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Abstract

Our work is motivated by the fact that the norms of the Eulerian

2 — ab + b2, providing a

integers are related to the sums of form a
natural generalization for problems concerning products over sums
or differences of integers. Let E be the set of Eulerian integers. We
define wy(x) as the number of distinct prime divisors of € N, and
wg(z) as the number of distinct Euler prime divisors of z € E. By the
Erdgs-Turan theorem, if A C Z* and |A| = 3-2¥"! (k € ZT), then
wn([Topesarp(@a+b)) > k+1. We prove that if A C E'is a finite set
and p € E, then the value of wg ([, ye 4 4z (a+pb)) has a lower bound
of order log | A|. Consequently, we provide lower bounds for A C N for
both (,uN(FLLbGA"H&b(a2 +ab+b?)) and wN(Ha7b€A7a¢b(a2 —ab+b%)).

We also give an upper bound for the minimum of wN(Ha,beAa#b(aQ +

2020 Mathematics Subject Classification: Primary: 11B75, 11B83, 11D99, 11R04.
Keywords and phrases: Eulerian integer, Euler prime, prime, Erdés—Turan theorem.
Research supported by the Hungarian National Research Development and Innovation

Funds KKP133819.



2 E. Fiiredi and K. Gyarmati

ab+b?)) with a computer program, if | A| < 8 and sets whose largest
element is relatively small. Furthermore, using a Diophantine number
theoretical lemma of Gydry, Sarkozy, and Stewart, we give a lower
bound of order log|A| for wn([,ec44e5(f(a,b))) for a specific class
of polynomials f € Z[x,y] and finite sets A, B C Z.

1 Introduction

In 1934, Erdés and Turan proved their celebrated theorem, stated below
as Theorem A [3]:

Theorem A [Erdés—Turéan|. Ifk € N, ACN and |A| >3- 281 s finite
set then

wa( [ (a+0) >k +1,

a,be A
a#b

where, for n € N, wy(n) denotes the number of distinct positive prime fac-

tors of n.

Later, an improved version of this result was presented in the Erdés—Suranyi
book [2|, where the lower bound was proved for |A| > 2% + 1. In 1986,
Gyory, Stewart, and Tijdeman [5] generalized the theorem to two different

sets, proving the following result:

Theorem B. There exists an effectively computable positive constant ¢ such
that if A, B CZ" are finite sets and |A| > |B| > 2, then

wn( [ (a+b) > clog|A|.
acA, beB
In 1988, Erdds, Stewart, and Tijdeman [1] proved that the lower bound
in Theorem B cannot be improved significantly:

Theorem C. For any € > 0 and all sufficiently large integers k, there exist
sets A and B such that |A| =k, |B| = 2, and

1

wn( H (a+b)) < (§ + €) (log |A])* loglog | Al.
acA, beB

Inspired by these previous results, we studied whether the Erdés—Turéan

Theorem holds in the ring of Eulerian integers. For this, we will use the fol-

—1+iV3

lowing notations: let w = , a third root of unity, and let E denote
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the ring of Eulerian integers, i.e., F = {a + bw : a,b € Z}. Furthermore,
for x € E, wg(z) denotes the number of distinct prime divisors of the Eule-
rian integer z (in the above notation, two primes are considered distinct if
they are not associated). Then the analogue of Theorem A among Eulerian
integers is as follows:

Theorem 1. Let A C E be a finite set such that |A| > 2. Then

log(|.A] — 1) —log 18
log 2 '

we( ] (a+0) >
a,bec A
ab
Our proof utilizes the Law of Cosines alongside the method of Erdés and
Turan.

It is natural to ask whether a similar statement holds for the product of
sums of the type a+ pb, where p is an arbitrary Fulerian integer. We proved
the following;:

Theorem 2. Let p € E. Then, there exists a constant c that depends only
on p such that for any finite set A C E

log | A|
CL)E( H (a+pb)) > W—C.

a,be A
a#b

The above theorem, combined with the multiplicative property of the
norm N(a + bw) = a* — ab + b in the ring of Eulerian integers, yields

surprising corollaries for rational integers.

Corollary 1. If A C Z* is a finite nonempty set, then

log | A| — log 38
wn ( H (a® — ab+ b?)) > :
“7’;2;“ 2log3

Corollary 2. If A C Z" is a finite nonempty set, then

log | A| — log 146

2 2
wN(H(a + ab + b%)) > 21083

a,be A

a#b

These two corollaries motivated us to ask whether the Erdds-Turan the-

orem can be generalized to arbitrary two-variable polynomials and two dif-
ferent sets. We conjecture the following:
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Conjecture 1. If f € Z[z,y] is a two-variable polynomial that is not de-
composable as f(x,y) = g(x)h(y), where g,h € Z[z|, then there exists a
constant ¢ that depends only on the polynomial f, such that if A, B C Z*
are finite sets and |A| > |B| > 2, then

wnl T (f(a,0)) > clog Al

acAbeB

However, while we could not prove this conjecture in its full generality,

we were able to handle an important special case:

n—1

Theorem 3. Let n > 2 be a positive integer, f(x,y) = > o ra™y " +
roy" € Z[x,y] be a polynomial where my,ms,...,m,_ 1 are nonnegative
integers and the coefficients r; are positive. Then there exists an effectively
computable positive constant ¢ such that if A and B C Z* are finite sets,
where |A| > |B| > 2n — 2, then

wn TT (Flab))) = elog|AL.

acAbeB

The proof of Theorem 3 relies on a theorem of Gyéry, Sarkozy and Stew-
art |4] and utilizes Vandermonde determinants. Interestingly, this general
theorem implies a lower bound of logarithmic magnitude, similar to Corol-
lary 2 (but not to Corollary 1).

If f(a,b) = a* + ab + b*, we used a Python program to examine the
smallest possible values of wy (Ha’be Aa ;éb(a2 +ab + b2)> for sets of positive
integers A with 3 — 8 elements. Our analysis focused on sets whose ele-
ments were bounded by a few hundred, specifically considering primitive
sets (where the greatest common divisor of all elements is 1). The Table 1
shows our such results.
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Minimum num-
Maximal al-
Size of A ber of different | Examples
lowed element
prime divisors
28868 pcs, e.g. 11,2,3}, {1,2,4},
] 400 ; D g {1,2,3}, {1,2,4}
{388,395,399}
5 pes: {1,248}, {1,3,9,18},
4 400 4 {1,3,9,27}, {1,4,16,22},
{1,9,15,18}
5 200 5 2 pes: {1,2,4,8,16}, {1,3,9,27,81}
6 200 6 1 pe: {1,2,4,8,16,32}
7 150 7 1 pe: {1,2,4,8,16,32,64}
8 100 9 3 pes, e.g.: {2,3,4,6,9,12,18,36}

Table 1: The smallest possible values of wy <Ha,b€ Aapp(@® +ab+ 62)> for

special sets A with 3 — 8 elements

As a continuation of this work, we plan to generalize Theorem 3 to an
arbitrary homogeneous polynomial f(x,y), focusing initially on the single-
set problem where we seek the bound

o ( I1 <f<a,b>>> > clog| Al

a,bc A

However, the full proof will involve significant further complications and
will be presented in a subsequent paper.

2 Proofs

Proof of Theorem 1. Let us plot the elements of the set A on the complex
plane. The lines y = 0, y = v/3z and y = —+/32 divide C\{0} into six half-
open, half-closed sectors; among these, one must contain at least (|.A|—1)/6
elements of A. Let A be the subset of A containing these elements. Thus,

Al -1

Ao C.A, ‘Ao’ > 6

Figure 1 shows the partition into six parts.
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Figure 1: The partition of C\{0} into six parts

For x € C, denote the absolute value of x by |z|. Then, the norm of an
Eulerian integer a € E is N(a) = |a|*®. Since the angle between vectors of

any two Eulerian integers in A, is an acute angle, by the law of sines for
a,be A

(1) la 4+ b] > max{|al, [b|}.
Since Ay C A,

wp( ] (a+0) = we( I] (a+b))

a,be A a,be Ao
a#b a#b
Let us list the odd-norm Euler prime divisors of [[asea(a + b) by choosing
a#b

exactly one of the prime divisors associated with each other (arbitrarily).
Let these be my, w9, w3, ..., ms. We prove that

] —1) -
. og(] Al — 1) — log 18.
log 2

(2)

This implies Theorem 1. We then prove (2) by contradiction. Suppose that

5 < log(|A| — 1) —log 18‘

(3) log 2

We recursively define a sequence of sets

A DA DA D - DA
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such that

A
2

(4) [Aia] =
if0<i<s—1, and
(5) a,be Ay, aeNwt Ja+b & 7w |a, and 7, | b

To do this, we first divide the mod ;1 reduced residue classes into two
groups, U; and V;, such that a reduced residue class n and its additive
inverse —n never fall into the same group (since 2 { m; 41 they are different

reduced residue classes). We then partition the set A; into two subsets A, g
i
mit1 1 ao. Let a € Ao if ap € U; and a € A, if ag € V;. It is clear that, for
j € {0,1}, we have

and A; 1, by writing each element a € A; in the form a = 7/, a9, where

(0% (0% (0%
(6) abe A j, aeNri,|a+b & 73, |a, and 7, |0,
since if @ = 7}, a9, b= ] 1o (where 741 1 ag, by) we consider two cases.

Case 1: v # §. Then Wﬁ?{%é} | a + b, but ﬂﬁ?hﬁ}ﬂ t a + b. This implies
().

Case 2: v = 9. Then
a+b=m4(ao+ bo),

where ag, by € U; or ag,by € V;. Due to the definition of the sets U; and
Vi, it is impossible that ag £ —by mod m;, 1, i.e. myq 1 ap + by. That is,
7y | a+b, but 71 fa+b. Since 7], , | a,b, this also verifies (5).

Next, we turn to the recursive definition of the sets Ay O A; O Ay, DO
oo D Ay L If the sets Ag D A1 D Ay O --- D A, are already constructed
with the desired property, then let A;,; simply be the set with the larger
number of elements between A,y and A; ;. If the numbers of elements are
equal, then we can arbitrarily choose which subset should be A;.;. Then
both (4) and (5) are satisfied.

For all odd-norm Euler primes 7, 7o, ..., 7, we have that

(7) a,b€ A, a N latb <« afla, and 7} |b,

and, by (3) and (4),

Aol JAI-1
25 7 6-2% T

|As| > 3.
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Let a,b, c be three distinct elements of A,. Let us write the prime factor-

ization of a 4+ b,a + ¢, b + ¢ in the ring of Eulerian integers:

_ Yo V1 V2 .
a+b=e2"m'ny? ... ),

2

a+c=e 20707l pbe

— [eTo e ey (e
b+c=eg2%m"my? . .me.

It is clear that, by (7),

Y172 .
mmyt . ml | ayb.
Furthermore, we must have
27° f a,b.

To see this, suppose, for example, that 27° | a. Then, since we already

established that 77} ... 7} | a, we would have 277" 1)
consequently

’y.
...m | a, and

la+b] = |27 m)* ... w)

< lal,

which contradicts (1). Similarly, we can show that 2% 1 b. Then, the expo-
nent of 2 in the prime factorization of a and b must be the same. Otherwise
27 4 a + b. Consequently, the exponent of 2 is identical in a,b, and c. Let

a=2"a,
b - thl,
c=2¢,

where the norms of the Eulerian integers aq,b;,c; are odd. Substituting
these into the factorizations above, we get:

ay + by =20 et w2 )

a1 4 ¢ = e.200 i pl

b1+ ¢ = 5320[071677'(11171'32 R p

s

where 7' 7)°

.. .7Tgs 0,1,b1. So

ai|, bl > e AL L
1 72 s

We prove that 79 —t > 2. We consider two cases.
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Case 1: |a;| # |b1|. By symmetry, we may assume that |a;| > |b1]. So,

jax| > [m"my® |

b1| > |77y . ow).

If the norm of # € F Eulerian integer is denoted by N(x) = |z|?, then
N(ay) > N(n{'my?...7wF),

s

Y172 7.
but m'my* ... Tk

ai, so N(m'ny* ...72) | N(ay), i.e.,
N(ay) > 2N (m]'m)? ... 7w))
lay| > V2|n] w2 . .

Since a,b € Ay, the angle between a and b is v < 60°, and thus, the angle

between a; and b, is also v < 60°. By the law of cosines,
a1 +b1|* = [aa|* + b1 * + 2 cos y|ar| - [bu]
> |ar]* + (b1 + 2 cos 60°|ar - (b
= Jar]* + b1 [* + |ar | - |1

2
> (1+V2 +1-V2)|rP'n) .. .7l

’ 2

2

> 4wyt owle
which, in the first case, gives 7o —t > 2.

Case 2: |ai| = |by|. In this case, the angle v between a; and b; falls in the
interval (0°,60°), the law of cosines yields

\/5]@1] < ‘Cll —|—b1| < 2]a1|.

Now |aj + by| = 277 |7 ) ... w)*|, which leads to a contradiction in the
case of |aj| = |by]| = |7]*m3? ... 72| Thus |[7]*m3? ... 72|? | |a;|* implies

lay| > V2|n ). w.
Then |a; + by| > V/3|ay| > V6|n 7?7

lay + by|? = 220070 |7 x)> | nle)?

; thus,

2

> 22 |atng? ...

and thus vy —t > 2. Similarly, By —t > 2 and ag —t > 2. So, a1 + by, a1 + ¢,
and b; + ¢; are numbers divisible by 2% = 4 (in the ring F), i.e

aq +b1 :41‘,
a1+ ¢ :4y,

bl + :42,
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where z,y, z are Eulerian integers. This shows that a1 = 2(z +y — z) is
divisible by 2, i.e., a; is twice an Eulerian integer. This contradicts the
assumption that the norm of a; is odd. Since our initial assumption (3)
leads to a contradiction, the original statement of Theorem 1 follows.

Proof of Theorem 2. In the case p = —1, if for 7 an Euler prime such

that |A| > |7|*> + 1, then there are two distinct Eulerian integers in .4 whose
difference is divisible by 7. Thus, wg([Japea(a — b)) is at least the number
a#b

of pairwise not associated Euler primes whose absolute value not greater

than \/|A| — 1, which is at least the number of rational primes not greater

than \/|A| — 1. This can be estimated from below for sufficiently large sets
VAT

A by the positive constant multiple of ———=——, from which the theorem
yer P O e (y/AD)

can be stated for this case as well. We can assume that

p#1 and p# -1

the theorem has already been proven for p = 1 (see Theorem 1).

Every Euler prime has an associated 7 such that Arg(w) € [0°,60°).
Henceforth, we will focus only on these associates, and let P be the set of
all such Euler primes. Thus,

P = {r: = is an Euler prime and Arg(w) € [0°,60°)}.
The following lemma is the cornerstone of the proof of the theorem.

Lemma 1. Let py € E and 7 be an Euler prime such that w1 pg, 6 € N,
where 7 | 14 po, but 14 1+ po. Then, the reduced residue classes mod
7L can be partitioned into three disjoint groups, Cy,Csy, Cs, such that for
1<0<3,

a,beC; = 7r5+1)(a+,00b.

Proof of Lemma 1. Let us list the reduced residue classes mod 7o+!
r1,72,...,Tm. These can be divided into three groups using a greedy algo-
rithm such that

Tiy —pPoTi
never fall into the same group. Indeed, assume that the elements
r1,79,...,7;—1 have been correctly assigned. When assigning r;, we must

ensure that r; falls into a different group than both the group of

(8) —pori and  — pylr.
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We have three groups, C1, Cy, C3. Since the elements in (8) exclude at most
two groups (i.e., the groups to which —por; and —por; ' are assigned), a

conflict can only arise if r; itself is an excluded element:

ri = —por;  (mod 7°T1)

or (which is equivalent anyway)

ri = —pg'r;  (mod 7o)

5+1)

(since in the case of r; = —por; (mod 7 r; and —por; are definitely in

the same group, given that they are identical).
But this case cannot occur since

ri = —por; (mod 7r5+1)

implies
7T6+1 | (1 + po)ri,
where r; and 7 are relatively primes, so

7T6+1 | 1 + L0,

which contradicts the conditions of the lemma.

We now divide the rest of the proof of Theorem 2 into two cases based
on whether p is the negative of an Euler prime power in P with a positive
integer exponent. (Recall that P contains Euler primes 7 such that Arg(w) €
[0°,60°)).

Case 1: Assume that p is not the negative of a power of an Euler prime
0 € P, ie., pis not of the form p = —0" with 6 € P, v € N.

Before the next lemma, we introduce a new notation. Let p € E and 7
be an Euler prime, such that Arg(r) € [0°,60°). Write p in the form

p =" po,
where 7 1 po (here, pg # —1). Then, write 1 + pg in the form
1+ po = 7T60',
where 71 0. Let ¢(m, p) denote the

c(m.p) Ey+6>0
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integer. It is clear that if

m1p(1+p)
then ¢(m, p) = 0. Thus,

m|p(14p)
Arg(m)€[0°,60°)

the value of which solely depends on p. Let 7(c(p)) denote the number
of distinct divisors of ¢(p) in the ring of Eulerian integers F, where two
associated divisors d and €§ are considered distinct if € # 1.

Then, Theorem 2 will be proved with the constant

 loa(r(c(p)? +2)
log 3 '

Namely, we will prove that if [A| = 3*(7(c(p))* + 2) for an s € N, then, in
the first case, wp(] [apcala + pb)) > s.
a#b

Lemma 2. Let p € E, A C E be a finite set and © an FEuler prime such
that Arg(m) € [0°,60°) and —p is not a power of m with a positive integer
exponent. Then there exists a set B C A such that
IA|

3
and if a,b € B, for every integer u > c(m, p),

B >

9) T latpb = T g b,

Proof of Lemma 2. Let

p=7"po,
where 7 1 pg, and

1+ po =70,

where 7 1 0. Then, 1+ py # 0. Let us write all elements of the set A in the
form

a = m%ay,
where 7 1 ag, and let C,Cy, C3 be the partition of the reduced residue
classes mod 7! according to Lemma 1. Let

Bld:ef{aeA: a=7"ayg, 71ag, ap € C1}

Bgdzef{ae.A: a=m"ag, ™1 ag, ap € Cs}

Bgdzef{aé.Ai a:,n.’Ya07 W"/GJOa a0603}‘
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Let B be the set with the most elements among By, Bz, Bs (if there are
several sets with the same number of elements, we choose B to be any of

them). Obviously
Al
Bl > —.
8> 4
It remains is to prove that (9) holds for B. For this, we write
a=n%y and b=7"by

in the form where 7 { ag,by. Then, ag and by are elements of the same C;

set, say ag, by € C7. We then distinguish two cases.
Case I: a # 8 + . Then,
gpminlaB T} g 4 pb (= 7%ag + 77 pePhy),
but
grroin{es A+t Ya+ pb (= 7ag + 717 poby).
We also have

™ |a and 7 |b

Wmln{a7ﬁ+7}_’y | a7 b’

gmin{a,B4+v}—c(m,p) | a,b,
and thus the lemma is proved in this case.
Case II: a = 8+ ~. Then,
a+ pb = 1ag + 77 poby = 7 (ag + pobo).
By Lemma 1 7%+ { ag + pobo, so
(10) 7 | a + pb,
but

Pty +o+l ta+ pb,

(11) pAre@e g g 4 pb.

(12) o | 7% and 77 =7%|a, wehave 7°]a, b
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Thus, the lemma follows from (10), (11), and (12) in this case completing

the proof of the lemma.

Let us list the Euler prime divisors of the product [[asca(a + pb) with
a#b

arguments in the interval [0°,60°) (of which every Euler prime divisor has
exactly one associate)
T, Ty ...,Ts.

Suppose that

< Jog(lA]/(r(clp )?+2)) _ log(|A|]) —log(r(c(p))® +2)
log 3 log 3

I

from which we aim to obtain a contradiction. We then recursively define

def

AA=ADA DA D---D A,

of sets such that

|-Al 1|
A;| >
4= 2
and if u > ¢(m;, p),
abe A, 7 la+pb = x| q b,

This is easy to do, given Ay, Ay,...,A;_1. We then apply Lemma 2, with
the choice A = A;_; and 7 = 7;, and the resulting set B gives A;. Then,

(Al o |As 2| Ao _ |Al 2
A, > > b S 2,
and for each of the primes 7y, mo, ..., 7, we have that if u > ¢(m;, p),
(13) a,be A;, ' |la+pb = W?_c(m’p) | a, b.

In the following, we denote ®(a,b) to be the Eulerian integer defined as:

a
®(a,b) = :
(0.0) = @ p) T aed(a)
If
a=emtny?.. . wee
and

_ 1, B2 B
b=eom'my ... T",

where el =1 =65 ay,as,...,as, b1, B2, ..., 8, € NU{0} and 7y, 7o ..., 75 €
P, then

ng(CL, b) = Winm{al P ;1’111’1{0(2 52} .. F?in{as’BS}.

We prove the following;:
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Lemma 3.

{®(a,b) = a,b e A}l < 7(c(p))-

Proof of Lemma 3. For a,b € A, write a + pb in the form

Os
S

_ <€ﬂ_inin{c(7r17/))7a1} . ,ﬂ_;nin{c(ws,p),as}> . <ﬂ_?1—min{c(7r17,0)aoz1} . ﬂ.?s—min{c(ﬁs,p),as}>

N /.
~~ ~

u v

a+pb=eni*---m

def

U?
where % = 1. If a; > c(m;, p), then, according to (13),

a;—c(mi,p)
T, | a,b,
a;—min{c(m;,p),a

7-[-1'1 {c(mip) Z}|Cl,b.

If a; < ¢(my, p), then

7T_Z‘oquvfmin{c(m,p),ozi} -1 ’ a, b.
Since this holds for all 1 < i < s; thus, v | @ and v | b, so v | ged(a,b). It

follows that "

v

a n b |a+ B
ged(a, b) pgcd(a,b) v Py T

Furthermore,

w | m T elmen) | ().

Thus, ®(a,b) | ¢(p), which completes the proof of the lemma.
From the lemma, it is clear that
(14) {(®(a,0), 2(b,a)) : a,be A} < 7(c(p))”.

Let t = 7(c(p))?. Since |As] > 7(c(p))* +2 = t + 2, we can select t + 2
distinct elements from A,. Let a denote the first of these elements, and let
b1, ba, ..., by denote the others. By (14),

H(®(a,b;), ®(bs,a)) : 1 <s<t+1} <7(c(p)? =t
By the pigeonhole principle, there exist different ¢« and j such that

(®(a,bi), ®(bi, a)) = (B(a, b;), B(b;, a)).
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Let

qD(a, bl) = CI)(CZ, bj) = Z1
and

q)(bl, Cl) = (I)(bj, CZ) = Z9.

bi .
The pairs ¢ and ¢ are the solutions

J
ged(a, b;)’ ged(a, by) ged(a, by)” ged(a, by)
of the same system of two linear equations (with two unknowns)

T+ py =2

pr + Yy = 2.

1
Since det P # 0, the above system of equations has an unique solution,

P
1.e.
a a
1 p—
(15) ged(a,b;)  ged(a, b;)
(16) b; b;

ged(a, b;) - ged(a, b))

From (15), it follows that ged (a,b;) = ged (a,b;), and by substituting this
into (16) we obtain, b; = b;, which is a contradiction. This proves the

theorem in Case 1.

Case 2: There is an Euler prime 6 € P with argument [0°,60°) and a
positive integer v such that p = —67.

Lemma 2 of the proof of the previous part and the notation ¢(m, p) for Euler
primes with argument [0°,60°) that are not @, can still be applied, in which
case p = py and 1 + py = 0. Consequently, if A C E is a finite set and 7
is an Euler prime with argument in the interval [0°,60°), which is different

Al

from 6, there exists a set B C A for which |B| > 3 such that for every
integer u > ¢(m,p) and a,b € B, 7% | a+pb = 7™ | q b The
proof proceeds similarly. Finally, we can divide the set by 6 as follows:

Lemma 4. Let § € P be an FEuler prime with argument in the interval
[0°,60°) and let v be a positive integer such that p = —07. Then, if A C E
is a finite set, there exists a subset B C A such that |B| > |—“;|, and if
a,b € B, a#b, then 0F | a + pb = a — 0'b implies 6*~7 | a,b.
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Proof of Lemma 4. We begin by writing the elements of the set A in the
form 6%ay, where 0 1 ag, 0 < o € Z and ay € E. We then partition A into
two subsets:

Ay ={6°ag=ae A: 04ay, [%] =0 (mod 2)}
and
Ay ={0ag=ac A: 01b, [%] =1 (mod 2)}.

Here, 0 can be arbitrarily partitioned into either of the two sets. Let B be
the larger of A; and Ay (or either one if they have the same cardinality).
Consider any two distinct elements a, b € B. If these elements are written in
the form a = 6% ag and b = 0?*b,, the absolute difference of their exponents,
|ag — |, cannot be 7. Thus, in the case of a,b € B, (a # b), the highest
exponent of # that divides the numbers a and pb (= —67b) must be different.
Thus, in the case of 6% | a+ pb=a— b, 0¥ | a,pb, so 6*~7 | a,b. This

completes the proof of Lemma 4.

Now we consider the case when —p = 07, where 0 < v € Z and 0 € P.

Let

def
c(0,p) =7,

and let

def el
clp) < H 7emp)

m|p(1+p)
Arg(m)€[0°,60°)

(Here the product runs on the prime divisors of p(1 4 p), where the prime
divisors in this case also include 6.)

Then the method used in Case 1 will also be applicable: Let us list the

Euler prime divisors of [[spea(a + pb) whose arguments lie in the interval
a#b
[0°,60°): 7y, g, ..., Ts. Suppose that

o < Los(|A|/(r(c(p)” +2)) _ log(JA]) —log(7(c(p))” +2)
- log 3 log 3

9

Our aim is to derive a contradiction from this assumption.

We then recursively define a sequence of sets
def
A= ADA DA DDA,

for which
| A

'A’L> 3
4= A




18 E. Fiiredi and K. Gyarmati

and if u > ¢(m;, p),

abe A, ma+pb = 7P g b,

7

This is easy to do, since, given Ag, Ay, ..., A;_1, we can apply Lemma 2
or Lemma 4. A = A, _; and 7 = 7;. We use Lemma 4 exactly when —p is a
power of m with a positive integer exponent, and the resulting set B gives
A;. Instead of the halving obtained in Lemma 4, we can also third the set
there. Then,

[As—1| _ [As—2] [Aol _ | A] 2
| > > >0 > 20 2,
Al = === = == == 57 = 57 2 7(cp)" +
and for each of the primes 7y, m, ..., 7, the following holds: if u > ¢(m;, p),
(17) abe A, mat+pb = 7 g b,

In the following, let ®(a,b) be the Eulerian integer defined as:

a . b
ged(a, b) pgcd(a,b) ’

®(a,b) =
Similarly to Lemma 3,
{®(a,b): a,be A} < 7(c(p))
now holds with the same reasoning.
From this, it is clear that
(18) {(®(a,5), B(b,0)) : a,b € A} < 7(c(p))?.

Then, let t = 7(c(p))?. Since | As| > 7(c(p))? +2 = t + 2, we can select ¢ + 2
distinct elements from A,. We denote the first element by a, and the others
by bl, bQ, R ,bt+1. Then, by (18),

{(@(a,0;), @(bi,a)) : 1 < s <t + 1} < 7(c(p)® = t.
Thus, by the pigeonhole principle, there exist distinct ¢ and j such that
((I)(aa bl)? CI)(b“ a)) = (®<a7 bj)a (I)(ij CL))

Let
CID(a, bl) = CID(a, bj> = Z1

and
O(b;,a) = O(bj,a) = 2.



Erdés—Turan Theorem and Eulerian Integers 19

a b; a b
‘ and J are the solutions of

ged(a, b))’ ged(a, b;) ged(a, b))’ ged(a,b;)

the same system of linear equations with two unknowns

Then,

T+ py =z
pPT + Y = Z9.
: Lop : : :
Since det # 0, the above system of linear equations has an unique

p 1
solution, i.e.,

a a
19 —
(19) ged(a, b;)  ged(a, b))
b; b;
(20) ’

god(a,b) — ged(a,by)
Then, by (19), ged(a, b;) = ged(a, b;), but then, by (20), b; = b;, which is a

contradiction. Our result now follows.

Proof of Corollary 1. Since w = _1+T\/§Z is a root of unity in the ring
of Eulerian integers E, we use the notation corresponding to the proof of
Case 1 of Theorem 2: ¢(w) =1 and 7(c(w)) = 6. Thus, the lower bound on
the number of distinct Eulerian prime factors (wg) follows directly from the

proof of Theorem 2:

- log | A| — log(7(c(w))? + 2) _ log|A| —log 38
log 3 N log 3 '

wg H (a+ wbd)
a,be A
a#b

We connect this result to the rational prime factors by observing that
the product [[(a® — ab + b?) is the norm of the product [](a + wb):

H (a> —ab+b*) =N H(a+wb) = H(a+wb)(a+w2b).
a,bec A a,be A a,be A
a#b a#b a#b

For any rational prime p, the product p factors in E into at most two
distinct conjugate Eulerian primes. Thus, the number of distinct rational
prime factors, wy, of the product is at least half the number of distinct
Eulerian prime factors wg.

Therefore, this implies:

1 [log|A| —log38
2 b b2 -
N alz;[A(a ab+b%) | > 2 log 3 ’

a#b
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which is the required result.

Proof of Corollary 2. This proof is similar to the proof of Corollary 1.

Since —w is an Kulerian integer that is a root of unity and —w+1 = 3_7\/31 =

\/52(’1’7\/“3”) is an Euler prime, with the notation corresponding to the proof

of Case 1 of Theorem 2, ¢(—w) = —/3iw and 7(c(—w)) = 7(—v/3iw) = 12.
Thus, the lower bound on the number of distinct Euler prime factors
(wg) follows directly from the proof of Theorem 2 (with p = —w):

log |A] — log(7(c(—w))? + 2 log | A| — log 146

o | TL ooy | » Il losre))+2) _ gl —log145
a,be A & &
a#b

We relate this result to the rational prime factors by noting that the

product [](a® + ab + b?) is the norm of the product []J(a — wb):

H(a2—|—ab+b2):N H(a—wb) = H(a—wb)(a—w%).
a,be A a,be A a,be A
a#b a#b a#b

The number of distinct rational prime factors, wy, of the rational product
[1(a® + ab+b?) is related to the number of distinct Euler prime factors wg.
Since any rational prime p is the product of at most two distinct conjugate
Euler prime factors, we have wy > wg/2. This implies:

1 (log|A| — log 146
“tab+ b)) | > =
. alng(a Hartr) 2 log 3 7

a#b

which yields the required result.
Proof of Theorem 3. Let n > 2 be an integer. We define the sets A’ and
B’ in Z™ for the elements of the sets A and B:
A= {(ria™ rox™, ..y 2™ 1) s € A}
B ={(1,y,9%....y" oy ") 1y € B}
Since |A| > |B|, we have |A’| > |B'| > 2n — 2.

The following theorem is included in the paper of Gyéry, Sarkozy, and
Stewart [4]:
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Theorem D. |Gy&ry-Sarkozy-Stewart| Let n > 2 be an integer, and let
A B C (ZF)" be finite sets such that |A| > |B| > 2n — 2. If for every
vector in A the n-th coordinate is 1, and any n vectors in BU{(0,...,0,1)}
are linearly independent, then there exists an effectively computable positive
constant ¢ for which

WN H (a1b1 + agbg + 4 anbn) > ClOg |./4.|

(a1,...,an)€A
(b1,...,bn)€B

To ensure we can apply Theorem D, we must verify that its conditions hold
for our sets A’ and B'.

1. The n-th coordinate of every vector in A’ is 1.

2. We show that any n distinct vectors from B U {(0,...,0,1)} are lin-
early independent.

Condition 1 is immediate. We proceed to prove Condition 2.

Case 1: All n vectors are from B’. Let the vectors correspond to
Y1, Y2, - - -, Yn € B. The determinant of the matrix formed by these vectors
is proportional to a Vandermonde determinant:

1 1 1
1 Y2 Yn
=Tn- H (y; —yi) # 0.
e Y TR 1<i<j<n
L T N Y N Vi

Since the elements y; are distinct and r,, # 0, the determinant is non-zero,

proving linear independence.

Case 2: One vector is (0,...,0,1). Let the n — 1 vectors correspond to
Y1, Y2, - - -, Yn—1 € B, and the n-th vector be e, = (0,...,0,1). The determi-
nant of the matrix formed by these vectors is found by cofactor expansion
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along the last column:

1 1 1 0
1 1 1
Y1 Y2 coi Yn—1 O
. _ 51 Y2 Yn—1 # 0.
T R S | P _
n—1 n—1 n—1 h Yo Yn—1
TRyl TaYs o oo Ta¥,g 1

The resulting subdeterminant is a non-zero Vandermonde determinant since
y; are distinct. Thus, the vectors are linearly independent.

Since the assumptions are met, we apply Theorem D to the sets A" and
B’

WN H a-b | >clog|A'| = clog|A,

ac A’
beB’

where the inner product a - b yields:

a-b=(ra™)(1) + (raa™)(y) + - + (raa2™ ) (") + (D(ray™ )

Mp—1,,M

= @™ o™y e ™Y Ty T = fy).
Thus,

wN< H f(x,y)) > clog |A|

zeAyeB
for an effectively computable positive constant ¢, as required.
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