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In kidney exchange programmes, patients with incompatible donors obtain kidneys via cycles of transplants.
Countries may merge their national patient-donor pools to form international programmes. To ensure fairness,
a credit-based system is used: a cooperative game-theoretic solution concept prescribes a “fair” initial alloca-
tion, which is adjusted with accumulated credits to form a target allocation. The objective is to maximize the
number of transplants while staying close to the target allocation. When only 2-cycles are permitted, a solution
that lexicographically minimizes deviations from the target can be found in polynomial time. However, even
the problem of maximizing the number of transplants is NP-hard for larger upper bounds on cycle length. This
latter problem is tractable when cycle lengths are not bounded. We formalize this setting via a new class of
cooperative games called partitioned permutation games, and prove that computing an optimal solution that is lex-
icographically closest to the target allocation is NP-hard. We give a randomized XP-time algorithm for solve this
problem exactly. We present an experimental study, simulating programmes with up to 10 countries. Allowing
unbounded cycle lengths increases the number of transplants by up to 46% compared to 2-cycles. Using credits
and selecting lexicographically closest solutions yields low total relative deviation (below 2% for all fairness
notions). Among the seven fairness notions tested, a modified Banzhaf value performs best in balancing fairness
and efficiency, achieving average deviations below 0.65%. Lexicographic minimization from the target allocation
leads to significantly (36 — 56%) smaller average deviations than minimizing maximum difference only.

1. Introduction Kidney Exchange Programmes (KEPs); see Bird et al. (2019, 2021) and

the recent survey (Barkel et al., 2025). In a KEP, all patient-donor pairs

We introduce a new class of cooperative games called partitioned
permutation games, which are closely related to the known classes
of permutation games (Tijs et al., 1984) and partitioned matching
games (Benedek et al., 2025). Partitioned matching games and parti-
tioned permutation games have immediate applications in international
kidney exchange. Before defining these games, we first explain this ap-
plication area.

Kidney Exchange. The most effective treatment for kidney failure is
transplanting a kidney from a deceased or living donor, with better
long-term outcomes in the latter case. However, a kidney from a family
member or friend might be medically incompatible and could easily be
rejected by the patient’s body. Therefore, many countries run national

are placed together in one pool. If for two patient-donor pairs (p, d) and
(p',d"), it holds that d and p are incompatible as well as d’ with p’, but d
and p’ are compatible as well as d’ with p, then d could donate a kidney
to p’, and d’ could donate a kidney to p. This is a 2-way exchange.

We can generalize a 2-way exchange as follows. We model a pool
of patient-donor pairs as a directed graph G = (V, A) (the compatibility
graph) in which each vertex of V is a patient-donor pair, and A consists
of every arc (u, v) such that the donor of u is compatible with the patient
of v. In a directed cycle C = u u, ... u u,, for some k > 2, the kidney
of the donor of u; could be given to the patient of u;,; for every i €
{1,...,k}, with u; | :=u,. This is a k-way exchange using the exchange
cycle C.
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$v_p$


$G$


$U$


$v_p$


$0 \notin I_p$


$U$


$G=(V,A)$


$H$


$V$


$V'$


$V'$


$V$


$v\in V\setminus U$


$v'\in V'\setminus U'$


$uu'$


$0$


$U$


$(u,v)\in A$


$uv$


$1$


$H$


$U$


$U$


$uu'$


$u\in U$


$c \geq 2$


$3$


$I$


$3$


$I'$


$S_1=\{1,2,4\}$


$i\in [3n]$


$a_i$


$S_j\in \mathcal {S}$


$s_j^1,s_j^2,s_j^3,t_j^1,t_j^2,t_j^3$


$2n$


$x_1,\dots ,x_{2n}$


$2n$


$y_1,\dots ,y_{2n}$


$k\in [2n]$


$(y_k,x_k)$


$k\in [2n],j\in [3n]$


$(x_k,t_j^1)$


$(t_j^3,y_k)$


$j\in [3n]$


$(t_j^1,t_j^2)$


$(t_j^2,t_j^3)$


$S_j=\{j_1,j_2,j_3\}$


$j_1<j_2<j_3$


$(s_j^1,a_{j_1})$


$(a_{j_1},s_j^1)$


$(s_j^2,a_{j_2})$


$(a_{j_2},s_j^2)$


$(s_j^3,a_{j_3})$


$(a_{j_3},s_j^3)$


$G=(V,A)$


$V$


$i\in [3n]$


$A_i=\{ a_i\}$


$k\in [2n]$


$X_k=\{ x_k\}, Y_k=\{ y_k\}$


$j\in [3n],l\in [3]$


$T_j^l=\{ s_j^l,t_j^l\}$


$G$


$16n$


$x_i,y_i$


$2n$


$5$


$t_j^1,t_j^2,t_j^3$


$10n$


$t_j^l$


$s_j^l$


$a_i$


$3n+3n$


$3n$


$a_i$


$6n$


$s_j^l$


$a_i$


$[1,\infty ]$


$G$


$16n$


$[1,1]$


$G$


$16n$


$G$


$G$


$I$


$3$


$G$


$\Rightarrow $


$I$


$3$


$S_{l_1},\dots ,S_{l_n}$


$\mathcal {C}$


$G$


$j\in \{ l_1,\dots ,l_n\}$


$\{ (s_j^1,a_{j_1}),(a_{j_1},s_j^1)\} ,\{ (s_j^2,a_{j_2}),(a_{j_2},s_j^2)\} ,\{ (s_j^3,a_{j_3}),(a_{j_3},s_j^3)\}$


$j\notin \{ l_1,\dots ,l_n\}$


$(t_j^1,t_j^2),(t_j^2,t_j^3)$


$i\in [2n]$


$(y_i,x_i),(x_i,t_{j_i}^1),(t_{j_i}^3,y_i)$


$j_i$


$i$


$[3n]\setminus \{ l_1,\dots ,l_n\}$


$\mathcal C$


$A_i$


$S_{l_1},\dots ,S_{l_n}$


$3$


$2n$


$T_j^l$


$\{ (y_i,x_i),(x_i,t_{j_i}^1),(t_{j_i}^1,t_{j_i}^2),((t_{j_i}^3,y_i)\}$


$X_i$


$Y_i$


$\Leftarrow $


$G$


$X_i$


$i\in [2n]$


$(x_i,y_i)$


$2n$


$j\in [3n]$


$(t_j^1,t_j^2),(t_j^2,t_j^3)$


$\{ (y_i,x_i),(x_i,t_j^1),(t_j^1,t_j^2),$


$(t_j^2,t_j^3),(t_j^3,y_i)\}$


$\mathcal {C}$


$n$


$j$


$[3n]$


$T_j^1,T_j^2,T_j^3$


$A_i$


$T_j^i$


$j$


$\{ (a_{j_1},s_j^1),(s_j^1,a_{j_1})\}$


$\{ (a_{j_2},s_j^2),(s_j^2,a_{j_2})\}$


$\{ (a_{j_3},s_j^3),(s_j^3,a_{j_3})\}$


$\mathcal {C}$


$3$


$2$


$x$


$x_p$


$(u,v)$


$v\in V_p$


$\mathcal C$


$I_p = [x_p, x_p]$


$s_p({\mathcal C})$


$x_p$


$0$


$d_1({\mathcal C})=\max _{p\in N} \{|x_p-s_p({\mathcal C})|\}$


$q$


$Instance:$


$Instance:$


$B=(U,W;E)$


$\{1,\dots , q\}$


$k_1,\ldots ,k_q$


$Question:$


$Question:$


$B$


$k_q$


$q$


$q=2$


$x$


$(N,v)$


$G=(V,A)$


$\mathcal C$


$d'({\mathcal C})=(|x_{p_1}-s_{p_1}({\mathcal C})|, \dots , |x_{p_n}-s_{p_n}({\mathcal C})|)$


$\mathcal C$


$(N,v)$


$G=(V,A)$


$x$


$|A|^{O(n)}$


$(N,v)$


$n$


$G=(V,A)$


$V_1, \ldots , V_n$


$q$


$q$


$(N,v)$


$d'=(d_1',\ldots ,d_n')$


$d_p'\geq 0$


$p\in N$


$B=(U,W;E)$


$v\in V$


$v^{in}\in U$


$v^{out}\in W$


$v^{in}v^{out}\in E$


$n+1$


$(u,v)\in A$


$u^{out}v^{in}$


$p$


$v\in V_p$


$k_{n+1}=|V|-v(N)$


$p\in \{1,\dots ,n\}$


$k_p=d_p'$


$G$


$\mathcal C$


$s_p({\mathcal C})=d_p'$


$B$


$k_p$


$p\in \{1,\ldots ,n+1\}$


$k_i$


$0$


$|E|=|A|+n=O(|A|)$


$|A|^{O(n)}$


$x$


$(N,v)$


$|A|^{O(n)}$


$q$


$|E|^{O(q)}$


$q$


$2$


$2$


$(N,v)$


$x$


$I=(B,k_1,k_2)$


$2$


$B=(U,W;E)$


$I$


$|U|=|W|=n$


$n$


$1$


$2$


$n=k_1+k_2$


$I$


$G$


$B$


$e=uw$


$3$


$(u,v_e)$


$(v_e,w)$


$(w,u)$


$w_e$


$u$


$v$


$G$


$V_1$


$v_e$


$e$


$E$


$V_2=V\setminus V_1$


$(N,v)$


$x$


$x=(k_1,3n-k_1)$


$(B,k_1,k_2)$


$2$


$G$


$\mathcal C$


$s_1({\mathcal C})=k_1$


$s_2({\mathcal C})=3n-k_1$


$M$


$B$


$k_1$


$uw\in M$


$3$


$(u,v_e,w)$


$k_1$


$V_1$


$3n-k_1$


$V_2$


$n$


$v_e$


$s_1({\mathcal C})=k_1$


$s_2({\mathcal C})=3n-k_1$


$k_1$


$v_e$


$n-k_1=k_2$


$v_e$


$v_e$


$e=uw$


$(u,v_e)$


$(v_e,w)$


$\mathcal C$


$B$


$k_1$


$k_2$


$x$


$(N,v)$


$G=(V,A)$


$V_1, \ldots , V_n$


$n\geq 1$


$\mathcal C$


$G$


$s_p({\mathcal C})$


$(u,v)$


$v\in V_p$


$\mathcal C$


$|x_p-s_p({\mathcal C})|$


$p\in N$


$x_p$


$\mathcal C$


$d({\mathcal C})= (|x_{p_1}-s_{p_1}({\mathcal C})|, \dots , |x_{p_n}-s_{p_n}({\mathcal C})|)$


$|x_p-s_p({\mathcal C})|$


$\mathcal C$


$x$


$d({\mathcal C})$


$(N,v)$


${ij}\in A$


$G$


$e_{{ij}}\in \{0,1\}$


$e$


$e_{{ij}}$


\begin {equation*}\tag {edge-formulation}\label {edge-formulation} \begin {array}{rl} \mu ^*:= \displaystyle \max _e \sum _{ij\in A}e_{ij} & \text {s.t.}\\[-5pt] \end {array}\end {equation*}


\begin {alignat}{5} \displaystyle \sum _{j: ji\in A} e_{ji} & = && \displaystyle \sum _{j: ij\in A} e_{ij} & \quad \forall i\in V \label {const-1}\\ \displaystyle \sum _{j: ji\in A} e_{ji} & \leq && \quad 1 & \quad \forall i\in V \label {const-2}\end {alignat}


$\mu ^*$


$|A|$


$2|V|$


$d_t^*$


$t \geq 1$


$n_t^*$


$d_t^*$


$n_t^*$


$t$


$|N|$


$|N| \leq |V|$


$|N|$


$|A|$


$|N|$


$t \leq |N|$


$2|N|$


$O(|A|+|N|^2)$


$O(|V|+|N|)=O(|V|)$


$\mu ^*$


$d_1^*$


\begin {equation*}\tag {$\text {ILP}_{d_1}$}\label {ILPd1} \begin {array}{rl} d_1^* := \displaystyle \min _{e,d_1} d_1 & \text {s.t.}\\ \end {array}\end {equation*}


\begin {align}&\displaystyle \sum _{j: ji\in A} e_{ji} = \displaystyle \sum _{j: ij\in A} e_{ij} \quad \forall i\in V \tag {1} \label {d1-const-1}\\ &\displaystyle \sum _{j: ji\in A} e_{ji} \leq \quad 1 \quad \forall i\in V \tag {2} \\ &\displaystyle \sum _{ij\in A} e_{ij} = \quad \mu ^* \label {const-3} \\ &\displaystyle \sum _{j\in V_p} {\sum _{i: ij \in A}} e_{ij}-x_p \leq \quad d_1 \quad \forall p\in N \label {const-4}\\ &\displaystyle x_p-\sum _{j\in V_p} {\sum _{i: ij \in A}} e_{ij} \leq \quad d_1 \quad \forall p\in N \label {const-5}\end {align}


$p$


$\sum _{j\in V_p}{\sum _{i: ij \in A}} e_{ij}-x_p$


$x_p - \sum _{j\in V_p} {\sum _{i: ij \in A}}e_{ij}$


$d_t^* \leq 1/2$


$d_t^* > 1/2$


$t$


$t+1$


$d_1$


$2|N|+1$


$p \in N$


$|\sum _{j\in V_p}{\sum _{i: ij \in A}} e_{ij}-x_p| \leq d_1^*$


$N_1 \subseteq N$


\begin {equation*}\begin {array}{ll} \displaystyle \left |\sum _{j\in V_p}{\sum _{i: ij \in A}} e_{ij}-x_p\right | = d_1^* & \forall p\in N_1 \\ &\\ \displaystyle \left |\sum _{j\in V_p}{\sum _{i: ij \in A}} e_{ij}-x_p\right | \leq d_2^* < d_1^* & \forall p\in N\setminus N_1 \end {array}\end {equation*}


$n_1$


$d_1^*$


$n_1$


$n_1^*$


$d_1^*$


$d_1^*$


$d_2^*$


$d_1^* - d_2^*$


$x$


$\varepsilon $


$2|N|$


$x$


$\frc (x_p)$


$1-\frc (x_p)$


$p$


$q$


$\frc (x_p)$


$1-\frc (x_p)$


$\frc (x_q)$


$1-\frc (x_q)$


$\varepsilon $


$\frc (x_p)=0.5$


$p \in N$


$\frc (x_p)=1-\frc (x_p)=\frc (x_q)=1-\frc (x_q)=0.5$


$1$


$\varepsilon $


$0 < \varepsilon \leq 1$


$d_1^*$


$z^t_p$


$z^t_p=1$


$p \in N_t$


\begin {equation*}\tag {$\text {ILP}_{N_1}$}\label {ILPN1} \begin {array}{rl} \displaystyle \min _{z^1,e} \displaystyle \sum _{p \in N}z^1_p & \text {s.t.} \\ \end {array}\end {equation*}


\begin {align}&\displaystyle \sum _{j: ji\in A} e_{ji} = \displaystyle \sum _{j: ij\in A} e_{ij} \quad \forall i\in V \tag {1} \\ &\displaystyle \sum _{j: ji\in A} e_{ji} \leq \quad 1 \quad \forall i\in V \tag {2} \\ &\displaystyle \sum _{ij\in A} e_{ij} = \quad \mu ^* \tag {3} \\ &\displaystyle \sum _{j\in V_p} {\sum _{i: ij \in A}} e_{ij}-x_p \leq \quad d_1^* - \varepsilon (1-z^1_p) \quad \forall p\in N \label {const-6}\\ &\displaystyle x_p-\sum _{j\in V_p} {\sum _{i: ij \in A}} e_{ij} \leq \quad d_1^* - \varepsilon (1-z^1_p) \quad \forall p\in N \label {const-7}\end {align}


$p$


$z^1_p=0$


$d_1^*$


$z^1_p=1$


$z^{1*}$


$n_1^*:=\sum _{p \in N} z_p^{1*}$


$n_1^*$


$d_1^*$


$d_2^* < d_1^*$


$|A|+|N|$


$2|V|+2|N|+1$


$d_2^*$


\begin {equation*}\tag {$\text {ILP}_{d_2}$}\label {ILPd2} \begin {array}{rl} \displaystyle \min _{d_2,e,z^1} d_2 & \text {s.t.}\\ \end {array}\end {equation*}


\begin {align}&\displaystyle \sum _{j: ji\in A} e_{ji} = \displaystyle \sum _{j: ij\in A} e_{ij} \quad \forall i\in V \tag {1} \\ &\displaystyle \sum _{j: ji\in A} e_{ji} \leq \quad 1 \quad \forall i\in V \tag {2} \\ &\displaystyle \sum _{ij\in A} e_{ij} = \quad \mu ^* \tag {3} \\ &\displaystyle \sum _{j\in V_p} {\sum _{i: ij \in A}} e_{ij}-x_p \leq \quad d_1^* \quad \forall p\in N \\ &\displaystyle x_p-\sum _{j\in V_p} {\sum _{i: ij \in A}} e_{ij} \leq \quad d_1^* \quad \forall p\in N \\ &\displaystyle \sum _{j\in V_p} {\sum _{i: ij \in A}} e_{ij}-x_p \leq \quad d_2 + z^1_pd_1^* \quad \forall p\in N \\ &\displaystyle x_p-\sum _{j\in V_p} {\sum _{i: ij \in A}} e_{ij} \leq \quad d_2 + z^1_pd_1^* \quad \forall p\in N\\ &\displaystyle \sum _{p \in N}z^1_p = n_1^*\end {align}


$|A|+|N|$


$d_2$


$2|V|+4|N|+2$


$d_2^*$


$n_1^*$


$d_1^*$


$n_2^*$


$L$


$L \geq 2(d_1^* - d_2^*)$


\begin {equation*}\tag {$\text {ILP}_{N_2}$}\label {ILPN2} \begin {array}{rl} \displaystyle \min _{z^1,z^2,e} \displaystyle \sum _{p \in N}z^2_p & \text {s.t.} \\ \end {array}\end {equation*}


\begin {align}&\displaystyle \sum _{j: ji\in A} e_{ji} = \displaystyle \sum _{j: ij\in A} e_{ij} \quad \forall i\in V \tag {1} \\ &\displaystyle \sum _{j: ji\in A} e_{ji} \leq \quad 1 \quad \forall i\in V \tag {2} \\ &\displaystyle \sum _{ij\in A} e_{ij} = \quad \mu ^* \tag {3} \\ &\displaystyle \sum _{j\in V_p} {\sum _{i: ij \in A}} e_{ij}-x_p \leq \quad d_2^* - \varepsilon (1-z^2_p) + z_p^1L \quad \forall p\in N \\ &\displaystyle x_p-\sum _{j\in V_p} {\sum _{i: ij \in A}} e_{ij} \leq \quad d_2^* - \varepsilon (1-z^2_p) + z_p^1L \quad \forall p\in N \\ &\displaystyle \sum _{j\in V_p} {\sum _{i: ij \in A}} e_{ij}-x_p \leq \quad d_1^* \quad \forall p\in N \tag {8}\\ &\displaystyle x_p-\sum _{j\in V_p} {\sum _{i: ij \in A}} e_{ij} \leq \quad d_1^* \quad \forall p\in N \tag {9} \\ &\displaystyle \sum _{p \in N}z^1_p = \quad n_1^* \tag {12} \\ &z_p^1 + z_p^2 \leq 1 \quad \forall p \in N\end {align}


$t \geq 3$


$|N|=n_1^*+n_2^*+\dots +n_t^*$


$d_t^* \leq 1/2$


$|N|$


$L$


$L \geq d_t^*$


$L = d_{t-1}^*$


\begin {equation*}\tag {$\text {ILP}_{d_t}$}\label {ILPdt} \begin {array}{rl} \displaystyle \min _{d_t,e,(z^i)_{i=1}^{t-1}} d_t & \text {s.t.}\\ \end {array}\end {equation*}


\begin {align}&\displaystyle \sum _{j: ji\in A} e_{ji} = \displaystyle \sum _{j: ij\in A} e_{ij} \quad \forall i\in V \tag {1} \\ &\displaystyle \sum _{j: ji\in A} e_{ji} \leq \quad 1 \quad \forall i\in V \tag {2} \\ &\displaystyle \sum _{ij\in A} e_{ij} = \quad \mu ^* \tag {3} \\ &\displaystyle \sum _{i=1}^{t-1}z^i_p \leq \quad 1 \quad \forall p \in N \\ &\displaystyle \sum _{j\in V_p} {\sum _{i: ij \in A}} e_{ij}-x_p \leq \quad d_t + \displaystyle \sum _{i=1}^{t-1}z^i_pd_i^* \hspace *{3pc} \quad \forall p\in N \\ &\displaystyle x_p-\sum _{j\in V_p} {\sum _{i: ij \in A}} e_{ij} \leq \quad d_t + \displaystyle \sum _{i=1}^{t-1}z^i_pd_i^* \hspace *{3pc} \quad \forall p\in N\\ &\displaystyle \sum _{j\in V_p} {\sum _{i: ij \in A}} e_{ij}-x_p \leq \quad \displaystyle \sum _{i=1}^{t-1}z^i_pd_i^* + {\left (1-\displaystyle \sum _{i=1}^{t-1}z^i_p\right )}L \quad \forall p\in N \\ &\displaystyle x_p-\sum _{j\in V_p} {\sum _{i: ij \in A}} e_{ij} \leq \quad \displaystyle \sum _{i=1}^{t-1}z^i_pd_i^* + {\left (1-\displaystyle \sum _{i=1}^{t-1}z^i_p\right )}L \hspace *{2pc} \quad \forall p\in N \\ &\displaystyle \sum _{p \in N}z^i_p = \quad n_i^* \quad \forall {i \in \{1,\dots ,t-1\}}\end {align}


$L'$


${L'} \geq d_t^* - \varepsilon $


\begin {equation*}\tag {$\text {ILP}_{N_t}$}\label {ILPNt} \begin {array}{rl} \displaystyle \min _{(z)_{i=1}^t,e} \displaystyle \sum _{p \in N}z^t_p & \text {s.t.}\\ \end {array}\end {equation*}


\begin {align}&\displaystyle \sum _{j: ji\in A} e_{ji} = \displaystyle \sum _{j: ij\in A} e_{ij} \quad \forall i\in V \tag {1} \\ &\displaystyle \sum _{j: ji\in A} e_{ji} \leq \quad 1 \quad \forall i\in V \tag {2} \\ &\displaystyle \sum _{ij\in A} e_{ij} = \quad \mu ^* \tag {3} \\ &\displaystyle \sum _{i=1}^{t-1}z^i_p \leq \quad 1 \quad \forall p \in N \tag {16} \\ &\displaystyle \sum _{j\in V_p} e_{ij}-x_p \leq \quad d_t^* - \varepsilon (1-z^t_p) + \displaystyle \sum _{i=1}^{t-1}z_p^id_i^* \quad \forall p\in N \\ &x_p - \displaystyle \sum _{j\in V_p} e_{ij} \leq \quad d_t^* - \varepsilon (1-z^t_p) + \displaystyle \sum _{i=1}^{t-1}z_p^id_i^* \quad \forall p\in N \\ &\displaystyle \sum _{j\in V_p} e_{ij}-x_p \leq \quad \displaystyle \sum _{i=1}^{t}z_p^id_i^* + {\left (1 - \displaystyle \sum _{i=1}^{t}z_p^i\right )}{L'} \quad \forall p \in N \\ &\displaystyle x_p - \sum _{j\in V_p} e_{ij} \leq \quad \displaystyle \sum _{i=1}^{t}z_p^id_i^* + {\left (1 - \displaystyle \sum _{i=1}^{t}z_p^i\right )}{L'} \quad \forall p \in N \\ &\displaystyle \sum _{p \in N}z^i_p = \quad n_i^* \quad \forall {i \in \{1,\dots ,t-1\}} \tag {21}\end {align}


$(N,v)$


$G=(V,A)$


$x$


$2|N|$


$O(|A|+|N|^2)$


$O(|V|)$


$\ell =\infty $


$\ell =2$


$\ell =2$


$\ell =\infty $


$G_1,\ldots , G_{100}$


$G_i$


$G_i$


$i\in \{1,\ldots ,100\}$


$n$


$n=4,\ldots ,10$


$V_i$


$G_i$


$n$


$V_{i,1},\ldots , V_{i,n}$


${2000}/{n}$


$V_{i,p}$


$p$


$G_i^1(n)$


$G_i$


$500$


$G_i$


$2,\ldots ,24$


$G_i^1(n)$


$G_i^1(n),\ldots , G_i^{24}(n)$


$\ell =2$


$G_1,\ldots ,G_{100}$


$V_i$


$n$


$V_{i,1},\ldots , V_{i,n}$


$n/3$


$1000/n$


$n/3$


$2000/n$


$n/3$


$3000/n$


$G_i^1(n)$


$G_i^2(n),\ldots ,G_i^{24}(n)$


$y$


$v$


$v(S)$


$(N,v)$


$\phi (N,v)$


$p\in N$


\begin {equation*}\phi _p(N,v) = \sum _{S \subseteq N\backslash \{p\}} \frac {|S|!(n-|S|-1)!}{n!}(v(S\cup \{p\})-v(S)).\end {equation*}


$\psi (N,v)$


$p\in N$


\begin {equation*}\psi _p(N,v):=\sum _{S \subseteq N\backslash \{p\}} \frac {1}{2^{n-1}}(v(S\cup \{p\})-v(S)).\end {equation*}


$\psi _p$


$\overline {\psi }(N,v)$


$(N,v)$


$p\in N$


\begin {equation*}\overline {\psi }_p(N,v):=\frac {\psi _p(N,v)}{\sum _{q \in N}\psi _q(N,v)} \cdot v(N).\end {equation*}


$\overline {\psi }(N,v)$


$n=10$


$x$


$(N,v)$


$S \subsetneq N$


$e(S,x) := x({\it S})-v(S)$


$2^n-2$


$e(x) \in \R ^{2^n-2}$


$\eta $


$N,v$


$e(x)$


$x$


$x_i\geq v(\{i\})$


$b_p = v(N) - v(N \setminus p)$


$p \in N$


$b \in \mathbb {R}^N$


$p \in S \subseteq N$


\begin {equation*}R(S,p) = v(S) - \sum _{q \in S \setminus p} b_q\end {equation*}


$p$


$S$


$p$


$S$


$p\in N$


\begin {equation*}a_p = \max _{S \ni p} R(S,p),\end {equation*}


$a \in \mathbb {R}^N$


$(N,v)$


$a \leq b$


$a(N) \leq v(N) \leq b(N)$


$\tau $


$(N,v)$


$p\in N$


\begin {equation*}\tau _p = \gamma a_p + (1-\gamma )b_p,\end {equation*}


$\gamma \in [0,1]$


$\tau (N) = v(N)$


$\gamma $


$a=b$


$\tau =b$


$n=10$


$(N,v)$


$\mbox {surp}=v(N) - \sum _{p \in N} v(\{p\})$


$\sum _{p\in N}\alpha _p=1$


$v(\{p\})+\alpha _p\cdot \mbox {surp}$


$p\in N$


$p\in N$


\begin {equation*}\alpha _p=\frac {v(N) - v(N \setminus \{p\})-v(\{p\})}{\sum _{{q}\in N}(v(N) - v(N \setminus \{{q}\})-v(\{{q}\}))},\end {equation*}


$p\in N$


\begin {equation*}\alpha _p=\frac {v(N) - v(N \setminus \{p\})}{\sum _{{q}\in N}(v(N) - v(N \setminus \{{q}\}))}.\end {equation*}


$2n-1$


$v$


$h$
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$S\subseteq N$
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To prevent exchange cycles from breaking (and a patient from los-
ing their willing donor), hospitals perform the k transplants in a k-way
exchange simultaneously. Hence, KEPs impose a bound #, called the ex-
change bound, on the maximum length (number of arcs) of an exchange
cycle, typically 2 < # < 5. An ¢-cycle packing of G is a set C of directed
cycles, each of length at most 7, that are pairwise vertex-disjoint; if
¢ = o0, we also say that C is a cycle packing. The size of C is the sum of
the lengths of the cycles of C.

KEPs operate in rounds. A solution for round r is an #-cycle packing
in the corresponding compatibility graph G”. The goal is to help as many
patients as possible in each round. Hence, to maximize the number of
transplants in round r, we seek an optimal solution, that is, a maximum ¢-
cycle packing of G", i.e., one that has maximum size. After round r, some
patients will have received a kidney or died (or have left the pool for
some other reason), while other patient-donor pairs may have arrived.
This results in a new compatibility graph G'*! for round r + 1. We have
now finished the description of the basic KEP model, as used in this
paper. As discussed by Bir6 et al. (2019), there exist many variants and
extensions, some of which we will discuss in more detail later.

An important computational issue for KEPs is how to find an optimal
solution in each round. If # = 2, we can apply a well-known transforma-
tion (see e.g. Roth et al., 2005) that only keeps the “double” arcs of a
compatibility graph G. Namely we transform G into an undirected graph
G = (V, E) as follows. For every u,v € V, we have uv € E if and only if
(u,v) € A and (v,u) € A. It then remains to compute a maximum match-
ing in G, which can be done in polynomial time (Edmonds, 1965). If
we set £ = oo, another well-known trick works (see e.g. Abraham et al.,
2007). We transform G into a bipartite graph H with partition classes V'
and V', where V' is a copy of V. For each u € V and its copy u’ € V', we
add the edge ww’ with weight 0. For each (u,v) € A, we add the edge uv
with weight 1. Now it remains to find in polynomial time a maximum
weight perfect matching in H. However, for any constant ¢ > 3, the
complexity changes, as shown by Abraham, Blum and Sandholm (Abra-
ham et al., 2007).

Theorem 1 (Abraham et al., 2007). If # =2 or ¢ = oo, we can find an
optimal solution for a KEP round in polynomial time; else this is NP-hard.

International Kidney Exchange. As merging pools of national KEPs
leads to better outcomes, many countries today work together with the
aim of forming an international KEP (IKEP), e.g. Austria and the Czech
Republic (Bohmig et al., 2017); Denmark, Norway and Sweden; and
Italy, Portugal and Spain (Valentin et al., 2019). Apart from ethical,
legal and logistical issues (all beyond our scope), there is now a new
and highly non-trivial issue that needs to be addressed: How can we en-
sure long-term stability of an IKEP? If countries are not treated fairly, they
may leave the IKEP. In a worst-case scenario it could even happen that
in the end each country returns to their own national KEP again.

Example 1. Let G be the compatibility graph from Fig. 1. Then a total
of five kidney transplants is possible (only) if we choose the solution of
size 5 that consists of the single exchange cycle C = abdeca. We have that
patient-donor pairs a, b, c belong to country 1, whereas patient-donor
pairs d and e belong to country 2, and patient-donor pair f belongs to
country 3. So using this solution, countries 1, 2 and 3 receive three, two
and zero kidney transplants, respectively. Note that without cooperation
only country 2 can receive kidney transplants in this example.

Cooperative Game Theory considers fair distributions of joint profit
if all parties involved collaborate (the notion of fairness depends on
context). Before describing its role in our setting, we first give some basic
terminology on cooperative game theory; we refer to Peters (2008) for
more details.

A (cooperative) game is a pair (N, v), where N is a set of n players
and v : 2V — R is a value function with v(#) = 0. A subset S C N is a
coalition. If for every possible partition (S, ...,S,) of N it holds that
v(N) > v(S)) + -+ + v(S,), then players will benefit most by forming the
grand codlition N. The problem is then how to fairly distribute v(N)
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Fig. 1. A partitioned permutation game (N, v) of width ¢ = 3 defined on a graph
G =(V,A). Note that N = {1,2,3} and V = V; UV, UV; with V| = {a,b,c}, V; =
{d,e} and V; = { f}, as indicated by the dotted circles. Recall that G has exactly
one maximum cycle packing C, which consists of the single exchange cycle C =
abdeca, as indicated by the thick edges. Selecting C yields the allocation x =
(3,2,0). We note that o(N) = v({1,2}) = 5, while v({2}) = 2 and v({1}) = v({3}) =
v({1,3}) = v(@¥) = 0and v({2,3}) = 2. It can be readily checked that forall § C N,
x(S) > v(S). Hence, x belongs to the core of (N, v).

amongst the players of N. An allocation is a vector x € RN with x(N) =
v(N) (we write x(S) = ZPG s %p for S C N). In this context, the notion
of fairness is defined by a solution concept, which prescribes a set of fair
allocations for a game (N, v). Each solution concept has its own fairness
properties; we discuss these properties in detail in Section 4.2.

The solution concepts considered in this paper are the Shapley value,
Banzhaf value (two variants) nucleolus, tau value, benefit value, contri-
bution value (all of which are defined in Section 4.2) and the core. They
all prescribe a unique allocation except for the core, which consists of
all allocations x € RN with x(S) > v(S) for every .§ C N. Core alloca-
tions ensure N is stable in the sense that no subset .S will benefit from
forming their own coalition. However, the core of a cooperative game
may be empty.

We now define some relevant games. For a directed graph G = (V, A)
and subset S C V, we let G[S] = (S, {(w,v) € A | u,v € S}) be the sub-
graph of G induced by S. An £-permutation game on a directed graph G =
(V, A) is the game (N, v), where N =V and for S C N, the value v(S) is
the maximum size of an #-cycle packing of G[.S]. Two special cases are
well studied. We obtain a matching game if # = 2, which may have an
empty core (e.g. when G is a triangle on vertices a, b, c with arcs (a, b),
(b, a), (a,c), (c,a), (b,c), (c,b), see also Fig. 2) and a permutation game if
¢ = o0, whose core is always nonempty (Tijs et al., 1984).

In the remainder, we differentiate between the sets N (of players
in the game) and V (of vertices in the underlying graph G). That is,
we associate each player i € N with a distinct subset V; of V. A parti-
tioned £ -permutation game on a directed graph G = (V, A) with a partition
Vi, ..., V,) of V is the game (N, v), where N = {1, ...,n},and for S C N,
the value v(S) is the maximum size of an #-cycle packing of G[|J,cs V;1.
We obtain a partitioned matching game (Benedek et al., 2023, 2025) if
¢ =2, and a partitioned permutation game if £ = co. The width of (N, v)
is the width of (V,...,V,), which is defined as ¢ = max{|V;| | 1 <i <n}.
We refer again to Fig. 1 for an example.

The Model. For a round of an IKEP with exchange bound #, let (N, v) be
the partitioned /-permutation game defined on the compatibility graph
G = (V,A), where N = {1, ...,n} is the set of countries in the IKEP, and
V is partitioned into subsets V7, ...,V, such that for every pe N, V,
consists of the patient-donor pairs of country p. We say that (N, v) is the
associated game for G. We can now make use of a solution concept S for
(N, v) to obtain a fair initial allocation y, where y, prescribes the initial
number of kidney transplants country p should receive in this round
(possibly, y, is not an integer, but as we shall see this is not relevant).
To ensure IKEP stability, we use the model of Klimentova et al.
(2021), which is a credit-based system. For round r > 1, let G" be the



M. Benedek et al.

Fig. 2. A partitioned matching game (N, v) of width ¢ =1 on the graph G =
(V,A) with N ={1,2,3} and V =V, UV, UV, for V, ={a}, V, ={b} and V; =
{c}. Note that v({1}) = v({2}) = v({3}) = v(@) = 0, whereas v(N) = v({1,2,3} =
v({1,2}) = v({1,3}) = v({2,3}) = 2, implying the core of (N, v) is empty.

compatibility graph with associated game (N, v"); let y" be the initial al-
location (as prescribed by some solution concept S); andlet¢” : N - R
be a credit function, which satisfies Zpe N c; =0;if r=1, we set ¢" =0.
For pe N, we set x :=y, +c, to obtain the target allocation x" for
round r; note that x” is indeed an allocation, as y" is an allocation and
2sen ¢, = 0). We choose some maximum ¢-cycle packing C of G" as op-
timal solution for round r (out of possibly exponentially many optimal
solutions). For round r, let 5,(C)" be the number of kidney transplants
for patients in country p (with donors both from p and other countries).
For p € N, we set c;“ i=x7 —5,(C") to get the credit function ¢! for
round r + 1 (note that Z,;e N c;“ = 0). For round r + 1, a new initial al-
location y"*+! is prescribed by S for the associated game (N, v"*!). For
every p € N, we set x’*! := y"*1 4 ¢’*1 and we repeat the process.

Apart from specifying the solution concept S, we must also deter-
mine how to choose in each round a maximum #-cycle packing C (op-
timal solution) of the corresponding compatibility graph G. We will
choose C, such that the vector s(C), with number of kidney transplants
entries s,(C), is closest to the target allocation x for the round under con-
sideration. To ensure (long-term) stability of an IKEP, we aim to make an
IKEP balanced, that is, in each round the goal is to find optimal cycle
packings that are close to the target allocations, yielding consistently
low (ideally zero) credit values.

To explain our distance measures, let |x, — s5,(C)| be the deviation of
country p from its target x, if C is chosen out of all optimal solutions.
We order the deviations |x, — 5,(C)| non-increasingly as a vector

d(©) = (Ix,, = 5, Ol ....|x,, =5, (OD.

We say that C is strongly close to x if d(C) is lexicographically minimal
over all optimal solutions. If we only minimize d,(C) = max,ep {|x, —
5,(C)|} over all optimal solutions, we obtain a weakly close optimal so-
lution. If an optimal solution is strongly close, then it is weakly close,
but the reverse might not be true. Both measures have been used in the
literature, as we discuss below after first giving an example.

Example 2. Let £ = 2 and consider the partitioned matching game (N, v)
from Fig. 2, which has width ¢ = 1. Note that N = {1,2,3} and V =
ViuV,uV; with V| = {a}, V, ={b} and V; = {c}. Moreover, v(N) =
v({1,2,3} = v({1,2})) = v({1,3}) = v({2,3}) = 2, while v({1}) =ov({2}) =
v({3}) = v(@) = 0. Say we are in round 1 and use the Shapley value
(see Section 4), which yields the initial allocation x! = {%, % %}. As
¢! =(0,0,0), we have y' = x! as target allocation. Note that y! is not
in the core, because the core of (N, v) is empty, as we observed before.
There are three optimal solutions, which each correspond to a cycle
packing consisting of exactly one 2-vertex cycle. By symmetry, each of
them is strongly close to x. Suppose we select C = {{aba}}. Note that
51(C) = 55,(C) = 1 and s3(C) = 0. Hence, d(C) = (3 % %), and the credit

3
vector ¢? for round 2 is (—1, —%, %).
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Related work

Benedek et al. (2025) proved the following theorem for # =2 (the
“matching” case).

Theorem 2 (Benedek et al., 2025). For partitioned matching games, the
problem of finding an optimal solution that is strongly close to a given target
allocation x is polynomial-time solvable.

In contrast to Theorem 2, Benedek et al. (2025) also showed that the
problem becomes NP-hard for edge-weighted graphs, in which the edges
e € A have an associated weight w(e) reflecting the expected utility
of the corresponding kidney transplant. Namely, if maximum weight
matchings are taken as optimal solutions for edge-weighted graphs, then
it is NP-hard to find a weakly close optimal solution even for n = 2.

Benedek et al. (2022) used the algorithm of Theorem 2 to perform
simulations for up to 15 countries for # = 2. As initial allocations, they
used the Shapley value, nucleolus, benefit value and contribution value,
with the Shapley value yielding the best results. Afterwards, Benedek
et al. (2024b) extended the experimental results from Benedek et al.
(2022) for # =2 by also considering two variants of the Banzhaf value
and the tau value. It turned out that the Banzhaf value variants behaved
slightly better than the Shapley value.

The good performance of the Shapley value in Benedek et al. (2022,
2024b) is in line with the simulation results of Klimentova et al. (2021)
and Bir6 et al. (2020) for # = 3. Due to Theorem 1, the simulations
in Bir6 et al. (2020), Klimentova et al. (2021) are for up to four countries
and use weakly close optimal solutions. We note that the simulations
in Biré et al. (2020), Klimentova et al. (2021) model IKEPs that allow
for non-directed donors. These are altruistic donors that are added to the
pool without a corresponding patient. By allowing non-directed donors,
optimal solutions for compatibility graphs may include exchange chains,
which are directed paths that start from a non-directed donor. This may
result in more kidney transplants.

For 7 =2, we refer to Sun et al. (2021) for an alternative model
based on so-called selection ratios using lower and upper target num-
bers. IKEPs have also been modelled as non-cooperative games in the
consecutive matching setting. In this setting, each round consists of two
phases: national pools in phase 1 and a merged pool for unmatched
patient-donor pairs in phase 2; see Carvalho and Lodi (2023), Carvalho
et al. (2017), Smeulders et al. (2024) for some results in this setting.

Finally, fairness (versus optimality) issues are also studied for na-
tional KEPs, in particular in the US. The US setting is different from the
European setting, which is the setting we consider, for the following
reasons. As we explained above, in Europe the treatment of patient-
donor pairs is regulated centrally implying that all patient-donor pairs
are registered at an (I)KEP, leading to large and diverse patient-donor
pair pools with many exchange options and matching runs that are con-
ducted typically every three months. In contrast, in the US the transplant
centers (hospitals) are independent. They mostly treat incoming patient-
donor pairs in-house, and need to be convinced to register patient-donor
pairs to one of the three nationwide KEPs (UNOS, APD, and NKR) which
compete against each other (see Agarwal et al., 2019). Therefore, in the
US, kidney transplants usually take place immediately after the registra-
tion of a new pair. How to incentivize KEPs in the US setting to register
all their patient-donors pairs (instead of only the hard-to-match pairs)
to a joint pool is a challenging problem that has been widely studied;
see e.g. Ashlagi et al. (2015), Ashlagi and Roth (2012, 2014), Blum et al.
(2017), Hajaj et al. (2015), Toulis and Parkes (2015) for a number of
different approaches, which were compared to each other in the recent
survey (Barkel et al., 2025). In particular, Hajaj et al. (2015) suggested
a credit-based approach, namely to give the nationwide KEPs positive
credits for registering easy-to-match pairs and negative credits for reg-
istering hard-to-match pairs. Their approach was further analysed by
Agarwal et al. (2019) and has been adapted by the NKR but is very
different in nature from our credit-based approach.
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Our Results

We consider partitioned permutation games and IKEPs, so we as-
sume Z = oo. The latter assumption is not realistic in kidney exchange.
However, the assumption has also been made for national KEPs in order
to obtain general results of theoretical interest (Aziz et al., 2021; Bir6
et al., 2024; Bir6 et al., 2009; Roth et al., 2004). Moreover, results of
studies with £ = co may have wider applications, for instance, in port-
folio compression in financial clearing (D’Errico & Roukny, 2021), time
exchange (Andersson et al., 2021), and shift-reallocation (Manjunath &
Westkamp, 2021). In particular, we wanted to research how the stabil-
ity of an IKEP and the total number of kidney transplants are affected
when moving from one extreme (£ = 2) to the other (¢ = ).

As mentioned, the KEP model we use is the most basic version, which
has been used in the literature for conducting computer simulations on
generated instance. In particular, this allows us to make a clean com-
parison with a previous experimental study for # = 2 (Benedek et al.,
2024b). That is, we ignore the diverse sets of complex, hierarchical
optimization criteria that are used in European kidney exchange (Bir6
etal., 2019, 2021) and only maximize the number of transplants in each
matching run. We do note that this objective is always the first objective
in every used hierarchy apart from the hierarchy used in the UK, where
it is the second objective. We also ignore the presence of non-directed
donors and the possibility of having multiple donors registering for one
patient. To further justify our choice of not considering non-directed
donors, we note that such donors are illegal in some European coun-
tries, such as France and Hungary.

Our paper consists of a theoretical part and an experimental part.
We start with our theoretical results (Section 2). Permutation games, i.e.
partitioned permutation games of width 1, have a nonempty core (Tijs
et al, 1984), and a core allocation can be found in polynomial
time (Curiel & Tijs, 1986). We generalize these two results to parti-
tioned permutation games of any width ¢, and also show a complex-
ity dichotomy for testing core membership, which is in contrast with
the complexity dichotomy for partitioned matching games, where the
complexity jump happens at ¢ = 3 (Benedek et al., 2025).

Theorem 3. The core of every partitioned permutation game is nonempty,
and it is possible to find a core allocation in polynomial time. Moreover, for
partitioned permutation games of fixed width c, the problem of deciding if
an allocation is in the core is polynomial-time solvable if ¢ = 1 and coNP-
complete if ¢ > 2.

Due to Theorem 1, we cannot hope to generalize Theorem 2 to hold for
any constant ¢ > 3. Nevertheless, Theorem 1 leaves open the question
of whether there is an analogue of Theorem 2 for # = o0, the “cycle
packing” case; Theorem 2 is concerned only with # = 2, the “matching”
case. We show that the answer to this question is no (assuming P # NP).

Theorem 4. For partitioned permutation games even of width 2, the problem
of finding an optimal solution that is weakly or strongly close to a given target
allocation x is NP-hard.

We refer to Table 1 for an overview of all the known and new results
that we discussed above.

Our last theoretical result is a randomized XP algorithm with param-
eter n. As we shall prove, derandomizing it requires solving the notorious
EXACT PERFECT MATCHING problem in polynomial time. The complex-
ity status of the latter problem is still open since its introduction by
Papadimitriou and Yannakakis (1982) in 1982.

Theorem 5. For a partitioned permutation game (N, v) on a directed graph
G = (V, A), the problem of finding an optimal solution that is weakly or
strongly close to a given target allocation x can be solved by a randomized
algorithm in | A|°™ time.

Our theoretical results highlighted severe computational limitations,
and we now turn to our simulations. We perform a large-scale exper-
imental study, in which our simulations are strongly guided by our the-
oretical results. Namely, we note that the algorithm in Theorem 5 is
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not practical for instances of realistic size (which we aim for). More-
over, it is a randomized algorithm. Hence, it it not acceptable either
in the setting of kidney exchange, as policy makers would only use so-
lution yielding the maximum number of kidney transplants. Therefore
and also due to Theorem 4, we formulate the problems of computing a
weakly or strongly close optimal solution as integer linear programs, as
described in Section 3. This enables us to use an ILP solver. We still ex-
ploit the fact that for £ = co (Theorem 1) we can find optimal solutions
and values v(.S) in polynomial time. In this way we can still perform, in
Section 4, simulations for IKEPs up to ten countries, so more than the
four countries in the simulations for # = 3 (Bir¢ et al., 2020; Klimen-
tova et al., 2021), but less than the 15 countries in the simulations for
¢ =2 (Benedek et al., 2024b).

For the initial allocations we use two easy-to-compute solution
concepts: the benefit value and contribution value and four hard-to-
compute solution concepts: the Banzhaf value, Shapley value, nucleo-
lus and tau-value. In particular, it follows from a well-known alterna-
tive definition of the nucleolus (Maschler et al., 1979) that the nucle-
olus is a core allocation for every game with a nonempty core. As by
Theorem 3, every partitioned permutation game has a nonempty core,
this means that we do not need to consider the core as a separate solution
concept in our simulations. Finally, we use the modified Banzhaf value
called Banzhaf* value from Benedek et al. (2024b), where the credits
are incorporated directly into the coalitional values. As in Benedek et al.
(2024Db), we research both the case where all countries have the same
size and the case where countries can be either of small, medium or
large size.

Our simulations show, as in Benedek et al. (2024b), that a credit
system using strongly close optimal solutions instead of weakly optimal
solutions makes an IKEP up to 56% more balanced' without decreasing
the overall number of transplants. Our simulations also indicate that out
of the seven solution concepts, using the Banzhaf* value leads to the
smallest deviations, namely on average, a deviation of at most 0.90%
from the initial allocation (but the differences between the Banzhaf*
value and the Banzhaf value or the Shapley value are small). Moreover,
moving from £ =2 to £ = o yields on average 46% more kidney trans-
plants (using the same simulation instances generated by the data gen-
erator (Pettersson & Trimble, 2021)).

For our simulations, we also kept track of the length of the exchange
cycles. It turned out that these may be very large, in particular in the
starting round. Previously, the relation between increase in transplants
versus increase in cycle length was also researched by Biré (Bir6 et al.,
2009), namely for # =2, # = 3, and # = co. However, their simulations
were done in the context of the UK KEP only.

2. The proofs of our theoretical results

We start with Theorem 3. Recall that the width ¢ of a partitioned

permutation game (N, v) defined on a directed graph G = (V, A) with
vertex partition (V], ..., V,) is the maximum size of a set V.
Theorem 3 (restated). The core of every partitioned permutation game is
nonempty, and it is possible to find a core allocation in polynomial time.
Moreover, for partitioned permutation games of fixed width c, the problem
of deciding if an allocation is in the core is polynomial-time solvable if ¢ = 1
and coNP-complete if ¢ > 2.

Proof. We first show that finding a core allocation of a partitioned per-
mutation game can be reduced to finding a core allocation of a permu-
tation game. As the latter can be done in polynomial-time (Curiel & Tijs,

1 As discussed in Section 4, using the Banzhaf value with n = 10 and equal
country sizes yields an average relative deviation of 1.97% when selecting
weakly close optimal solutions and an average relative deviation of 0.86% when
selecting strongly close optimal solutions. So, the improvement in balancedness
is (1.97 — 0.86)/1.97 = 56%. For the other solution concepts, the improvements
are between 36% and 54%.
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Table 1

Survey of complexity results relevant for IKEPs, for fixed cycle length # =2, # € {3,4,...} and ¢ = oo, respectively, where ¢ is the width of the
associated partitioned #-permutation game (N, v). Here, poly stands for polynomial-time solvable; coNP-c for coNP-complete; NP-h for NP-hard; and
coNP-h means coNP-hard. Results in Bold are new results shown in this paper, whereas non-referenced results follow directly from the referenced

results.

=2

¢ €(3,4,...}

=

finding an optimal solution

testing core nonemptyiness polyife <2

poly (Abraham et al., 2007)

NP-h (Abraham et al., 2007) poly (Abraham et al., 2007)

coNP-hard if ¢ > 3 (Benedek et al., 2025)

finding a core allocation polyife <2

coNP-h if ¢ > 3 (Benedek et al., 2025)

deciding core membership polyifc <2

coNP-c if ¢ > 3 (Benedek et al., 2025)

finding a weakly close solution to target allocation

finding a strongly close solution to target allocation

poly (Benedek et al., 2025)
poly (Benedek et al., 2025)

NP-h poly (Tijs et al., 1984)
NP-h poly (Curiel & Tijs, 1986)
NP-h polyifc=1
coNP-cifc>2

NP-h NP-h

NP-h NP-h

1986) (and such a core allocation always exists (Tijs et al., 1984)), the
same holds for the former.

Let (N, v) be a partitioned permutation game on a graph G = (V, A)
with partition (V}, ..., V,) of V. We create a permutation game (N’, v') by
splitting each V; into sets of size 1, i.e., every vertex becomes a player
in N’. Let x’ be a core allocation of (N’,v’). For each player i € N,
we set x; = 3,y X;, that is, we sum the x’ values of the players in N’
corresponding to the vertices that i controls in G. It holds that x(N) =
v(N), as (N, v) and (N, v') are defined on the same graph G; hence, the
weight of a maximum weight cycle packing is unchanged.

Suppose there is a blocking coalition .S Cc N, that is, v(S) > x(S)
holds. By the construction of x, it holds that the sum of the x’ values
over all vertices in U, gV; is less than v(.S) = v/({u | u € U,cgV;}). Hence,
the players in N’ corresponding to these vertices would form a block-
ing coalition to x’ for (N’,v), a contradiction. As x’ can be found in
polynomial-time, so can x.

Now we show that deciding whether an allocation is in the core can
be solved in polynomial time for partitioned permutation games with
width 1, that is, for permutation games. Let x € R" be an allocation. We
create a weight function w, over the arcs by setting w, ((u,v)) = x, — 1.
We claim that if there exists a blocking coalition, then there is a blocking
coalition that consists of only vertices along a cycle. In order to see
this, let S be a blocking coalition, so x(S) < v(S). By definition, v(.S)
is the maximum size of a cycle packing C = {C|,C,,.,C} in G[S]. For
i=1,...,k, let S; be the set of vertices in C;. From

x(S)) + x(S5,) + ... x(S) < x(S) < v(S) = |81 + [SH] + ... [ Skl

we find that x(.S;) < |S;| for at least one set S;. Hence, such an .S; is also
blocking.

So we just need to check whether there is a cycle C; with vertex set .S;
such that x(S;) < |.S;|. Note that Z(M)Eq w, (u,v) = x(S;) — |S;|. Hence,
such a cycle exists if and only if w, is not conservative (where conserva-
tive means no negative weighted cycles exist). The latter can be decided
in polynomial-time, for example with the Bellman-Ford algorithm.

Finally, we show that deciding if an allocation x is in the core of
a partitioned permutation game is coNP-complete, even if each |V}|
has size 2 (so ¢ = 2). Containment in coNP holds, as we can check in
polynomial time if a coalition blocks an allocation. To prove hardness,
we reduce from a special case of the NP-complete problem EXACT 3-
COVER (Hein et al., 1996; Hickey et al., 2008).

Given an instance I of EXACT 3-COVER, we construct a partitioned per-
mutation game (N, v) as follows (see Fig. 3 for an illustration).

— For each element i € [3n], there is a vertex g; and a vertex b,

— for each set S; € S, there are vertices s!, 52, s3,11,72,7,
J K FAR A ARV A AR |

— there are a further 12 vertices x, ..

<sXgn @and Yy, ..., Yeu-

Define the arcs as follows:

- for each k € [6n], an arc (x;, x, 1), where xq,, | 1= x;.

EXACT 3-COVER

Instance : A family of 3-element subsets of [3n],
S ={S,...,S3,}, where each element belongs to
exactly three sets

Question : Is there an exact 3-cover for S, that is, a subset
S’ ¢ S such that each element appears in exactly one
of the sets of S'?

— for each k € [3n], an arc (b, by, ), where by, | = b;;

— for each j € [3n], the arcs (t},t}z.), (tjz.,tf.), (tf.,tjl.);
— for each k € [6n],j € [3n],] € [3], the arcs (yk,sj.) and (s&,yk); and
— for each set S; = {jj.Jp.J3}, J1 <Jp <J3, the arcs (sj'.,ajl), (ajl’s/]')’
2 2y (3 3
(s7-a,)s (aj,,57), (57, a5,), (ay,, 57).
This gives a directed graph G = (V, A). The players with their corre-
sponding partition of the vertices are:

— for each i € [3n], we have a player 4; = {qa;,b;},
— for each k € [6n], we have a player X, = {x,,y,}, and
— for each j € [3n],! € [3], we have a player T/] = {sj.,tj.}.

Finally, we define the allocation x€ R", as follows:

- xy, =3—% for each i € [3n],
- Xy, =3- 21;21 for each k € [6n], and

- xp =1+ 5 for each j € [3n],1 € [3].

The size of the maximum cycle packing of G is
UV(N)=6n+6n+9n+9n+3n+3n=736n,

as every vertex can be covered. This is realized by adding the x,-cycle,
the b;-cycle, the 7;-cycles and then for each a;, a cycle {(a;,s}), (5.4}
(this can be done, because each element appears exactly three times
in the sets, so there is a perfect matching covering the vertex of each
element in the bipartite graph induced by the incidence relation between
the sets and the elements). We can cover the remaining 6n sj. vertices by
two cycles {(y, sj.), (sﬁ., yi)} arbitrarily.
If we sum up all allocation values we find that

2n—1 1 n+1
N)=6n-(3 - 9-(1+—)+3n-3—
x(N) = 6n-( 18nz)+n(+9n)+n( 9n2)
18-l Lop 14 on-nFL
3n
= 36n
= u(N),
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Fig. 3. An illustration for Theorem 3. The figure shows the part of the con-
struction for a set S; = {1,3,4}. Dashed arcs denote that there is a cycle through
the given vertex whose vertices are not included in the picture. Dark grey bold
ellipses denote the players.

so x is an allocation for (N, v).
We claim I has an exact 3-cover if and only if x is not in the core.

“=” First suppose {Sy,,..., Sy, } is an exact 3-cover in I. We claim
that P ={A; |i € 3n]} U{T] |i€[n],l €3]} is a blocking coalition.
We first show that v(P) = 12;1, which can be seen as follows. First, the
s;. and g; vertices in the coalition can be covered by 2-cycles, as the cor-
responding sets form an exact 3-cover. Moreover, the b; vertices can be
covered by the b;-cycle, as each of the A, players is in P, and finally, the
¢! vertices can be covered too, as for each j € {ky, ..., k,} all of le R sz, T;
belong to P. Then, x is not in the core, as

x(P)=3n-G— ”9“

1
(1 4+ —
)3 (L o)

n+1
3n

n
=9 +3n+ —
n n 3n

< 12n
= v(P).

“«<” Suppose x is not in the core. Then there is a coalition 7 with
u(P) > x(P). We write A = (J;g3,1 A; and X = (g6, X- We claim that
A CP or X CP. For a contradiction, suppose that neither .A C P nor
X C P holds. Clearly, P n (A U X) # @, because m of the Tj’ players can
only create a cycle packing of size h, but 4 of them have together an
allocation of A(1 + ﬁ) > h. So suppose that |P n(AuUX)| =m <9n. By
our assumption, none of the vertices b; or x, vertices can be covered.
Hence, if there are h > 1 participating Tj’ players besides them (there
must be at least one to have any cycles), then the size of the maximum
cycle packing they can obtain is 2 + 2 min{m, h} < 2m + h, as at best all
t; vertices can be covered, but the other vertices can only be covered
with cycles of length 2 by pairing the A s§ vertices to m a; or x; vertices.
But, their assigned allocation in x is at least

n+1 2n—1
B3 =—
9n? 3 18n2
a contradiction. Hence, A C P or X C P holds.
First suppose that AU X C P. Let the number of participating Tj’

players be A. Then, we have that
v(P) <3n+6n+2h + h, and

m - min{(3 —

WAh-(l+-)>om+h,
9n
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h
+h+—.
9n

+9n_n+1

o(P) > x(P) = 18n — 2"3_ !
Hence, we find that 242 > 18n — 1 + ﬁ > 18n—1,s0 h > 9n — 1, but it also
cannot be 9n, as 18n = 18n— 1+ %, a contradiction (as there are only
9n T} players).

Suppose next that X C P.Let0 < m = |P n A| < 3n. Then, if the num-
ber of Tj’ playersin P is h > 0, then v(P) < 6n + h + 2 - h. We can suppose
that 4 < 6n + m, because if there are more TJ’ players, then at most 6n + m
of their s’ vertices can be covered, hence the remaining players bring
strictly more x value than what they can increase the maximum cycle
packing size with. However,

2n—1
3n
> 18n+h+3m—1.

n+1
9n?

x(P) > (18n — )+(h+9—’;)+m.(3— )

Hence, in order for P to block, it must hold that 242 > 12n+3m — 1,s0 h >
6n + 1.5m — 0.5, contradicting h < 6n + m, if m > 1. In the case, when m =
0, we get that 6n+3h > 18n— 2L 4 4+ 1 s02n> 12n— 20 4 2L >
12n — 1. From this and h < 6n + 0, we get that » must be 6n. However,
then 12n > 12n — 2”—;1 + Z—Z > 12n, which is a contradiction again.
Therefore, suppose that .A C P, but X is not included in P. Let 0 <
m = |P nX| < 6n. Now, if the number of Tj’ players in P is h, then v(P) <
3n+ h+2- h, similarly as before. Again, we can suppose that 2 < 3n+m

for similar reasons. Furthermore,

n+1 h
h+ — (3=
n + +9n+m(

2n—1
n2

x(P) > 9n - )

>9n+h+3m—1.

If m > 1, then this implies that 24 > 6n+3m—1,s0 h > 3n+1.5m - 0.5,
a contradiction. We conclude that m = 0. Therefore, A < 3n and 2h >
6n—ﬂ+£>6n—l,soh:3n.

To sum up, we showed that P must contain .4, must be disjoint from
X and there must be exactly 3n TJ’ players inside P.

We claim that for each j € [3n], if Tj’ € P for some | € [3n], then T]’
is inside P for all / € [3]: if not then there must be at least one ti. vertex

that cannot be covered, hence v(P) < 12n — 1, but x(P) = 9n — % +3n+
g_:
some / € [3], then T,I € P for all I € [3], so there are exactly n sets S,
such that 7 lep.

Finally, it remains to show that the n sets corresponding to those
value of j such that TII isin P for [ € [3] must be the indices of an exact 3-
cover. Suppose that there is an element i that cannot be covered by them.
Then, a; cannot be covered by a cycle packing by P, so v(P) < 12n— 1,
which leads to the same contradiction. [

> 12n - 1, a contradiction. Therefore, for each set S, if Tj’ € P for

Before we prove Theorem 4, we need some definitions and a lemma.
Let G = (V, A) be a directed graph with a partition (V},...,V,) of V for
some n > 1. Recall that for a maximum cycle packing C of G, we let
5,(0) denote the number of arcs (u, v) with v € v, that belong to some
directed cycle of C. We say that C satisfies a set of intervals {I,,...,I,}
if 5,(C) € I, for every p € {1,...,n}.

Lemma 1. For instances (G,V,I), where G = (V, A) is a directed graph,
VY =V,,...,V,) is a partition of V with fixed width ¢, and I = {I,,...,I,}
is a set of intervals, the problem of finding a maximum cycle packing of G
satisfying T is polynomially solvable if ¢ = 1, and NP-complete if ¢ > 2 even
if 1, =[1,00] forevery p € {1,...,n} or I, = [1,1] for every p € {1, ..., n}.

Proof. First suppose ¢ = 1. Let v, be the unique vertex in V,. We can
assume that each I, contains either 0 or 1, else no cycle packing satis-
fying T exists. If 1 ¢ I, we can delete v, and redefine G as the graph
that remains. If this decreases the size of the maximum cycle packing,
then we conclude that no desired maximum cycle packing exists. Let U
be the set of vertices v, for which 0 ¢ I,.

The problem reduces to finding a maximum cycle packing such that
each vertex in U is covered. For this, we transform G = (V, A) into a
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bipartite graph H with partition classes V' and V', where V' is a copy
of V. For each v € V' \ U and its copy o' € V' \ U’, we add the edge u’
with weight 0 (we do not add these for the vertices of U). For each
(u,v) € A, we add the edge uv with weight 1. It remains to find in poly-
nomial time a maximum weight perfect matching in H, if there is any
and check whether its weight is the same as the size of a maximum cy-
cle packing in the original directed graph. If there is a perfect matching
with that weight, then in the maximum cycle packing it corresponds to,
each vertex in U must be covered with a cycle. In the other direction, if
there is a maximum cycle packing covering each vertex in U, then the
perfect matching it corresponds to has the desired weight and we need
no nonexistent uu’ edge for any u € U indeed.

Now suppose ¢ > 2. Containment in NP is trivial, as we can check
in polynomial time if an arc set consists of vertex disjoint cycles or not,
and for each player we can compute the number of incoming arcs.

To prove completeness, as in the proof of Theorem 3, we reduce
from the NP-complete problem EXACT 3-COVER. Given an instance I of
EXACT 3-COVER, we construct an instance I’ of our problem as follows
(see also Fig. 4):

— For each element i € [3n], we create a vertex q;,
— for each set S; € S, we create vertices sjl., sjz., sj3., tj'.,t?, tj,

— we create 2n source vertices x|, ..., X, and 2 sink vertices y;, ..., y,,.

Define the arcs as follows:

for each k € [2n], an arc (y;, x;),
for each k € [2n], j € [3n], the arcs (x,, tj'.) and (tj?,yk),

for each j € [3n], the arcs (tj'.,tjz.) and (tjz., tf.), and

for each set S; = {jj.ja. 3}, ji < Ja < Jj3, the arcs (Sll"ajl)’ (ajl,s;),
2 2y (3 3

(s7.a,), (a;,.57), (s7.a;,) and (a;,. 57).

This gives a directed graph G = (V, A). We partition V into players as
follows:

— for each i € [3n], we have a player 4; = {qg;},
— for each k € [2n], we have a player X, = {x;},Y, = {y;}, and
— for each j € [3n],] € [3], we have a player le = {sﬁ,t;} .

The maximum cycle packing of G has size 16n. This is because the x;, y;
vertices allow 2n cycles of length 5 through t},t?, tf. triples covering 10n
vertices. The rest of the t} vertices cannot be covered. Also, for the other
s5. and g, vertices, they span a directed bipartite graph, so at most 3n + 3n
vertices can be covered, as we have only 3n g; vertices. And 6n can be
covered indeed, as we can just choose an arbitrary sj. neighbour for each
a; and pair them with a 2-cycle.

The interval for each player is [1, o]. Since the size of the maximum
cycle packing of G is 16n, which is the same as the number of players, if
there is a solution that satisfies these intervals, then it also must satisfy
the intervals [1, 1] for each player. Hence the last two statements of the
Lemma are equivalent in this instance.

As a maximum cycle packing in G has size 16n, which is equal to
the sum of the lower bounds, G has a cycle packing satisfying every
interval if and only if G has a maximum cycle packing satisfying every
interval. We claim I admits an exact 3-cover if and only if G admits a
cycle packing satisfying every interval.

“=” First suppose I has an exact 3-cover S,...,S;,. We cre-
ate a cycle packing C of G. For each j e {l,...,I,}, we add the
cycles {(s},a;,), (a;,s)Y, ((53,a) (a5} (53, @), (ay,,57)). For j &
{ly,...,1,} we add the arcs (t;,tjz.), (tjz.,tf.). Finally, for each i € [2n], we
add the arcs (y;, ;) (xi,tjl.,), (’,3-,73’1')’ where j; is the ith smallest index
among the indices [3x] \ {/,,....1,}.

Clearly, C is a cycle packing. Each A; has an incoming arc, as
S},s -+ ), Was an exact 3-cover. As there are exactly 2n sets not in the
set cover, all of the corresponding players Tj’ have one incoming arc in
a cycle of the form {(y;, x,), (x;, t}’), (tjl.l,tjz.’ ), ((ti,y,-)}, and so did each X,
and each Y;. Hence, all lower bounds are satisfied.
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Fig. 4. Illustration for Lemma 1, showing the construction for a set .S,
{1,2,4}. Grey bold lines mark the players.

q-EXACT PERFECT MATCHING

Instance : An undirected bipartite graph B = (U, W; E), where
each edge is coloured with one of {1, ...,q}, and
numbers &, ... Jkg-

Question : s there a perfect matching in B consisting of k,

edges of each colour ¢?

“«” Now suppose G admits a cycle packing satisfying every inter-
val. Then, as X; has an incoming arc for all i € [2x], all (x;,y;) arcs
are included in the cycle packing. This means that there are 2n
such j € [3n], such that the arcs (1},17), (1}, 1}) are included in a cycle
(%0, G 1), @, ), (5,1, (85, ) of C.

From the above, we have that there are n indices j from [3n], such
that none of the players T/, 77,7} have incoming arcs of this form.
Hence, all these players can only have incoming arcs from a player A4;.
As each such TJ’ must have one incoming arc, it follows that for all these
Jj, the cycles {(aj],s}),(s},aj])}, {(ajz,sj.), (sf.,ajz)}, {(a,},sj.), (sj,aj3)} are
included in C, so they are vertex disjoint. Hence, the corresponding sets
must form an exact 3-cover. [

Theorem 4 (restated). For partitioned permutation games even of width 2,
the problem of finding an optimal solution that is weakly or strongly close to
a given target allocation x is NP-hard.

Proof. Recall that x, denotes the target for the number of arcs (v, v) with
v € V, that belong to some directed cycle of C. Letting each I, =[x, x,]
and applying Lemma 1, we see that finding a cycle packing where each
5,(C) is equal x, (so differs by at most 0) is NP-complete. Thus it is
NP-hard to find the maximum cycle packing that minimizes d,(C) =
max,ey {|x, —5,(C)|}; that is, to find a solution that is weakly close to
a given target and similarly it is also hard to find a strongly close solu-
tion. O

In the remainder of our paper, the following problem plays an important
role:

For g =2, this problem is also known as EXACT PERFECT MATCH-
ING, which, as mentioned, was introduced by Papadimitriou and Yan-
nakakis (Papadimitriou & Yannakakis, 1982) and whose complexity sta-
tus is open for more than 40 years. In the remainder of this section,
we will give both a reduction to this problem and a reduction from
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this problem. We start with the former in the proof of our next result
(Theorem 6), from which Theorem 5 immediately follows.

Let x be an allocation for a partitioned permutation game (N, v)
on a graph G = (V, A). For a maximum cycle packing C, d’(C) = (|xp] —
5p, O, ..o |x,, =5, (O is the unordered deviation vector of C.

Theorem 6. For a partitioned permutation game (N, v) on a directed graph
G = (V,A) and a target allocation x, it is possible to generate the set of
unordered deviation vectors in |A|°®" time by a randomized algorithm.

Proof. Let (N,v) be a partitioned permutation game with » players, de-
fined on a directed graph G = (V, A) with vertex partition V;, ..., V,. As
mentioned, we reduce to ¢-EXACT PERFECT MATCHING for an appro-
priate value of g. From (N,v) and a vector d’ = (d’, ... ,d"q) with dz/: >0
for every p € N, we define an undirected bipartite graph B = (U, W; E)
with coloured edges: for each vertex v € V, there is a vertex v € U and
a vertex v® € W and an edge v""v*' € E that has colour n + 1; for each
arc (u, v) € A, there is an edge u®v™, which will be coloured p if v € V,.
Let k,yy = [V|-0v(N) and, for p € {1,...,n}, let k, = d[’,.

We observe that G has a maximum cycle packing C with s,(C) = d[’,
if and only if B has a perfect matching with k, edges of each colour p €
(1,...,n+1}.

As each k; can only have a value between 0 and |E| = |A|+n=
O(|A]), the above reduction implies that the set of unordered deviation
vectors has size |A|°" for any allocation x for (N, v). We can find each
of these vectors in |4|°™ time by a randomized algorithm, as g-EXACT
PERFECT MATCHING is solvable in |E|°@ time with ¢ colours with a
randomized algorithm (Gurjar et al., 2012). O

We cannot hope to derandomize the algorithm from Theorem 6 with-
out first solving 2-EXACT PERFECT MATCHING problem in polynomial
time, as we now show.

Theorem 7. Every instance of 2-EXACT PERFECT MATCHING can be re-
duced in polynomial time to checking whether a partitioned permutation
game (N, v) with only 2 players has a solution with no deviation from a
target allocation x.

Proof. Take an instance I = (B, k|, k,) of 2-EXACT PERFECT MATCHING.
Let B=(U,W;E) be the bipartite graph in I with |U| = |W|=n for
some integer n whose edges are coloured either red (colour 1) or blue
(colour 2). We may suppose that n = k| + k,, otherwise I is clearly a
no-instance. We construct a digraph G from B by replacing every edge
e = uw with a directed 3-cycle on arcs (u, v,), (v,, w), (w,u), where w, is
a new vertex that has only u and v as its neighbours in G.

Let the first player’s set V| consist of all vertices v,, for which e is a
red edge in E and let the other player’s vertex set be V, = V' \ V. This
defines a partitioned permutation game (N, v). Let the target allocation
x be given by x = (k;,3n — k).

We claim that (B,k;,k,) is a yes-instance of 2-EXACT PERFECT
MATCHING if and only if G has a cycle packing C with s,(C) = k; and
$,(C) = 3n — k. Indeed, from a perfect matching M of B containing ex-
actly k, red edges, we can subsitute each edge uw € M by the corre-
sponding 3-cycle (u,v,,w), such that exactly k; vertices from V; and
3n — ky from V, are covered. It is also clear that this is a maximum size
cycle packing, as at most » of the v, vertices can be covered in any cycle
packing. In the other direction, suppose we have a maximum size cycle
packing with s,(C) = k; and s,(C) = 3n — k,. Then, it covers k; of the
vertices v, corresponding to red edges and n — k| = k, of the vertices
v, corresponding to the blue edges. Also, it must be that for each such
covered vertex v, for e = uw, we have the arcs (u,v,) and (v,, w) in C.
Therefore, these edges induce a perfect matching in B with exactly &,
red and k, blue edges. O

3. ILP formulation
In this section, we show how to find an optimal solution of a par-

titioned permutation game that is strongly close to a given target allo-
cation x by solving a sequence of Integer Linear Programs (ILPs). Let
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(N, v) be a partitioned permutation game defined on a directed graph
G = (V, A) with vertex partition V), ...,V, for some n > 1. Recall that
for a maximum cycle packing C of G, we let 5,(C) denote the num-
ber of arcs (u,v) with v € V,, that belong to some directed cycle of C.
Recall also that |x, — s,(C)| is the deviation of country p € N from its
target x, if C is chosen as optimal solution. Moreover, in the vector
d(€) = (Ixp, =5, (O, ..., |xpn =5, (O, the deviations |x, = 5,(C)| are
ordered non-increasingly. Finally, we recall that C is strongly close to x
if d(C) is lexicographically minimal over all optimal solutions for (N, v).

In the kidney exchange literature the following ILP is called the edge-
formulation (see e.g. Abraham et al., 2007). For each ij € A in the graph
G, lete; ; €1{0,1} be a (binary) edge-variable; this yields a vector e with
entries e;;.

ut = max Z e; st (edge-formulation)
ijEA
Z e = Z e vieVv (@)
jijieA jiijeA
Y oep< 1 Viev )
jijieA

Constraint (1) represents the well-known Kirchoff law, whereas (2) en-
sures that every node is covered by at most one cycle. The objective
function provides a maximum cycle packing, which has size u*.

This ILP has |A| binary variables and 2|V| constraints. In the fol-
lowing we are going to sequentially find largest country deviations d;*
(t > 1) and the corresponding minimal number #; of countries receiving
that deviation. We achieve this by solving an ILP of similar size for each
d? and nj, so two ILPs per iteration r. By similar size, we mean that in
each iteration we are going to add |N| binary variables and a single
additional constraint, while |[N| < |V| holds by definition and typically
|N| is much smaller than |A|. Meanwhile, since at every iteration we
are going to fix the deviation of at least one additional country (we will
not necessarily know which country, we are only going to keep track of
the number of countries with fixed deviation), the number of iterations
are at most |N| (as ¢ < |N|). Hence, we will solve no more than 2|N|
ILPs, among which the largest has O(|A| + |N|?) binary variables and
O(|V| + |N]) = O(|V]) constraints.

Once we have u* we solve the following ILP to find d;:

d;‘ ::Igg?d] s.t. (ILPdl)

T o= 3 e, viev @

Jiji€eA JrijEA

Y e< 1 Viev 2

jijieA

Zeii: u* 3

ijeA

> Dey-x,< d VpeN @

jev, itijeA

xp—z Ze,-js d, VpeN 5)
jev, itijeA

Constraints (1)-(3) guarantee that all solutions are, in fact, maximum cy-
cle packings. These constraints will be part of the formulations through-
out the entire ILP-series. Constraints (4) and (5), together with the ob-
jective function, guarantee that we minimize the largest country devia-
tion. Note that for each country p, exactly one of ¥;c), ¥, ;cq€ij = X,
and x, — 3 jev, Yi:ijea¢i; 1s positive and exactly one is negative, unless
both are zero. However, as soon as we reach d; < 1/2 we have found
a strongly close maximum cycle packing. Hence, in the remainder, we
assume d; > 1/2 for each ¢ such that the series continues with 7 + 1.
(ILP(,I) has one additional continuous variable (d;) and 2|N|+
1 additional constraints. For every country p € N, we have that
> jev, Yiijeatiy — X,| < df. However, there exists a smallest subset
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N, € N (which may not necessarily be unique) such that

2 Ze,-j—xp =dy Vp e N,
JEV,itijeA
Y ey-x,|<di<df VpeN\N,

jeV, itijeA

In a solution of (ILP, ), let n) be the number of countries with deviation
dy. We need to determine if there is another solution of (ILP, ) with
fewer than n;, possibly n}, countries having deviation d;. For this pur-
pose we must be able to distinguish between countries unable to have
less than d} deviation and countries for which the deviation is at most
d}, the latter value unknown at this stage. In order to make this distine-
tion, we determine a lower bound on d} — d; by examining the target
allocation x. We will then set ¢ in the next ILP to be strictly smaller than
this lower bound.

The number of vertices for a country covered by any cycle packing is
an integer. Hence, the number of possible country deviations is at most
2|N| and depends only on x. The fractional part of a country deviation
is either frac(x,) or 1 — frac(x,). Therefore, to find the minimal positive
difference in between the deviations of any two countries p and ¢, we
have to compare the values frac(x,) and 1 - frac(x,), with frac(x,) or
1 —frac(x,) and take the minimum of those four possible differences.
We let ¢ be a small positive constant that is weakly smaller than the
minimum possible positive difference between any two countries except
in the unique case when frac(x,) = 0.5 for every p € N. This is because in
that case, frac(xp) =1- frac(xl,) = frac(xq) =1- frac(xq) = 0.5, meaning
that all four possible differences are zero. However, should this happen,
then the minimum possible positive difference of any two countries’
deviation can be trivially found as 1, and then we can simply take any &
withO<e < 1.

We will distinguish between countries having minimal deviation of
d; and others through additional binary variables. Since later in the ILP
series we will need to distinguish between countries fixed at different
deviation levels, let us introduce binary variables z;,, where z;, =1 indi-
cates that p € N,.

. 1
min z s.t.
Z e = Z e VieV @
jijieA jrijeA
Y ei< 1 Viev 2
jijieA
oey= K @
ijeA
S Sens d-edi-zh ven ®
JEV, itijEA
-3 T di-eioz) wen ?
JEV, itijEA

As discussed, for each country p, the left hand side of either (6) or (7)
is negative (i.e., would be satisfied even with z}, = 0). For those coun-
tries whose deviation cannot be lower than d;*, however, the (positive)
left hand side of either (6) or (7) will require z}) = 1. Thus, given an op-
timal solution z'* of (ILPy ), let n} := ¥ cy z,* be the minimal num-
ber of countries receiving the largest country deviations. It is guaran-
teed that the non-increasingly ordered country deviations at a strongly
close maximum cycle packing starts with exactly ] many d; values,
followed by some dy <dj. (ILPy)) has |A| + |N| binary variables and
2|V | +2|N| + I constraints. Now, to find d}, we solve the following ILP:

in d s.t.
drzr,lelvlel 2 (ILP4)
Z ej; = Z e; VievV 1)

jijieA jiijeA
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Y ei< 1 Viev @)
jijieA
Z ey = M 3
ijEA
Z Zeij—xps df Vpe N (8)
jeV, itijeA
xp—z Ze,-js di VpeN ()]
jev, itijeA
Z € =X, < d2+z‘17d;‘ Vpe N (10)
jev, itijeA
xp—z Ze,-js d2+zll)d;‘ VpeN an
JEV, itijEA
Z z[lJ =nj 12)
PEN
(ILP,,) has |A| + | N| binary variables and one continuous variable (d,)

with 2|V| + 4| N| + 2 constraints, and guarantees that we find the mini-
mal second-largest country deviation d while exactly n] countries de-
viation is kept at dj. Finding n; follows a similar approach, where L is
a large constant satisfying L > 2(d} — dJ):

. 2
min z s.t.
zl’zzepEN P (ILPNZ)
ej; = Z e; VieV (@D)]
jijiceA jiijeA
Y ep< 1 Viev 2
jiji€eA
z €jj = ﬂ* 3
ijEA
Y De-x,< dj-e(l-z)+zL YpeEN (13)
JEV, itijEA
xp—z Ze,.jg dy—e(l-z)+zL VpeN (14)
JEV, itijEA
e =X, < df Vpe N (8)
JEV, itijEA
xp—z Zeijs d;‘ Vpe N 9
JEV, itijEA
Z z[l) = n’i‘ 12)
PEN
z;+z§g1 Vpe N (15)

Subsequently we follow a similar approach for all # > 3, until either
IN|=n]+n}+--+n] or we terminate because d; < 1/2. Until reach-
ing one of these conditions we iteratively solve the following two ILPs,
introducing additional | N| binary variables and an additional constraint
to both. Let L be a large constant satisfying L > d;, e.g. L =d; .

min s.t.

4,

d,,e,(z");;{ (ILPd,)
Y ei= ) ey VieV )}
jijieA juijeEA
Y ei< 1 Viev (@)
jiji€eA
Z ej= u' 3
ijEA
t—1
Yd< 1 VpeN (16)
i=1
t—1
> Dey—x,< di+ Y zds VpeN a7
i=1

JEV,itijEA



M. Benedek et al.

=1
Xp— 2 Y ey < di+ Y zhdr VpeN 18)
JEV, itijeA i=1
t—1 t—1
e —x, < Zz;d,.*+<l— z;)L VpeN 19
JEV, itijEA i=1 i=1
t—1 t—1
Xp— Y Yey < Yahdr+ (1 - z;,)L VpEN  (20)
JEV,itijEA i=1 i=1
Y= n Vie(l..t-1) (1)

PEN

In the following formulation L' is a large constant satisfying L' > d — .

H 1
min L
E z, s.t

@ pen (ILPy)
Y ei= ) ey VieV (¢h)
jiji€eA JUijEA
Y ei< 1 Viev 2
Jlji€eA
D= W @3
ijeA
t—1
Y4 < 1 VpeN 16)
i=1
t—1
Ze,-j—xps d,*—e(l—z;])+22;di* Vpe N (22)
i€v, i=1
-1
X,= Dey < di—e(l-zh)+ Y Zd* VpeN (23)
JEY, i=1
t
z € =X, < Zzzd‘.*+<l—222)L' Vpe N 24)
j€v, i=1 i=1
t t
X, = Zeijs Zz;di*+<l—222>L’ Vpe N (25)
i€v, i=1 i=1
Y= m Viell..t-1) (21)
PEN

From the above, we conclude that the following theorem holds, (in
which the bounds on the number of ILPs, variables and constraints are
not necessarily tight).

Theorem 8. For a partitioned permutation game (N, v) defined on a graph
G = (V, A), itis possible to find an optimal solution that is strongly close to a
given target allocation x by solving a series of at most 2| N | ILPs, each having
O(|A| + |N|?) binary variables and O(|V'|) constraints.

Note that if we just want to find a weakly close optimal solution we can
stop after solving the first ILP.

4, Simulations

In this section we describe our simulations for # = oo in detail. Our
goals are

1. to examine the benefits of strongly close optimal solutions over
weakly close optimal solutions or arbitrarily chosen optimal solu-
tions;

2. to examine the benefits of using credits;

. to examine the exchange cycle length distribution; and

4. to compare all these results with those for the other extreme case
where 7 = 2 (Benedek et al., 2024b).

w

For our fourth aim, we are especially interested in the increase in the
total number of patients treated when we compare the # =2 and £ = «©
cases.
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4.1. The set up

To allow a fair comparison we use the same set up as in Benedek et al.
(2024b), and in addition, we also use the data from Benedek (2021)
that was used in Benedek et al. (2024b). That is, for our simulations, we
take the same 100 compatibility graphs Gy, ..., G¢,, each with roughly?
2000 vertices from Benedek (2021), Benedek et al. (2024b). As real med-
ical data is unavailable to us for privacy reasons, the data from Benedek
(2021) was obtained using the data generator from Pettersson and Trim-
ble (2021). This data generator was used in many papers and is the
most realistic synthetic data generator available; see also Delorme et al.
(2022).

We use every G; (i € {1,...,100}) as the basis to perform simulations
for n countries, where we let n =4, ...,10. In order to do this, we first
consider the case where all countries have equal size. That is, we par-
tition the vertices V; of the graph G; into the same n sets V;,,....V,,
as in Benedek et al. (2024b) which are of equal size 2000/n (subject
to rounding), so V; , is the set of patient-donor pairs of country p. For
round 1, we construct a compatibility graph G!(n) as a subgraph of
G; of size roughly 500. We add the remaining patient-donor pairs of
G, as vertices by a uniform distribution between the remaining rounds
2,...,24. So, starting with G I.l(n), we run an IKEP of 24 rounds in total.
This gives us 24 compatibility graphs G!(n), ..., G**(n). As in Benedek
et al. (2024b), any patient-donor pair whose patient is not helped within
four rounds will automatically be deleted from the pool.

We also consider a situation where countries have different sizes. We
note that there are numerous ways one could allow for differently sized
countries. However, we follow the approach of Benedek et al. (2024b),
as this allows us to compare the results with those for # = 2. That is,
we consider the same 100 compatibility graphs G, ..., Gy, as before;
the only difference is that we now partition each V; into the same n sets
Vi1s...,V;, as in Benedek et al. (2024b), such that

e approximately n/3 are small, that is, have size roughly 1000/n (sub-
ject to rounding);

¢ approximately n/3 are medium, that is, have size roughly 2000/n;
and

¢ approximately n/3 are large, that is, have size roughly 3000/n.

A (24-round) simulation instance consists of

(i) the data needed to generate a graph Gi1 (n) and its successors
G*(n), ..., G¥(n)
(ii) an indication of whether the countries must be of the same size or
can have different sizes (in the way explained above);
(iii) a choice of solution concept for computing the initial allocation (see
Section 4.2); and
(iv) a choice of type of optimal solution (see Section 4.3).

Our code for obtaining the simulation instances can be found in a GitHub
repository (Ye, 2023), along with the compatibility graphs data and the
seeds for the randomization.

We now discuss our choice for the initial allocations and optimal
solutions.

4.2. The initial allocations

For the initial allocations y we use seven known solution concepts,
which we all define below:

o the Shapley value,
¢ the Banzhaf value,
o the nucleolus,

2 The graphs G, might not have exactly 2000 vertices: depending on the spe-
cific number of countries that we consider, we may need to do some rounding
in order for the countries to have the right sizes.
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o the tau value,

o the benefit value

o the contribution value, and

o the Banzhaf* value (which, we recall, is a conceptually different so-
lution concept).

We define each of these solution concepts below. Each of them pre-
scribes exactly one allocation for the partitioned permutation games as-
sociated with the compatibility graphs. For computing these allocations
we need the v-values of the partitioned permutation games.

We can compute a single value v(S) in polynomial time by Theorem 1
through a transformation into a bipartite graph and solving a maximum
weight perfect matching problem (see Section 1). For this we use the
package LEMON version 1.3.1 of Dezso et al. (2010).

Let (N, v) be a cooperative game. The Shapley value ¢(N, v) (Shapley,
1953) is defined by setting for p € N,

ISI'(n—1S1-1D
n!

|
¢ (N, 0)= ) -(U(S U {p}) = v(S)).

SCN\(p}

To define the next solution concept, we first introduce unnormalized
Banzhaf value w (N, v) (Banzhaf, 1964) defined by setting for p € N,

v(N.0) 1=

SCN\{p}

1
F(U(S U {p}) — v(S)).
As y, may not be an allocation, the (normalized) Banzhaf value (N, v)
of a game (N, v) was introduced and defined by setting for p € N,

v, (N, v) .
Yen VN, )

Whenever we mention the Banzhaf value, we will mean yw(N,v). To
compute the Shapley value and Banzhaf value in our simulations for
even up to n = 10 countries, we were still able to implement a brute
force approach relying on the above definitions.

We now define the nucleolus. The excess for an allocation x of a
game (N, v) and a nonempty coalition S ¢ N is defined as e(S,x) :=
x(S) — v(S). Ordering the 2" — 2 excesses in a non-decreasing sequence
yields excess vector e(x) € R2"-2, The nucleolus n of a game (N,v) is
the unique allocation (Schmeidler, 1969) that lexicographically maxi-
mizes e(x) over the set of allocations x with x; > v({i}) (assuming this
set is nonempty, as is the case for partitioned permutation games).
To compute the nucleolus, we use the Lexicographical Descent method
of Benedek et al. (2021), which is the state-of-the-art method in nucle-
olus computation.

Next, we define the tau value, introduced by Tijs (1981). First, let
b, = v(N) = v(N \ p) be the utopia payoff of p € N, leading to a vector
of utopia payoffs b € RV. Now, for p € S C N, we let

R(S,p)=0v(S)= Y b,

qES\p

w,y(N,v) 1= v(N).

be the remainder for player p in S, which is what would remain if all
players apart from p would leave a coalition S with their utopia payoff.
We now set for p € N,

a

= R(S, p),
p = ax (S, p)

leading to the vector a € R" of minimal rights. A game (N, v) is quasibal-
anced if a < b and a(N) < v(N) < b(N). For a quasibalanced game, the
tau value 7 of a game (V, v) is defined by setting for p € N,

7, =va, + (1 =7y)b,

where y € [0, 1] is determined by z(N) = v(N). Note that y is unique,
unless a = b (in which case we can simply take = = b).

The tau value is only defined for quasibalanced games. However, all
partitioned permutation games have a nonempty core by Theorem 3,
and thus they are quasibalanced. As for the Shapley value and Banzhaf
value, we were still able to compute the tau value by using a brute force
approach based on its definition even for n = 10 countries.
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The surplus of a game (N, v) is defined as surp = v(N) — ZpeN v({p}).
As long as ZpeN a, = 1, we can allocate v({p}) + @, - surp to each player
p € N. In this way we obtain the benefit value (Klimentova et al., 2021)
by setting for each p € N,

« = v(N) — (N \ {p}) — v({p})
P Ten@N) = o(N \ {g})) = v({q})’

and we obtain the contribution value (Benedek et al., 2022) by setting for
eachpe N,

o = _ V)= oV (p))
P Y en@W(N) —u(N \ {g})’

Both the benefit value and contribution value are easy to compute, as
we only need to compute 2n — 1 v-values. We also note that that the
benefit value and contribution value do not exist if the denominator is
zero. However, this did not happen in our simulations.

Finally, we consider a recent variant of the Banzhaf value, which was
introduced in Benedek et al. (2024b). We first define for some round 2
in an IKEP the credit-adjusted game (N ”,Eh), in which the credits are di-
rectly incorporated, that s, 7(S) = v"(S) + X, ves C;: forevery S C N. As
explained in Benedek et al. (2024b), this alternative way of processing
credits does not make any difference for any of the solution concepts
that we consider except for one: the (normalized) Banzhaf value. We
denote the adjusted Banzhaf value as the Banzhaf* value. In our simu-
lations, we compute it by using brute force as we do for the Banzhaf
value.

The solution concepts defined above have several fairness prop-
erties. For example, they may prescribe an allocation x; for a game
(N, v) that is individual rational, that is, x, 2 v({p}) for every p e N.
This property holds for the nucleolus, benefit value and contribution
value by definition. For the tau value, which is only defined on quasi-
balanced games, it follows from the observation that for every p € N,
7, 2 a, 2 v({p}). The Shapley value and unnormalized Banzhaf value are
not individual rational in general. However, they are readily seen to be
individual rational for superadditive games, i.e., games (N, v) for which
v(SUT) > v(S)+ uv(T) for all pairs S,T c N with S nT = @, which in-
clude the partitioned permutation games. In contrast, the normalized
Banzhaf value is not individual rational for partitioned permutation
games, as the following example shows.

Example 3. Let G = ({a, b, ¢}, {(a, b), (b, a),(b,c),(c,b)} and V| = {a}, V, =
{b} and V5 = {c}. Now, 5 = (0,2,0) is the only core allocation, and we
also note that ¢, y,,y ;| > 0. If we extend G by adding V, = {d, e} with
arcs (d, e), (e,d), then y, = v({4}) =2 > .

As discussed in Section 1, the nucleolus 7 is not only individual rational
but even belongs to the core (so 7(.S) > v(.S) for every S C N). For a more
detailed description on these solution concepts and their fairness prop-
erties, we refer to Peters (2008), Young (1985). Here, we only highlight
one other fairness property to illustrate that policy makers must make
a choice on what fairness properties they find most important (in addi-
tion to any computational considerations). A solution concept for a game
(N, v) is coalitional monotone if for every i € N the following holds: if the
value of each of the coalitions player i is a member of weakly increases,
while the values of all the other coalitions remain the same, then the
payoff of player i must also weakly increase. The Shapley value and
the Banzhaf value have this fairness property, whilst the nucleolus does
not (Young, 1985). However, whereas the nucleolus always belongs to
the core of the game, Example 3 shows that the Shapley and Banzhaf val-
ues of permutation games may not be core allocations. In fact, Young
(1985) even proved that no coalition monotone solution concept can
guarantee to prescribe a core allocation.

Fairness properties, such as individual rationality, core membership
and coalition monotonicity, are highly relevant for decision and pol-
icy making in international kidney exchange as well. As we have seen,
such properties may be in conflict with each other. Hence, IKEPs should
decide which fairness properties they prefer when selecting a certain
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Fig. 5. Average total relative deviations for each of the seven solution concepts under the five different scenarios for equal country sizes, where the number of
countries n is ranging from 4 to 10. For comparison, the lower right figure displays a result from Benedek et al. (2024b) for ¢ = 2, namely for the Banzhaf* value,
which behaved best for # = 2. We recall that the Banzhaf value and Banzhaf* value coincide when credits are not incorporated, and this is also reflected in the two
corresponding figures.

solution concept. We also note that (fractional) target allocations are 1. an arbitrary optimal solution;

typically not possible to achieve exactly. This is, for instance, illustrated 2. a weakly close optimal solution; and

by Example 3, where for the original compatibility graph G, the nu- 3. a strongly close optimal solution.

cleolus is (0,2,0) while the only two optimal solutions are (1,1,0) and

(0,1, 1). However, the credit system offers a way to compensate for any In this way we can measure the effect of using weakly close optimal so-
deviations from target allocations in the long term. lutions over arbitrarily chosen ones as well as the effect of using strongly

close optimal solutions over weakly close ones. We compute the weakly
and strongly close optimal solutions by solving a sequence of ILPs, as de-

4.3. The optimal solutions scribed in Section 3. We use Gurobi Optimizer version 10.0.02(linux64)
to create environments, build and solve ILPs (via the Gurobi C+ + in-

As optimal solutions we compute the following for each compatibil- terface on a cloud system). As not every ILP might be solved within a
ity graph: reasonable time, we give each ILP a time limit of one hour. As a minor
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Fig. 6. Average total relative deviations for each of the seven solution concepts under the five different scenarios for varying country sizes, where the number of
countries n is ranging from 4 to 10. For comparison, the lower right figure displays a result from Benedek et al. (2024b) for # = 2, namely for the Banzhaf* value,

which behaved best for £ = 2.

comment, we recall that the values v(N) of the partitioned permuta-
tion games used in the ILPs have already been computed for the ini-
tial allocations, and we simply reuse these to save some computation

time.

4.4. Computational environment and scale

In our large-scale experimental study, we run our simulations both
without and with (“+¢”) the credit system, and as mentioned for the set-

tings, where an arbitrary optimal solution (“arbitrary”), weakly optimal
solution (“d,”) or strongly close optimal solution (“lexmin”) is chosen.
This leads to the following five scenarios for each of the six selected

solution concepts, the Shapley value, Banzhaf value, nucleolus, tau
value, benefit value and contribution value:

arbitary,
di,

dl+c,
lexmin,
lexmin +c;

plus two scenarios for the Banzhaf* value:

e dl+c,
o lexmin+c,
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Fig. 10. Average credits for each of the seven solution concepts under the five different scenarios for equal country sizes, where the number of countries is n = 10
and the period ranges from 1 to 24. For comparison, the lower right figure displays a result from Benedek et al. (2024b) for # = 2, namely for the Banzhaf* value,

which also behaved best for £ = 2.

as without credits the Banzhaf* value coincides with the Banzhaf value.

Note that for the arbitrary scenario, the use of credits is irrelevant.
Hence, in total, we run the same set of simulations for 5x 6 +2 = 32
different combinations of scenarios and solution concepts. We consider
both the situation where all countries have the same size and a situ-
ation where they have different sizes. Moreover, we vary the number
of countries n from 4 to 10 (so seven different numbers) and have 100
compatibility graphs G;. Hence, the scale of our experimental study is
very large. Namely, the total number of 24-round simulation instances
is

32x2x7x 100 = 44800.

All simulations were run on a dual socket server with AMD EPYC 7702
64-Core Processor with 2.00 GHz base speed and 256GB of RAM, where
each simulation was given eight cores and 1G temporary disk space.
As we will compare our results for £ = co with the known results for
¢ =2 from Benedek et al. (2024b), let us point out that the simulations
in Benedek et al. (2024b) were run on a desktop PC with AMD Ryzen
9 5950X 3.4GHz CPU and 128 GB of RAM, running on Windows 10
OS and C+ + implementation in Visual Studio (the code is available in
GitHub repository (Benedek, 2021)).
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Fig. 11. Average credits for each of the seven solution concepts under the five different scenarios for varying country sizes, where the number of countries is n = 10
and the period ranges from 1 to 24. For comparison, the lower right figure displays a result from Benedek et al. (2024b) for # = 2, namely for the Banzhaf* value,

which also behaved best for 7 = 2.

4.5. Evaluation measures

Let y* be the total initial allocation of a single simulation instance,
that is, y* is obtained by taking the sum of the 24 initial allocations
of each of the 24 rounds of that instance. Let C* be the union of the
chosen maximum cycle packings in each of the 24 rounds. We use the
total relative deviation defined as

YoeN Ly, = s,(COI
[C*]
For each choice of solution concept, choice of scenario and choice of

number of countries, we run 100 simulation instances. We take the aver-
age of the 100 total relative deviations to obtain the average total relative

deviation. Taking the maximum relative deviation
max ey V5 = 5,(C*)]
|C*]

gives us the average maximum relative deviation as our second evaluation
measure. As we shall see, both evaluation measures lead to the same
conclusions.

4.6. simulation results for £ = oo and comparison with £ =2

In this section, we present our simulation results for # = co and com-
pare these results with the simulation results for £ = 2 (Benedek et al.,
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2024b). We start with Fig. 5. In this figure we display our main re-
sults for equal country sizes, that is, when all countries are of the same
size (see also Section 4.1), and we compare the seven different solution
concepts under the five different scenarios for # = co with each other.
Fig. 5 also shows the effects of weakly and strongly close solutions and
the credit system. As solution concepts have different complexities, we
believe such a comparison might be helpful for policy makers in choos-
ing a specific solution concept and scenario. Fig. 5 shows that using an
arbitrary maximum cycle packing in each round indeed makes the kid-
ney exchange scheme significantly more unbalanced, with average total
relative deviations over 4% for all initial allocations y. Fig. 5 also shows
that the effect of both selecting a strongly close solution (to ensure be-
ing close to a target allocation) and using a credit function (for fairness,
to keep deviations small) is significant. Finally, we observe that for all
solution concepts and all scenarios, the deviations are slowly increas-
ing when the number of countries is increasing. However, the rate of
increase is slower for strongly close optimal solutions than for weakly
close optimal solutions, while the “starting” point of the line is lower
when credits are employed.

The above conclusions are in line with the results under the setting
where ¢ =2 (Benedek et al., 2024b). However, for ¢ = 2, the effect of
using arbitrary optimal solutions is much worse, while deviations are
smaller than for # = co when weakly close or strongly close optimal so-
lutions are chosen. In Fig. 5 we illustrated this for the Banzhaf* value.
From Fig. 5 we see that the Banzhaf* value in the lexmin+c scenario
provides the smallest deviations from the target allocations (as when
¢ =2 (Benedek et al., 2024b)). However, all solution concepts are within
1.52% (for lexmin+ c) and, as mentioned, which solution concept to se-
lect should be decided by the policy makers of the IKEP.

Fig. 6 shows the same kind of results as Fig. 5 but now for vary-
ing country sizes, that is, when we have small, medium and large coun-
tries, divided exactly as in Benedek et al. (2024b) for # =2 (see also
Section 4.1). Note that subject to minor fluctuations we can draw the
same conclusions from Fig. 6 for varying country sizes as we did from
Fig. 5 for equal country sizes.

Figs. 5 and 6 highlight the comparison between different scenarios.
For an easier comparison between the effects of choosing different solu-
tion concepts for prescribing the initial allocations, we grouped together
all the lexmin+ c plots in of Figs. 5 and 6 in Fig. 7 and all the d1 + ¢ plots
from Figs. 5 and 6 in Fig. 8. Figs. 7 and 8 both show an ordering from
the Banzhaf* value, which has the best performance, to the contribution
value which has the worst in almost all cases for the two most important
scenarios lexmin+c and dI +c.

We note that Figs. 7 and 8 also show that (as expected) the effect
of varying the country sizes is stronger if the number n of countries is
relatively small, especially when n € {4,5,6}.

Our Second Evaluation Measure. We can draw exactly the same con-
clusions as above if we use the average maximum relative deviation
instead of the average total relative deviation. The Appendix of the
paper can be found in a separate Supplementary Material. We re-
fer to Appendix A for the analogs of Figs. 6-8 if we use the average
maximum relative deviation as our evaluation measure.

Incomplete Instances. In the simulations for # =2 (Benedek et al.,
2024b), ILPs were not used, and all simulation instances were solved
to optimality. However, our new simulations for # = oo heavily relied
on ILPs, and we recall that we imposed a time limit of one hour for our
ILP solver (Gurobi) to solve an ILP. Given the nature of ILPs, it is not sur-
prising that there were several ILPs that could not be solved within the
1-h time limit. We call the corresponding simulation instances incom-
plete. So, for such instances, there was one ILP in some round, which
our ILP solver could not handle within the 1-h time limit. We call other
simulation instances complete.

All ILPs that were not finished within one hour were of the (ILP, )
type, almost always for 7 > 1. In fact, for equal country sizes, only
one single incomplete simulation instance occurred at d1 / d1+c (for
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Table 2

Average number of incomplete simulation instances for equal country sizes.
#unsolved / n 4 5 6 7 8 9 10 Total
Shapley value 0.00% 0.00% 0.00% 1.50% 1.75% 6.75% 3.50% 1.93%
Nucleolus 0.00% 0.00% 0.00% 0.50% 0.00% 0.00% 0.25% 0.11%
Benefit value 0.25% 0.25% 1.25% 0.25% 0.75% 0.75% 0.00% 0.50%
Contribution value 0.75% 0.75% 1.75% 1.00% 1.50% 0.50% 2.25% 1.21%
Banzhaf value 0.00% 0.75% 1.50% 1.75% 0.50% 4.25% 4.50% 1.89%
Tau value 0.00% 0.25% 0.00% 0.00% 0.00% 1.00% 0.00% 0.18%
Banzhaf* value 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.50% 0.07%
total: d1 0.00% 0.00% 0.00% 0.00% 0.00% 0.17% 0.00% 0.02%
total: lexmin 0.17% 0.33% 0.50% 1.33% 0.83% 4.17% 3.33% 1.52%
total: d1+c¢ 0.00% 0.00% 0.00% 0.00% 0.00% 0.14% 0.00% 0.02%
total: lexmin+c 0.43% 0.86% 2.14% 1.71% 1.86% 3.71% 3.29% 2.00%

Table 3

Average number of incomplete simulation instances for varying country sizes.
#unfinished / n 4 5 6 7 8 9 10 Total
Shapley value 0.00% 0.00% 0.00% 0.50% 0.00% 0.50% 2.00% 0.43%
Nucleolus 0.00% 0.00% 0.00% 0.00% 0.00% 0.75% 0.00% 0.11%
Benefit value 0.25% 0.00% 0.75% 0.00% 0.00% 0.25% 0.75% 0.29%
Contribution value 0.00% 0.00% 0.50% 0.00% 0.50% 0.50% 0.25% 0.25%
Banzhaf value 0.00% 1.00% 0.25% 0.25% 1.25% 0.50% 2.00% 0.75%
Tau value 0.00% 0.00% 0.00% 0.00% 0.25% 0.00% 0.00% 0.04%
Banzhaf* value 0.00% 1.00% 0.00% 0.00% 0.50% 0.50% 2.00% 0.57%
total: d1 0.00% 0.17% 0.00% 0.00% 0.00% 0.17% 0.00% 0.05%
total: lexmin 0.00% 0.17% 0.33% 0.33% 0.50% 0.50% 1.67% 0.50%
total: d1+c¢ 0.00% 0.29% 0.14% 0.00% 0.14% 0.00% 0.00% 0.08%
total: lexmin +c 0.14% 0.29% 0.43% 0.14% 0.71% 1.00% 2.00% 0.67%

Table 4
Average number of kidney transplants for equal country sizes for n = 10 when
¢ =2 (Benedek et al., 2024b) and # = .

Solution concepts/scenarios ~ arbitrary ~ d1 dl+c lemxin lexmin+c
benefit value 1781.58 1781.65 1781.46 1782.58 1780.31
contribution value 1781.58 1781.52 1780.50 1782.52 1780.05
Nucleolus 1781.58 1781.80 1780.45 1781.98 1780.12

¢ =c0 Shapley value 1781.58 1781.54 1780.92 1782.02 1780.57
Banzhaf value 1781.58 1781.83 1780.38 1782.46 1780.66
Banzhaf* value 1781.58 1781.83 1781.08 1782.46 1781.24
Tau value 1781.58 1782.22 1780.90 1782.12 1780.45
benefit value 1221.38 1222.4 1223.44 1222.54 1223.6
contribution value 1221.38 1222.58 1222.56 1223.24 1222.66
Nucleolus 1221.38 1222.28 1221.18 1221.84 1221.66

=2 Shapley value 1221.38 1221.6 1221.2 1223.04 1222.32
Banzhaf value 1221.38 1222.62 1221.26 1220.9 1221.98
Banzhaf* value 1221.38 1222.62 1220.86 12209  1221.82
Tau value 1221.38 1223.96 1223.24 1224.26 1222.72

Table 5

Average number of kidney transplants for varying country sizes for n = 10
when # = 2 (Benedek et al., 2024b) and # = co.

Solution concepts/scenarios arbitrary d1 dl+c lemxin lexmin+c
benefit value 1763.57 1763.39 1763.37 1763.73 1762.45
contribution value 1763.57 1763.45 1762.90 1763.80 1761.84
Nucleolus 1763.66 1764.02 1762.79 1763.74 1762.19

¢ =o0 Shapley value 1764.04 1763.09 1762.99 1763.71 1762.60
Banzhaf value 1763.24 1763.34 1762.85 1763.47 1762.85
Banzhaf* value 1763.24 1763.34 1763.09 1763.47 1762.97
Tau value 1763.27 1763.54 1762.99 1763.62 1761.84
benefit value 1203.8 1206.14 1205.92 1205.06 1205.88
contribution value 1204.06 1205.7  1205.46 1205.36 1206.16
Nucleolus 1204.06 1205.34 1205.38 1205.52 1207

¢ =2  Shapley value 1204.06 1205.7  1206.64 1206.34 1205.48
Banzhaf value 1204.06 1206.14 1205.56 1205.88 1206.34
Banzhaf* value 1204.06 1206.14 1206.34 1205.88 1205.92
Tau value 1204.06 1206.86 1205.92 1207.32 1206.3
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Table 6
Relative ratios for equal country sizes under lexmin+c, for £ = o0, # = 2 and their difference.
n 4 5 6 7 8 9 10
= 46.82% 39.70% 38.99% 34.55% 31.40% 31.41% 28.17%
Shapley value =2 41.70% 37.92% 35.29% 30.85% 28.00% 26.71% 26.52%
difference 5.12% 1.78% 3.70% 3.70% 3.40% 4.69% 1.66%
= 45.91% 40.92% 39.50% 36.87% 30.95% 30.57% 27.61%
Banzhaf value ‘=2 43.90% 37.07% 34.88% 30.05% 29.27% 26.89% 26.26%
difference 2.01% 3.85% 4.62% 6.82% 1.68% 3.68% 1.35%
£ =00 47.35% 39.50% 38.25% 35.21% 32.95% 29.81% 27.02%
nucleolus ‘=2 45.85% 40.05% 36.57% 33.68% 30.84% 29.44% 26.75%
difference 1.51% -0.54% 1.67% 1.52% 2.11% 0.36% 0.27%
= 47.11% 41.16% 39.47% 34.02% 33.91% 31.57% 27.07%
tau value ‘=2 42.00% 38.53% 37.70% 32.41% 30.31% 28.68% 27.69%
difference 5.11% 2.63% 1.78% 1.62% 3.60% 2.89% -0.62%
= 46.24% 40.37% 39.72% 34.89% 34.08% 30.44% 27.10%
benefit value ‘=2 42.91% 38.13% 36.62% 30.11% 31.76% 28.57% 26.02%
difference 3.33% 2.25% 3.11% 4.78% 2.32% 1.87% 1.08%
= 44.41% 37.06% 38.30% 34.77% 31.76% 28.55% 26.41%
contribution value =2 43.19% 40.15% 37.50% 31.94% 29.80% 28.19% 25.90%
difference 1.23% -3.09% 0.80% 2.83% 1.96% 0.36% 0.51%
=0 45.12% 40.51% 38.89% 35.16% 31.22% 29.59% 27.22%
Banzhaf* value =2 43.33% 37.57% 34.47% 30.42% 28.48% 27.23% 25.33%
difference 1.78% 2.94% 4.42% 4.74% 2.74% 2.36% 1.89%

nine countries, using the tau value). Tables 2 and 3 summarize the
distribution of incomplete simulation instances aggregated over dif-
ferent choices of solution concepts or scenarios. See Appendix B for
a complete breakdown of the averages in both these tables. Here,
we only observe from Tables 2 and 3 that the average number of
incomplete instances is relatively low, both for equal country sizes
(at most 2% in total) and varying country sizes (at most 0.75% in
total).

Given that the average number of incomplete instances is relatively

low, and moreover that the solutions found for incomplete simulation
instances are all maximum cycle packings (which might not be weakly or
strongly close), policy makers could therefore still decide to use them.
For this reason, we decided to include the incomplete simulation in-
stances in Figs. 5-8. We believe this was justified after doing some addi-
tional research. That is, we also constructed the same figures as Figs. 5
and 6 but without the incomplete simulation instances; see Appendix B.
It turned out that the largest percentage points difference in Fig. 5 of the
average total deviations is only 0.059% (with an average of 0.0024%).
Hence, the quality of the “current-best” optimal solutions for the incom-
plete simulation instances are almost indistinguishably close to those for
the complete simulation instances.
Number of Kidney Transplants and Cycle Length. When ¢ = oo in-
stead of # =2, we expect more kidney transplants, because exchange
cycles may now have any size. In Tables 4-5 and Fig. 9 we quantified
this.

First, from Table 4 we see that for n = 10 and equal country sizes it
is possible to achieve 46% more kidney transplants when ¢ = o instead
of # =2, and that this is irrespective of the chosen scenario or chosen
solution concept, as the total number of kidney transplants are nearly
identical, both for # = 2 and # = . Table 5 shows the results for varying
country sizes, for which we can draw the same conclusions. We refer
to Tables 19 and 20 in Appendix D for the corresponding results for
n=4,...,9, which show the same behaviour.

Second, Fig. 9 shows that setting # = co may indeed lead to long
cycles, with even more than 400 vertices. Fig. 9 shows in particular that
these long cycles all occur in the first round. The reason is that we start
the first round with roughly 500 vertices and introduce the remaining
1500 patient-donor pairs in the later rounds by a uniform distribution.
Hence, the compatibility graphs in later rounds are all smaller.
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Influence of Using Credits. We now discuss the power of our credit sys-
tem. Does it effectively reduce deviations from the target allocation? Can
it keep deviations on a consistently low level in the long-term? Theoret-
ically it is possible that credits keep accumulating, which would make
them ineffective (see Benedek et al., 2024b for a theoretical example of
this behaviour when # = 2).

In Figs. 10 and 11 we show to what extent credits accumulate for
equal and varying country sizes, respectively. If credits are not incorpo-
rated, we can still compute and track them as we did in these two figures.
We note that over a period of 24 rounds, credits accumulate more and
more (but at different rates) under all three scenarios arbitary, d1 and
lexmin, even though especially under d1 and lexmin we do find solutions
that are relatively close to the target allocations (as we saw from Figs. 5
and 6). However, only when we also incorporate credits we not only find
solutions that are close to the target solutions but that also ensure sta-
bility. We find that the Banzhaf* value under lexmin+ c is also the best
in maintaining consistently low levels of credits, much like in the case
of £ =2 (Benedek et al., 2024b). Again, the main difference between
¢ = oo and ¢ = 2 is that the arbitrary scenario performs much worse for
=2
Deviations for Worst-off Countries. Finally, we consider the ratio of
the average maximum relative deviation and the average total relative
deviation as a measure for the proportion of the total country deviations
being due to the worst-off country. We call this ratio the relative ratio.
For stability reasons, low relative ratios are preferable. From Table 6
we conclude that for the most interesting scenario lexmin +c and equal
country sizes, the relative ratio decreases as the number of countries
increases (as expected). In this figure we also included the relative ra-
tios for # = 2 (generated from the data used in Benedek et al., 2024b).
We note that the relative ratio is slightly better for £ = 2. This extends
to varying countries as well; see Appendix C. In this appendix we also
included the figures for the other scenarios as well. From these figures,
we note that for dI+c the relative ratio for £ = c is lower than for
¢ =2. The arbitrary scenario showed consistently lower deviations for
¢ = oo than for # = 2. However, this is not the case for the relative ra-
tio. For equal country sizes, £ = oo leads to consistently higher relative
ratios than # = 2 does, whereas for varying country set sizes the oppo-
site holds. For the remaining scenarios (lexmin and d1), there is no clear
distinction.
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Table 7

Average CPU time for a single 24-round simulation instance, broken down into
the different computational tasks. Here, the times for data preparation and
graph building are average times taken over all scenarios and solution concepts,
whereas the time for each solution concept is the average time taken over all
scenarios. The total times for the scenarios are average times taken over all
solutions concepts, where “total” refers to the total computation time (using
up to 32 threads for each simulation instance), which includes computing the
initial allocations, and only excludes the time for data preparation and graph
building.

CPU time / n 4 5 6 7 8 9 10

data preparation  0.01 0.01 0.01 0.01 0.01 0.01 0.01
graph building 0.04 0.04 0.04 0.04 0.04 0.04 0.04
Shapley value 12,32 2528 4832  94.70 188.7 393 745.2
Nucleolus 10.75 2233 4441 86.83 165.5 342 707.8
Benefit value 7.87 8.41 9.64 11.31 12.68 14.45 15.81
Contribution value 7.39  8.80 10.35 12.44 14.15 16.68 17.00
Banzhaf value 10.56 21.73  42.06  89.00 174.75 343.06 689.62
Banzhaf* value 13.03 25.48 50.98 89.12 173.76  359.56 687.96
Tau value 17.76 2994 56.70  99.66 199 358.1 796.2
total: arbitrary 11.63 20.35 3535 65.49 123.81 257.33 530.78
total: d1 66.81 85.85 42.97 127.49 171.84 315.08 473.38
total: lexmin 305.04 688.20 1044.89 1929.32 2771.54 4912.33 6737.04
total: d1+c 93.26 87.09  43.93 121.11 166.00 330.56 504.52
total: lexmin+c 470.29 1030.02 2010.87 2514.62 4032.30 5764.23 7990.36

4.7. Computation times

Table 7 summarizes the average computational time of solving a sin-
gle (24-round) simulation instance. As expected, computing initial allo-
cations using the two easy-to-compute solution concepts (benefit and
contribution values) is inexpensive, especially compared to the other,
more sophisticated but hard-to-compute solution concepts.

In Table 7 we also see that the computation time for the arbitrary sce-
nario, which does not require initial allocations, is less time-consuming
than for the other four scenarios. This is in line with Theorem 1, which
gave us a polynomial time algorithm for computing an arbitrary opti-
mal solution, whereas we needed to rely on using ILPs for computing
optimal solutions that are weakly close (d1 and d1 +c) or even strongly
close (lexmin and lexmin+c). From Table 7, it can be clearly seen that
the computation of the ILP series requires the majority of the work, espe-
cially for the lexmin and lexmin + ¢ scenarios: these involve longer series
of ILPs than d1 and d1 +c, for which we need to solve only (ILP[,I ).

On a side note, we observe from Table 7 that when » increases, the
computation time increases roughly within the expected rate, apart from
a few notable exceptions: Gurobi’s ILP solver handles, for some reason,
(ILPdl) far more easily for n = 6 than for n = 5 (or even n = 4). We have
no explanation for this; it may well be due to the nature of Gurobi, in
which we have no insights.

5. Conclusions

We introduced the class of partitioned permutation games and first
proved a number of complexity results.

In particular, we showed that every partitioned permutation game
has a nonempty core and that we can compute a core allocation of a par-
titioned permutation game in polynomial time. We also proved that for
partitioned permutation games of fixed width ¢, the problem of deciding
if an allocation is in the core is polynomial-time solvable if ¢ = 1 but is
already coNP-complete if ¢ = 2. Moreover, we proved that in this set-
ting even the problem of finding a weakly optimal solution for a given
target allocation x is NP-hard, and we gave an exact randomized XP-
time algorithm for solving this problem. Our theoretical results contrast
some known results for partitioned #-permutation games where 7 is
some constant, as surveyed in Table 1. As an open theoretical problem
we ask:
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Open Problem 1. Determine the complexity of computing the nucleolus
for permutation games and for partitioned permutation games.

Our new results guided our simulations for IKEPs, where we could in-
clude up to ten countries, with exchange bound # = co. Our simulations
showed the clear benefits of using a credit system with strongly close
optimal solutions, namely an improvement in balance up to 56%. The
exact improvement depends on the choice of solution concept, with the
Banzhaf* value yielding the best results, namely on average, a deviation
of at most 0.90%. Our simulations showed a significant improvement
(46% on average) in the total number of kidney transplants if cycles
of any length are allowed compared to the case where # = 2 (Benedek
et al., 2024b). In our simulations, we first let all countries be of the
same size. We then examined, in the same way as was done in Benedek
et al. (2024b), whether our conclusions would change for varying coun-
try sizes. Just as in Benedek et al. (2024b), this turned out not to be the
case.

For future research, it would be interesting to determine to what
extent our theoretical and experimental results change if we allow non-
directed (altruistic) donors or multiple donors registering for one pa-
tient. We did not consider such types of donors for this paper, as our
goal was to compare our results with the previously known results for
¢ =2, where non-directed donors and multiple donors for one patient
were also excluded. Moreover, we recall that matching games and per-
mutation games may be defined on edge-weighted graphs, in which each
edge e € A has some weight w(e) reflecting the expected utility of the
corresponding kidney transplant. It would be interesting to do simu-
lations in the presence of edge weights. Furthermore, we recall that
more complex hierarchical optimization criteria than only optimizing
the number of transplants are used in European kidney exchange (Bir6
et al., 2019, 2021). We leave conducting simulations with such criteria
for future research as well.

Finally, for future research we will consider the more realistic ex-
change bounds ¢ € {3,4,5}. We note that the simulations done in Bir6
et al. (2020), Klimentova et al. (2021) were only for # = 3; a more lim-
ited number of solution concepts; for IKEPs with up to four countries;
and only for scenarios that use weakly close optimal solutions. They
also used different data sets. For our follow-up study for # € {3,4,5},
we must now also overcome, as in Biré et al. (2020), Klimentova et al.
(2021), the additional computational obstacle of not being able to com-
pute an optimal solution for a compatibility graph in a KEP round and
the values v(.S) of the associated permutation game in polynomial time
(see Theorem 1). Current techniques for # € {3,4,5} therefore involve,
besides ILPs based on the edge-formulation, ILPs based on the cycle-
formulation, with a variable for each cycle of length at most # (see,
for example, Constantino et al., 2013; Delorme et al., 2024; Dickerson
et al., 2016). Hence, computing a single value v(S) will become signifi-
cantly more expensive, and even more so for increasing . For expensive
solution concepts, such as the Shapley or nucleolus, we must compute
an exponential number of values v(.S). Without any new methods, we
expect it will not be possible to do this for simulations up to the same
number of countries (ten) as we did for Z = .
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