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Abstract

Individual decisions in population games are often grounded on various motivations, including regret-based
learning or random exploration of the strategy space. Despite the intensively growing interest in these
microscopic rules, their simultaneous consequences on strategic behaviors remain largely unexplored. Moti-
vated by this shortage, here we propose a novel protocol that combines regret-based learning and random
exploration into a general two-player, two-strategy game between individuals and their neighbors arranged
in a network. During the evolutionary process, agents randomly explore alternative strategies with a certain
probability or employ regret-based learning using a Boltzmann-type regret function. We derive an analytical
condition under which a strategy can prevail and find that the condition depends solely on the game pa-
rameters, and is independent of the regret function, random exploration rate, and network structure under
weak regret strength. On the other hand, the chance of a random exploration weakens the evolutionary
advantage of the dominant strategy and enhances the fitness of the less-favored one. Furthermore, we reveal
through computer simulations that increasing the regret strength enhances the position of more dominant
strategy, while the evolutionary chances is suppressed when it is not favored.

Keywords: Evolutionary dynamics, population games, regret-based learning, random exploration,
strategy evolution

1. Introduction

Understanding and predicting the evolutionary dynamics of emergent behavior in a large population
of individuals engaged in strategic interactions has became an intensively studied research field in recent
years [1, 2, 3, 4, 5]. A focal question is how microscopic strategy updating procedures influence the final
evolutionary outcomes, which can provide new insights into understanding, analysis, and design of multi-
agent learning algorithms [2]. During the past decades, several update rules have been developed to mimic
how agents make decisions in gaming environments [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18]. It is important
to note that these protocols are primarily motivated by the exploitation or exploration principles [19, 20].

Indeed, the integration of exploitation and exploration has been proved to be particularly important for
the efficiency with which protocols lead to different evolutionary patterns of collective behavior in complex
networks [21, 22, 23, 24, 25, 26, 27]. It is worth mentioning that the regret value is often considered as a
key exploitation metric. Essentially, the regret value is determined by the difference between the maximum
attainable payoff and the actual payoff received by an agent [28, 29]. In the context of exploration, random
exploration is a frequently considered approach. The actual protocols used in this regard are softmax
and ε-greedy exploration [19]. Recent studies have focused on proposing multi-agent learning algorithms
that incorporate random exploration and regret minimization [30, 31]. The rationale of such algorithms is
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reflected by the phenomena in human and artificial societies that agents may make decisions based on the
regret values of different strategic actions, but they may also take actions through random exploration of
the strategy space.

However, the majority of related works focused on investigating the separate effects of regret-based
learning or random exploration on the evolutionary outcomes of collective actions, in which the results are
mainly obtained by computer simulations. The systematic theoretical analysis is lacking, which would be
essential to get a deeper understanding about their simultaneous consequences in realistic scenarios of game
interactions.

To address this shortage, our present goal is to theoretically investigate the impact of regret-based
learning and random exploration on evolutionary dynamics in network games. In this work, we propose
a combined learning protocol based on the regret value and random exploration into a population where
agents play a general two-player, two-strategy non-cooperative game on any connected graphs. We assume
that each individual has two strategies A or B to choose. During the evolutionary process, individuals may
select a randomly chosen strategy with a certain probability. Otherwise, they update their strategy using the
Boltzmann exploration mechanism involving the information of regret values. Additionally, for convenience,
we take the average frequency of strategy A as a key quantity to depict the evolutionary outcome. We then
focus on how the average frequency of strategy A changes with this protocol. We derive the theoretical
condition for strategy A to be favored on any connected network structure by employing the Markov chain
and matrix theory under weak regret strength. We find that the strategy success condition depends only on
the elements of the game payoff matrix, and is independent of the regret values of strategies and random
exploration rate. Additionally, we find that whether strategy A prevails over strategy B under the learning
procedure is independent of the network structure and regret function form. We find that the average
frequency of strategy A depends on the regret function and random exploration rate. When strategy A
is more favored over strategy B, the average frequency of strategy A decreases as the random exploration
rate increases. Otherwise, the average frequency of strategy A increases as the random exploration rate
increases. In addition, we perform computer simulations and confirm that these results are valid on different
representative network structures and various forms of regret functions. Furthermore, we show through
computer simulations that increasing the regret strength enhances the dominance of strategy A when it is
more favored, but suppresses its evolution when it is not favored. This result indicates the dynamic of “the
strong get stronger, the weak get weaker” when the regret strength is not weak.

The remainder of this paper is organized as follows. In Section 2, we propose the strategy learning
protocol that incorporates the regret factor and random exploration into network games. In Section 3, we
present a detailed theoretical analysis under weak regret strength and present the mathematical condition
for the evolutionary success of strategy A. In Section 4, we provide numerical and simulation results to
verify our theoretical predictions. Finally, our conclusion and discussion are presented in Section 5.

2. Model

We consider a structured population of size N (N ≥ 2). The population structure is described by a
weighted network in which each node represents an agent, and the edges represent interactions between
agents. Specifically, the edge weight wij between agent i and j is denoted as wij . Here wij = 0 implies that
there is no connection between agent i and j, while wij > 0 means that the two agents can interact with

each other. Accordingly, the weighted degree of node i is di =
�N

j=1 wij . Here we consider an undirected
network, i.e., wij = wji.

We consider that the two-player, two-strategy game is played on the network. In this game, there are two
strategies and each agent can choose strategy A or B. Specifically, when A meets A, both gain the payoff
a. When A meets B, the former gets the payoff b and the latter gets the payoff c. When B meets B, both
gain the payoff d. On the network, each individual l plays the games with all its neighbors and collects the
degree-weighted average payoff pl [32]. On the other hand, each individual can have the maximum possible
payoff by playing the games with neighbors according to the strategy pattern in the neighborhood. We
therefore assume that an agent l has the personalized possible maximum payoff, defined by p∗l . Based on
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Fig. 1. Illustration of game interactions and strategy learning on graphs. (a) Individuals engage in a general
two-player, two-strategy game with neighbors on a connected, weighted graph. The payoff matrix of general
two-person game is given at the bottom of panel (a). Pink (blue) color represents strategy A (B). (b)
Individuals update their strategies based on the regret function and random exploration. When an agent
i interacts with its neighbors, it receives the actual average payoff pi and identifies the maximum possible
average payoff p∗i according to the strategy pattern and the weighted connections in its neighborhood.
Consequently, the regret value of agent i is denoted as r = β(p∗i − pi), where β is the regret strength. The
right part in panel (b) shows that agent i chooses a random exploration of strategies with probability ε,
otherwise it updates its strategy based on the regret function associated with the defined regret value.

the actual payoff and the maximum attainable payoff, we define the r ≥ 0 regret value for individual l as

r = β(p∗l − pl), (1)

where the coefficient β (β > 0) is the strength of regret. In particular, β = 0 means neutral drift, implying
that individual l does not distinguish the regret values for choosing strategy A or B. β → 0 represents a weak
regret strength, indicating that individual l has no obvious preference to distinguish the merits of regret in
choosing different strategies. Furthermore, we consider that each individual l has its regret function gl(r)
with respect to the regret value r, so that we have a generalized form of regret value for each individual.
Furthermore, we assume that the regret function has the following properties:

• gl(r) is a strictly increasing function, i.e., g�l(r) > 0, ensuring that individuals with higher regret values
should have higher generalized regret merit;

• gl(0) > 0 is assumed to prevent individual strategies from not being updated at the neutral drift.

Subsequently, individuals will update their strategies based on the proposed regret functions and random
exploration. To be more specific, at each time step, an individual is randomly chosen and has the opportunity
to update its strategy. Without losing generality, we assume that an individual l is chosen who updates
its current strategy choice with probability ε, where ε ≥ 0 is the random exploration rate. Otherwise,
individual l updates the strategy choice based on the regret function according to the Boltzmann exploration
mechanism [19]. Individual l will switch strategy A to strategy B with probability

P (A → B) =
gl(rA)�
s gl(rs)

, (2)

3



otherwise, it keeps the original strategy A. Alternatively, an individual l having strategy B switches to
strategy A with probability

P (B → A) =
gl(rB)�
s gl(rs)

, (3)

otherwise, it maintains strategy B. Here rs represents the regret value of individual l given that it
interacts with neighbors with strategy s and s ∈ {A,B}. The details of our model are summarized in Fig. 1.

Based on the above description, we aim to explore how the proposed learning protocol affects individuals’
strategy choices in the population. The evolutionary outcome is characterized by the average frequency of
strategy A. We focus on the effects of random exploration and regret-based learning.

3. Theoretical Results

In this section, we present theoretical analysis for the evolutionary dynamics of strategies and derive
the mathematical condition under which strategy A can prevail over strategy B in the competitive gaming
environment, that is, the average frequency of strategy A, �xA� > 1/2.

To identify this condition, we first derive the average frequency of strategy A, �xA�. We define sl as the
strategy employed by individual l and sl ∈ {0, 1}. sl = 1 denotes that individual l chooses strategy A and
sl = 0 means that individual l chooses strategy B. The strategy choice of the population can be represented
by a column vector s = (s1, s2, ..., sl, ..., sN )T . Therefore, the number of all the states in the network game
is Z = 2N , and the state space can be described by {s1, ..., sZ}. In state s, the frequency of strategy A can

be expressed as xA(s) =
1
N

�N
l=1 sl. We can then set a column vector x = (xA(s1), ..., xA(sZ))

T to represent
the frequency of strategy A at different states. We note that the evolutionary dynamics of strategy can
be depicted by a Markov chain with the state space {s1, ..., sZ} and the Markov chain is irreducible and
aperiodic. Hence, there exists a unique stationary distribution u. Furthermore, the transition probabilities
between all Z states can be characterized by a Z × Z Markov matrix P = [pij ]Z×Z . Accordingly, we can
calculate the stationary distribution u for the Markov matrix and hence the average frequency of strategy
A is �xA� = u · x.

We now calculate the elements of Markov matrix, so that we can obtain the stationary distribution u. We
note that the evolutionary process of strategies driven by individual regret values and random exploration
can be characterized by a Markov matrix with 2N states. At each time step, an individual l is randomly
chosen from the population to update the strategy. For state si, we then define the adjacent state of si as
Ni when the strategy of individual l changes from A to B. The adjacent state of si is denoted as Mi when
the strategy of the individual l switches from B to A. Hence, the above mentioned transition probability
pij for individual l can be written as

pij =





1

N
·Gij(rA), if j ∈ Ni,

1− 1

N

� �

k∈Ni

Gik(rA)−
�

k∈Mi

Gik(rB)

�
, if j = i,

1

N
·Gij(rB), if j ∈ Mi,

0, otherwise,

(4)

where Gij(rs) =
gl(rs)

gl(rA)+gl(rB) (1− ε) + ε and s represents strategy A or B.

Instead of deriving a direct mathematical expression for u, we make a first-order Taylor approximation
on the Markov matrix, stationary distribution, and average frequency of strategy A with respect to the
regret strength at β = 0. In other words, we consider the case of weak regret strength, i.e., β → 0. We stress
that for weak regret strength, there is little difference between the regret values for individuals, but it makes
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sense to quantify the effect compared to the neutral drift during a long evolutionary process. Accordingly,
we have





u = u0 + u1β + o(β2),

P = P0 +P1β + o(β2),

�xA� = �xA�0 + �xA�1 β + o(β2)

= u0x+ u1x · β + o(β2),

(5)

where u0 = u|β=0, u1 = d
dβu|β=0, P0 = P|β=0, and P1 = d

dβP|β=0. Specifically, we have

P0 =





1

2
(1− ε), if j = i,

1

N
· 1
2
(1− ε), if j ∈ Ni ∪Mi,

0, otherwise.

(6)

Since P0 is symmetric and u0 = u0P0, we obtain

u0 =

�
1

2N
, ...,

1

2N

�
, (7)

and then we easily gain �xA�0 = u0 · x = 1/2.
Next, we focus on the theoretical calculation of �xA�1 in order to directly calculate the average frequency

of strategy A, �xA�. Here, according to previous works [33, 34], we have the following conclusion about the
calculation of �xA�1, given as

�xA�1 = u0P1Q, (8)

where Q = (I+P0 − F)x, I is an identity matrix, and F = e · eT. Here e is a Z × 1 matrix consisting
entirely of ones. Further details of the calculation for Eq. (8) are provided in Appendix A.

Furthermore, since P1 = d
dβP|β=0, we have

P1 =





− δ

N

�

j∈Ni

f(si), if j ∈ Ni,

δ

N


�

j∈Ni

f(si)−
�

j∈Mi

f(si)


 , if j = i,

δ

N

�

j∈Mi

f(si), if j ∈ Mi,

0, otherwise.

(9)

Here, f(si) = pA(si)−pB(si) means the payoff differences when individual l respectively adopts strategy

A and strategy B in state si and δ =
g�
l(0)

4gl(0)
(1− ε).
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In addition, we have

pA(si) =

N�

j=1

wlj

dl
[aslsj + bsl(1− sj)], (10)

pB(si) =

N�

j=1

wlj

dl
[c(1− sl)sj + d(1− sl)(1− sj)]. (11)

Since Q is a Z × 1 column vector, we can set Q = (q1, ..., qZ)
T . We note that x = (xA(s1), ..., xA(sZ)),

so there are Ck
N states in which the fraction of individuals choosing strategy A is always k/N , indicating

that in these states k individuals choose strategy A in the population. Here k = 0, ..., N , so all states si
with the same number of individuals with strategy A can be merged into one category and redefined as S�

k

(k = 0, ..., N). Since 2N = C0
N + · · · + CN

N , we can divide the 2N states into N + 1 categories to simply
present the jth element qj(j = 1, 2, ..., 2N ) in Q. By setting α = 1

2 (1− ε) and γ = 1
2 (1+ ε), the jth element

of Q is given by

qj =
1

N

�
kα+

(k + 1)N − 2k

N
γ

�
+

k

N
− 2N−1. (12)

By substituting Eq. (7) and Eqs. (9)-(12) into Eq. (8), we have (further details are shown in Appendix B)

�xA�1 =
2N − 1− ε

16N2
·

N�

l=1

g�l(0)
gl(0)

(1− ε)[a+ b− (c+ d)]. (13)

Furthermore, according to Eq. (5), we obtain

�xA� =
1

2
+

2N − 1− ε

16N2
·

N�

l=1

g�l(0)
gl(0)

(1− ε)β(a+ b− c− d)) + o(β2), (14)

(details of the derivation are provided in Appendix B).
Based on these calculations, we then have the following conclusion under weak regret strength according

to theorem 1.

Theorem 1. (1) If a + b > c + d, then �xA�1 > 0, and hence strategy A is favored over strategy B under
weak regret strength, independently of random exploration rate ε, network structure, and regret function.
(2) When a + b > c + d, �xA� monotonously decreases as the random exploration rate increases. When
a+ b < c+ d, �xA� increases monotonously as the random exploration rate increases.

Proof. (1) According to Eq. (14), we find that if �xA� > 1/2 holds, then strategy A can prevail over strategy
B. Thus, we can conclude that if �xA�1 > 0, strategy A is favored over strategy B under weak regret

strength. Since 1
2 + 2N−1−ε

16N2 > 0,
�N

l=1
g�
l(0)

gl(0)
> 0, 1 − ε > 0, and β > 0, �xA�1 > 0 is equivalent to

a + b > c + d. Thus, we can conclude that once a + b > c + d, strategy A prevails in the population,
regardless of the applied regret functions, network structures, and random exploration ε.

(2) To further explore how ε influences the value of �xA�, we calculate the derivative of �xA� with respect
to ε and obtain that

d

dε
�xA� =

ε−N

8N2
·

N�

l=1

g�l(0)
gl(0)

β[a+ b− (c+ d)]. (15)

We find that once a+ b > c+ d, d
dε �xA� < 0 since ε < N under weak regret strength. In this case, �xA�
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decreases monotonously as the random exploration increases. While for a+ b < c+ d, d
dε �xA� > 0. In this

situation, �xA� increases monotonously as the random exploration increases.
Remark: From Theorem 1, we can directly determine whether strategy A can prevail over strategy B.

Furthermore, we can numerically calculate the average frequency of strategy A in the population based on
Eq. (14). We note that Eq. (14) is obtained by using the degree-weighted average payoff for individuals.
Indeed, if we use the accumulated payoff for individuals, we find that the success condition for strategy A
remains unchanged. For more details, see Appendix C.

4. Simulation Results

Algorithm 1. Calculation of �xA�
Input: Population size N , simulation runs M , Ttrans, Tsample, payoff elements a, b, c, d, network G,
exploration rate ε, regret intensity β
Output: �xA�
for sim = 1 to M do

Initialize strategy distribution
xsum
A ← 0

for t = 1 to Ttrans + Tsample do
Randomly select node i
Compute pAi , p

B
i

p∗i ← max(pAi , p
B
i )

rAi ← β(p∗i − pAi )
rBi ← β(p∗i − pBi )

PA→B ← gi(r
A
i )

gi(rAi ) + gi(rBi )

PB→A ← gi(r
B
i )

gi(rAi ) + gi(rBi )
Draw r ∼ U(0, 1)
if r < ε then

Flip strategy of i
else

Draw R ∼ U(0, 1)
if strategy(i) = 1 and R < PA→B then

strategy(i) ← 0
else if strategy(i) = 0 and R < PB→A then

strategy(i) ← 1
end if

end if
if t > Ttrans then

nA ← �N
j=1 strategy(j)

xsum
A ← xsum

A + nA/N
end if

end for
x
(sim)
A ← xsum

A /Tsample

end for

Return: �xA� = 1

M

�M
sim=1 x

(sim)
A

In this section, we summarize the simulation results of evolutionary outcomes induced by the protocol
which combines the regret function with random exploration. To verify our theoretical results, we apply four
representative interaction networks. These are complete, regular, Barabási-Albert (BA) scale-free [35], and
Watts-Strogatz (WS) small-world networks [36]. The regular graph is represented by a ring, where each node
connects its K = 6 nearest neighbors. The BA scale-free is constructed by using the preferential-attachment
rule starting from the initial number of nodes m0 = 3, where each new node is connected to m = 3 existing
nodes during the graph generation. The WS small-world network starts from a regular ring, where each
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Fig. 2. The average frequency of strategy A as a function of the game parameter a and random exploration
rate ε on four different networks: complete graph (a), regular graph (b), scale-free network (c), and small-
world network (d). Here b = 0, c = 5, d = 1, the regret strength β = 0.01, and the network size for each
network structure is set to N = 100. The black vertical dash line in each panel corresponds to the case of
a+ b = c+ d.

node connects to its K = 6 nearest neighbors and the rewiring probability is set to p = 0.1. In all cases we
used the same network size N = 100. For simplicity, we fix the values of parameters b, c, and d at 0, 5, and
1 and vary the parameter a between 5 and 7. We compute the average frequency of strategy A, �xA�, which
is obtained by averaging the frequency of strategy A in each round of simulation in the last 106 time steps
after the transient 106 steps. The simulation data are obtained by executing 2000 independent simulation
runs. Further details are given in Algorithm 1.

In Fig. 2, we first show how the average frequency of strategy A, �xA� changes in dependence on the
game parameter a and exploration rate ε on four different networks including the complete, regular, BA
scale-free, and WS small-world networks, respectively. We observe that for each given value of random
exploration rate ε, the fraction of strategy A increases with increasing the payoff value a. In addition, when
a < 6, indicating that a + b < c + d, the frequency of strategy A increases as the random exploration rate
ε increases. Whereas when a > 6, implying that a+ b > c+ d, the fraction of strategy A in the population
decreases with increasing exploration rate ε. We further see that these results presented here are consistent
in all four representative networks (see Fig. 2 (a)-(d)). In particular, we observe that for given values of a
and ε, the fraction of strategy A is very close in these four different networks. These results suggest that
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Fig. 3. The average frequency of strategy A in dependence on the random exploration rate ε on four different
networks: complete graph (a), regular graph (b), scale-free network (c), and small-world network (d). In each
panel, the blue and orange dashed lines respectively represent the numerical results obtained by Eq. (14) in
two different game parameter scenarios: a+ b > c+ d (here a = 7) and a+ b < c+ d (here a = 5). The blue
circles and orange squares respectively represent the simulation results for a = 7 and a = 5. The horizontal
grey dotted line represents �xA� = 1

2 . Other parameter values are the same to those used in Fig. 2.

the average fraction of strategy A is independent of the network structure. Hence, we can conclude that all
these simulation results confirm our theoretical predictions mentioned above.

In order to demonstrate how the random exploration rate influences the fraction of strategy A, we present
the average frequency of strategy A as a function of ε for two different values of the game parameter a in the
four different networks, as shown in Fig. 3. For the sake of comparison, we not only present the simulation
results, but also show the theoretical predictions in these plots. We can observe that both the simulation
and the theoretical results agree that the fraction of strategy A decreases with increasing ε for larger a = 7,
but is always larger than 0.5, no matter what the value of ε is. Whereas the fraction of strategy A increases
as the ε value increases for smaller a = 5, but it is always smaller than 0.5, independently of the value of
ε. In addition, our simulation results agree well with the theoretical predictions in each type of network
structure.

In order to provide a deeper understanding of these results, we show how the average regret values of
strategy A and B are influenced by the game parameter a in four different networks including complete,
regular, BA scale-free, and WS small-world graphs, as presented in Fig. 4. We find that the regret value
of strategy A decreases as the game parameter a increases, while the regret value of strategy B remains
unchanged with increasing a value. In addition, when the game parameter a is relatively small, the regret
value rA of strategy A is larger than the regret value rB of strategy B. In this case, individuals prefer
to choose strategy B rather than strategy A, hence strategy B is more favored over strategy A. However,
when the game parameter a is continuously increased, the value of rA becomes less than the value of rB .
Therefore, agents prefer to adopt strategy A rather than strategy B, which explains why the average fraction
of strategy A increases as the game parameter a increases. On the other hand, once a+b > c+d, strategy A
is more favored. However, when random exploration is introduced, the evolutionary advantage of strategy A
can be weakened. This is because individuals have the opportunity to randomly choose the strategy rather
than to choose the strategy according to the regret values of choosing strategies. In this case, the average
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rs represents the average regret value of an individual choosing strategy s (s = A,B), and the solid (dashed)
lines represent the average regret value rA (rB) of strategy A (B).

fraction of strategy A will decrease as the random exploration rate increases. But it is always larger than
0.5 even if the ε value is close to one. While a + b < c + d, strategy B prevails over strategy A. However,
once random exploration is introduced, it makes individuals choose strategy B with a higher probability
during the strategy update process. Hence the evolutionary advantage of strategy A is relatively decreased.
In this case, the average fraction of strategy A will increase as the random exploration rate increases. But
it is always less than 0.5 even if the ε value is close to one.

Our theoretical analysis shows that the condition for strategy A to prevail over strategy B is independent
of the specific expressions of regret function. In order to verify this, we show how the average fraction of
strategy A changes in dependence on the game parameter a for three different regret functions. The results
are shown for four different network structures in Fig. 5. We observe that in each network structure we
considered, the average fraction of strategy A always increases as the a value increases, irrespective of the
regret functions. In particular, for a < 6, which makes a+ b < c+ d satisfied, �xA� is always less than 0.5.
While for a > 6, which makes a+ b > c+ d satisfied, �xA� is always larger than 0.5. Thus, these simulation
results verify our theoretical predictions well. In addition, we observe that the increase rate of the average
fraction of strategy A with the parameter a is larger when the regret function is gl,2(r) = (1 + erf(r))/2.
It means that the average fraction of strategy A under this function is higher than those under two other
regret functions for a > 6. These results indicate that although the regret function does not influence the
success condition of strategy A, it can affect the final fraction of strategy A in the population, which has
been clearly shown in Eq. (14).

So far, we mainly present the evolutionary dynamics of network games with regret-based learning and
random exploration in the case of weak regret strength via theoretical analysis and computer simulations.
Indeed, the evolutionary dynamics could be significantly influenced by the regret selection intensity. Un-
fortunately, theoretical analysis becomes infeasible when the regret strength is not weak. To overcome this
difficulty, we perform computer simulations for the case of non-weak regret strength. Our results are sum-
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Fig. 5. The average frequency of strategy A as a function of the game parameter a for three different regret
functions on the four network structures. Yellow dashed lines and squares correspond to the exponential
function gl(r) = 1/(1 + exp(−r/2)), blue solid lines and circles correspond to the error function gl(r) =
(1+erf(r))/2, and red dotted lines and triangles correspond to the tangent function gl(r) = (1+tanh(r))/2.
Lines represent the numerical results obtained by Eq. (14) and symbols depict the results by computer
simulations. Other parameter values are the same to those in Fig. 2.

marized in Fig. 6, where we show the average fraction of strategy A as a function of the regret strength for
two different values of the game parameter a for different networks. We find that the fraction of strategy
A increases as the regret strength increases for larger a, which makes a + b > c + d satisfied. Besides, the
fraction of strategy A is always larger than 0.5 for all these values of β. In contrast, the fraction of strategy
A decreases as the regret strength increases for smaller a, which makes a+ b < c+ d satisfied. Furthermore,
the fraction of strategy A is always less than 0.5 for all these values of β. These observations indicate that
our main results obtained in the case of weak regret strength are still valid for non-weak regret strength. In
addition, the fraction of strategy A is significantly increased under stronger regret strength when a+b > c+d,
which implies that stronger regret strength can further enhance the evolutionary advantage of strategy A.
In contrast, when a + b < c + d, the fraction of strategy A decreases dramatically under stronger regret
strength. It shows that a stronger regret strength can further weaken the evolutionary advantage of strategy
A.

5. Conclusion and Discussion

In this work, we have proposed a microscopic strategy updating protocol which combines the regret fac-
tor and random exploration in decision making, and studied how such a protocol influences the evolutionary
dynamics of strategies in a structured population of individuals playing a general two-player, two-strategy
game with neighbors. We have derived the mathematical condition under which strategy A can be more
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Fig. 6. The average frequency of strategy A as a function of the regret strength on the four network
structures. The black squares and red circles respectively represent the simulation results for a = 7 and
a = 5. Other parameter values are the same to those used in Fig. 2.

favored against strategy B. Our findings reveal that such strategy success condition shows some universality
and depends only on game parameters and is independent of regret function, random exploration rate, and
network structures under weak regret strength. However, the average frequency of strategy A does depend
on the random exploration rate and the regret function. We find that the introduction of random explo-
ration weakens the evolutionary advantage of strategy A when it prevails, but it enhances the evolutionary
advantage of strategy A when it is not favored. In addition, we perform computer simulations on different
representative networks to validate our theoretical predictions. To complete our study with further computer
simulations, we have shown that increasing the regret strength further enhances the dominance of strategy
A when it is more favored, but further suppresses the evolution of strategy A when it is not favored. This
result indicates the dynamic of “the strong get stronger, the weak get weaker” when the regret strength is
not weak.

We also demonstrate that the condition for strategy A to prevail over strategy B under our proposed
learning rule is the same to that under the aspiration-based update rule in the general two-person, two-
strategy game [37]. Indeed, the derived condition for strategy success is consistent with the traditional
risk-dominance condition for the game [38]. However, we note that the regret value is determined by the
difference between the maximum attainable payoff and the actual payoff. Indeed, the maximum possible
payoff of one agent just depends on the strategy pattern and the weighted connections in the neighborhood
and is time-varying during the evolutionary process. So, it is a quantity of objective existence. It is
different from individual aspiration [37, 39], since individual aspiration level in a gaming environment could
be subjectively conceived. In addition, in our work we consider a random exploration of strategy revisions
during the evolutionary process, which is not considered previously in Ref. [37]. Although we find that
the introduction of random exploration does not influence the condition of strategy success, it can alter
the evolutionary outcomes of strategies, which are not reported earlier. Hence, our results shed light on
how regret-based learning and random exploration shape strategy evolution in a general two-player, two-
strategy game. Importantly, these findings can be conductive to the design of learning protocols involving
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the regret-based learning and random exploration in gaming interaction scenarios [1, 2].
Our work also stimulates several new directions for future research. First, we find that the success

condition of strategy A is independent of the regret function, but the strategy’s frequency in the population
depends on the regret function, as shown in Fig. 5. Hence, it would be meaningful to explore whether
there exists an optimal regret function which can induce the highest frequency of strategy A in the game
competition. On the other hand, we can also design the appropriate regret function for the desired outcome
of strategy evolution. Besides, we emphasize that the expression of individual regret value applied in our
work is relatively simple, but traditionally used. We employ the Boltzmann exploration mechanism based
on the regret function to depict the regret-based learning. Indeed, there exist alternative ways to calculate
individual regret value and some regret-based algorithms have already been proposed, such as the regret
minimization and the φ− regret algorithms [40, 41]. To our best knowledge, these regret-based algorithms
can produce different dynamics of strategy evolution via a large amount of computation. Thus, it would be
interesting to consider these algorithms into our theoretical framework and explore how the key parameters
involving the regret function influence the evolutionary outcomes quantitatively. Finally, we note that our
focus is on the scenario of two-player, two-strategy game, although this game type is a representative class of
games. Indeed, there exist other common game scenarios, such as multi-player and multi-strategy [42, 43, 44].
The game interaction mode for multi-player scenario is different from the pairwise interaction for two-player
case [45, 46, 47] and the computation complexity significantly increases from two-strategy to multi-strategy
situation. Hence, it will be worth exploring how regret-based learning and random exploration influence the
dynamics of strategy evolution in these game scenarios for future study.
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Appendix A. Calculation details for obtaining Eq. (8)

Based on the normalized eigenvector associated with the eigenvalue 1 of the transition matrix P, the
Markov matrix has a stationary distribution u = (u1, u2, ..., ui, ..., uZ), where ui represents the average
fraction of time that the population spends in state i. So we calculate the average frequency of strategy A,
which is described by �xA� = u · x. Accordingly, we have

u = uP, (A.1)

u · e = 1. (A.2)

Here e is a Z × 1 matrix consisting entirely of ones. Taking a Taylor expansion of u, P, and �xA� with
respect to β at β = 0, we have

u = u0 + u1β + o(β2), (A.3)

P = P0 +P1β + o(β2), (A.4)

�xA� = �xA�0 + �xA�1 β + o(β2). (A.5)

Here u0 = u|β=0, u1 = d
dβu|β=0, P0 = P|β=0, and P1 = d

dβP|β=0. Then we gain two following formulas

for β = 0 [33]

u1(I−P0) = u0P1, (A.6)

u1e = 0. (A.7)

Based on the above equations, we can obtain the specific form of u1. However, we note that (I−P0)
is not invertible since it is not full rank. Accordingly, we add a matrix F into the former matrix (I−P0).
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Here, F = e · eT and u1F = 0, so we can get

u1(I−P0 + F) = u0P1. (A.8)

We can then prove that (I−P0 + F) is invertible. Specifically, we set λ1, ...,λZ as the eigenvalues of P0

and d1, ...,dZ as the corresponding right eigenvectors. Obviously, the matrix P0 is primitive (there exists
a constant k > 0, s.t. (P0)

k > 0) and row-stochastic, that is, a non-negative matrix where the sum of each
row is 1. Thus, it has an eigenvalue λ1 = 1 and the corresponding right eigenvector d1 = (1, 1, ..., 1)T . We
know that (I−P0) has a sole eigenvalue 0 with the corresponding right eigenvector d1 from the properties
of the primitive matrix and λi �= 1 (i = 2, ..., Z) [34]. Accordingly, the eigenvalues of (I−P0 + F) are
dT
1 d1, 1 − λ2, ..., 1 − λZ , because dT

1 d1 = Z and 1 − λi �= 0 (i = 2, ..., Z). Hence, the eigenvalues of
(I−P0 + F) cannot be zero and are invertible.

Meanwhile, we note that (I−P0 + F)−1 is a fundamental matrix according to Ref. [48], and then for
n → ∞ we have

(I−P0 + F)
n
= I = (I−P0 + F)M, (A.9)

where M = I + (P0 − F) + ...+ (P0 − F)
n−1

. Furthermore, following previous study [33] we take the first-
order approximation for M and obtain that M = (I+P0 − F). According to Eq. (A.8), we can calculate
u1 as

u1 = u0P1(I+P0 − F). (A.10)

We define Q = (I+P0 − F)x and accordingly have �xA�1 = u1x = u0P1Q.

Appendix B. Calculation details for obtaining Eq. (13)

In what follows, we provide calculation details for Eq. (13) based on Eq. (A.10). Since P0 is a 2N × 2N

matrix and symmetric, each element in the stationary distribution of P0 is identical. So we have

u0 =

�
1

2N
, ...,

1

2N

�
. (B.1)

Meanwhile, according to the above description, we know that P1 = d
dβP|β=0 and Q = (I+P0 − F)x. We

then calculate Q = [qj ]Z×1. We know that S�
k (k = 0, ..., N) comprises of a total value of Ck

N qj and we
obtain

qj =
kα

N
+

(k + 1)N − 2k

N2
γ +

k

N
− 2N−1. (B.2)

Consequently, we calculate each element of u0P1 = [vi]1×Z , which is similar to the calculations of each
element of Q = [qj ]Z×1. Items with the same elements are put together and redefined as S��

k (k = 0, ..., N),
hence S��

k comprises a total value of Ck
N vi. Then we have

vi =
δ

2N ·N [kf(si
k−1) + (2k −N)f(si

k)− (N − k)f(si
k+1)], (B.3)

where f(si
k) represents the value of f(si) when state si ∈ Sk. Multiplying Eq. (B.3) by Eq. (B.2), we can

learn that there are N + 1 terms in �xA�1 and we can denote the kth item of �xA�1 as h(si
k). Accordingly,

we can obtain

�xA�1 =

N�

k=0

h(si
k), (B.4)
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where

h(si
k) =

�N
l=1 δ · f(sik)
2N ·N · [ξ · α+ ζ · γ + φ · 2N−1 +ψ]. (B.5)

Here,
�N

l=1 δf(si
k) represents the accumulated payoff difference when individual l respectively adopts strat-

egy A and strategy B in state si, and based on the property of combinatorial number the coefficients ξ, ζ,
φ, and ψ in the above equation are respectively calculated as

ξ =
(k + 1)2

N
· Ck+1

N +
2k2 −Nk

N
· Ck

N

− (N − k + 1)(k + 1)

N
· Ck+1

N

=k[Ck
N−1 + 2Ck−1

N−1 − Ck
N − Ck+1

N + Ck−2
N−1]

+ Ck
N−1 + Ck−1

N − Ck−2
N−1

=k[Ck
N + Ck−1

N − Ck
N − Ck−1

N ]

+ (Ck
N−1 + Ck−1

N − Ck−2
N−1)

=Ck
N−1 + Ck−1

N−1

=Ck
N ,

(B.6)

ζ =
(k + 1)

N
(2k −N) · Ck+1

N − (N − k + 1)
k

N
· Ci−1

N

+
(i+ 1)(i+ 2)

N
· Ci+1

N − 2

N
[
(k + 1)2

N
· Ck+1

N

+
2k2 −Nk

N
· Ck

N − (N − i+ 1)(k + 1)

N
· Ck+1

N ]

=2(k + 1)Ck−1
N−1 − (k + 1)Ck

N − kCk−1
N

+ kCk−2
N−1 + (i+ 2)Ck

N−1 −
2

N
Ck

N

=k[Ci
N + Ck−1

N − Ck
N − Ck−1

N ]

+ 2Ck
N − Ck

N − 2

N
Ck

N

=(1− 2

N
)Ck

N ,

(B.7)

φ =(N − k + 1)Ck−1
N + (N − 2k)Ck

N − (k + 1)Ck+1
N

=N(Ck−1
N + Ck

N )− (k − 1)Ck−1
N

− 2kCk
N − (k + 1)Ck+1

N

=NCk
N+1 −N(Ck−2

N−1 + 2Ck−1
N−1 + Ck

N−1)

=NCk
N+1 −NCk

N+1

=0,

(B.8)
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and

ψ =
(i+ 1)2

N
· Ck+1

N +
2k2 −Nk

N
· Ck

N

− (N − k + 1)(k + 1)

N
· Ck+1

N

=k[Ck
N−1 + 2Ck−1

N−1 − Ck
N − Ck+1

N + Ck−2
N−1]

+ Ck
N−1 + Ck−1

N − Ck−2
N−1

=k[Ck
N + Ck−1

N − Ck
N − Ck−1

N ]

+ (Ck
N−1 + Ck−1

N − Ck−2
N−1)

=Ck
N−1 + Ck−1

N−1

=Ck
N .

(B.9)

Hence we further obtain the kth item of �xA�1 as

h(si
k) =

�N
l=1 δ · f(sik)
2N ·N · Ck

N · [α+ (1− 2

N
)γ + 1)]

=

�N
l=1 δ

2N ·N

�
2N − 1

N
− 1

N
ε

�
Ck

N · f(sik)

=
2N − 1− ε

2N ·N2
·

N�

l=1

δ · Ck
N · f(sik).

(B.10)

Since P0 is obtained when P is derived at β = 0, each individual has a 1/2 probability of using strategy A
and individual strategy update is independent of each other. Individual strategy update does not depend on
the regret value, so we quantize the description into formulas and have �slsj�0 = �sl�0 �sj�0 and �slsl�0 = �sl�0
for β = 0. Based on these equations, we can get the correlation formula between strategies for β = 0, given
as

�slsj�0 =

�
1
4 if l �= j,
1
2 if l = j.

(B.11)

It means that f(si) is the same for any i. So we obtain f(si
k) = f(si) =

a+b−c−d
4 .

Summing up all terms of �xA�1, we can get

�xA�1 =

N�

k=0

h(si
k)

=

N�

k=0

2N − 1− ε

2N ·N2
·

N�

l=1

δ · Ck
N · f(si)

=
2N − 1− ε

16N2
·

N�

l=1

g�l(0)
gl(0)

(1− ε)(a+ b− c− d)).

(B.12)
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Appendix C. Average frequency of strategy A under accumulated payoff

In the part, we provide the calculation details for the average frequency of strategy A under accumulated
payoffs. To be specific, the accumulated payoff of individual l in state si is described as

pA(si) =

N�

j=1

wlj · [aslsj + bsl(1− sj)], (C.1)

pB(si) =

N�

j=1

wlj · [c(1− sl)sj + d(1− sl)(1− sj)]. (C.2)

Based on Eq. (B.11), we obtain

f(ski ) = f(si) = pA(si)− pB(si) =

N�

j=1

wlj · f(si) (C.3)

=

N�

j=1

wlj ·
a+ b− c− d

4
= dl ·

a+ b− c− d

4
. (C.4)

Furthermore, we get h(si
k) as

h(si
k) =

�N
l=1 δ · f(sik)
2N ·N · [ξ · α+ ζ · γ + φ · 2N−1 +ψ]

=

�N
l=1 dl · δ · f(sik)

2N ·N · Ck
N · [α+ (1− 2

N
)γ + 1)]

=

�N
l=1 dl · δ
2N ·N

�
2N − 1

N
− 1

N
ε

�
Ck

N · f(sik)

=
2N − 1− ε

2N ·N2
·

N�

l=1

dl · δ · Ck
N · f(sik).

(C.5)

We can then obtain �xA�1 under accumulated payoffs as

�xA�1 =

N�

k=0

h(si
k)

=

N�

k=0

2N − 1− ε

2N ·N2
·

N�

l=1

dl · δ · Ck
N · f(si)

=
2N − 1− ε

N2
·

N�

l=1

dl · δ · f(si)

=
2N − 1− ε

N2
·

N�

l=1

dl ·
g�l(0)
4gl(0)

(1− ε) · a+ b− c− d

4

=
2N − 1− ε

16N2
·

N�

l=1

dl ·
g�l(0)
gl(0)

(1− ε)(a+ b− c− d).

(C.6)

Finally, according to Eq. (5), we obtain that the average frequency of strategy A under weak regret
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strength is given as

�xA� =
1

2
+

2N − 1− ε

16N2
·

N�

l=1

dl
g�l(0)
gl(0)

(1− ε)β(a+ b− c− d) + o(β2).

Thus if the accumulated payoff is considered for individuals, the success condition for strategy A is still
a+ b > c+ d.
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