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Abstract

Starting with Ramanujan’s famous taxicab problem, we can study
the solvability of the equations p™ + ¢™ = r™ + s™ and, more generally,

plfl + -+ 4 pFm = 0 among polynomials.

1 Introduction

The taxicab problem is one of the best-known anecdotes about
Ramanujan. Hardy [9], [10] wrote the following: “I remember once going
to see him when he was lying ill at Putney. I had ridden in taxi cab number
1729 and remarked that the number seemed to me rather a dull one, and
that I hoped it was not an unfavorable omen. ‘No,” he replied, ‘it is a very
interesting number; it is the smallest number expressible as the sum of two

2

cubes in two different ways.’

However, Turan [30] provides another version of this anecdote, according

to which Hardy and Ramanujan traveled together in the taxi, and when
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they got out, Hardy forgot to retrieve his briefcase, containing important
manuscripts. Hardy was very distraught, but Ramanujan reassured him that
he remembered the taxicab number, as it was a very interesting number;
namely, it was the smallest number that could be written in two different

ways as the sum of two cubes.

Regardless of which version of the anecdote is true, there is no doubt that
in the so-called “Lost Notebook” [22], Ramanujan found an infinite number

of examples of triples x,y, 2z € Z" for which
4yt =241 (1)

Perhaps Ramanujan was unaware of Euler’s proof of the Fermat conjecture
in the case of exponent n = 3 and that he sometimes wanted to prove the
conjecture, while other times, he wanted to disprove it. He almost succeeded
in the latter endeavor: as in his triples, the sum of the first two cubes is

“almost” a cube.

Hirschorn [11], [12], [13], as well as many others, tried to reconstruct the
methods Ramanujan originally used to find these triples. However, in this pa-
per, I use an important earlier result of Lehmer [19]—one which Ramanujan
probably did not think about but which can be used to find an infinite num-
ber of parametric solutions to equation (1). According to this result, the
equation

By =241

has infinitely many solutions. For example:
r=9t", y=1+9 z=09t"+3t

Similarly, the equation

P4yt =21



has infinitely many solutions, namely:
r=9t" =3t y=92—1, z=9t"
(Lehmer also found additional solutions by studying Pell equations.)
There is a related question: For n > 4, are there “different” polynomials
p,q,r,s such that
pn + qn — rn + Sn
holds? Although it would be useful to provide some concrete examples of

such polynomials (if such polynomials exist). I could not solve this problem

in general. Nevertheless, I can state the following conjecture:
Conjecture 1.1. There do not exist polynomials p,q,r, s € Z[x] such that
Pt gt=r"4+s"#£0
with an integer n > 5 and {p",q"} # {r", s"}.
Here, I note that Granville and Tucker [8] wrote an excellent expository

paper on a related problem, namely the extension of Fermat’s conjecture to

polynomials.

2 A few extra conditions

When writing a paper, the first thing to remember is that if we cannot
prove a theorem in its original form, a few conditions can be applied to get
a slightly weaker (and easier to prove) form. That’s just what I did, and in

doing so, I was able to prove the following:

Theorem 2.1. Ifn > 16, there do not exist polynomials p, q,r, s € Clz] such
that the equation

ptHgt ="+ " #0 (2)
holds with {p™,q"} # {r", s"}, max{degp,degq,degr,degs} > 1 and
ged(p, g, 1, s) = 1.



In special cases, this theorem was already known. For example, Newman
and Slater [21, p. 481] proved the theorem in 1979 using Wronskians in
the special case where one of these polynomials is constant. Later, in 2004,
Bayat and Teimorii [1] handled a case where the polynomials in the theorem
are pairwise coprime. However, using a little less Wronskians in Bayat and
Teimorii’s proof and adding a little more gcd makes the proof simpler and
more general. Theorem 2.1 follows from a theorem of de Bondt [4] (see also
section Remarks) and from Theorem 2.3 of this paper. Although Theorem
2.1 can be obtained as a special case from more general theorems, I believe
it is important to provide a simple and direct proof. This direct proof serves

as the starting point for the proof of Theorem 2.3.

Theorem 2.1 does not apply when all polynomials are constant. In this case
the best result is due to Elkies [7], who only proved that if 2 < A, B,C' <
8,388,608 € N and 4 < n < 223 € N, then the equation

A"+ B"=(C" %1,
has no solution.

Theorem 2.1 is strongly related to the generalized taxicab problem.

Definition 2.2. Let Taxicab(n, k, j) denote the smallest positive integer, that

can be written at least in j ways as the sum of k pieces of n-th powers.

So far, we know very little about generalized taxicab numbers. According to
our theorem, the existence of generalized taxicab numbers Taxicab(n, 2, j) for
n > 16 and j > 2 cannot be proved with a simple polynomial construction.
A crucial question is whether Theorem 2.1 can be extended to include more
summands and polynomials with different exponents. Using Wronskians, the

following can be proved.



Theorem 2.3. Suppose that m > 3 is an integer and for the nonzero poly-
nomials p1,ps,...,pm € Clx] and positive integers ki, ko, ... kyn € N the

following conditions hold:
ged(py, p5?, - o) = 1, (3)

p’fl—kng—i—...—i—pﬁl’”:O,

and any m — 1 of the polynomials pf are linearly independent. Then,

1
min{ky, kg, ..., kn} < 3 (m® + Tm® — 49m + 68) . (4)

An interesting question is whether condition (3) can be omitted from
the theorem. The answer is negative, due to the following reason: Let’s
assume that the exponents ki, ko, ..., k,, are pairwise coprime and for the

polynomials fi, fa, ..., f,, we have

i+ fot oo+ [ =0,

where f1,..., f,, are not all constant polynomials.
By the Chinese Remainder Theorem, there exist integers «; such
that kiko...ki—1kiz1 ... km|oy and k;|la; + 1. Multiplying the equation by

TR fom yields:

TS fem e Y S fam = 0.

Now, define the polynomials p; € Clx] as follows:

k. def ;i1 poit+l pa
pjj = lalf]jllfjj f]i‘{lf%'m

This construction gives a sum of the form plfl + oo+ phm = 0, but with
ged(pht, ... pkm) # 1. Tt is clear that if min{ky, ..., k,} is sufficiently large,
inequality (4) is not satisfied.

The following can be easily deduced from Theorem 2.3:



Corollary 2.4. Suppose that m > 3 is an integer and for the nonzero poly-
nomials p1, pa, - .., pm € Clx] and positive integer k the following hold:

Pk k=0,
and the quotient of any two different polynomials p; is never constant. Then,

k<%(m3—|—7m2—49m+68).

3 The generalized abc-conjecture

The main tool in the proof of Theorem 2.1 and Theorem 2.3 is Mason’s
theorem, which has many generalizations (see, e.g., [6], [14], [15], [20], [25],
[31] and [33]). However, most of the results rely on function fields, which I
decided to avoid for the sake of clarity. Fortunately, there is a generalization
that uses polynomial rings. We introduce the following notation: For an
arbitrary (potentially multivariable) polynomial p, let its unique factorization

into irreducible polynomials be
p=py'py e py

where the irreducible polynomials p; are pairwise coprime, and let rad p

denote the following polynomial:

def
rad p = pip2 ... pr.

Here rad p is unique apart from a constant factor. Moreover, let 7*(p) denote
the degree of the polynomial rad p. The following lemma is due to Shapiro
and Sparer [24].

Lemma 3.1. If the (possibly multivariate) polynomials f1, fa, ..., fm over C

are pairwise coprime, not all of them are constant and

fit ot + =0,

6



then
max deg f; < (m —2) (r*(fifz-. - fm) = 1).

1<i<m
The following theorem follows easily from this lemma. However, I have

omitted the proof since there is not enough space to provide it here.

Theorem 3.2. If the polynomials f1, fa, ... fr, 91,92, - - -, gx € Clx] are pair-
wise coprime, and at least one of them is not constant, then for n > 4k(k—1)
the equation

Nttt =0+t +g

never holds.

In fact, this theorem is related to Corollary 2.4, with the difference that
the pairwise coprimality condition is not required there, while using Corollary

2.3, the statement of this theorem would only follow in case of n > k3.
Motivated by Ruzsa’s talk [23], I propose the following proposition.
Proposition 3.3. Let F be the following family of triples of integers:
F={(a,byc): a=(2*—1)*(2°"2 —1), b= (3-2 - 1), c= 2%}

Then, the elements of the set F satisfy the abc-conjecture, namely, for all

e > 0 there exists a constant K. such that if (a,b,c) € F, then a+b = c and

c < K.(rad (abc))"*e.

The statements of this section serve as useful illustrative examples of the
abc-conjecture for university students. It is hoped that propositions and ex-
ercises of this type could effectively enhance students’ problem-solving skills

for future research related to this subject.



4 Almost disproving a conjecture

I almost managed to disprove my Conjecture 1.1 as follows. If we replace
Z in Conjecture 1.1 with another ring, say Q(+/2 + i) (which is not only a
ring, but also a field), and use n = 4 in place of n > 5, then the conjecture

does not hold. More precisely:

V2

, 2
Example 4.1. [fe = ¢™/* = = + gi, then for the four polynomials

pla) =2 +1, q(z)=e8""2% r(z)=a"—1, s(z)=8""z,

of degree < 4, we have
prrgt=rt st £0

andp,q,r,se(@(@jLi).

Studying this example helped to better understand the scope and limita-
tions of Conjecture 1.1.

The novelty of Example 4.1 cannot be underestimated by the fact that
Euler already proved a similar (but not the same) result. This is because

Euler used polynomials of degrees 6 and 7. Namely, for the polynomials

()
q()
r(z) =a"+2° - 22° -3z + o
s(z) = 2% 4+ 32° — 22* + 2% + 1

the equation
Pt =t st

holds.

Finally, to show that the polynomials p, ¢, and s from Example 4.1 are
indeed in Q (V24 i), we need to prove that 8'/* and e, are elements of



Q(V2+1i). To confirm this, we will follow the method used in [26]. Let
a=v2+i. Then,
(a—i)*=2
and
a* — 40’ — 60”4+ dai + 1 = 2.

So,
ot —6a® —1
4o — 4o

By this, i € Q(e) = Q (V2 +14). But then v2 = a —i € Q(a). That is, if

we consider the cube of v/2, we get 8'/* € Q(«). Furthermore, if we consider

1=

2
the square of v/2 and divide it by 2, we get g € Q(«). This implies that

V2, V2 Q (V2 +1).

5:—+—2€Q( )=

5 Proofs

Proof of Theorem 2.1. The main tool of the proof is the Mason-Stothers
theorem, initially called Mason’s theorem, which was first proved by Stothers

[29] and a little later by Mason [20]. Snyder gave a very elegant proof in [28§].

Lemma 5.1 (Mason). Let F' be an algebraically closed field. Suppose that
f,9,h € Flz| are polynomials with ged(f, g, h) =1, f+ g = h and that there

s a nonzero between their derivatives. Then,
max{deg f,degg,deg h} < r*(fgh) — 1.

In 1994, Wiles proved the famous Fermat conjecture for n > 3. Paradoxi-
cally, the fact that there is no solution to a"+b" = ¢ for coprime polynomials
different from a constant has been known since the XIX century, and the first
proof used deep algebraic tools. A more modern approach shows that this

result easily follows from Mason’s theorem:

9



Lemma 5.2. There are no polynomials a,b,c € Clz| and an integer n > 3

for which ged(a,b,c) =1 and
holds.

(For a simplified proof using Mason’s theorem, see, e.g., [18].)

Let us return to the proof of Theorem 2.1. Without loss of generality, we
may assume that among the polynomials p, ¢, r, s, the one with the highest
degree is s. Let

L def deg s = max{degp, deg ¢, degr, deg s}.

If one of the polynomials p, ¢, r is a constant multiple of the polynomial s,
then Theorem 2.1 follows from Lemma 5.2. For example, let p = c¢s, where
c is a constant. If ¢ = 1, then p™ = s", and thus, ¢" = ™ also holds, which

contradicts the conditions of the theorem. If ¢ # 1, then the equation
can be rearranged as
(" =1)s"+q" =r".
Now (¢" —1)'/" is a complex number, so s, &f (" —1)/"s € C[z] also holds,
and thus
so +q" =1r".
However, this contradicts Lemma 5.2. The cases ¢ = ¢s and r = ¢s, where ¢

is a constant, can be handled similarly.

We may assume that each of p, ¢, r is not a constant multiple of s. That is,
r
none of the rational functions 2, -, 4 is constant. Thus, the derivatives of

s’ ss
these rational functions are not zero. Then, by (2)

G+ (=)

10



Differentiating the function equation yields:

P\~ 1 p's — ps’ g\"1 q¢'s — pq’ r\n—1lr's —rs
(D) e (D) T () e
s

S 52 52 52

1
Multiplying the equation by —s"*!, we get:
n

pnfl(pls o p8/> + qnfl(qls . QS/> —_ Tn71<7’/8 o 7’8/). (5>

The polynomials p’'s — ps’, ¢'s — qs’, r’s — rs’ are the so-called Wronskians.
(Interested readers can read more about Wronskians on the related Wikipedia
page [32].) We want to use Mason’s theorem in equation (5). At first glance,
f=p"Yp's—ps), g =q" s —qs'), h =1r""r's — pr') seem to be a
good choice, but Lemma 5.2 requires that the condition ged f, g, h must be
satisfied. Thus, we need to slightly modify the definitions of f, g, h. Let

def n— n— n—
d= ged{p" ' (p's —ps').q" " (d's —qs), T (p's —rs)}

Then, by (5),
P —ps) ¢ THgs —as) (s — )
d d N d
Next, we want to use Lemma 5.2 with
n—1(,/ /
P (p's — ps')
f - d )
n—1(,/ /
_q"'(d's—qs)
g - d Y
h— 7"”1(”/; —rs). (6)

To do this, we first note that the polynomials p’'s — ps’, ¢'s — ¢s’, r's —rs’ are

/
not identically zero, since, for example, if p's — ps’ = 0, then (]—?) =0, and
s

thus, P is a constant. We excluded this case at the beginning of the proof.
s

Next, we will need the following:
Lemma 5.3. If k = max{degp, degq,degr, degs} = degs, then
degd < 6k — 3

11



First we note that

ged{p, q,7} =1, (7)

since ged{p,q,r}" | p* + ¢ — " = s", and thus ged{p,q,r} | s. So
ged{p,q,r} | ged{p, q, 7, s} = 1, from which ged{p, q,r} = 1 follows.

Let us write d in the form

a1 Qs
d=ui"...uy,

where uq, ..., us € C[X] are pairwise coprime irreducible polynomials. Then,

us

Sl

"g's —qs),r" Hr's —rs).

p T (p's —ps'),q

Since (p,q,r) = 1, one of the following must hold: (u{*,p"~!) = 1 or

(u, q" 1) =1 or (u*,r"~!) = 1. In all three cases, by (5),

7 0

u |(p's — ps)(d's — qs')(r's —rs).

a;
)

Since this holds for each factor u;* of d and the polynomials u; are pairwise

coprime, we get
d|(p's — ps)(q's — qs') (r's —rs').
Since p’'s — ps,¢'s — gs and r's — rs are nonzero polynomials, we have
degd < deg(p's — ps) + deg(q's — ¢s) + deg(r's — rs).
By degp,degq,degr < k, we get
degd < (2k— 1)+ (2k — 1) + (2k — 1) = 6k — 3,

and this completes the proof of the lemma.

If p" + ¢" = r™ + s, where s has the maximal degree, and degs = k, then
among p, ¢, and 7, at least one polynomial has a degree of k (otherwise, the

degree of p" + ¢" — r™ = s™ would be less than kn). Using this, (6), Lemma

12



5.3 and degp's — ps’,degq's — qs’,degr’'s —rs’ > 1, we find that at least one
of the polynomials f, g, h defined in (6) has degree > (n—1)k+1—(6k—3) =
(n—T7)k+4 > 4. Consequently, f" = ¢ = h’ = 0 cannot hold. Moreover, we

have also proved that
max{deg f,degg,degh} > (n — 7)k + 4.

Using Lemma 5.2, we get

max{deg f,degg,degh} <r*(fgh) — 1.

Thus,
(n=Tk+4<r*(fgh) — 1.
But
r*(fgh) = degrad (fgh)
< degrad (p" '(p's — ps')q" " (q's — qs )" (s — rs'))
= degrad (pgr(p's — ps’)(q's — qs')(r's — "))
<k+k+k+Q2k—1)+2k—1)+(2k—1) =9k — 3.

So,

(n—Tk+4<9k—4
(n—T)k < 9

n < 16,

which contradicts the conditions of the theorem. This completes the proof

of Theorem 2.1

Proof of Theorem 2.3. We will use the following notation.

13



Definition 5.4. Let

def

) i

K min{ky, ..., ky,},

T dIQf maX{deg P1s- - 7deg pm}7
and

t; < deg p;.

Without loss of generality, we can assume that
T = deg P1 = tl.
Finally, for 1 <i<m —3 and 0 <n <k;, we define b;,, € Clz] by

al” = phm 3, (8)

(n)

7

of p; is ki —m+ 3, and not k; —n+3.)

where a; "’ is the n-th derivative of a; = pf (In this definition, the exponent
We will proceed with a proof by contradiction. Suppose that

K =minf{ki, ..., ky} > = (m® + 7m* — 49m + 68) . (9)

Wl =

Let us now return to the proof of the theorem. Then,
Py =0,

which can be written as

a1+ ---+a,=0.

Taking the n-th derivative of this equation:

14



Consider the following Wronskian determinant:

ap+-+ay ay+---+al,
/
def
W = as as
/
A, al,

a" Y+ ta
al(lmf3)
aémfiS)
aSﬁ” —3)

(m—3)

—0. (10)

By subtracting the sum of the other rows from the first row of W, we get:

/ ! /
a; +ax+az aj+ay+as
'
J— /
W = as as
'
A, a
ay a) ... agm_g) as
ay ay ... aim_?’) a4
=las af ... aémfg) + | as
A, Ahy e agﬁn*‘}) am,

-3 -3 -3
agm )—l—agm )+a§m )
al(lmf3)
aémfZ})
aﬁﬁ” -3
aém_?’) as aj
aflm_3) ay, aj
o N 4 las df
a%ﬂfg) am  ah,

(m—3)
aflm—B)

aém73)

(m—3)

" i

It is important to note that none of the three determinants on the right side

are 0. The i-th determinant (1 <i < 3) is the Wronskian of the polynomials

i, A4,y - - ., Q. We know that the Wronskian of analytic functions is 0 if and

only if they are linearly dependent (see e.g., |2, pp. 91-92], |3, Theorem II],
[16, Chap. 3, §7| and [17, Theorem 3|). By the conditions of the theorem,

the polynomials a; = pf’} ay =ph?, ..

., @y, = pkm are linearly independent for

any 1 < i < 3. Consequently, none of the three determinants above are 0

(since polynomials are analytic functions).

15



By Definition 5.4

deg by, = deg a”) — deg pf~ "+

= (m —3)t; — n. (12)

Using again Definition 5.4, (10) and (11) we get

bl,o b171 Ce bl,m—.?)
W = pllﬂ1fm+3p§4fm+3 N ‘pfnm_m+3 bio bai ... bim-3
bmo bmi oo bmm—3
baop D21 ... bam-s
4 pgz—m+3pi4—m+3 - .p]:nm,erS b4,0 b4,1 . b4,m—3
bno bmi . bmm—s
6370 b371 R b3,m—3
g pfmphmas | phomes | D0 B0 Bans) g
bm,O bm71 - bm,m—3
Let
@ ged (pf e, pham e phaT) (14)

The degree of the polynomial w plays a prominent role in the proof.
Lemma 5.5. If the conditions of the theorem hold, then

degw < (m3 — 11m? + 38m — 40) T.

W[

We will prove Lemma 5.5 at the end of the proof of the theorem.

16



Dividing (13) by @wp§* "3 . pkm=m+3 we get

bio big
plfl_mJ“g bio bay
0=—F7—
w
bm,O bm,l
bso b3
p§3_m+3 bio baa
TR B
P )
bm,O bm,l

b1 m—3 bao b2 bo.m—3
by m—3 p§2"”+3 bio ba bam—3
+ =
w

bm,m—3 bm,O bm,l bm,m—S

b3,m—3

b4

fm (15)
bm,m—S

Similar to (11), none of the 3 determinants on the right-handside are 0. Let

bio b
k —
7 j M3 1 byo  bag
w
bm,() bm,l
bso b3
k3—m+3
P33 {bao ban
h/ = =
T )
bm,O bm,l

bl,mf?)

b4,m—3

bm,m73

bS,m—B

b4,m73

bm,m—S

b2,0
ky—m+3
Py M3 by
w
bm,O

ba 1

by

bm,l

b2,m73

b4,m—3

bm,m73

Consequently, f, g and h are nonzero polynomials. Let d = ged(f,g,h). By
ged (p "+ Jw, pr R jw, pir T /@) = 1 and (15), we get that d is a

divisor of the polynomial

bl,O bl,l bl,m73
b4,0 b4,1 b4,m73
bm,O bm,l bm,m73

bQ,O bQ,l
bao  ban
bm,O bm,l

17

b2,m73

b4,m73

bm,me

b3,0 b3,1
bso  ban
bm,O bm,l

b3,m73

b4,m73

bm,me

(16)




By (12)

m—3

deg H <3 max{degb;,}

n=0

=3 2 mzax{(m —3)t; —n}

< 3Tmz_3(m —3)
= 3T7(m — 3)(m — 2). (17)

Let

Then,
fitg+h =0

By (9), (17) and Lemma 5.5 for the degree of the polynomial f; we have

deg fi =deg f —deg d
> deg f —deg H
> deg (p}' ™*?) — degw — deg H
> (K —m+3)T —degw — 3(m — 3)(m —2)T
> (K —3m?+14m — 15 — degw/T) T > 1. (18)

Thus, f{ = g; = h} = 0 does not hold, hence we can apply Mason’s theorem.

By Lemma 5.2, it follows that

max{deg f1,deg g1,deg h1} < r*(figih1) — 1 (19)
By (18)

max{deg fi,deg g1, degh1} > (K — 3m® + 14m — 15 — degw/T) T.

18



On the other hand

r*(figrhi) — 1 < deg (pipopstl) — 1
< 3T +deg H
< 3T+ 3T(m — 3)(m — 2)
=3T (m*—5m+7).

So, by (19), we get

(K —3m® + 14m — 15 — degw/T) T < 3T (m* — 5m +7)
K < 6m?* —29m + 36 + deg w/T.

By using Lemma 5.5, we get
1
K < g(nf"+7m2—49m+68).

In order to complete the proof of the theorem, we only need to prove Lemma

2.5.

Proof of Lemma 5.5. To prove the lemma, let’s introduce the following

notation:

7 def k1—m4t ko—m+t ki —m-+t
P, = ged (p} , s N A

According to the theorem’s assumption, P, = 1. However, P,y is also 1,

since

D k1—1 ko—1 km_1—1
mel ’pl » Do yer s Pm—1

= Fom—

Pm—l | plflvpg27 s 7pm—11

Py | P 4+ plrt = —pl

ﬁm_l | ged (plfl, . ,pfn’”) =1.
Thus, deg ﬁm = deg ]Sm_l = 0.

19



Next, we would like to provide an upper bound for deg ]Bt,l using deg f’t

For this, let us consider the following Wronskian determinant:

m—t m—t
a+---+a, d+...a, ... ag TG
/ (m—t)
Qg1 Ayt am
def / (mft)
W = (42 Ay yo e am = 0.
—t
A, al, . alr

By subtracting the sum of the other rows from the first row, we get:

/ m—t m—t
ap+---+a ay+---+ap ... ag )—l-"'—i-aé )
/ (m—t)
At41 i1 "o (iy1
_ / (m—t)
W = () Ayt )
m—t
A a, e alr
ar dy ... amY as ay ... a"™?
/ (m—t) ’ (m—t)
Ai41 at+1 N at+1 Ag41 at+1 N at+1
/ (m—t) ’ (m—t)
= |Qt+2 Qppg - at+2 -+ |Gty2 Aipo - - at+2 4+ ...
Qm,  an, ... ag@nft) Q@ ... a£,’ZH)
m—t
a a, ... a™"
/ (m—t)
At+1 Qpypq oo Qpyg
/ (m—t)
m—t
A QL . alr

None of these t determinants are 0, since the polynomials a;, a;11, Gs12, ..., am

are linearly independent if 1 < ¢ <t Forl <i<m-—tand0<n <k

define ¢; ,, € Clz] by

(n) ki —mt

CLi - pz Ci,n~
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Here

deg ¢;,, = deg al™ — deg plimtt

= (m —t)t; — n. (21)
From (20), it follows that:
C1,0 C1,1 Cl,m—t C2.0 C2,1 Com—t
p,fl,mﬂ Ct+1,0 Ct+1,1 Ct+1,m—t +p§2’m+t Ct+10 Ct+1,1 Ct+1,m—t
Cm,0 Cm,1 Cm,m—t Cm,0 Cm,1 Cm,m—t
Ct0 Ct,1 Ctm—t
—i—pft’m” Ct+1,0 Ct+1,1 Ct+1,m—t _ 0. (22)
Cm,O Cm,l Cm,mft
Then, by (22), P,_; = ged (plf“mﬂfl, ce fﬁ’ll_m+t_1) is a divisor of
Ct.0 Ce1 Ct,m—t
pft_m“ Ct+1,0 Ct+1,1 Ct+1,m—t (23)
Cm,0 Cm,1 Cm,m—t
Let
D = ged(Pr_y, pf* ")
and
1375—1 = Dr

y2

k1—m-+t — DS
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Then, ged(r, s) = 1. So, by P,_; is a divisor of the expression in (23), we get

Dr is a divisor of

Thus, r is a divisor of

Ct.0

Ct+1,

But D | phmtt g

ﬁt_l = Dr divides ﬁt

By this and (21),

deg Py < deg P, + deg

Ct+1,0

Ct0 Ct,1

Cm,O Cm,l

Cea

0 Ct+1,1

Cm,0 Cm,1

Ct+1,1

Ct,m—t

Ct+1,m—t

Cm,mft

Ctm—t

Ct4+1,m—t

Cm,m—t

ko1 —mtt—1
ST and D

p]fl—m-i-t’ o 7pft_m+t7 from which D | ﬁt' Then7

m—t

Ct.0

Ct+1,0

Ct0

Ct+1,0

C¢ 1

Ct4+1,1

Ce1

Ct+1,1

< deg P+ ) max{degc;,}

n=0
m—t

pPm™ . Thus D |

Ctm—t

Ct+1,m—t

Cm,m—t

Ct,m—t

Ct+1,m—t

Cm,mft

< deg P, + Z max{(m — t)t; — n}
n=0

m—t
< dengt—I—TZ(m—t)

n=0
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< deg P+ (m —t)(m —t+ 1)T.
By iterating this, we get:

deg P < deg Py 4 (m — 4)(m — 3)T
< deg Ps + (m —5)(m — )T + (m — 4)(m — 3)T

m—4
< deg Py + Zz(z +1)T
=0
m—4
=Y (*+40)T
i=0
_ (m—4)(m—5)(2m—7)T+ (m—4)(m—5)T
6 2
1
=3 (m?® — 11m® + 38m — 40) T.

This completes the proof of the lemma and the theorem.

Proof of Corollary 2.4. Consider a linear combination of the polynomials
pk. ..., pF that equals 0 and is as short as possible. Without loss of generality,

this linear combination can be assumed to be in the form
ApE 4 AP =0 (24)

where \; € C\ {0} and 3 < s < m. Since s is the shortest possible length
under the given condition, any s — 1 polynomials from p¥, ..., p* are linearly

independent. Let
d= ng{plap27 s 7ps}-

Define the polynomials pf, ..., p. by the formula

1 \WRPE
pl T d

From (24), it follows that
()" + -+ () =0,

23



where the polynomials p), ..., p. satisfy the conditions of Theorem 2.3, i.e.,
any s — 1 of them are linearly independent and ged(p}, ...,p,) = 1. Applying
Theorem 2.3, we get

1
k< §(s3+7s2—495+68).
Since s < m, it follows that

k<%(m3+7m2—49m+68).

6 Remarks

M. de Bondt [4] generalized Mason’s theorem as follows:

Theorem 6.1 (de Bondt). Suppose that m > 3, for the (possibly multivari-

ate) polynomials fi, fa, ..., fm over C we have

fit fot o+ fn=0,

and in case of 1 < iy < iy < --- < iy < m we also have

f11+f12++fls:0 = ng(fi17f’iQ7"'7fis):1'

Then,

max deg f; < (m— 2)(° () +7°(f2) 4+ 1 () = 1. (25)

From this general theorem, Theorem 2.1 and 2.3 follow. I found
the paper [4] exclusively on arXiv, and it hasn’t been published yet and may
be under review. The proof presented here differs from de Bondt’s proof and

relies solely on elementary arguments.

In 1979, Newman and Slater wrote an excellent (and possibly the first)
paper on this topic. However, one of their theorems (see [21, p. 481]) had
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missing conditions. Specifically, they forgot to assume certain pairwise co-
prime conditions for the polynomials involved, and the condition n > k* — k
is missing. In any case, Newman and Slater’s theorem remains a valuable

contribution to the field’s development.

Despite their theoretical importance, the theorems studied in this paper
are not completely useless, and I hope to write another paper about their
cryptographical application (e.g., the generation of a large family of binary
sequences with small cross-correlation measures) in the future, but that’s

another story.
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