On Diophantine square tuples

Katalin Gyarmati

Abstract

Diophantus’ problem is generalized by estimating the cardinality
of a set of non-zero squares, in which the difference between any two
squares is also a square. Such a set with m elements is called a Dio-
phantine square m-tuple. It is proved that there are infinitely many
Diophantine square triples. Special cases of this problem are also stud-
ied, such as the fact that there is no Diophantine square triple con-
taining only squares of Fibonacci numbers. For a set of integers A,
a non-trivial upper bound is given for the number of pairs (a,a’) for
which a — d’ is a square of a Fibonacci number. Some problems and

conjectures are also formulated.

1 Introduction

Diophantus of Alexandria, a Greek mathematician, observed that the

1 33 17 105
6 16 1 and T6 have the following property: the
product of any two of them, increased by 1, is the square of a rational num-

rational numbers

ber. Later, Fermat found a set of four positive integers with this prop-

erty: {1,3,8,120}. Euler found an infinite family of sets of this type, namely
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{a,b,a + b+ 2r,4r(r + a)(r + b)}, where ab + 1 = r?. These examples led

Dujella to introduce the following definition:

Definition 1. A set A = {ay,a9,...,a,} C ZT is called a Diophantine
m-tuple if a;a; + 1 is a perfect square for all 1 <i,j < m.

For a long time, it was a conjecture that there is an absolute bound for
the size of a set with this property. The first result of this type was proved
by Dujella in 2001: namely, that there is no Diophantine 8-tuple. He later
improved this to the nonexistence of Diophantine sixtuples [§]. Since then,
many other results have been proved. For example, in 2019, Stoll [27] proved
that a certain family of rational Diophantine quadruples can be extended
to rational quintuples in only one way. Finally, He, Togbé, and Ziegler [16]

proved the following sharpest result:
Theorem A. There exists no Diophantine quintuple.

Dujella [9] provided an almost complete reference list of Diophantine m-

tuples.

By Theorem A, Diophantus’ original problem was essentially solved.
However, other similar questions can be asked in this area. For example,

Rivat, Sarkozy and Stewart [24] proved the following:

Theorem B. There exists an integer xo such that if o < v € N, A C
{1,2,3,...,2} and for all a,a’ € A, the sum a + a’ is a square, then

|A| < 37logx. (1)

I do not know how sharp this theorem is. Lagrange [18] and Nicolas [22]
found a 6-element set A satisfying this property:

A = { — 15863902, 17798783, 21126338, 49064546, 82221218,
447422978}



In the present paper, I consider a related question: what can be said
about the size of a set A of integers such that the difference between any two
elements of it is a square? First of all, note that the smallest element can be
assumed to be 0, since if the smallest element is a, then subtracting the same
a from each element of the set does not change the differences. However, if the
smallest element is 0, then the difference b—0 for any positive element b of the
set is also a positive square, i.e., b itself is a square. So, I am looking for large
sets of positive squares, in which the difference between any two elements is
also a square. Since this definition closely resembles the original definition

of Diophantine m-tuples, I call these sets Diophantine square tuples.

Definition 2. A set A = {a?,a3,...,a%,} C Z" is called a Diophantine

square m-tuple if }a? — a?} s a non-zero square for all 1 <i < j < m.

The following result is trivial: if a,b,c form a Pythagorean triple a? +
b* = ¢, then b?,¢? form a Diophantine square pair (in other words, a 2-
tuple). Thus, I know that there are infinitely many Diophantine square pairs.
The following question is much more interesting: are there any Diophantine
square triples, and if so, how many? Using computers to consider the interval

[1,3000%], T found the following triples of this type:
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Among these 30 triples, there are 14 whose elements are coprimes. Below,
I give a table with n in the first column, the number of Diophantine square
triples in the interval [1,n?%] in the second column, the number of such Dio-
phantine square triples whose elements are coprime in the third column, and
the proportion of the number of these coprime Diophantine square triples
and n'/? in the fourth column (for the triples (a2, b?,c?) C [1,n?] I suppose

a<b<c<n).

n # D. s. triples | # coprime D. s. triples | proportion
200000 | 4626 232 0.5188
400000 | 9438 334 0.5281
600000 | 14306 422 0.5448
800000 | 19170 468 0.5232
1000000 | 24030 510 0.51

The table above shows that the number of coprime Diophantine square
triples is increasing and that their numbers appear to tend to (0.5 4 )n'/2,
Another interesting fact is that the second and third columns contain only

even numbers.

One of the first natural questions is whether there are infinitely many
Diophantine square triples whose elements are coprimes. I will prove that

the answer to this question is affirmative:

Theorem 1. There are infinitely many Diophantine square triples (a*,b?, ¢?)

such that ged(a, b, c) = 1.

Another important question is that of what happens if the size of the
Diophantine square tuples increases. Through computer search, I found that
there is no Diophantine square quadruple in the interval [1,10']. Thus, I

conjecture the following:

Conjecture 1. There exists a positive integer n such that there is no Dio-

phantine square n-tuple.



I have not been able to prove this. Instead, I will prove a result which can
be considered as a partial result in this direction. Specifically, I will estimate
the size of the Diophantine square tuples in terms of the largest element of

the set.

Theorem 2. For every ¢ > 0, there exists an integer ro = xo(e) such that
if xg <z, z € N, A C {1,2,3,...,z}, and for all a,a’ € A, a > d, the

difference a — a' is a square, then
|A| < (1+¢)logz.

The proof of this theorem will be similar to the proof of Theorem B. I
remark that in the case when a? + a’? is always a square in place of a — @/, a
slightly sharper result can be obtained for the size of the set A. Then in |5,
Theorem 5| Bugeaud and I proved that |A| < 4(log N)/2 (however, the proof
of this result uses methods that do not seem applicable to our case). The
inverses of these problems were studied by Pintz, Steiger, and Szemerédi 23|
and later by Bloom and Maynard [6], who studied sets in which the difference

between two elements is never a square.

Probably, Conjecture 1 is a very difficult problem, but perhaps one can
make it easier by allowing only certain special subsets of squares instead of

all squares. The following statement can be proved easily:

Proposition 1. There is no Diophantine square triple containing only

squares of primes.

The next question is whether we can replace the squares of primes with
other sets. The answer to this question is not so clear. The Fibonacci

sequence is a good example of this.

Theorem 3. There is no Diophantine square triple consisting of squares of

Fibonacct numbers.



Related to Theorem 3, I mention that Fujita and Luca [12] proved that
there are no Diophantine quadruples of Fibonacci numbers in the sense of

the original Definition 1.

In my first paper on similar problems [14], I extended Diophantus’ original
problem to higher powers. Later, Bugeaud and Dujella [4| proved, among
other things, that if ac + 1, ad + 1, bc + 1 and bd + 1 are all nth powers,
then n < 176. In [5], Bugeaud and I provided non-trivial estimates for the
cardinality of the set {(a,d’) : a,a’ € A, ad’+1 = 2", x € N}. Furthermore,
we extended this result to the case a — a’ in [5, p. 1108].

Theorem C. Ifn > 3 and A C 7Z, then at most % pairs (a,a’) exist such

that a > a' and a — da’ is an nth power.

The proof of Theorem C is a simple consequence of Fermat’s theorem.
An intriguing question is whether this theorem also holds for squares. 1

conjecture the following:

Conjecture 2. There ezists a constant € > 0 such that for all A C Z, there

AP

exist at most (1 — 5)7 pairs (a,a’) for which a — a' is a square.

If Conjecture 1 holds, it is a simple consequence of Turén’s theorem [28].
Unfortunately, I was unable to prove Conjecture 2 unconditionally. However,
if I consider only the squares of Fibonacci numbers, this conjecture is true

and can be improved.

Theorem 4. If A C Z, then at most |A|*/?+ | A| pairs (a,a’) exist such that

a —a' is a square of a (positive) Fibonacci number.

Finally, T note that I can improve Theorem C if I assume certain old
conjectures to be true. Euler conjectured the following: for all integers n
and k greater than 1, if the sum of n pieces of positive kth powers is itself a

kth power, then n > k. This conjecture was disproved later for k = 4 and



5. Lander, Parkin, and Selfridge [19] formulated the following conjecture

in 1976: if 377 af = 37", b, where a; # b; are positive integers for all

1<i<nand1l<j<m,then m+n > k. I only need the case of m = 2,

n = 2 in this conjecture:

Conjecture 3. If n > 5 is an integer, there are no four positive integers
a, b, c,d for which

and {a,b} # {c,d}.

Note that the special case n = 5 has been conjectured by Erddgs. If

Conjecture 3 holds, the result of Theorem C can be further improved:

Theorem 5. If Conjecture 3 holds, then for n > 5 and A C Z, at most

|AI>2 + |A| pairs (a,a’) exist such that a > da’ and a — a’ is an nth power.

2  Proofs

Proof of Proposition 1. If (p?, p3, p?) is a Diophantine square triple, where

p1 < pa < ps3 are different primes, then

\/pg _p%7 p%a pg

is a primitive Pythagorean triple. The primitive Pythagorean triples have a
parametric form, and from this, we know that there exist u,v € Z*, u > v,

uZ v (mod 2), (u,v) =1 such that
p3—pt=u’ =0 pr=2u, py=u’+0? (2)

or

p%_p% :qu7 D1 :u2—v2, P2 :u2+U2' (3)

:



In Case (2), p; is an even prime, so p; = 2, and thus v = v = 1, which

contradicts u > v. In Case (3),
pr=u?—v* = (u—0)(u+v),

where 1 < u—v < u+wv. Since p; is prime, we have u—v =1 and u+v = p;.
1+1 _p1—1

Then u = P and v . Thus
2 2
2 2
) 2 p1+1 p1—1
Py = U +v—(72 )—l—( 5 )
_pi+1

2

The argument above applies to not only the Pythagorean triple
p3 — p?,p1,p2 but also the Pythagorean triple v/p3 — p?, p1,ps. Thus, we

similarly get
pi+1
5

Ps =

Then p, = p3 which is a contradiction.

Proof of Theorem 1. It is easy to see there exists at least one Diophantine
square triple (a?,b?,c?), by giving a simple example, e.g., we may consider
the first triple in the table after Definition 2: a; = 153,b; = 185,¢; = 697
(here all integers are odd). Next, we construct infinitely many Diophantine
square triples (a;, b;, ¢;) by a simple recursion. Assume that for some ¢ € N,
the Diophantine square triple a;, b;, ¢; is already given. Then, if a; + b; + ¢;
is odd, let

A1 = }CL? +b7,2 - 012}
bi-i-l = }G,Zz — b? +CZ2}

Ciy1 = }—af + b? + 012} . (4)



If a; + b; + ¢; is even, let
, _1 2,12 2
az+1—2‘ai+b¢ Ci‘

bior = 5 |a? — 8 + ¢

1
CZ+1:§‘—CL?+bZ2+CZ2‘ (5)
Clearly, a;, b;, ¢; € N.
First, consider the case in which a; + b; + ¢; is odd. Then,

o — oty = (a2 — B 4 ) — (a2 4] 2

= 4ai(? — b?). (6)

2

Since (a;,b;, ;) is a Diophantine square triple, ¢? — b7 is a square; thus,

2 2 . ..
by, — aj,, is a square. Similarly,

2 2 12/ 2 2
Ciy1 — Qipq = 4b; (c;i —a;)

sz+1 - bz2+1 = 40?(17? - af), (7)

and these are also squares. On the other hand, ged(a;y1,biy1,¢ip1) = 1 since

if we denote ng(ai—i-b bi+1, Cz’—i—l) by d,

dla}+b —c, af =0+, —a; +b]+¢
dlaf+b —c+ai =0+ —af + b+
d|aZ+b+c

d|al+ b} +c —(a] +b — )

d | 2c:.

Similarly, d | 2a? and d | 20?. Thus d | 2(a?,b?,¢?) = 2. However, d is odd
since d | a? + b + 7, and a? + b? + ¢ is odd. It follows that d = 1. Thus,
we have proved that (a;i1,b;11,c¢i+1) is a Diophantine square tuple, whose

elements are coprime.



The case with an even a; + b; + ¢; is very similar. I will leave the details

of the proof of the even case to the reader.

It remains to prove that this recursion gives infinitely many Diophantine
square triples. Indeed, let a; = 153, by = 185 and ¢; = 697. Then, it is easy
to see that the recursion defined above always produces Diophantine square

triples such that their elements are odd; thus, we always use recursion (4).
However, then ¢; < ¢;;1 since
Civ1 = }—a? + b? + 022} ,
but by a; < b;, 1 < ¢;, and here, —a? + b? + ¢? is positive. Hence
Cit1 = —af —|—bf +cf > cf > ¢

Thus, ¢y < ¢y < c3 < ... such that the recursion (4) gives infinitely many

Diophantine square triples. This completes the proof of Theorem 1.

Proof of Theorem 2. The main idea of the proof is to use Gallagher’s
larger sieve [24]. This version of the larger sieve was presented by Erdés,

Sarkozy and Stewart [10] in 1994.

Lemma 1 (Gallagher’s larger sieve). Suppose that m,n € N, A C {m +
ILm+2,....,m+n} and B C N is a finite set such that its elements are
pairwise coprime. For all b € B, denote the number of residue classes

mod b that intersect A by v(b). Then,

> logbh —logn
beB

= 0
ves V(D)

provided that the denominator is positive.

10



We have assumed that for all a,a’ € A, a > da, the difference a — o’ is
always a square. Thus, for all a,a’ € A, a > a' and prime p, the difference
a — a' is either a quadratic residue mod p or 0. If —1 is a quadratic residue
mod p, then a’ — a is also a quadratic residue mod p or 0. Thus, if p =1
(mod 4), then for all a,a’ € A, the difference a — o is either a quadratic

residue mod p or 0 (and the condition a > a’ is no longer needed).

We will also need the following lemma of Hanson and Petridis [15, Corol-

lary 1.5].

Lemma 2. Let p be a prime. If C C Z, is a set such that for all a,a’ € C,

a # da' the difference a — a' is quadratic residue modulo p, then

Cl < Vp/2+ 1. (9)

(Note that this lemma also has a slightly weaker version in which Inequal-
ity (9) is replaced by
ICl < v/p- (10)
The proof of (10) is very simple: if n is a fixed quadratic non-residue, then
the differences a —na’ with a,a’ € C are all different. This result was slightly
improved in [1], which was the best result for a long time, until Hanson and
Petridis proved Lemma 2. The application of (10) in the proof of Theorem
2 would lead to the slightly weaker upper bound of

| Al < (2+0(1)) log
for |A|.)

Let us return to the proof of Theorem 2. Let C denote the set of mod p
residue classes that contain an element from A. Then, by Lemma 2, |C| <
\/ﬁ + 1. Thus, using the notation of Lemma 1, we get v(p) < \/ﬁ + 1.
We then use Gallagher’s larger sieve. For this, let

B={p: pisaprime, p=1 (mod4), 2 <p < c(logz)?}.

11



The value of the constant ¢ with ¢ > 1 will be fixed later. Using Gallagher’s
larger sieve yields

> logp — logx
p=1 (mod 4), p<c(logx)2

3 log p |
—— —logw
p=1 (mod 4), p<c(logzx)2 \/ p/2 +1

Now, we estimate the value of the expression on the right. The following

Al <

(11)

sums run over positive primes:

mly,4,1) Y > 1

p=1 (mod 4), p<y

0y, 4,1)= > logp

p=1 (mod 4), p<y

We also introduce the following notation:
pn(4,1) denotes the nth smallest positive prime p with p =1 (mod 4).

Bennett, Martin, O’Bryan and Rechnitzer 2] proved the following results:

— Y .
m(y,4,1) = (1+ 0(1))210gy see Theorem 1.4 in [2],
0(y,4,1) = (1+ 0(1))% see Corollary 1.7 in [2],

pn(4,1) = (1+0(1))2nlogn see Theorem 1.5 in [2].

It follows from the estimate of #(y,4,1) that for the expression in the

numerator of the fraction in (11), we have

12



Z logp — logz = O(c(log )*,4,1) — log >

p=1 (mod 4), p<c(logz)?2

=(1+ 0(1))%(logx)2 — log x

= (1+o(1))5(log 2)”. (12)

The estimate of the denominator of the fraction (11) is more complicated:

Z loi_logx
Vp/2+1

p=1 (mod 4), p<c(logx)2

7 (c(l )2,4,1)

log pn(4,1

TN )
= 2 (4, 1)/24+1

1

g T
—logx

m(cllog x 2
(cllogz) 40 log(2nlogn)

= (1+0(1)) ~Jnloan

—logx

n=1

7(c(log x)?,4,1) log n
= (1+0(1 - LOR T
(14 o(1) S toga

n=1

= (1+0(1))

—logx

7(c(log x)?,4,1) \/m
Z \/ﬁ

n=1

m(c(logz)*,41) N5

Viogn
= 1+0(1))/ dn —log z
( n=1 \/ﬁ

13



m(c(logx)?,4,1)

= (1+0(1))2 y/nlogn] —log

1

1))2v/7(c(log x)2, 4, 1) log (7 (c(log )2, 4,1)) — log x

. cloga)  (_cloga)P 1\ _, .
=+ (1>)2\/210g (c(logx)Q)l g <210g (C(logx)2)) 8

c(log z)?
= (1 1))24 )/ ——=2-2logl —1
(1+o0(1)) \/4loglogx oglogx — logx

= (14 o(1))v2¢clogx — log =

= (14 0(1))(v2¢ — 1) log .

Using this estimate and (12) in (11) yields the following:

Al < (1+0(1)) log x (13)

c
2 (V2c—1)
if ¢ > 1. By choosing ¢ = 2 we get

Al < (1+¢e)logz for x > xo(e),

which was to be proved.

Throughout the proofs of Theorems 3 and 4, Fy =0,F; =1,F, =1, F3 =
2,F, =3,F;=05,... will denote the Fibonacci numbers.

Proof of Theorem 3. The following lemma is true for Fibonacci numbers:
Lemma 3. If0 <m <n, m=n (mod 2) and F? — F? is a square, then
(F, Fn) = (F5, F7) = (5,13).

14



In 1979, Bicknell-Johnson [3] began the study of primitive Pythagorean
triples in which Fibonacci numbers occur. Indeed, the basic idea in the proof
of Lemma 3 is already included in [3]. However, in order to complete the
proof of Bicknell-Johnson, we need Lemma 5, which was originally missing
and was not proved until much later, in 1998, by McDaniel and Ribenboim
[21]. Zhang and Togbé [29] generalized Lemma 3 to higher powers, but only
if ged(Fy,, Fr,) = 1 holds. Now we will also need the case ged(F,, Fy,) > 1.

The theorem immediately follows from Lemma 3 since if (F7, F2, F?) is a
Diophantine square triple, then based on the pigeon-hole principle, there are
two elements of the set {¢, m,n} which are congruent modulo 2, say m =n
(mod 2). Then, by applying the lemma, we get F,,, = 5 and F,, = 13 (or
vice versa). There are two Pythagorean triples that contain the number 5,
namely (3,4,5) and (5,12,13). Since \/m, Fy, F,,, is a Pythagorean
triple, where F,,, = 5, F, can only be 3, 4 or 12. Among these numbers, only 3
is a Fibonacci number, so F, = 3. However, then (F7, F2, F2) = (32,52 13?)
does not form a Diophantine square triple, since 13% — 32 is not a square.

Thus, in order to prove Theorem 3, we only need to prove Lemma 3.

Proof of Lemma 3. The following identity is due to Ruggles [25]: for all

integers n, p, we have
2 2
Fiyp— By = Fan oy
From this, we immediately get the following:
Lemma 4. If0 <m <n and 0 < m=n (mod 2), then

F?—F? =F, mFum (14)

By the conditions of Lemma 3, F? — F2 is a square. It is known that for

the greatest common divisor of Fibonacci numbers, we have

ng(Fm Fb) = Fgcd(a,b)- (15)

15



Indeed, (15) was stated by Frangois Edouard Anatole Lucas in 1876, as Knuth
writes in his book [17]. The source where Lucas published (15) is being
sought.

By this, if d def ged(n — m,n 4+ m), then

ng(Fn-‘,-ma Fn—m) = Fda
and by (14), we get

Fg_F%_Fn-‘rm Fn—m
2 F,  Fy

F, _
T;m and ”Fm are coprime, and their product is a square, so both of
d d

them are squares.

Here

McDaniel and Ribenboim [21] proved the following:

Lemma 5. Assume u, v and y are positive integers such that u | v and
F, ,
T = y®. Then, either u=v or (v,u) € {(12,1),(12,2),(2,1),(6,3)}.

FTL m .
Now, FJf is a square, and d = ged(n + m,n —m) < n—m < n+m.

d
Thus, by Lemma 5, we get (n +m,d) € {(12,1), (12,2),(2,1), (6,3)}. Then,
n.m<n+m<12.

Using a Python program, it is easy to check that among the first 12 Fibonacci

numbers, there are two pairs for which F? — F? is a square, namely
(FQ, F5) = (3, 5) and (F5, F7) = (5, 13)

By the condition of the lemma, n = m (mod 2), so the only pair satisfying

the lemma is (Fy, F7) = (5,13). This completes the proof of Lemma 3.

We note that, similarly to the proof of Lemma 3, if 0 < n #Z m (mod 2),
then using the identity F2 + F? = F,_,,F,,,, (this identity can be found

e.g., in [26]), we can prove the following:

16



Lemma 6. If 0 < m < n and m # n (mod 2), then F2 + F? is never a

square.

Proof of Theorem 4. The proof is based on graph theory. Bugeaud and I
proved the following in [5]:

Lemma 7. Assume that G(Vi,Va) is a bipartite graph with |Vi| = n <
|Va| = m, and the vertices are labeled by positive real numbers. Suppose that

G(V1,Va) does not contain a Gy subgraph K,

with a; < bj foralll1 <i¢<r, 1<5<1 (where the a’s belong to Vi and the

b’s belong to Vy or vice versa). Then G has at most
e(G) <2(t— 1) "mn' =" 4 2(r — 1)m
edges.

We only need the special case of this lemma for which » =t = 2, but

graph GG is now a simple graph (i.e., not necessarily a bipartite graph).

Lemma 8. Assume that G(V) is a graph, in which V' denotes the set of the
vertices, and in V', the vertices are labeled by positive real numbers. Suppose

that G(V') does not contain a Gy subgraph Ks o

a1 az

Gy =

17



with a; < b;j for all1 <¢<2,1<j<2. Then G has at most
e(G) < |VPP+ |V

edges.

Proof of Lemma 8. The proof of Lemma 8 is based on Lemma 7. In
order to use Lemma 7, we need to consider a bipartite graph. Let the graph
G (V) be the graph given in Lemma 8, and let us define the bipartite graph

G(WV1,V3) as follows: Vi = Vo =V and a € Vy, b € V; are connected by an
edge in G if and only if a # b € V' are connected by an edge in G. Then,

e(G) = 2e(G),

since if (a,b) is an edge in G, then (a,b) (where a € Vi, b € V3) and (b, a)
(where b € Vi, a € V3) are edges in G. If G does not contain the subgraph
Gy = Ks described in Lemma 8, then G also does not contain the subgraph

Gy = Kj described in Lemma 7. Thus, by using Lemma 7, we get
2e(G) = e(G) < 2|V ]2 + 2|V,
which, when divide by 2, gives us the statement of the lemma.

We are now ready to complete the proof of Theorem 4. Let us define graph
G whose vertices are the elements of the finite set A C Z, and a,d’ € A are
connected by an edge if |[a—a’| = F? withn > 1. We will prove that this graph
does not contain the subgraph Gy = Ks 2 described in Lemma 8. Indeed, we
will assume that this statement is false and that graph G contains the graph
G = Ks5. We denote the vertices of this Ky by ay, ag, by.by (where a; < b;

forall 1 <7 <2, 1< j<2). For symmetry reasons, we can also assume
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that a1 < ag, b1 < bg. Then,
b1 —a; = Fk,?
bg — Q9 = FZ
b1 — ag = FT%L
b2 —a; = qua

where k, ¢, m,n > 1. Then F? = by—a is the greatest among F?, F?, F2, F2,

ie., n > k, 0, m. Furthermore,
F2 4 F}=F2+F>=0b +b,—a; —ay.
Let s = max{k, ¢} and t = min{k,¢}. Then ¢t < s < n. Now
F?+ F?=F2 + F2. (16)
Next, we distinguish three cases accordingtot < sor2<t=sorl=1t=s.
If t < s, then
F24+ FP<F?+F2, < (Fs+F,,)*
P, < <Fl4F
which is a contradiction.
If 2 <t =s, then it is easy to see that 2F? < FZ2,,. Indeed, the following
equations are equivalent:
2F7 < F}y
2F? < (Fy+ Fyy)?
FS(FS - Fs—l) < Fs—l(Fs +Fs—l)
Fst—2 < Fs—lFs+1-

The last equation holds by FyFs o < Fy 1Fs o < Fy 1 Fs 1. Thus,
F?2+ F?=2F? < F2,

< F? < F2+F2
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which is a contradiction.

Finally, if s = ¢ = 1, then by (16), 2 = F2 + F?, so m = n = 1, but this
contradicts n > s.

Thus our assumption always leads to a contradiction, so that our state-
ment is true: the graph G does not contain a Ks5 described in Lemma 8.

So, by applying Lemma 8, we get

e(G) = {(a,a) : a,d' € A, a—d = F}, n>1}
< VPP |V] = AP+ Al

This completes the proof of Theorem 4.

Proof of Theorem 5. Similarly to the proof of Theorem 4, we now define
a graph GG whose vertices are the elements of A4 and show that a,a’ € A is
connected by an edge if |a —d'| is an nth power. This graph does not contain
a Ky 9 described in Lemma 8; if it does contain a K55 graph, we can denote

its vertices by ay, as, by, by, where a; < b; for all 1 <7 <2,1<j <2. Then

bl—alza”
b2_a2:bn
by —as =c"

b2 — a1 = dn?
where a, b, ¢, d are positive integers and
a”—i—b":cn—l—d":bl—l—bQ—al—ag.

Furthermore, {a", 0"} = {by —a1,bs —as} # {by —as, by —a;} = {c",d"}, but
this contradicts Conjecture 3. Thus, G does not contain a K, described in

Lemma 8. Using Lemma 8, we get the statement of the theorem.
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3 Further problems and conjectures

I have not been able to determine all Diophantine square triples; Theorem
1 states only that there are infinitely many of them. Perhaps, similarly to
the case of Pythagorean triples, there is a parametric way to construct all

Diophantine square triples. Thus, the following question can be asked:

Problem 1. Does a parametric system of equations exist that describes all

Diophantine square triples?

Related to the proof of Theorem 1, the following easier question also

arises:

Problem 2. Is there a finite set of coprime Diophantine square triples from
which all coprime Diophantine square triples can be obtained using only re-
cursions (4) and (5), or does this statement hold only if it includes further

recursions?

First, I conjectured that there is no Diophantine square triple (a2, b%, c?)
whose elements are pairwise coprime. I found this conjecture to be false when
[ ran a Python program and obtained only one such Diophantine square triple

in the [1,10'?] interval, namely
(40920%, 41449%, 42601?).

Related to this, I ask the following question:

Problem 3. Are there infinitely many Diophantine square triples whose el-

ements are pairwise coprime?

The following question is also important: does Conjecture 1 hold for

n =47

Conjecture 4. There is no Diophantine square quadruple.
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I checked Conjecture 4 in the the interval [1,10'?] with a Python pro-
gram and did not find a Diophantine square quadruple (a?,?, ¢?, d?) with

a,b,c,d < 10°.

In Theorem 3, I proved that squares of Fibonacci numbers cannot form a
Diophantine square triple. In place of Fibonacci numbers, we may study
other sequences given by linear recursions. For example, we can study

whether the following conjecture is true?

Conjecture 5. There is no binary linear recurrence sequence with integer
elements and coefficients that has four elements such that their squares form

a Diophantine square quadruple.

With three elements instead of four, the conjecture is no longer true,
since, e.g., in the Diophantine square triple (1532 1852 697%) we have
ged(153,185) = 1. So the linear Diophantine equation 153a + 185b = 697
can be solved in the range of integers, e.g., a = 2019,b = —1666 is a so-
lution. Then the squares of the first three elements of the linear recursion
r1 = 153,29 = 185 and z,, = —1666x,_1 + 2019z,,_5 give (153% 1852, 697%),
which is a Diophantine square triple.

Of course, if Conjecture 4 is true, so is Conjecture 5 with four elements.

Luca, Fuchs and Szalay studied a slightly different problem in [11] and
proved that there exists no a,b, ¢, for which ab 4+ 1, ac + 1 and bc + 1 are

elements of a non-degenerate binary linear recurrence sequence.

Problems similar to Lemmas 3 and 6 were studied by Luca and Patel in
[20], where they give all pairs (n,m) for which F,, + F,, or F,, — F,, is a
power and n = m (mod 2). Later, Ziegler [30] extended their result to the
case n Z m (mod 2) as well, i.e., he determined all pairs (n,m) for which

F, + F,, or F, — F,, is a power.
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In our case, it is easy to check with a computer program that among the
first 1000 positive Fibonacci numbers, there are only two pairs (F,,, F},) for

which F? — F2 is a non-zero square. These pairs are
(FQ, F5) = (3, 5) and (F5, F7) = (5, 13)

Furthermore, among the first 1000 positive Fibonacci numbers, there is no
pair (F,, F,,) for which F? + F?2 is a square. Based on this, the following
conjecture can be formulated, which Bicknell-Johnson already stated in [3],

although her paper seems to study only the case ged(F,,, F,) = 1:

Conjecture 6. There are only two pairs (F2, F?) which contain squares of
Fibonacci numbers with 0 < m < n, and such that F?> — F? is a square.

These pairs are
(Fy, F5) = (3,5) and (F5, Fr) = (5,13).

Furthermore, there is no pair (F2, F?) with 0 < m,n, such that F? + F? is

a square.

In the present paper, the two statements in the conjecture were proved
in certain special cases depending on the parity of n and m (see Lemmas 3

and 6), but I have not been able to prove them in general.

An interesting question is whether Theorem 4 can be improved. I think

it is very likely that the following holds:

Conjecture 7. For all positive real number € > 0, there exists a constant
c(e) such that if A C Z, then at most c(€)| A pairs (a,d’) exist, for which

a —a' is a square of a non-zero Fibonacci number.

I wrote the computer programs used in this paper in Python. I also
used modern translation systems, such as Google, QuillBot.com along with

Magnum Proofreading Services.
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