Bounded gaps and perfect power gaps in

sequences of consecutive primes

Katalin Gyarmati

Abstract

We study whether several consecutive prime gaps can all be rela-
tively large at the same time, or is it possible that all are squares or
perfect powers, or perhaps none of them are squares? A few related

results and problems are also presented.

1 Introduction

It has long been conjectured that there are infinitely many twin primes.
Building on classical sieving techniques, significant recent progress has been
made toward proving this conjecture by Goldston, Pintz, and Yildirim |13,
14, 15], Zhang [37], and Maynard [23|. The most notable result was proved
within the framework of the Polymath Project [29], [30] about ten years ago.
Namely, they proved that

Prt1 — Pn < 246 (1)

holds infinitely many times, where p,, denotes the n-th prime number.
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It is also interesting to study the maximum value of p,,; — p, for primes
less than x. This problem was studied, for example, by Westzynthius [3§],
Erdés [8], and Rankin [31]. In 1997, Erdés [9] offered a reward of $10,000
to anyone who could improve on the previous best result, but this was only
achieved in 2016 by Ford, Green, Konyagin, Tao [10], and Maynard [24], [25]
(also see the joint paper [11]). Here, they proved that

c logn loglogn loglogloglogn

n — Dn >
Pty =P log loglog n

holds for infinitely many integers n, where ¢ > 0 is an absolute constant.
Consider the following problem: is it possible to find many large consecutive
prime gaps? Shiu [35], Cramér [6], Maier [22], and Pintz [27] also worked
on this problem. Finally, Ford, Maynard, and Tao [12] proved the sharpest

theorem:

Theorem A. [Ford, Maynard, Tao|. Let k > 1 be an integer and

def

Gk(l’) = max min{pn-‘rl — PnsPn+2 — Pn+1,-- -3 Pntk — pn+k—1}-
pn+k§m
Then
1 log z log log x log log log log
Gk(w)>>—g g 1og gggg’ 2)

k? log log log

where the implied constant is absolute and effective.

The following result, Theorem 1, provides a lower bound for Gy(x) that,
while staying within the average spacing of log x, offers important insights for
larger values of k. For the case k = 1, the result is essentially a consequence
of the Prime Number Theorem and could be considered trivial. However, for
k > 2, the estimate is derived using specific bounds from sieve theory. This

result sharpens Theorem A only for large k.

Theorem 1. There exists a positive constant xqo such that if vo < z € R and
2<keN, then

1
Gi(z) > 0.1504 Oix. (3)




If k is large in terms of z, i.e.,

s log log = log log log log x

?

log log log x

then the estimate (3) is sharper than the estimate (2).

Today, according to (1), we know that there are infinitely many consec-
utive primes whose difference is < 246. Related to this, I ask the following

problem:

Problem 1. Is it possible to prove the existence of an absolute constant C

for which there are infinitely many integers n with

Prnt1 — Dn < C

and

Pn+1 — Pn

is a square? Is a similar statement true for squarefree numbers in place of
squares? Is such a statement true if we require the difference p,.1 — pn to be

twice a prime (or a prime itself) instead of a square?

I conjecture that the above problem is true for C' = 2462, but I have
not been able to prove this. However, a slightly weaker statement follows
immediately from Pintz, Steiger, and Szemerédi theorem [28]| or Bloom and

Maynard’s theorem [3].

Theorem 2. There are infinitely many prime pairs p,q for which p — q is a

square.

Problem 1 is related to the famous Dickson conjecture (see Conjecture 1
later). Surprisingly, if we replace the squares in Problem 1 with perfect pow-
ers, then the statement can be easily proved, following the Banks, Freiberg,

and Turnage-Butterbaugh’s theorem [2].



Theorem 3. There are infinitely many integers n for which

1.834-1076
Pn+1 — Pn < €

and ppi1 — Pn 1S @ perfect power.

The method of the proof of Theorem 3 can also be used to prove the

following more general statement:

Theorem 4. For every integer m > 1, there are infinitely many integers n

for which
10.6m

e
Prn+m — Pn+1 <e€
and the difference between any two of the consecutive primes

Prt1, Pnt2s - - - » Pntm 5 G perfect power.

Problem 2. The upper bounds in Theorems 3 and 4 are clearly not optimal.
It might be interesting to sharpen the constants in these theorems signifi-

cantly.

In addition to the cases concerning squares and powers, it is also inter-
esting to study sets of primes for which the difference between two primes is
never a square. Then, using the results of Ruzsa [34| and Lewko [21], I will

prove the following:

1 log 12

Th 5. Letyv= -+ —"——
eorem o- Loty = 5 ¥ 510 205

1
{1,2,...,x} there exist at least ﬁﬂ/ log x primes such that the difference

=0.7334117.... If x > 2, then in the set

between any two primes is never a square.

We may also study the case when we require that the primes in Theorem
5 should be consecutive primes. In this case, I have been able to prove the

existence of a much smaller set of primes with the desired property.

Theorem 6. There exists a positive constant xy such that if x > xq, then in
the set {1,2,...,x} there exist k = [0.24(log z)"/*] consecutive primes such

that the difference between any two of these primes is never a square.
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Problem 3. Is Theorem 6 true for k = [z€] consecutive primes, where ¢ > 0

1s an absolute constant?

The structure of this paper is as follows. In Section 2, we provide the
proof of Theorem 1 and discuss the underlying sieve methods. Section 3 is
devoted to the proof of Theorems 3 and 4, while the proofs of the remaining
two theorems are detailed in Sections 4 and 5. To achieve these results, we
utilize a combination of prime number theory and combinatorial methods.
All numerical computations throughout the proofs were performed using the
SAGE programming language [36]; the corresponding source codes are pro-

vided in the Appendix.

2 Proof of Theorem 1.

Throughout the proof, we may assume that k£ < 0.0752log x; otherwise,

the theorem is trivial. Let

log x

r = 0.1504 > 2.

Then,
rk = 0.1504 log x.

Assume that x is sufficiently large (z > x). In the interval [1, ], we indicate
the primes with two colors, red and green. The color of a prime 1 < p < x
is red if there exists another prime ¢ > p for which ¢ — p < r. The color of
a prime 1 < p < x is green if there does not exist such a prime g, i.e., for all
q > p primes, we have
qg—p>r.

Let R denote the number of red primes and G denote the number of green
primes in the interval [1,z]. The main idea of the proof is to find many
consecutive green primes in the interval [1,z]. To do this, we will prove the

following;:



Lemma 1. There exists a constant xy such that for all x > xy, the number
of red primes in [1, x| satisfies

rx
(logz)?

Before proving the lemma, let us see how the theorem follows from it.

R < 6.646

In the interval [1,x), let us call a subinterval [a,b) red if all the primes it
contains are red. Similarly, let us call a subinterval [a,b) green if all the
primes it contains are green. The interval [1,z) can be partitioned into the
union of disjoint red and green intervals. Since these intervals alternate in
colour (and we may assume that [1, ) starts with a red interval), it follows
that a red interval is followed by a green one, and a green interval is followed
by a red one. In this partition, the number of green intervals is less than or
equal to the number of red intervals, which in turn is less than or equal to

the total number of red primes. That is,

4 (red intervals) < R < 6.646—

(log )*’

By Rosser and Schoenfeld’s result [33, Theorem 9|

m(x) > , ifx > 17. (4)

log x
Thus, for the number of green primes, we have

a > 6ed6—r .

G > — — —
log x ~ logx (log x)?

That is, in the above division of [1, z] into disjoint intervals, we have at most

6.646 — green intervals, which contain more than T 6.646 — 2
(log x)? log x (log x)?
green primes. Then, by the pigeon-hole principle, there exists a green interval

that contains at least

T rT

logz 0 (log )2
TT
646 ——
6646 o



green primes, which is

log

> (0.1504 1

r
log =

=0.1504 ——F—+ —
0.1504 log x/k

=k—1

Denote the first k£ of these green primes by p., pna1,- -, Pnak—1. Since these

primes are consecutive primes in a green interval, the distance between two
log x

adjacent ones is > r = 0.1504 %, from which Theorem 1 follows. All that

remains is to prove Lemma 1.

The proof of Lemma 1. A classical upper bound for the number of prime
pairs with a given difference h can be found in the work of Halberstam
and Richert [18, Theorem 3.11]. While more recent developments (see e.g.
[19, 20]) provide sharper constants or fully explicit versions of this inequality,
and explicit bounds holding for all x > 1 are also available in the literature
(see e.g. Riesel and Vaughan [32, Lemma 5|), the following asymptotic form

is sufficient for our current purposes.

Lemma 2 ([18, Theorem 3.11]). If N — oo and 2 | h, then

{p: p< N, p+h=p andp,p are primes }|

1 p—1 N < (loglogN)>
<8 11— : 1+0 (=221,
H( (p—1)2)2<plhp—2 (log N')? log N

where the implied constant factor used in the O-term is absolute and does not

depend on h.

In the following, we denote the integer part of r by [r]. If h is odd, then
H{p: p< N, p+h=p" and p,p" are primes}| < 1, since by parity, we know

that one of the primes p and p’ is even, so it is 2. Using this and Lemma 2,



we find that the number of red primes is

ih: H( p_11)2)2£)[§:;(10§$)2 (1+0(%))

2<p

[r

+
I\

=
=

53“

hi dd

[r]
In the above estimate, O is independent of h and . 1 < [r] < logz, thus,

h=1
h is odd

if x is sufficiently large, then

R<8000IZH( )) pil- ’
<plh

.
g sepn P 2 (og2)

A numerical computation using SAGE programming language (Appendix,

Program 1) shows that

g (1 - ﬁ) < 2<E000 (1 - (p—;l)?) < 0.6602.

These Euler products can be computed to high precision; for an extensive

survey and numerical values, see e.g. Moree [26]. Thus,

1~2<52817Zl_[p_1 lox . (6)

i
h= 22<p|h & )

2|h
So, we need to give an upper bound for

— p—
h2\_i12 2<plh
Here,
—1 1 —1
p—1_ (1 N _) (p—1p
p—2 p) (-2)(@+1)
1



Thus,

i 1‘[ :2:: 1‘[ ( ) /(-2 (p+1)

5
=Y Saen 202000 T (1 N l) _
P
h

=2 2<plh
S Pl

Let T' = 20000, then

S 2/((p <3 2/((p-2)p+1))

2<plh 2<p

= > 2(p-2@+1)+ > 2/((p-2)p+1)).

2<p<T+1 T+2<p
Using the SAGE programming language (Appendix, Program 2), we get
> 2/((p—2)(p+1)) <0.7271.
2<p<T+1
Furthermore,

> 2/(p-2)p+1) < Y 2/(n—-2)(n+1)

T+2<p n=T+42

So,

> 2/((p—2)(p+1)) <0.7272.

2<p|h

Thus,

e22<pln 2/ (P=2)(P+1)) - 0.7272 - 9 503,



Writing this in inequality (7), we get

ZHP 20693£H(1+ )

h 2 2<p|h h= h2 2<plh

—20693£H<1+ ) (+;)

h=2 plh
2|hpl

< 13796§]:H<1+ )

h=2 pl|h
2|hzul

[r]

=1.3796 > Z

h=2  d|h
2In \u(d)l 1

= 1.3796 Z 21

\u(d)l 1 2\h
d|h

= 1.3796 Z Zl+13796 Z 21

\u(d)l 1 dlh Iu(d)l 1 Qd\h
d even d odd

" i
< 1.3796 Z ﬁ+13796 Z 5

=1

Iu( =1 Iu(d)\ 1
d even
< 1.3796r f L 137960 EOO L (8)
d? 2d?
d=1 d=1
ln(d)|=1 |(d)[=1
d even d odd

Let T"= 5000. Using the SAGE programming language (Appendix Programs
3 and 4) we get

T T
3 di Z “Zd(;l <0304

d= d=1

[\
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1 1 (d)
— = < 0.6079.
lu(d)|=1 d odd
dd
Moreover,
= 1 > 1 =1 1 1
> 5> qass< 25 (s 1)
d=T+2 d=T+2 d=T+2
|n(d)|=1 d even d even
d even
1
= — =0.0001
2T
and
= 1 > 1 =1 1 1
2. 55 < 2 2d(d—2) 2 4 (d—2_3>
d=T+3 =T+ d=T+3
|u(d)|=1 d odd d odd
od
< L _ 0.00005
=Y .

Thus, by (8) we get

]
—1
Y1 p—2 < 1.37967 (0.3041 + 0.60795) < 1.2583r.

h=2 2<pin P
2l

Writing this in (6), we have
r
646 ——
R <6.6 (log )%’

which proves Lemma 1. This completes the proof of Theorem 1.

[]

Remark. In Theorem 1, the constant factor could be further sharpened by

employing more sophisticated sieve estimates. For instance, one could use the

classical result of Chen [5] or the more recent refinements by Johnston [19]

and Lichtman [20]. However, even with these high-precision improvements,

the constant 0.1504 in Theorem 1 would improve only by a few thousandths,

which does not qualitatively change the nature of the result.
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3 Proof of Theorem 2.

We can prove that for every integer M, there exist two distinct primes
greater than M (p and ¢), such that p — ¢ is a square number. Throughout
the proof, we fix M. Next, we will use the theorem of Bloom and Maynard

[3, Theorem 1], who proved the following:

Lemma 3 (Bloom-Maynard). There exists positive constants Ny, co and ¢;

such that if N > Ny, AC{1,2,...,N} and

N
(log N)q logloglog N’

Al > o
then A contains two different elements whose difference is a square.

It is important to emphasize that Lemma 3 could be replaced by the
density theorem of Pintz, Steiger, and Szemerédi [28]. Their result was the
first to provide a sufficiently strong upper bound for the size of a set lacking
square differences to be applicable in the context of prime gaps. In the follow-
ing proof, we use the Bloom—Maynard formulation for its convenient explicit
constants, but the underlying arithmetic conclusion remains consistent with
the Pintz—Steiger—Szemerédi approach.

Next, we choose constants Ny, ¢y, ¢; which satisfy Lemma 3. Moreover,
let N > Ny and P be the set of primes between M + 1 and N. Then, if N is
sufficiently large depending on M and ¢, ¢;, we can apply the prime number

theorem:
N

N
> .
IOgN Z Co (10g N)cl log log log N

So, using Lemma 3, we proved that there exist two distinct elements p € P

Pl > 0.9

and ¢ € P, for which p — ¢ is a square number. Then, by the definition
of P, p,q are primes and M < g < p, which completes the proof of the

statement. OJ
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4 Proofs of Theorems 3 and 4.

The definition of the admissible set was proposed during the development

of the well-known Dickson conjecture, which is as follows.

Definition 1. We say that the set {gix + hi, gox + ha, ... grx + hi.} C Zx]

15 admaissible if
k

[[(giz + ha)

i=1
has no fized prime divisor p, i.e.,

{n  (mod p) : H(an +h;))=0 (modp)}| <p

i=1
holds for all primes p.

If we consider the case g = 1, this definition states that the set {z +
hi,x 4+ ha,...,x 4+ h} C Z[x] is admissible if and only if for every prime p,
the set {hy, ha, ..., hi} does not include a complete residue system modulo
.

Conjecture 1 (Dickson’s conjecture). If the set {g1x+ hi, gox+ha, ... grz+
hi} C Z[z] is admissible, then there are infinitely many positive integers n

for which every element of the set {gin+ hy,gan+ ha, ... gen+ hy} is prime.

Dickson’s conjecture remains unsolved; however, one of the most signifi-
cant breakthroughs towards this open problem is attributed to Maynard [23]
and Tao. Their work established the existence of bounded gaps between
primes for any k-tuple, significantly advancing the earlier pioneering results
in this direction. The following formulation of their result was given by

Granville [16, Theorem 6.4.].

Lemma 4 (Maynard-Tao). For every m € N, there exists a number k,y,
depending only on m such that if k > k,, and the set {g1x+hq, ..., grx+ hy}
1s admissible, then there exist infinitely many positive integers n for which

the set {gin + hi,...,gxn + hi} contains at least m primes.

13



Definition 2. Denote the smallest constant k,, for which Lemma 4 holds by
K.

Maynard [23| and Tao also gave an upper bound for K,,; namely, they
proved that
K, log K, < ¥, (9)

This inequality follows from the methods established by Maynard and Tao
[23]; however, for a version that provides this explicit form, we refer to the
exposition by Granville [16, Theorem 6.4].

Later, Maynard [23, Propositions 4.2. and 4.3.] proved that Ky < 105 and
K,, < em?e*™. The sharpest upper bounds were proved in the framework of

the Polymath Project [30, Theorem 3.2|:

Ky < 50, (10)

Km S C6(4_28/157)m- (11)

In order to prove Theorems 3 and 4, I will use estimates (9) and (10).
The main tool in the proofs is the theorem of Banks, Freiberg, and Turnage-

Butterbaugh [2].

Lemma 5 (Banks, Freiberg, Turnage-Butterbaugh). Let m,k € N, m > 2,
k > K,,. Furthermore, let {x+0by,...,x+b;} C Z[x] be an admissible set and
g € N such that ged(g,by - - - b,) = 1. Then, there is a subset {hy,..., hy,} C
{b1,..., b} such that there ezist infinitely many r € N for which the elements

of {gr + hi,...,gr + hy} are consecutive primes.

We will use this lemma for a properly constructed set {b1, ..., bk, }. This
set will be of the form {Wa,2Wa, ..., K,,Wa}, where a and W are defined

in the following lemma.

Lemma 6. Let m > 2 be an integer. Define W by

w=]] » (12)

P<Km
p prime

14



Then, there exist an 0 < a € N, for which all elements of
{Wa,2Wa,..., (K, —1)Wa}

are perfect power. Furthermore, we also have

10.5m
66
a <€ , (13)

and, in the special case of m = 2 we also have

7
a < 101.8339-10 6. (14>

Proof of Lemma 6. First we prove (13). Let s be the largest integer
such that py, < K,,, where p1,ps,...,ps denote the sequence of primes in
increasing order. In other words, py,...,ps lists all the primes in the interval
[2, K,]. Then, W = pips - - - ps. We also need the first K, primes, which are

p1=2,p2=3,...,pk, - Next, we will find an integer a, which is of the form
a:p?l ...p?S’

a is as small as possible, and for 1 < ¢ < K,,, iWa is a perfect p;-th power
(i.e., it is of the form iWa = aPi, where 0 < x € N). This determines the
remainder of the numbers aq, as,...,a, modulo p; for each 1 < ¢ < K,,.
That is, for a fixed j, the remainder of an «; is given for each of the moduli
P1,P2; - - -, PKk,,. Thus, o; satisfies a simultaneous congruence system, where
the moduli py,po,...,pk, are pairwise relative primes. According to the
Chinese remainder theorem, such an «; exists, and for the smallest o;; with
this property, we have

0<a; <pip2-- Pk,

Thus,

a = prlll . 'p?s S (p1 . 'ps)p1p2---me'

15



According to Rosser and Schoenfeld’s result [33, Theorem 9], [, p <

1.01624x
)

(& SO

, o 1.01624e8m+4
W= ] p=pp2---p. <M <e < (15)
p<Km

We note that while this bound has been significantly improved in recent years
(see e.g., [4]), the classical bound is sufficient for our purposes. On the other
hand, according to Dusart’s result |7, Lemma 1|, pr < k(logk + loglog k), if
k > 6, we can also estimate a. Let K = max{K,,,6}. Then,

a< (61.01624Km)p1"~p1(m

o 61.01624Kmp1 DKo,

.»1.01624 K (log K+log log K)
< 61.01624[( e .
Here, by (9) we have K log K < ¥t so K < ¥ and log K +loglog K <
8m + 4. Thus,

61.0162468771—1—461.0162468m+4 (8m—+4)

a < (16)

10.5m

<€ , ifm > 3.

Note that for m = 2 the upper estimate in (16) is approximately

104282528195
1 02.0407 10

9

which is an order of magnitude worse than the upper estimate given in (14).

Next, we prove (14). This requires slightly more precise calculations, for
which I used the SAGE programming language again. In the proof, we use
the fact that Ky < 50 (see (10)). Let us list the primes between 1 and 50:
p1 = 2,p2 = 3,...,p15 = 47. Then, W < p;---p15. Now, we will find an

integer a of the form

a=pi'py? - pla’, (17)

16



such that for every 1 <i <49, iWa is a perfect power. To do this, we divide
the set {1,2,...,49} into three parts:

H,={1,4,9,16,25,49},
Ho = {3, 24},
Hy ={1,2,...,49} \ (H1 U Ha,).
Then, |H3| = 41. Let us define a bijection f between the elements of H3 and

the prime numbers {ps = 5,ps = 7,ps = 11,...,ps3}. We will construct a

positive integer a for which:

Wa is a square,
3Wa is a cube,

and for i € Hs, iWa is an f(i)-th power, (i.e., it is of the form iWa = 2/®,
where 0 < z € N and f(7) is a prime in the set {ps, p4,...,pa1}).

Then, for every i € {1,2,...,49}, iWa is a perfect power since for i € H;,
1Wa is a square, for ¢ € Ho, tWa is a cube, and for ¢ € Hs, iWa is an
f(i)-th power. As before, now, each exponent «; in the prime factorization
of the integer a given in (17) must satisfy a simultaneous congruence system,
where the moduli are the first 43 primes. Since these moduli are also pairwise

relative primes, we can use the Chinese remainder theorem, and get
43
def
o < Hpj = F.
Jj=1

Then,
E
a < (p1-pis)”.

I calculated this value using the SAGE programming language (Appendix,
Program 5), and got the following result:

W < pipa- - pis < 10177 (18)

1076
a<101.833910 '
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This completes the proof of Lemma 6. n

Now, we can prove Theorems 3 and 4. In the case of the proof of Theorem
3, let m = 2. In Theorems 3 and 4, we look for an infinite number of
consecutive primes ppi1, Pn+2, - - -, Pntm such that for 1 <@ < j <m, p,y; —

DPn+i is a perfect power, and
10.6m
e€ .
pn+m_pn+1<e ) lfng,

respectively,

1.834-1076
0 834-10

Prnt2 — Png1 < 1 , ifm=2.

For this, consider the a and W given in Lemma 6. Then, every element of
the set {Wa,2Wa,..., (K, —1)Wa} is a perfect power. Next, we would like
to apply Lemma 5 with & = K, {b1,b2,...,bx} = {Wa,2Wa,..., K,Wa}
and ¢ = 1. Then, the set {x + by,...,x + bk, } is admissible since
{Wa,2Wa, ..., K,Wa} does not contain a complete residue system for any
prime p. This is because if p < K,,,, then by p | W, every element of the set is
congruent to 0 modulo p, and if p > K, then the set has fewer elements than
p. By Lemma 5, there is a subset {hy, ha, ..., hp} C {Wa,2Wa,..., K, Wa}
for which there exists infinitely many r such that r + hy,r + ho, ..., 7 + hy,

are consecutive primes. Let
Pni1 =7T+h1, . Poam =7+ hpy.
Then, for 1 <1 << j < m,
Pntj — Pnti = by — hy € {Wa,2Wa, ..., (K, — 1)Wa},

such that p,i; — pnyi is a perfect power. On the other hand, for the a given

in Lemma 5, we have (13) or (14), and for W, we have (15) or (18); thus,
10.5m
Pram — Pt < (K — 1)Wa < Kwe’
10.5m ,10.6m

gmta _e€ e
8m+4 1.01624e e < e

<e e , if m > 3,

18



and for m = 2, we have

Pry2 = Pni1 < (Ko — 1)Wa < KQW1()1-8339'1076

.1076 1076
<50- 1017_781101.8339 10 < 101.834 10 ‘

This completes the proofs of Theorems 3 and 4. O

Remark. If we could find 50 distinct squares such that the difference be-
tween any two is also a square, then Problem 1 could be proved using the
method described here. However, I strongly doubt that such a set of 50 ele-
ments exists. In fact, I do not think there is even a set of five elements with
the above property (see Conjecture 4 in [17]). It is also worth mentioning that
based on the Bombieri-Lang conjecture, an absolute constant upper bound
can be given for the size of sets of integers where the difference between any
two numbers is a square (for example, see the Note after Theorem 4.6 in [1]).
Unfortunately, we do not know whether this constant is greater than or less

than 50.

5 Proof of Theorem 5.

We can assume that x > 17 since the theorem is trivial for 2 < z < 16.
Let D(z) denote the number of elements of the largest set in [1,z] that do
not have two elements whose difference is a square, and let Dp(z) denote the
number of elements of the largest set of primes in [1, z] that do not have two
elements whose difference is a square. Ruzsa [34], in disproving a conjecture

of Erdés, proved the following:

Theorem B.
1
D =
() > o
where
1 log 7
¥ 5 < + 10g65> 0.733077
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In fact, Ruzsa proved a slightly more general theorem. Namely, if r(m)
denotes the maximum number of residue classes modulo m such that the
difference between any two residue classes is not a square modulo m, then

the following holds.

Theorem C. For all squarefree m we have

1
D(z) > — )
m
where
1 logr(m)
v(m) 2 2logm
Ruzsa noticed that
r(65) > 7. (19)

Namely, if we consider the pairs
(0,0), (0,2), (1,8), (2,1), (2,3), (3,9), (4,7)

where we assign to the pairs of numbers the residue class modulo 65, whose
residue modulo 5 is the first member of the pair, while the residue 13 is the
second member of the pair, then for these residue classes mod 65, there are
no two elements in the set whose difference is a square modulo 65, since the
difference between any two elements mod 5 or mod 13 is a quadratic non-
residue. This proves (19). Later, Lewko [21] gave a similar construction with
modulus 205, proving that
r(205) > 12.

The only question is whether the proof of Theorem C can be transferred to
the case where the set can only contain prime numbers. We will prove the

following.

Lemma 7. For all x > 17 and squarefree m we have

27 (m)

D >
p(z) 2 mlogx’
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where
1 logr(m)
v(m) = 2 + 2logm
Using Lemma 7 with m = 205 and r(205) > 12, we immediately obtain

the statement of Theorem 5. Next, the proof of Lemma 7 follows.

Proof of Lemma 7. Let R C Z,, be a set such that the difference between
any two elements is not a square modulo m and |R| = r(m). If r € Z,,
then let ¥ denote the smallest nonnegative integer that represents r among
integers, i.e.,

r=7 (modm), 0<7<m.

If 0 < a < m, define R, by the following set:
Rad:ef{rjta: re R} C{0,1,2,...,m—1}.

Then, the difference between two elements in R, is never a square modulo
m, since the difference between elements in R, modulo m is the same as the
difference between the corresponding elements in R.

Let n = |log,, x|, so that
m" <ax<m" (20)

We consider the k-tuples (ig,io,...,%), where ¢ is the largest even integer
less than n, and k = |n/2] 4+ 1 denotes the number of coordinates. For each
such tuple, where 0 < iy; < m are integers, we define the set S(ig, i2,. .., )

as the collection of integers that can be written in the form

—_

n—

s = rym’ 41,

1
o

where r; € R;; if j is even, and 0 < 7; < m is an arbitrary integer if j is odd.

We will prove that the difference between any two elements in S(ig, is, . . . , ;)
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cannot be a square. Suppose that s — s’ = u? , where s,s" € S(ig, ia, . .., 7).

Let
n—1 n—1
s:erm]—i—l, s’:2r3m3+1.
=0 =0

Let k denote the smallest index k for which ry # .. Then:

u? =5 — 5 = (rp — rj)m" + 2mFr

If k is odd, then m* | w2, but m*! { «? which is impossible for squarefree

m. If k is even, let k = 2¢, and then

(u/mg)2 =r;—r, (modm), wherery, 7, €R;,

which contradicts the fact that the difference between any two elements in

R; 1is not a square modulo m.

ik
For every integer 1 < s < m”, s — 1 can be written in the m number

system:
n—1

s:(s—l)+1:Zijj—|—1.
=0
For a fixed even j, there exist exactly r(m) values of i such that 0 <7 <m
and r; € R;. That is, for a given integer 1 < s < m", there exist a total of

7(m) "+ D72 pieces of [(n + 1)/2]-tuples (ig, g, 44, - - - , ;) such that
S € S(io,ig, ce ,’it).
This is true for all integers 1 < s < m”, including the primes. Thus,

[ {(p, (i0,i2,...,4)) : 1 <p<m" prime, p € S(ig,...,0), 0 <i; <m,}|

(21)
= 7 (m) D2 (),
Since the number of k-tuples (ig, iz, ...,i;) with 0 < i; < m is exactly m”,
according to the pigeon-hole principle, there exists a k-tuple (ig, s, ..., 1)
such that S(ig, s, ...,4;) contains at least
r(m)*a(m")
mk
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primes. If we prove that

() /2 () § Zv(m) | )
ml(n+1)/2] mlogx
v(m)
then the number of primes in this set S(ig, iz, ...,%) is > , and the
mlog x

difference between any two primes is not a square number, which proves the

statement of Lemma 7. So, we only need to prove (22). In [33, Corollary 1],

Rosser and Schoenfeld proved that for x > 17, w(x) > oo So,
ogx
r(m)[(”ﬂ)/z]w(m”) r(m)[(nJrl)/Q]mn
Ml D2 =l D/ og(mn)
By (20),
r(m)[(”ﬂ)/z}w(m”) - r(m)[(n—l-l)/Q]mn
mln+1)/2] — gplnt1)/2] log €
_ Ll 1)/2)008r(m)/ logm-1)4n
log

Since by logr(m)/logm — 1 is negative,

T(m)[(n—‘_l)/ﬂﬂ-(mn) 1 m(nJrl)(logr(m)/logmfl)/2+n
mln+1)/2] - log;(;
— 1 m(nJrl) 10gr(m)/(210gm)+(n+1)/2.
mlogx
Thus, by (20),
r(m)l P (mm) 5 1 logr(m)/(2logm)+1/2
ml(n+1)/2] ~ mlogx
2Y(m)
"~ mlogz’
which proves (22). This completes the proof of the lemma. ]

6 Proof of Theorem 6.

Let us list the primes between 2 and z in increasing order:
2=p1<pa<ps<---<ps<
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Let

t = [0.24(log z)"/4], (23)
t1/3(log 2)%/*
~ T 3.3231/3 (24)

We color the primes in the interval [1, z] with three colors. The color of the
prime 2 < p; < x is red if there exists an integer 1 < h < r such that p; + h?

is also prime. The color of the prime 2 < p; < x is yellow if
2
Ditt —Di > T°.

The primes that are not colored red or yellow are colored green. In the proof,
we look for ¢ consecutive green primes. If p;, p;y1, ..., pirt—1 are t consecutive

green primes, then for 0 < m <n <t —1,
Pitm — Ditn
is not a square. This is because if
2
Pitm — Pitn = h

holds, then for h < r, the color of p;.,, is red, and if A > r, then by p; s —p; >
Pitm —DPisn = h? > r?, the color of p; is yellow. Next, we will use the following

lemma:

Lemma 8. For sufficiently large x, denote the number of red primes in the

interval [1,z] by R, and the number of yellow primes by Y. Then

rT
< 6.646——— 2
R < 664655 (25)
t
Ygr—f. (26)

Before proving the lemma, let us see how the theorem follows from it.
We divide the interval [1,x) into disjoint subintervals of the form [a,b). We

call such a subinterval red if all primes within it are either yellow or red;
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otherwise, if a subinterval contains only green primes, it is called a green
interval.

The interval [1,z) can be represented as a union of alternating disjoint
red and green intervals. By our construction, the first interval starting from
1 is red (since the initial small primes do not satisfy the conditions for be-
ing green). Because red and green intervals alternate, the number of green
intervals is at most the number of red intervals. Note that each red inter-
val contains at least one red or yellow prime by definition. Thus, the total
number of red and yellow primes, R + Y, provides an upper bound for the

number of such intervals:

T tx
R+Y <6.646—— + —.
trs (log )2 * 72

Using the prime number theorem in the form 7(z) > x/log z, the number of

green primes G satisfies:

rT tr
—6.646——— — —.
log x (logz)? r?

G>n(z)—(R+Y) >

t
Thus, we have at most 6.646 T + " green intervals, which contain
(logz)? 12
more than i — 6.646% — —g; green primes. So, by the pigeon-hole
og x ogx r
principle, there exists a green interval containing at least
z rT t
oy det log x 7 (logzx)?  r?
o rT tx
6.646 — + —
(log )? - 72

If this quantity is greater than 0.24(log x)'/*, the statement of the theorem

is proved. Indeed,

T
He -1
' (logz)?2 =~ 12
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Then, according to (24), given as the definition of r

~ (logz)'/3 .
T 3.3.3232/3¢13 7

where by (23), we have
H > 0.2408 - (log z)'/*,
and this was to be proved. All that remains is to prove Lemma 8.

Proof of Lemma 8. By Lemma 2. for the number of red primes we have

[r

]
1 p—1 x log log x
RSZ8H<1——2> : 2(1+0(
= (p=1)2/ 2y, p—2 (logz) log x

2<p

[

=,

+
(]

>

=1
h is odd

=

But p | h? holds if and only if p | h, thus

[r]
Z 1 p—1 x log log x
i 2% (p—1)2 s P 2 (logz)? log x

[r]

=1
h is odd
From here, we can perform the same calculations as in the proof of Lemma

2, and we get
re

(log x)*’

which proves (25). In order to prove (26), consider the primes in [1, z] in the

R <6.646
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following sequences

P1, Pt+1, P2t+1, - - -

D2, Dt+2, P2t+2, - - -

Pty Do, D3ty - - -

Here, in the j-th sequence

2< Djs Pitjs P2usjs -+ > Pit+j < Ty

where ¢ = {(j) is the largest integer such that py,; < z, there can be at

most 5 yellow primes. This follows from the fact that

& > (Prvj — Pj) + (Dot — Devs) + (Dst45 — Datsj) + -+ + (Perj — Die—1)t+5)

and in the above sum, at most % differences can be greater than r* (otherwise
their sum would exceed ). Since we have t such sequences, the total number

of yellow primes Y is at most % This completes the proof of the lemma. [

7 Appendix

Here are the SAGE programs required in the proofs of Theorems 1, 3,

and 6. I ran these codes on the following online platform:

https://sagecell.sagemath.org/

XKk

Program 1

n=5000
prod( 1-1/((p-1)**2) for p in prime_range(3,n)).n()

Result: 0.660175738989977
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XKk

Program 2

T=20000
sum(2/ ((p-2)*(p+1)) for p in prime_range(3,T+2)).n()

Result: 0.727089417741948

Kokok

Program 3

T=5000
sum(moebius (d) **2/(d**2) for d in range(2, T+1,2)).n()

Result: 0.303923082993008
Kook
Program 4

T=5000
sum(moebius (d) **2/(2xd**2) for d in range(l, T+2,2)).n()

Result: 0.607886600147474

Kokock

Program 5

W=prod(p for p in prime_range(2,50))
P=Primes ()

E=prod(P.unrank(j) for j in range(0,43))
exponent=(Exlog(W,10)).n()

print (log(W,10).n())

print (exponent)

Result: 17.7887972765829, 1.83383491155388e76
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