternating set functions. We have already seen
in the introduction that any submodular set function over a finite set has a monotonic
diff-decomposition. Here we strengthen this result by showing that any set function
@: 27 — R over a finite domain can be expressed as the difference of two infinite-
alternating set functions. We show two different proofs for this result. The first proof
uses linear algebraic techniques, and it provides a canonical decomposition in a certain
sense. In contrast, the second proof is more elementary and yields a decomposition
in which 9 is always the same for any ¢ up to multiplication by a constant.

THEOREM 4.18. Let J be a finite set and ¢: 27 — R be an arbitrary set function
with () = 0. Then, there exist infinite-alternating set functions @1, 2: 27 — R such
that ¢ = @1 — 2.

First proof. A set function v : 27 — R with (()) = 0 can be thought of as a vector
of size R2"”'~1 with entries corresponding to the values of 1) on nonempty subsets. Let
P c R@7'=Dx2"'-1) 1o the matrix with rows and columns indexed by the nonempty
subsets of J, where Px y =1(XNY # (); here 1 denotes an indicator function. Let us
also define N € R@"”'=1x(2"'=1) a5 the matrix with Nxy = ()XW= (Xuy =
J). An easy calculation shows that N =P~ (see, e.g., [30]). The set function P is
defined by the appropriate matrix multiplication where, by a slight abuse of notation,
we define P1)(0)) = Ny () = 0. Proposition 4.5 implies that ¢ is infinite-alternating
if and only if it can be expressed as ¢ = Pa with a set function «: 27\ {}} — R;
this, in turn, is equivalent with Ny > 0. In particular, the nonsingularity of P implies
Remark 4.6.

Let o1 =P ((Np)™) and p3 =P ((Np)™). Then,
1 —p2 =P ((Ng)") =P ((Nyp)")
=P(Ny)
=@,

where 1 and o are infinite-alternating by Proposition 4.5, as the multiplication of
P by a nonnegative vector is a linear combination of functions ¢4 given by (7) with
nonnegative coefficients. 0
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Second proof. Let us define
m ::maX{Vw(Ao;Al, oy Ag) | kel|J|],Ao,-.., A CJ are pairwise disjoint,
A;#0D forie [k’]}

Let g :=m - ZQ);&ACJ w4, and let 1 := ¢+ ¢o. By Proposition 4.5, the function s
is infinite-alternating. By Lemma 4.9 and the definition of m,

le(Ao;Al,..wAk) ZVw(Ao;Al,...,Ak> +V¢2(A();A17...7Ak)
<0

for all 1 < k < |J| and pairwise disjoint sets Ag, A1,...,Agx. Consequently, o1 is
infinite-alternating by Lemma 4.10. O

5. General submodular set functions. The aim of this section is to answer
both questions about the existence of monotonic decompositions in the negative. In
section 5.1, we reduce the existence of such decompositions to the finite setting, with
the additional requirement that the decompositions are c-bounded for some universal
constant c. Using this connection, we show that there exists a bounded submodular set
function with no monotonic sum-decomposition in section 5.2, and with no monotonic
diff-decomposition in section 5.3.

5.1. From infinite to finite domain. The idea behind reducing decomposition
problems to a finite domain is a standard compactness argument. For a set algebra
(J,B) we can consider the space of set functions {f: B — R} as the product topological
space [ ] 45 R. Furthermore, for any r: B— R, the space of functions

{f: B—R||f(A) <r(A) for all AeB} =TT 14,7 (4)
AeB
is compact, as the product of compact sets is compact. We will use that a topological
space X is compact if and only if for any collection C of closed subsets of X with
Neeer C # 0 for all finite subcollection €' € C, (e C # 0 also holds.

Let (J1,B1) and (J2,B3) be two set algebras. The functions ¢1: By — R and
o : By — R are isomorphic if there exists a bijection f: J; — Jo such that f and f~!
are measurable and @2 (f(X)) =1 (X) for all X € B;. By a property of set functions
we mean an isomorphism invariant class of set functions. We call a property P of
set functions finitary if a function p: B — R is in P if and only if ¢/Q is in P for
any finite measurable partition Q of J. Furthermore, call a finitary property P closed
if for any set algebra (J,5) and any finite measurable partition Q of J, the set of
functions {f: B — R | f/Q € P} is closed. Note that this is more general than
requiring {f: B — R | f € P} to be closed, but for reasonable properties, they are
equivalent.

Let (J, B) be a set algebra and P;, P» be properties of set functions. We say that a
set function ¢: B — R is (P, Py)-decomposable if there exist functions ¢1,¢2: B—R
of property P, and P, respectively, such that v =1 + 1.

THEOREM 5.1. Let P; and P» be finitary, closed properties of set functions and
(J,B) be a set algebra. A function ip: B — R is (Py, P2)-decomposable if and only if
there exists a function r: B — R such that for all finite measurable partitions Q, 1/ Q
has a (Py, Py)-decomposition 1)/ Q = 2 + 1S with [p2(A)| <r(A) for all A€ Bg.
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Proof. For the “if” direction, we define
SZ:{wli B—)R"I/)l 6P1,'l!)—'l/)1 GPQ, |1/}1(A)‘ ST(A) for all AGB}
Similarly, for a finite measurable partition Q let

S/Q:={1: B=R|¢1/Q€ P, (v —91)/QE€ P, [(v1/Q)(A)| <r(A)
for all A€ Bg}.

We need to show that S is nonempty. Observe that, since P, and P, are closed,
S/Q is closed for all finite measurable partitions Q, and since P; and P; are finitary,
S ={1g5/Q, where the intersection is taken over all finite measurable partitions. For
finitely many partitions Oy, ..., Q,, we have N, 5/Q; O S/(A_, Q;), where A\, Q;
is the least common refinement of the partitions. By our assumption, S/(A;_; Q;) is
nonempty. Therefore, the compactness of {f: B — R | |f(A)| < r(A) for all A€ B}
implies that S =)y S/Q is also nonempty.

For the “only if” direction, let ¥ = 1 + 19 be a (P1, Py)-decomposition. Then,
for any A € B, we can choose r(A) to be |11 (A)|. |

COROLLARY 5.2. Let (J,B) be a set algebra and v: B— R a bounded set function
with 1¥(0) = 0. If there exists a ¢ > 1 such that for every finite measurable partition Q,
the quotient 1/ Q can be written as the difference of an infinite-alternating function
© and a nonnegative charge p with max{||¢||, [|u]|} <c-||v/Q||, then ¥ can be written
as the difference of an infinite-alternating function and a nonnegative charge.

Proof. Assume that there exists ¢ > 1 satisfying the conditions of the corollary.
For each A € B, set r(A) to be c- ||¢||. Since “infinite-alternating” and “nonpositive,
modular” are finitary and closed properties of set functions, the existence of the
decomposition in question follows by the “if” direction of Theorem 5.1. 0

5.2. Monotonic sum-decompositions. For every ¢ € R,, we construct a
submodular set function over a finite domain having no ¢-bounded monotonic sum-
decomposition. We will need the following two technical lemmas.

LEMMA 5.3. Let (J,B) be a set algebra and p: B — R with ¢(0) = 0. Assume
that ¢ is modular on a pair A,B € B and let ¢ = ©1 + p2 be a monotonic sum-
decomposition. Then, @1 and @2 are also modular on the pair A, B.

Proof. Using the fact that ¢ is modular on the pair A, B and ¢ = @1 + 2, we get

P(A) + o(B) = ¢1(A) + 2(A) + ¢1(B) + p2(B)
>01(ANB)+p1(AUB) + 2(ANB) + p2(AUB)
=p(ANDB)+p(AUB)
=¢(A4) + ¢(B).

Therefore, equality holds throughout, implying o;(A)+¢;(B) = ¢;(ANB)+¢;(AUB
for i € [2].

LEMMA 5.4. Let J be a finite set and : 27 5 R submodular. Let X CY C
such that ¢ is modular on any pair A,B € B with X C A,B CY. Then, o(T)
P(X) + e x (P(X +1) = (X)) for any X CTCY.

~—

< &
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Proof. We prove the statement by induction on |T|. The statement clearly
holds when |T| = |X]| or |T| = |X|+ 1. Assume that |T| > |X| 4+ 2 and that we
already proved the statement for all X C 7" C Y with |T'| < |T|. Pick an arbitrary
element 2 € T\ X. Using that ¢ is modular on the pair X +z,T — 2 and the induction
hypothesis, we get

e(T)=p(T —z) + (X + ) — p(X)

=o(X)+ D (p(X +1) —p(X)),
teT\X

concluding the proof of the lemma. ]

We now prove that there is no universal constant ¢ for which every submodular
set function over a finite domain has a c-bounded monotonic sum-decomposition.

THEOREM b5.5. For any ¢ € Ry, there exists a submodular set function over a
finite domain with value O on the empty set that does not admit a c-bounded monotonic
sum-decomposition.

Proof. Let n be a positive integer, let J = {a1,aq,...,a2,}, and set A= {a1,aq,...,
an}. We define a set function ¢: 27 — R by

(8) =

0 fXCAorACX,
@(X)—{ - -

1 otherwise.

CLAIM 5.6. ¢ is submodular.

Proof of claim. Let X,Y C J be arbitrary sets. We need to show that o(X) +
P(Y)> p(XNY)+ (X UY). The image of ¢ is {0,1}, and hence we distinguish
three cases.

The inequality clearly holds if ¢(X)=¢(Y)=1.

If o(X) =0 and ¢(Y) =1, then either X C A implying ¢(X NY)=0,or ACX
implying (X UY) =0. The case when ¢(X) =1 and ¢(Y) =0 can be analyzed in a
similar way.

If p(X) = ¢(Y) =0, then either A C XY, or X,)Y CA or X CACY, or
Y CACX. In all four cases, we have (X NY) = (X UY) =0, finishing the proof
of the claim. ]

Let ¢ = 1 + w2 be an arbitrary monotonic sum-decomposition.
CLAamM 5.7. ¢1(J) >n.

Proof of claim. Using Lemma 5.3 for the sets A—a; and {a,,+;}, the monotonicity
of ¢1, and 1 >  we obtain

V1(A+ anti) > o1(A+ anti —a;)
= p1(A—a;) + p1(anti) — 1(0)
>p1(A—a;)+1

for all i € [n]. Note that the pair ((, A) satisfies the conditions of Lemma 5.4 for ¢.
Therefore, by Lemma 5.3, the same holds for ¢; as well. This implies p1(4 — a;) =
©01(A) — ¢1(a;) and @1(A) = Yi"; ¢1(a;). On the other hand, the pair (A,J) also
satisfies the conditions of Lemma 5.4, and thus we get
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1) = 01(4) + 3 (91(A+ ans) — p1(4)

i=1

+Z P1(A—a;) +1—p1(A))

=¢1(4 +Z p1(A4) = 1(a;) +1 = p1(4))

:n’

completing the proof of the claim.
Since n was chosen arbitrarily, the theorem follows by Claim 5.7. ]

COROLLARY 5.8. There exists a bounded submodular set function with value 0
on the empty set that does not admit a monotonic sum-decomposition.

Proof. Let us define a set function over the subsets of Z as

w(X):{o if X C2:Zor2:2CX,

1 otherwise.

Then, v is a bounded submodular set function—this can be seen similarly as in the
proof of Claim 5.6. It is not difficult to check that for every n € Z,, there exists a
finite partition Q of Z with n partition classes such that the set function ¢ defined
in (8) is equal to ¥/Q. By Theorems 5.1 and 5.5, 1) does not admit a monotonic
sum-decomposition, since the value of r(J) cannot be set to any finite value. |

Remark 5.9. The question naturally arises whether symmetric submodular set
functions have monotonic sum-decompositions. Let ¢ be the set function appearing
in the proof of Theorem 5.5 and let ¢ denote its symmetrized version, that is, ¢(X) :=
©(X)+(J\X) for all X €27, Then, @ is a symmetric submodular set function, and
an analogous proof shows that for any monotomc sum-decomposition ¢ = 1 + @2, we
have ¢1(J) >n.

5.3. Monotonic diff-decompositions. We now show that the infinite coun-
terpart of Theorem 4.18 does not hold. In particular, we show that a submodular set
function does not necessarily have a monotonic diff-decomposition.

THEOREM 5.10. For any c € Ry, there exists a submodular set function over a
finite domain with value 0 on the empty set that does not admit a c-bounded monotonic
diff-decomposition.

Proof. Let n be a positive integer and let J = {a1,as,...,a,}. We define a set
function ¢: 27 — R by
-1 iftX=J
9 X)= ’
©) #(X) {O otherwise.

The function ¢ is clearly submodular. Let ¢ = @7 — o be an arbitrary monotonic
diff-decomposition.

CLAM 5.11. @a(J) >n.
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Proof of claim. For any a € J and any A C J with a ¢ A, we have

2(A+a) —pa(A) > p2(J) — p2(J —a)
=(p1(J) = e1(J = a)) = (¢(J) = o(J — a))
>¢(J —a)—p(J)
-1,

where the first inequality holds by the submodularity of @5, the first equality holds
by ¢ = 1 — 2, the second inequality holds by the monotonicity of ¢1, and the last
equality holds by the definition of ¢. Thus

P2(J) = palar) — p2(0) + Z¢2(({alva27~~aai}) —p2({ar, a9, .. ~,ai—1}))
1=2

>n,
finishing the proof of the claim.
Since n was chosen arbitrarily, the theorem follows by Claim 5.11. O

COROLLARY 5.12. There exists a bounded submodular set function with value 0
on the empty set that does not admit a monotonic diff-decomposition.

Proof. Let us define a set function over the subsets of Z as

w(X):{_l if X =7,

0 otherwise.
Then, 1 is a bounded submodular set function, and it is not difficult to check that
for every n € Z,, there exists a finite partition Q of Z with n partition classes such
that the set function ¢ defined in (9) is equal to ¢/Q. By Theorems 5.1 and 5.10,
does not admit a monotonic diff-decomposition, since the value of 7(J) cannot be set
to any finite value. 0

Remark 5.13. Similarly to the case of sum-decompositions, the question naturally
arises whether symmetric submodular set functions have monotonic diff-decompositions.
Let ¢ be the set function appearing in the proof of Theorem 5.10 and let ¢ denote its
symmetrized version shifted to satisfy ¢(0) =0, that is, ¢(X) := o(X) +(J\ X) +1
for all X € 27. Then, @ is a symmetric submodular set function, and an analogous
proof shows that for any monotonic diff-decomposition ¢ = 1 —p2 we have p1(J) > n.

6. Weakly infinite-alternating set functions. Note that monotone decom-
positions are not interesting for infinite-alternating set functions since those are also
increasing. However, weakly infinite-alternating set functions differ from infinite-
alternating ones precisely in relaxing the monotonicity condition. Our main result
is proving that, unlike general submodular set functions, weakly infinite-alternating
set functions admit monotonic sum- and diff-decompositions, where ¢; can be cho-
sen to be infinite-alternating while ¢ can be chosen to be a charge. In particular,
we show that weakly infinite-alternating set functions over a finite domain have 7-
bounded monotonic sum- and diff-decompositions, which in turn implies the desired
result. We first show that every weakly infinite-alternating set function over a finite
set J can be obtained as the difference of an infinite-alternating set function and a
nonnegative charge, a result that is interesting on its own.

LEMMA 6.1. Let J be a finite set. A function v¢: 27 — R is weakly infinite-
alternating if and only if it can be written as ¥ = @ — u, where @ is infinite-alternating
and [ 1s a nonnegative charge.
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Proof. By Example 4.14, p satisfies (k-Art) with equality for k£ > 2 on pairwise
disjoint sets, implying that ¢ — u is weakly infinite-alternating.

For the other direction, assume that v is weakly infinite-alternating. Define
p(X)=2|X|- ¢ for all X C J, which is clearly a nonnegative charge. By definition,
p =1 4+ p is increasing. Furthermore, both ¥ and u are weakly infinite-alternating.
These together imply that ¢ is in fact an infinite-alternating set function. ]

Our main result is the following.

THEOREM 6.2. FEvery weakly infinite-alternating set function over a finite domain
has 7-bounded monotonic sum- and diff-decompositions.

Proof. Let J be a finite set and 1: 2/ — R be a weakly infinite-alternating
set function. Let v = ¢ — p be a decomposition of 1 provided by Lemma 6.1. By
Proposition 4.5, ¢ can be written in the form ¢ = Z@#Ag] AP 4, where @ 4 is defined
as in (7). Since g,y is modular for any a € J, by decreasing ay,} and increasing
for all sets containing a by the same constant, we may assume that p(a) - ogqy =0 for
all @ € J. Note that with this additional constraint, the decomposition ¢ = ¢ — 1 is
unique by Remark 4.6. We give two lower bounds for |||

Cramd 6.3. ([l > |¢(J) — u(J)]-

Proof of claim. The statement immediately follows from the equality ¥ (J) =
e(J) = (). 0

CLam 6.4, [[4]]> 3 0(J) — L ().

Proof of claim. We prove the statement using a probabilistic method. Let J' be
the support of y, i.e., J'={a € J|pu(a) # 0}, and let J” = J\ J'. Furthermore, let
A’ be the family of nonempty sets contained in J', i.e., A’ ={AC J' | A+#(}, and
let A" =27\ {A"U{0}}. Note that, by our assumption and by the definition of J’,
ey =0 for all {a} € A

Define ¢ = >~ 4o 4 apa. Select a random subset X of J' by including each
element with probability %, independently of other elements. The set X intersects
every A C J' of size at least two with probability at least %, and hence

Tt follows that there exists a set T C J' satistying ¢'(T) — u(T) >
Since all sets A € A” intersect J”, we have o(T'UJ") = (T) + ¢(J) — ¢'(J). This,
together with pu(J"”) =0 and ¢’ < ¢, implies
11 = max |v(A)]

>¢(TU J")

—w(TU J") (T U J")
(¢'(T) = (1)) + () = &'(J) = ("))

1

-sO'(J) =5 )+ (J) —¢'(J)

concluding the proof of the claim. ]

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/31/26 to 193.224.79.242 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

328 BERCZI, GEHER, IMOLAY, LOVASZ, AND SCHWARCZ

To finish the proof of the theorem, we distinguish two cases. If u(J) > % ~(J),
then Claim 6.3 implies

P(J) <6 [o(J) — p(J) <6 [[¥].
If 4(J) < Z-p(J), then Claim 6.4 implies

3 1
o) <6 (300 - 5 ul)) <6- ol
Note that ||u]| = |v — ol < |9l + el < 7-]|%]|. Since ¢ is infinite-alternating and
is a nonnegative charge, the decomposition 1) = ¢ — u is a 7-bounded monotonic sum-
decomposition as well as a 7-bounded monotonic diff-decomposition. This finishes the
proof of the theorem. ]

By Corollary 5.2 and Theorem 6.2, we get the following result for the infinite
case.

COROLLARY 6.5. Every bounded weakly infinite-alternating set function can be
written as the difference of an infinite-alternating set function and a nonnegative
charge.

Remark 6.6. It is worth checking that the set functions defined in (8) and (9) are
not weakly infinite-alternating. Indeed, if ¢ is the function defined in (8) for n > 3,
then

Vap(@a {alaan+1}7{a27an+2}a {a3,114, .. 'aan}) = 13

showing that ¢ is not weakly 3-alternating. Similarly, if ¢ is the function defined in (9)
for n > 3, then for a partition {a1,...,a,} = A1UAUA3 we have V,,(0; A1, Az, A3) =1,
showing that ¢ is not weakly 3-alternating.

7. Weighted cut functions. The probably most fundamental examples of non-
monotone submodular set functions are the weighted cut functions of undirected
graphs. Let G = (V, F) be an undirected graph and w: E — R, be a weight function.
Note that ||dy|| =maxxcy dy(X) is the maximum weight of a cut in G, a parameter
that is of particular combinatorial interest, and whose determination is the so-called
MAX-CuT problem. MAX-CuT is APX-hard in general, roughly meaning that it is
NP-hard to approximate the optimum value to within an arbitrary constant factor.
On the positive side, the problem admits a simple greedy 2-approximation: take an
arbitrary partition of the vertices into two parts and repeatedly move a vertex from
one side of the partition to the other if this step increases the total weight of the
cut. Upon termination, for each vertex the total weight of edges connecting it to the
other partition class is at least as large as the total weight of edges connecting it to
its own class. This implies that the weight of the cut is at least w(E)/2. The best
known approximation ratio of 1.139 is due to Goemans and Williamson [19] using
semidefinite programming and randomized rounding, which was shown to be the best
possible assuming that the unique games conjecture is true by Khot et al. [24].

Example 4.15 shows that d,, is weakly infinite-alternating, and hence Theorem 6.2
implies the existence of 7-bounded monotonic sum- and diff-decompositions of d,,. On
the other hand, for a c-bounded monotonic sum-decomposition d,, = 1+, the value
of 1(V) = |p2(V)]| provides a c-approximation of the maximum cut. Thus, in the
light of the results of Khot et al., we cannot expect to construct a better than 1.139-
bounded monotonic sum-decomposition (in the sense of a polynomial-time algorithm
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returning the value of ¢1(S) for any S C V). A similar assertion can be made about
diff-decomposition.

It is easy to see that for cut functions, the constant ¢ can be reduced from 7 to 4 for
diff-decompositions and even to 2 for sum-decompositions. Recall that d,, = ey, — iy,
where e,, is an increasing submodular while i,, is an increasing supermodular set
function. Furthermore, an easy computation shows that e, (X )i, (X) =, c x dw(v)
for all X CV, implying that e,, + i,, is a nonnegative charge. Therefore, d,, = 2e,, —
(ew + i) provides a monotonic diff-decomposition of the weighted cut function. By
the above greedy algorithm, ||d,, || > w(E)/2 while ||e,|| < w(F) and |4, || < w(E) hold
by definition, and thus the decomposition is 4-bounded. Using a similar reasoning,
dyw = ey + (—iy), where both e,, and —i,, are submodular, e,, is increasing, and —i,,
is decreasing, leading to a 2-bounded monotonic sum-decomposition.

When bounding the value of ¢, the ratio of the maximum weight of a cut to the
total weight of the edges plays an important role: if the total weight of the edges
is at most ¢ times the maximum weight of a cut, then the constructions above give
rise to c-bounded monotonic sum- and 2c-bounded monotonic diff-decompositions
of dy,. In the unweighted setting, this ratio is well-studied in the extremal graph
theory literature and is often referred to as the bipartite density b(G) of G. That is,
b(G) = max{d(X)/|E| | X CV}. It was observed by Erdés [15] that b(G) > 1/2 for
every simple graph G. He also showed that the lower bound 1/2 cannot be replaced
by any larger real number even if we consider very restricted families such as graphs
of large girth.

ProrosiTION 7.1 (Erdds). For any € > 0, there exists a triangle-free simple
graph G with b(G) <1/2+¢.

For other special classes of graphs, better bounds are known. Staton [39] and
Locke [28] showed that if G is cubic and different from Ky, then b(G) > 7/9. For
triangle-free cubic graphs, Bondy and Locke [42] improved the bound to b(G) > 4/5.
Zhu [42] proved that, apart from a few exceptions, b(G) > 17/21 for 2-connected
triangle-free subcubic graphs.

7.1. Triangle-free graphs. We have already seen that d,, = e,, — i,, gives a
2-bounded monotonic sum-decomposition of the weighted cut function. The follow-
ing question naturally arises: Can the constant 2 be improved for general graphs?
In this section, we answer this question in the negative, implying optimality of the
decomposition in terms of the constant c¢. We start with a general observation on
monotonic sum-decompositions of weighted cut functions.

LEMMA 7.2. Let G = (V,E) be a simple graph and let H = (V,K) denote the
hypergraph where IC is the family of vertex sets of complete subgraphs of G. Let
w: E— Ry be a weight function and dy, = o1+ p2 be a monotonic sum-decomposition
of the weighted cut function d,,. Then, there exist a weight function w': K — R such
that Y1 = iH,w/'

Proof. We define w’ recursively for larger and larger complete subgraphs. If w’
is already defined on the proper subsets of K € IC, then we let

(10) w'(K):=¢1(K) — E w'(K').
K'ek
K'CK

We show by induction on | X| that ¢1(X) =ig ., (X) holds for each X CV. If X € K,
then the statement holds by the choice of w’. Otherwise, G[X] is not a complete
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subgraph of G, that is, there exist distinct vertices u,v € X such that uwv ¢ FE.
Using Lemma 5.3 and (2), it follows that both ¢1 and iz, are modular on the pair
X —u, X —wv. Since ¢1 and ig . are equal on each of the sets X \ {u,v}, X —u, and
X — v, it follows that p1(X) = ig,w (X) holds as well, concluding the proof of the
lemma. O

We note that for K = {vy,..., v} € K, (10) yields w'(K) = (=1)*-V,,, (0; {v1 }, ...,
{vk}). As 1 is increasing and submodular, this implies that w’(K) >0 for k=1 and
w'(K) <0 for k=2.

LEMMA 7.3. Let G = (V,E) be a simple graph and let H = (V,K) denote the
hypergraph where K is the family of vertex sets of complete subgraphs of G. Let
w: E— Ry be a weight function and dy, = o1+ p2 be a monotonic sum-decomposition
of the weighted cut function d,. Furthermore, let w': K — R be such that w1 =1m .
Then

du(v) 0/ () + 3w/ (K)
Kek
veEK
for eachveV.
Proof. As ¢ is increasing, we have
0<pi(V) = (V—v)= ) w'(K)

KeKk
veK

for any vertex v € V. As ¢ is decreasing, we have
0< —pa(v) =1 (v) — dy(v) =W (v) — dyy (V).
By adding the two inequalities, the lemma follows. ]
Our main result is as follows.
THEOREM 7.4. Let G = (V, E) be a simple triangle-free graph and w: E— R, be
a weight function. Then ||dy]||+ =w(E).

Proof. Recall that ||dy||l+ < w(FE) holds as d, = ey + (—iy) is a monotonic
sum-decomposition. To prove ||dy ||+ > w(E), let d, = p1 + w2 be a monotonic sum-
decomposition. Let H = (V, K) denote the hypergraph where K consists of the vertex
sets of complete subgraphs of G. Note that as G is triangle-free, K = {{v} | v €
Viu{{u,v}|uv € E}. By Lemma 7.2, there exists a weight function w’: K — R such
that ¢1 =ip . By Lemma 7.3, we have

(11) dy(v) /() + 3 w(K)

Kek

veEK
for each v € V. Summing this inequality for v € V' and using that G is triangle-free,
we get

QM(E) = Z dw(v) S 2iH,w’(V)a
veV

concluding the proof of the theorem. 0

By Proposition 7.1, for any ¢ < 2 there exists a simple triangle-free graph G =
(V, E) such that maxxcy d(X) > c-|E|. Therefore, Theorem 7.4 implies the following.
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COROLLARY 7.5. For any c <2, there exists a graph whose cut function does not
admit a c-bounded monotonic sum-decomposition.

7.2. An upper bound on ||dy||+. As a counterpart of Theorem 7.4, we show
how to improve the sum-decomposition d,, = e,, —i,, if triangles are present. First we
discuss complete graphs.

LEMMA 7.6. The cut function of a complete graph admits a 1-bounded monotonic
sum-decomposition.

Proof. Observe that the cut function of a complete graph on n vertices
can be written as d(X) = h(|X|), where h(k) = k- (n — k) is concave on Z;. A
similar idea as in section 2 shows that such functions admit 1-bounded monotonic
sum-decompositions. 0

Using Lemma 7.6, we obtain the following bound for general graphs.

THEOREM 7.7. Let G = (V, E) be a simple graph, w: E — Ry be a weight function,
and IC denote the vertex sets of complete subgraphs of G. Then,

||dw||+§mm{ 3 ['Ij'] . V;'J () |2 Ko Ry,

KeKk

Z z2(K)=w(e) for each GEE}.
KeKk
e€E[K]

Proof. Let z: K — Ry be a function such that Y [2(K) | K € K, e€ E(K)]=w(e)
holds for each edge e € E. For K € K, let dx denote the (unweighted) cut function of
the graph G[K], and for a function f: 25 — R, let f’: 2V — R, denote the function
defined by f'(X) = f(XNK) for X CV. Then, dy, =) i 2(K)-d holds. For each
K € K, Lemma, 7.6 implies that dx admits a decomposition dx = @i 1 + @K 2 such
that g 1: 2K 4 R is increasing submodular, PK2: 2K 5 R is decreasing submodular,
and i1 (K) = ldicll = [1K1/2] - [|K|/2]]. By setting s i= 3 e 2(K) - ., for
i € [2], we get a monotonic sum-decomposition d,, = @1 + @2 such that ¢,(V) =
Ykex 2(K) i1 (K) =3 e 2(K) - [|K]/2] - [[K]/2]. O

We note that the upper bound given by Theorem 7.7 is not tight: it can be shown
that if G is obtained by deleting one edge of the complete graph K7 and w is chosen
to be identically one, then ||dy, || =12 while the upper bound given by the theorem is
12.5.

The bound given by Theorem 7.7 is related to triangle packings. Let G = (V, E)
be a graph, w: F — Ry be a weight function, and 7 denote the vertex sets of the
triangles of G. A function z: T — Ry is called a weighted fractional triangle packing
it Y [x(T)|T € T,e€ E[T]] <w(e) holds for each e € E. If w is integer-valued, then
an integer-valued weighted fractional triangle packing is called a weighted triangle
packing. A function y: E — R is called a fractional triangle cover if Y [y(e) | e €
[T]] > 1 holds for each triangle T' € T, and an integer-valued fractional triangle cover
is called a triangle cover. For a function x: 7 — R4 we use the notation z(7) :=
M [x(T) | T € T], and for a function y: E — R, we use y,,(F) := > [w(e)-y(e) | e € EJ.
The weighted triangle packing number v,,(G), the weighted fractional triangle packing
number v (G), the weighted triangle cover number 7,,(G), and the weighted fractional
triangle cover number 7.5 (G) are
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vy (G) :=max{x(T) | x is a weighted triangle packing},

vi (G) :=max{z(T) |z is a weighted fractional triangle packing},
Tw(G) :=min{y, (E) | y is a triangle cover},

7o (G) :=min{y, (F) | y is a fractional triangle cover}.

Note that 1v,,(G) < v} (G) = 75(G) < 7, (G) holds for every graph G by linear pro-
gramming duality. We dismiss the subscript w if the weight function is identically
1. Tt is easy to see that 7(G) < 3v(G) holds for any simple graph G, while Tuza’s
[41] famous conjecture asserts that the stronger inequality 7(G) < 2v(G) also holds.
Chapuy et al. [9] extended Tuza’s conjecture to the weighted setting by asserting that
Tw(G) < 2v,(G) holds for any weight function w: E — Z,. By extending results of
Haxell [20] and Krivelevich [26] for the unweighted case, they showed that the relax-
ations 7, (G) < 66/23 - v, (G), 75 (G) < 2v,,(G), and 7, (G) < 2v} (G) hold. Theorem
7.7 implies the following.

COROLLARY 7.8. Let G = (V,E) be a simple graph and w: E — R, be a weight
function. Then, ||dyl||+ <w(E)—v}(G).

Proof. Let T and K denote the vertex sets of triangles and complete subgraphs
of G, respectively. Let x: T — R be a weighted fractional packing such that (7)) =
VX (G). Define z: K — R by

z(K) if |K|=3,
2(K)=<S wuv) =Y [z(T) | TeT,ec E[T]] if K={u,v} for an edge uv € F,
0 otherwise.

Then, > [2(K) | K € K, e € E[K]] =w(e) holds for each e € E by the definition of z,
z >0 as z is a weighted fractional triangle packing, and

S |5 20 = 3 st + X2 s =) - X atr)

KeKk weE TeT TeT
=w(E) —v,(G),

concluding the proof. 0

Note that the bound given by Theorem 7.7 is stronger than the one given by
Corollary 7.8, e.g., for the complete graph K5 with weight function identically one.

Ezxample 7.9. For triangulated planar graphs, Corollary 7.8 implies the existence
of a 1-bounded monotonic sum-decomposition of the cut function d. To see this, let
G = (V,E) be a triangulated planar graph, and let 7 denote the set of faces of G.
Then, setting xz(T') = 1/2 for every T' € T results in a fractional triangle packing of
value 1/2 -|T| = |E|/3, amd hence |E| — v*(G) =2/3-|E|. On the other hand, the
maximum size of a cut in G is exactly 2|E|/3. Indeed, by cut-cycle duality, every
cut of G corresponds to an Eulerian subgraph of its dual G* = (V*, E*). Since G*
is a cubic bridgeless graph, it contains a perfect matching M by Petersen’s theorem
[34]. Note that M has size |V*|/2 =|E*|/3 =|E|/3. The complement of this perfect
matching hence corresponds to a cut of G of size 2 - |E|/3.

Ezample 7.10. Using Lemma 7.2 and Corollary 7.8, we compute ||d||+ for the
unweighted cut function d of the wheel graph W,,, defined by vertex set V = {u, vy, ...,
vp—1} and edge set E={uv; |1 <i<n—1}U{vw;y1|1<i<n—1}, where indices
are meant in a cyclic order, i.e., define vg :=v,,_1 and v, :=v;. We claim that if n >5
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and d denotes the cut function of the wheel graph W,,, then ||d||;+ =3(n—1)/2. As a
corollary, we get that ||d||+ is not an integer if n > 6 is even.

The upper bound ||d||+ < 3(n —1)/2 follows by applying Corollary 7.8. To prove
the lower bound ||d||+ > 3(n —1)/2, let H = (V,K) denote the hypergraph where K
consists of the vertex sets of complete subgraphs of W,,. Note that |K| <3 for each
K e Kasn>5 Letd= y; + s be a monotonic sum-decomposition of the cut
function d, and w’: K — R be the weight function provided by Lemma 7.2 such that
p1 =1 . As ¢ is increasing,

(12)  0<oi(V —u) = o1(V —u—v;) =w'(v;) +w'({vi, vi-1}) + w'({vi, i1 })
holds for i € [n — 1]. As po =d — ¢ is decreasing,

(13) 1=d({u,vi}) — d(u) < p1({u, vi}) = p1(w) = w'(vi) +w'({u,v}).

By Lemma 7.3 with v =v;, we get

(14) 3 <2w'(v;) + Z w' ({vi, x}) + Z w' ({vi, u, z}).

ze{u,vi_1,vi41} z€{vi_1,vi41}

Applying Lemma 7.3 with v =« and multiplying by two, we get
n—1

(15) 2(n—1) <4w'(u) +2- Z (w' (uv;) + w' (uv;vit1)) .
i=1

Adding up the inequalities (12), (13), and (14) for ¢ € [n — 1], and adding them to
(15), we get 6(n —1) <4-ig v (V), proving our claim.

8. Conclusions and open problems. In this paper, we focused on problems
related to decompositions of submodular set functions. We characterized the unique
largest charge minorizing an increasing submodular set function which, when sub-
tracted from the original function, still gives an increasing set function. We then
considered the problem whether a submodular set function over an infinite domain
can be written as the sum of an increasing and a decreasing submodular function, or
as the difference of two increasing submodular functions. As a fundamental difference
to the finite case, we showed that such decompositions do not always exist. We intro-
duced the notion of weakly infinite-alternating set functions and verified the existence
of the required decompositions for the members of this class. Finally, we studied
weighted cut functions of graphs and provided various constructions and bounds for
those. We close the paper with a list of open problems.

1. Monotonicity conjecture. Recall that for a set function ¢, we denoted
by |l¢]l+ the minimum value of ¢1(J) over monotonic sum-decompositions of ¢. Let
G = (V,E) be a graph and w,w’: E — R} be weight functions satisfying v’ < w.
The following natural, seemingly simple problem remains open: Does ||dg |+ <
ldawll+ always hold? The question is motivated by the following observation. Let
G be a simple graph and let E/ C E be a triangle cover. Then, for w’'(e) := w(e) -
(1 —1(e € E")) the support of w’ is a triangle-free graph so ||[dg ||+ > w(E \ E’)
by Theorem 7.4. Therefore, the above inequality would imply a lower bound of
w(E) — 7(G) < |ldgw ||+ < |ldgwll+- When complemented with Corollary 7.8, this
would lead to the bounds |E| — 7, (G) < ||dw ||+ < |E| — v (G) for the value of ||dy ||+ -
By the result of Krivelevich [26], we know that 7,(G) < 2 - v (G), meaning that the
lower and upper bounds would not be far from each other.

2. Planar graphs. Example 7.9 shows that for a triangulated planar graph
G = (V,E), the value of ||dg||+ is as small as possible in the sense that it is equal to
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the maximum size of a cut in G. Nevertheless, the proof heavily uses the fact that the
trivial decomposition dg = eg + (—ig) can be significantly improved due to G having
a large fractional triangle packing number. The following question remains: Can the
value of ||dg||+ be determined if G is planar?

3. Difference of two submodular functions. In the finite case, any (not nec-
essarily submodular) set function f can be written as the difference of two submodular
functions by Theorem 4.18. In the infinite case, we know that a decomposition into
the difference of two increasing submodular set functions does not exist in general,
but we can ask the following. Let ¢ be a set function with bounded variation, i.e., it
can be written as the difference of two increasing set functions. Can it be written as
the difference of two bounded submodular set functions?
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