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Solid-state defects acting as single photon sources and quantum bits are leading contenders in
quantum technologies. Despite great efforts, not all the properties and behaviours of the presently
known solid state defect quantum bits are understood. Furthermore, various quantum technolo-
gies require novel solutions, thus new solid state defect quantum bits should be explored to this
end. These issues call to develop ab initio methods which accurately yield the key parameters of
solid state defect quantum bits and vastly accelerate the identification of novel ones for a target
quantum technology application. In this review, we describe recent developments in the field in-
cluding the calculation of excited states with quantum mechanical forces, treatment of spatially
extended wavefunctions in supercell models, methods for temperature dependent Herzberg-Teller
fluorescence spectrum and photo-ionisation thresholds, accurate calculation of magneto-optical pa-
rameters of defects consisting of heavy atoms, as well as spin-phonon interaction responsible for
temperature dependence of the longitudonal spin relaxation T time and magneto-optical parame-
ters, and finally the calculation of spin dephasing and spin-echo times. We highlight breakthroughs
including the description of effective-mass like excited states of deep defects and understanding the
leading microscopic effect in the spin-relaxation of isolated nitrogen-vacancy centre in diamond.
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millikelvin temperatures*. The read-out of the single spin
of diamond NV centre has been realised optically, i.e., op-
tically detected magnetic resonance (ODMR), which was
the first optically read single defect spin in a solid®. In
this case, the readout and initialization of the electron
spin of diamond NV center could be readily carried out
by optical means at room temperature. Recently, the
single electron spin electrical read-out via photo-ionised
electrons and holes has been realised for diamond NV
center which is a hybrid scheme: photo-excitation is re-
quired for creating spin-dependent photocurrent from a
single NV defect and optical initialisation of the spin, and
then the spin-dependent photocurrent is observed to read
the electron spin state®7. The coherent manipulation of
these electron spins were realised electron spin resonance
techniques®®. The coherent control and readout of sin-
gle defect spins define the underlying defects as quantum
defects, and the quantum defect with its host material
can be called as a quantum-coherent material.

Since the discovery and realisation of these quantum
defects an intense research has begun to seek alterna-
tive solid state defect spins both in the experimental
and theoretical fronts, which might have favourable prop-
erties for certain quantum technology applications'®11.
Recently, data mining techniques with machine learning
algorithms have been spread at the theoretical fronts.
The data mining can be approached either towards the
host materials'>'* or to extend this with creating de-
fect structures and calculating their key qubit param-
eters'®16. In these approaches, there are assumptions
for selection of materials and defects that might be too
restrictive and might lead to overlooking important can-
didates. For instance, it was assumed that the host ma-
terials should have wide band gap with low density of nu-
clear spins, at least, for the defect qubits alike diamond
NV centre'®!'2. However, certain quantum technology
applications such as quantum communication does not
require room temperature operation, and small-band-gap
silicon has become a promising platform to realize spin-
to-photon interface with quantum memory'»'723. One
of the most promising platforms to host qubits in two-
dimensional (2D) materials is hexagonal boron nitride
(hBN) which has 100% nuclear spin dependence but the
coherence times of defect spins can be well extended with
using good control of these nuclear spins?4 27, Certainly,
the selection criteria can be changed based on these re-
cent findings. Nevertheless, quantum-coherent materi-
als can only be interpreted together with their defect
qubits, thus selection of host materials should be fol-
lowed by finding defects for which the electron spin can
be initialised and read-out with sufficiently long coher-
ence times. Calculation of the coherence times for any
hypothetical defects, e.g., Ref. 13, could lead to mislead-
ing results in certain cases where the spin density dis-
tribution and so the strongest hyperfine interaction be-
tween the electron spin and nearest nuclear spins char-
acteristic for the actual defect would strongly affect its
electron spin’s coherence time?4. The automatically gen-

erated defects are often selected from the thermodynam-
ically most stable ones!®16. It has been found that this
selection may omit very important complex defects re-
alizing qubits, e.g., G-center in silicon®®, which is one of
most promising qubit candidates in silicon. Furthermore,
it has been shown for diamond NV-centre?? that the
strongly coupled electron-phonon states are inevitable for
understanding the optical spin-polarisation of its electron
spin. These polaronic states are also usually ignored in
these databases. These examples clearly call for improv-
ing the ab initio magneto-optical spectroscopy methods,
in order to increase the credibility and prediction power
of these databases.

Ab initio methods have significantly contributed to un-
derstanding and control of diamond NV qubits and explo-
ration of alternative quantum defects which was summa-
rized in a recent review paper3C. In that review paper,
the diamond NV qubit is thoroughly described includ-
ing the electronic structure and polaronic solutions and
spectra within Jahn-Teller theories, and the desiderata
of the target of computations and the developed compu-
tational methods are summarized in detail which are not
perpetuated here. We assume that the readers are aware
of the basic description of diamond NV-like qubits and
the previously implemented methods to compute their
magneto-optical properties which are the basis of further
developments.

For instance, new findings have been reported for the
very basic property of this qubit such as the spin-lattice
relaxation (77) time®' which apparently demonstrates
that even the most studied diamond NV-centre has been
not fully understood to date. It is an immediate quest
to further advance ab initio methods, in order to accu-
rately calculate the excited states together with quantum
mechanical forces, the electron-phonon coupling and the
basic magnetic parameters such as the zero-field-splitting
between the electron spin’s levels (ZFS), or understand-
ing the temperature dependence of these parameters and
the spin-lattice relaxation (77) time, and the coherence
time (73) also as a function of spin bath around the
target defect qubit. This paper provides a comprehen-
sive review about recent years ab initio developments on
solid-state defect spin qubits along these directions.

We illustrate the advances of computational methods
on various defects in solids: we shall discuss (i) deep
defects such as NV centre, silicon-vacancy centre and
nickel-vacancy centre in diamond, divacancy and vana-
dium centres in silicon carbide, and boron-vacancy in
two-dimensional hexagonal boron nitride; (ii) the shallow
excited states of deep defects such as the neutral silicon-
vacancy centre in diamond and various interstitial defects
in silicon; (iii) and shallow donors in silicon.

II. COMPUTATIONAL METHODS

The ab initio investigation of solid state defect qubits
alike diamond NV-centre or silicon P-donor requires full



and accurate description of the host material and the em-
bedded isolated defect. The photostability of the quan-
tum defects depends on the ionisation threshold energies,
therefore it is critical that the crystalline bands and the
resonant or localized defect states are computed at equal
footing. Green-function methods are principally ideal to
represent the topology of the problem, i.e., the embedded
defect in a perfect solid. However, practical implementa-
tions of Green-function methods suffer from the consis-
tent calculation of quantum mechanical forces which is
required to calculate the ionic coordinates of the given
point defect. As the geometry of the defect is highly
decisive in their magneto-optical properties, the super-
cell method is most often employed to model the quan-
tum defects which methodology readily offers the calcula-
tion of quantum mechanical forces based on the Hellman-
Feynman theorem®’. In this review article, we focus on
those method developments and implementations which
work within this formalism because the supercell formal-
ism guarantees the simultaneously accurate calculation
of the ionisation threshold and intra-defect optical tran-
sition energies. The ground state properties are typically
calculated by means of Kohn-Sham density functional
theory (KS DFT)32, which can be a starting point for
the calculation of excited states. A natural choice for the
basis set for supercell formalism is the plane-wave basis
which is combined by pseudopotential or projector aug-
mentation wave (PAW) methods (see Ref. 33 and refer-
ences therein). The computation methods of the ground
state thermodynamic properties of point defects in solids
within this formalism was already described in detail in
the literature (e.g., Ref. 34) that can be applied to the
specific quantum defects®. In short, the quantum de-
fect’s local properties and associated parameters are com-
puted within plane wave supercell KS DFT methods, and
implementation based on these methods or relied on the
parameters obtained by these methods will be discussed
in the review paper.

III. METHOD DEVELOPMENTS AND
RESULTS

In this section, we collect recent developments on ab
initio calculation of properties of quantum defects. We
start with the treatment of the excited states and geome-
tries, and then we continue with the discussion of the ion-
isation threshold energies with the photo-ionisation spec-
trum, the supercell treatment of shallow defect states,
the zero-field-splitting parameters, hyperfine parameters
and gyromagnetic tensor, and the spin-lattice relaxation
T1 times as well as the spin coherence T times. Al-
though, it is unconventional to start the discussion with
the excited states prior the description of finite size effects
of supercells we decided to do so because we shall con-
sider the finite size effects of shallow excited states in the
section of supercell modelling of defects which requires
description about the calculation of excited states. We

shall also show that accurate description of the excited
states is needed to calculate some ground state related
magnetic parameters such as the zero-field splitting pa-
rameter.

A. Excited states

1. Following the topology of the problem: DFT+CI
multiscale methods

The accurate calculation of the excited states is still
under extensive research. The popular many-body per-
turbation method, GW+BSE (see Ref. 36 and references
therein), fails for the highly correlated singlet states of
the diamond NV centre3”-38. The highly correlated states
may be recognized of which many-body electronic wave-
function (¥) can be genuinely described by two or more
Slater-determinants with significant weights. This may
be quantified with the function of one-particle density
matrix p. This can be defined as p;; = (\Il|azaj|‘ll> with
the creation and annihilation operators of single electrons
i and j, respectively. The degree of correlated electronic
state (A) is then

A=Tr(p—p%) =Tr(p) —Tr (), (1)

as if and only if the ¥ can be described as a sin-
gle Fock-state when p = p2. Those cases are in par-
ticular pathalogical in which double-excitation Slater-
determinants appear with relatively strong contribution
(i.e., aja;r-akaml'gs) with the ground state many-body
wavefunction Wgg) which is the case for the so-called ' A;
state of the diamond NV centre (see Fig. 1) which plays
an important role in the optical spin-polarisation and
read-out processes (see Ref. 30 and references therein).
In KS DFT theory, these many-body states cannot
be captured by the known exchange-correlation poten-
tials (Vic); however, it provides a very good description
for the host materials and simple defect states, i.e., for
which A = 0. In general, the bands of the host crystal
can be well described by KS DFT method whereas the
strong Coulomb interaction between localized defect or-
bitals confined to a small place, e.g., around a vacancy,
represents a problem for KS DFT method. The topology
of the problem implies a method in which the Coulomb
interaction between the localized defect orbitals is di-
rectly calculated, called configurational interaction (CT),
which are in contact with the bath of itinerant electrons
that can be treated by KS DFT. This can be considered
as a multiscale problem where the interaction between
electrons are calculated with different precisions in a sin-
gle system. As we will see below the challenges are to
define the set of orbitals, often called “active space”, for
which the precise method should be applied (here, CI)
and to find an interface between the levels of different
approaches, here DFT and CI, which can produce self-
consistent results. Interfacing different levels of theory in
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Figure 1. (a) Single-particle scheme of the electronic structure
of diamond NV centre. The spin-polarisation between spin-up
and spin-down electrons in the Kohn-Sham density functional
theory results in different levels for spin-up and spin-down or-
bitals which are not depicted here but rather their average.
VB and CB label valence band and conduction band, respec-
tively. The fundamental band gap of diamond is 5.4 €V. (b)
Many-body level structure of diamond NV centre. The blue
and red shaded areas show the ionisation bands excited from
the 3A, and 3E states, respectively. In the bottom row the
non-physical picture is shown which often appears in many
scientific papers.

a single system is a common problem for all the multi-
scale methods.

By following the above mentioned topology of the
problem, the many-body Hamiltonian may be described
as

ajaiar, (2)

H= Zteﬁa a; + = Zv”kla
ij

z]kl

where v°f is the partially screened Coulomb-interaction
(W) and the ijkl KS wavefunctions are within the ac-
tive space A. Partial screening is computed from all the
KS wavefunctions except for the set of KS wavefunctions
within A. The definition of v°T includes contributions to
the Hartree and exchange correlation energies that are
also included in the KS DFT calculations for the whole

solid. Exactly this is the point where an interface be-
tween DFT and CI methods should be developed which
can be considered as a typical problem for all the re-
lated electronic structure embedding schemes called dou-
ble counting (dc) error. Therefore, the KS DFT Hamilto-

nian HES, occurring in the first term in Eq. (2), requires

double counting correction tz] ,
teff HKS o tdC (3)

The methodology was first implemented by Bockstedte
and co-workers within VASP code34° which was called
DFT+CI-cRPA method*'. Here, CI refers to the con-
figurational interaction between the electrons in the ac-
tive space whereas constrained random phase approx-
imation was applied to compute W4, In that im-
plementation, Heyd—Scuzeria—Ernzerhof (HSE06)*? func-
tional was applied which includes a quarter of Fock-
exchange (o = 25%) in the KS potential for the KS
orbitals. To calculate t?f, a heuristic approach was ap-
plied, i.e., the quarter of Fock-exchange was used for the
electrons in the active space. This approach resulted
in a very good agreement between the computed spec-
tra and the spectra derived from experiments for dia-
mond NV centre and silicon carbide divacancy centres*!
Later this treatment was also implemented to the Quan-
tum Espresso software package?? and the CI part of the
Hamiltonian was also interfaced with a code running on
quantum computers**. The quality of present quantum
computers precludes to achieve accurate results**, thus
the results achieved by classical computers will be sum-
marized below. The DFT+CI multiscale method was
then rephrased to quantum embedding or quantum de-
fect embedding method but it is essentially the same with
the originally invented CI-cRPA method with the caveat
that the latter implementation used a full Hartree—Fock
de correction (HFDC), i.e., the exchange term was not
scaled by the fraction of the applied hybrid DFT func-
tional*’44, Ma and co-workers also went beyond RPA
(b-RPA) by taking the exchange-correlation effects into
account in the calculation of W, and they applied it to
diamond NV centre**. It was found that b-RPA screen-
ing substantially modifies only the 'A; level referenced
to the ground state energy with respect to the results
within RPA screening approach (see Table I). The origin
of this effect is not explained and well understood. Pfifle
and co-workers implemented a semiempirical DFT+CI
method®®: they basically applied HFDC to the DFT
or GW quasi-particle (GWQP) levels in Eq. (3). The
screening was taken from the bulk diamond with an ana-
lytical formula developed for semiconductors which pro-
vided the accuracy of the RPA method“®. Resta found
that the space dependent dieletric screening only varies
within the range of nearest-neighbour distance of ions
in semiconductors, if the origin is chosen to an ion in
the crystal, with a well defined function and then it ap-
proaches the dielectric constant of the material, £(0)*°.
Taking the host material’s dielectric screening function



for a defect might be too inaccurate, in particular, for
defects which contain vacancy as no ion would “modu-
late” the dielectric constant of the host material in the
region of vacancy. Therefore, Pfiffle and co-workers in-
troduced a semi-empirical formula to modifiy the dielec-
tric screening function near the vacancy*® of diamond
NV defect which they called “masked” solution. It is un-
clear how the parameter in that formula was picked up.
With the “masked” solution for the diamond NV cen-
tre they obtained triplet optical transition close to the
DFT+CI-cRPA solution*' whereas the energy gap be-
tween the singlets closely follows that of b-RPA screen-
ing with HFDC**. We note that this method was further
applied to the neutral and positively charged NV defect
in diamond. The optical spectrum is known for the neu-
tral NV defect in diamond*”*® for which the ZPL energy
results in 2.156 eV between ?E ground state and 24,
excited state. Although, the order of the many-body
levels is consistent with the experimental data by the
semi-empirical DFT4CI method but the calculated en-
ergy gap for 2E 2 A, transition is at 1.65 eV which is
disappointingly low. It is yet unclear what is the origin
behind the discrepancy.

In any embedding methods it is a crucial question how
to select the active space orbitals. The in-gap defect
states are per se localized, therefore, they are naturally
involved in the active space. However, defect states reso-
nant with the valence band or conduction band may exist
which are coupled to the Bloch-states of the host mate-
rial, thus they do not appear as sharp resonances but are
rather broadened. In practice, the coupling strength and
the width of broadening depend on the size of supercell
and k-point sampling of the Brillouin-zone for the given
supercell. For instance, it was found that whereas the
lowest energy spectrum of diamond NV centre may con-
verge relatively well for the minimal active space taken
from the in-gap defect orbitals but this treatment leads to
a serious inaccuracy for the isovalent silicon carbide diva-
cancy defect for which explicit involvement of the reso-
nant states in the valence band is necessary to achieve
converged results*!. This result clearly demonstrated
that simplified Hubbard-U model with using only the
in-gap defect orbitals (e.g., Ref. 38) is generally insuf-
ficient for accurate description of the many-body elec-
tronic structure of quantum defects. In practice, an en-
ergy region of about 3 eV around the Fermi-level was
used to pick-up the states for the active space with 512
and 576-atom supercell models in the original study*!. In
later studies, the choice of the active space was further
investigated?°0. Muechler and co-workers also imple-
mented the DFT+CI-cRPA method to the VASP code
but they first constructed Wannier wavefunctions® with
preserving the position of the in-gap defect levels which
could maximally localize the defect wavefunctions in-
cluding those that are resonant with the host bands,
and then the Wannier orbitals were applied in Eq. (2).
With this treatment the results upon the number of or-
bitals in the active space can rapidly converge®®. An-

other possibility is to pick-up the states based on local-
ization of the KS orbitals that can be simply quantified
as Ly (szS) = fVCQ |1/JZKS|2dV, where V' is a chosen
volume including the defect, smaller than the supercell
volume Q. It was found that Ly = 5% is needed to ob-
tain convergent results for the notorious 3E state which
corresponds to about 40 (30) states in the active space for
216-atom (512-atom) supercell model®®. The 3E state is
notorious in terms of Ly because a; hole orbital is in-
volved in this state of which level lies close to the valence
band which leads to exchange-correlation coupling to res-
onant states in the valence band. This is not the case for
the 'E and 'A; levels with very little contributions from
the a; hole orbital, so they converge fast in this regard.

Another critical question in the embedding methods
is the treatment of double counting correction which has
been briefly considered above. In Hartree-Fock methods,
the double counting correction can be readily derived and
it is applied routinely in quantum chemistry. However,
DFT is applied to calculate the electronic structure of
the ground state in the supercell modeling of defects,
and there is no theoretical rationale to apply HFDC in
this case. By applying hybrid DFT functionals, Fock-
exchange is employed to KS orbitals. By assuming a
tiny contribution of the semilocal exchange-correlation
in dc correction, one may apply aFDC meaning that the
corresponding fraction of the Fock-exchange for the ac-
tive space orbitals is employed. This heuristic treatment
may follow the idea of the DFT+U treatment in which
U is an orbital-dependent on-site correction, and that is
scaled by a when hybrid DFT is applied®®. However,
hybrid DFT is still a functional of the electron density
and not the many-body wavefuntion, thus this heuristic
treatment strictly cannot be justified.

Recently, Sheng and co-workers derived the dc cor-
rection for KS DFT with using the Green-function ap-
proach®® which might be motivated by the success of
interfacing KS DFT and dynamical mean field theory
(DMFT) with the same approach®®. They assumed that
the non-diagonal terms of the self-energy coupling the ac-
tive space and the environment is negligible, and static
approximation is used for the Gy and Wj. This results
in

19 = Vie + Wltpa — iGEW,, (4)

where p4 is the density matrix of the electrons within
the active space, and Gy and W, are computed at the
quasiparticle energies (¢2F) of these electrons®®. The ex-
act dc correction is called here EDC in which the quasi-
particle (QP) levels are solved self-consistently with cal-
culating )" self-energy within GW method as E?P =
XS + (¥KS| ZXC(ESP) — Vie|XS). This makes the @F
results almost independent from the applied DFT func-
tional within 0.1 eV, it was either the semilocal Perdew-
Burke-Ernzerhof (PBE)>* or the dielectric dependent hy-
brid (DDH)®® functional. The results are summarized
for diamond NV centre in Table I where they applied



Table I. The calculated electronic structure of diamond NV center with using different types of DFT+CI embedding methods.
The ground state is A, and all the levels are referenced to it with fixed ionic coordinates of the electronic ground state. The
type of DFT functional is given: the DDH functional provides o = 17.8% Fock-exchange for diamond**. In HSE06 functional*?
a = 25% was applied. The applied approximation for calculating W is either cRPA or goes beyond (b-RPA). Finally, the
dc correction is either Hartree—Fock type (HFDC), or scaled with « in the DFT functional (aFDC). The exact dc (EDC)
correction is applied together with quasiparticle (QP) levels within self-consistent GW method (see text). The experimental
data are only estimates from PL spectrum and rate modelling of the observed decay rates (see Ref. 30 and references therein).

HSE06*! HSE06% DDH* DDH* GWQP 50 GWQP5° exp.
NV cRPA cRPA cRPA b-RPA cRPA cRPA
aFDC HFDC HFDC HFDC HFDC EDC
B 0.49 0.49 0.476 0.561 0.375 0.463 ~0.40
14, 1.41 1.39 1.376 1.759 1.150 1.270 ~1.55
3p 2.02 2.06 1.921 2.001 1.324 2.152 ~2.15

both HFDC and EDC corrections. They reported ex-
tremely low energy for 3E state with HFDC which was
not explained in detail®®. The EDC results are quite com-
parable to the genuine CI-cRPA result with the heuris-
tic aFDC correction, nevertheless, the good agreement
might be specific to diamond NV centre.

Sheng and co-workers applied the EDC method also
to the neutral silicon-vacancy (SiV) defect and their sis-
ter group-IV vacancy defects in diamond®’. The ground
state of the defect is 3A29 which is a similar wavefunc-
tion to that of diamond NV centre. However, the excited
state of the neutral SiV defect is highly complex with
leaving a hole in each double degenerate orbital which
results in three triplet states (>Ag,, 3E,, >A1,). These
triplet states are highly correlated and they are also cou-
pled by phonons via product Jahn-Teller interaction®®°7.
According to that study, the product Jahn-Teller inter-
action leads to a strong ionic relaxation upon excitation
(=~ 0.3 eV), so the vertical excitation energy of the opti-
cally allowed 3 E, state should lie at around 1.6 eV above
the ground state level. The EDC calculation yielded
disappointedly high energy for 3E, at 2.161 eV when
Ly = 5% was applied®®. We note that the calculated
excitation energies for the triplet excited states do not
converge monotonously with decreasing the value of Ly
and their values are close to the desired energies with
setting Ly = 20%. It is unclear yet what is the origin of
this behaviour.

Despite the remaining issues with the DF'T+CI multi-
scale methods, this approach is very promising to calcu-
late the highly correlated defect states within supercell
formalism. The very important next step is to derive the
quantum mechanical forces which is then can be used to
reoptimise the geometry of the ground state and the ex-
cited states. This is required to calculate the characteris-
tic zero-phonon-line energies and Debye-Waller factors of
the defects which are key parameters of quantum emit-
ters. The big challenge here is that the original derivation
of the EDC method assumed that the off-diagonal term of
the self-energy coupling the active space and the environ-
ment can be neglected but once the forces are considered
one has to take into account the change of the charac-

ter of the underlying KS wavefunction self-consistently
with the self-energy through the coupling between the
active space and the environment. In general, it is a
known problem in quantum chemistry CI methods that
the final results may depend on the initial single particle
wavefunctions if restricted active space is applied and the
underlying single particle wavefunctions are fixed at the
electronic ground state manifold. The DFT+CI multi-
scale methods face to the same problem, principally.

2. Density matriz renormalization group methods: an
alternative multiscale method

Density matrix renormalization group (DMRG) was
originally developed to describe one-dimensional quan-
tum models in solid-state physics with local interactions.
The underlying mathematical framework, however, is not
restricted to models studied in condensed matter physics
or applications to molecular clusters but among many
others, it can be also used to study nuclear shell models,
particles in confined potential, or problems in the rela-
tivistic domain. The success of these developments relies
on the efficient factorization of interactions and the opti-
mization of the DMRG network topologies based on con-
cepts of quantum information theory leading to tremen-
dous reduction in computational costs (see Ref. 58 and
references therein). In particular, the factorization for
the many-body wavefunction ¥ with L spatial orbitals
reads as

L
@) = > ¢ tal)™ (af )m+10) (5)
(n) i=1
with
L
o — HAl("iT"i¢)’ (6)
i=1

where now the spin state (o) is explicitly written by ar-
rows and n = (ni4ng nopngy ... nengy) where n;, €



{0,1}. The components of the state specific C' tensor
increase exponentially with system size L scaling as 22
which becomes untractable for few hundreds of electrons.
However, the dimension of the matrix product states A;
can be optimized in DMRG approach, AiDMRG, trun-
cated to a fixed manageable bond dimension, M, that
is, dim (A?MRG) < [M,M], i.e., M x M tensor. In-
creasing M, the precision of the approximation is well-
controlled approaching variationally the exact solution.
In the DMRG protocol, the matrix product state matri-
ces are locally optimized and truncated by minimizing
the discarded entanglement between the left and right
neighboring blocks of the matrix product state chain,
obtained from the reduced density matrix of the block.
The algorithm iterates through the matrix product state
chain in a sequential order back and forth until reaching
convergence.

In short, application of DMRG method on electron-
nuclei systems can be considered as a special wavefunc-
tion method that can be used to accurately calculate
the static correlation between electrons. Barcza and co-
workers extended this method to interface with DFT
calculations of quantum defects®®. In this post-DFT
method, the Coulomb integrals of the KS orbitals are
directly taken from the supercell DFT calculation in
the electronic ground state manifold which is postpro-
cessed by DMRG algorithms. Despite the advantage of
DMRG method, hundreds of KS orbitals cannot be di-
rectly treated owing to the computational costs. There-
fore, an optimal selection of orbitals with tractable size
is needed which is responsible for the strong static cor-
relations. This was carried by the complete active space
(CAS) self-consistent field method which is well-known in
quantum chemistry (see Ref. 58 and references therein).
The CAS method classifies the set of orbitals to three
categories; that is, the so-called core and virtual orbitals
are frozen to the mean field level and filled with two and
zero electrons, respectively. The third class comprises of
the so-called active space orbitals which are populated
with the rest of electrons minimizing the energy. Ac-
cordingly, the virtual orbitals does not play any role in
the corresponding CAS Hamiltonian, whereas the core
electrons affect the electrons of the active space through
the Coulomb interactions, that is, the Hamiltonian of the
active space reads

. 1
HCAS _ Enuc+Ecore+Z tQASaICLj—‘rg Z ‘/ijklaza;akal-

ij
ij ijkl

(7)
The one-electron integrals of the CAS space, tiCjAS, de-
scribe not only the kinetic energy of the electrons in the
active space and their attraction to nuclei but also their
interaction with the core electrons. Describing the elec-
trons in the active space with the DMRG method, which
treats exactly the electron exchange, the one-electron in-

teractions are written as
1
CAS
ti; o =tij + 3 Z(QViccj — Vicje) (8)

to treat the Coulombic effects of the frozen electrons on
the active space orbitals. In other words, this is a mul-
tiscale method where the interface between the active
space and the environment can be well managed within
Hartree—Fock level. Here, the summation runs only on
the indices of the core orbitals (¢). Finally, the additional
energy contribution of the core electrons is summed up
in term E°°™° that is

Ecore — 9 Z tcc —+ 2(2‘/CCICIC - ‘/cc/cc/)- (9)

cc!

In practice, the active space is restricted to the most im-
portant orbitals featuring strong correlation as was dis-
cussed for DFT+CI methods. Even though the method
has limitations to provide correct description of dynamic
correlations using the relatively small active space, it
captures static correlations with high accuracy provid-
ing valuable insights into the low-lying energy spectrum
and the essential structure and symmetry properties of
the corresponding electronic eigenstates. Note also that,
contrary to DFT+CI methods, the CAS Hamiltonian in
Eq. 7 does not include the KS energies explicitly but only
the KS orbitals by construction. Also, the absolute ener-
gies of the states computed from the CAS Hamiltonian
are not trivially comparable with counterparts obtained
on the DFT level of theory due to the different descrip-
tion of the exchange and correlation effects.

The methodology was first applied to the negatively
charged boron-vacancy defect in hexagonal boron nitride
(hBN)5Y. Previous ab initio calculations predicted this
defect in hBN as a qubit® of which ODMR. signal was
confirmed in experiment®! and has become a leading
quantum defect in two-dimensional (2D) materials. This
defect consists of three nitrogen dangling bonds which in-
troduce four closeby levels in the fundamental band gap.
Since the vacancy lobes are closely spaced with strong
Coulomb interaction they form highly correlated states.
The order of the many-body levels and the nature of the
states were determined by DMRG method®?. In the cal-
culations about 50 KS orbitals were used in the active
space selected by localization criterion. It was shown
that the flake model with about 80 B and N atoms with
hydrogen termination of the edge of the flake provides
the same electronic structure as the periodic supercell
model at DMRG level®®. This makes it realistic to cal-
culate the electronic structure of defects within the flake
model by means of traditional quantum chemistry wave-
function methods%3:54. We note that the validity of the
flake (molecular cluster) model could be specific to (pla-
nar) defects in hBN and may be not applied in general
for defects in other 2D materials.

DMRG method was also applied to magnesium-
vacancy (MgV) center in diamond®®. MgV center was



created by Mg implantation to diamond which has a
unique photostability®® which makes it an interesting
quantum emitter. The PL signal was associated with
the negatively charged MgV defect which has a similar
electronic structure to that of SiV center®® with a caveat
that the resonant as, level lies very close to the top of
the valence band and the two degenerate e, and e4 lev-
els lie in the fundamental band gap. These states are
localized on the vacancy lobes which create highly corre-
lated many-body states. In particular, the neutral MgV
has overwhelmly complicated electronic structure which
needs wavefunction method such as DMRG.

Beside the optimization of the selection of the active
space orbitals, a critical issue to take the dynamical cor-
relation effects into account. The present Hartree—Fock
treatment of the core orbitals®® could be insufficient for
many materials to achieve accurate electronic structure.
In order to achieve an extremely accurate total energy
of crystals, a coupled-cluster-single-double with pertur-
bative triple [CCSD(T)] wavefunction approach is re-
quired®”. Tt is likely that accurate low-energy excita-
tion spectrum around the Fermi-level may be achieved
at much lower complexity of wavefunction approaches
than CCSD(T). One possible route of development is the
implementation of more complex levels of wavefunction
approaches than Hartree-Fock core and full CI active
space model in the DMRG multiscale method, in order
to converge towards highly accurate low-energy excita-
tion spectrum. Another important issue, similarly to the
DFT+CI methods, is to compute quantum mechanical
forces acting on ions. The concept of the force calcu-
lation does exist for DMRG method that was already
implemented for quantum chemistry codes (see Ref. 68
and references therein).

8. Spin-flipping time-dependent density functional theory
and BSE methods

Time-dependent DFT (TDDFT) based on KS-DFT in
the kernel®%70 can be principally applied to calculate the
low energy excitation spectrum of quantum defects™ 72,
In order to achieve accurate results, the proper choice
of the DFT functional is essential”'. Unlike the present
implementations of GW+BSE and post-DFT multiscale
methods, TDDFT framework and implementations ex-
ist to calculate the quantum mechanical forces acting on
ions in the electronic excited state. In a pioneer work
it was shown (see Supplementary Materials in Ref. 73)
that the observed Stokes-shift of NV center can be well
reproduced by TDDFT calculation when the NV center
is embedded in the core of 1.4-nm sized nanodiamond.
The optimized geometry by TDDFT method well repro-
duced the optimized geometry by the ASCF method™
for diamond NV centre. This issue has been recently
investigated for the supercell model of diamond NV cen-
tre and silicon carbide divacancy centres”™. It was found
that the optimized geometries, the adiabatic potential

energy surfaces (APES) of the 3E state and the zero-
phonon-line (ZPL) energies are very close to each other
as obtained ASCF method and TDDFT method based
on DDH functional (see Fig. 4 in Ref. 75). The reason
behind this good agreement is that A ~ 0 for >E so it is a
very good approximation to describe 3F state as promo-
tion a single electron from a; in-gap defect level to the e
in-gap defect level in the spin minority channel which is
exactly constructed by ASCF method.

In the recent years, spin-flipping TDDFT (st-TDDFT)
theory has been developed and applied to molecules”®"”
which is based on the Casida equations’™® but the origi-
nal equations are modified in order to calculate the states
and energies associated with Amg = 41 spin transition.
In principally, the supercell implementation of the sf-
TDDFT can be applied to diamond NV centre to obtain
the singlet ' A; and ' F states with geometry optimization
in these states that has not yet been achieved by other
means. In the DFT+CI-cRPA calculations?!, it was al-
ready recognized for diamond NV centre that the 'E
state contains Slater-determinants associated with sym-
metry breaking solutions, thus 'E state is dynamically
distorted from the Cs, high symmetry geometry unlike
the 1A, state which stays in Cs, symmetry. Insights
from group theory, ASCF and DFT+CI-cRPA calcula-
tions with electron-phonon Hamiltonian models made it
possible to construct the absorption and emission spectra
between the 'A4; and 'E states for NV centre??. Nev-
ertheless, the construction of the absorption spectrum
was not accurate as principally it could not use the true
APES of ' F and ' A, states. As a consequence, the sharp
resonance in the absorption band at 170 meV above the
diamond phonon bands was missing in the constructed
absorption spectrum.

In a seminal work by Jin and co-workers”®, the singlet
states of diamond NV centre were directly calculated by
sf-TDDT including quantum mechanical forces. The ab
initio APES could be calculated both for the ! E and ' 4;.
Although, the st-TDDFT excitation does not involve the
double excitation excitation electronic configurations in
LE and 'A; states but their contributions may influence
their energy levels — higher than that by a DFT+CI
method®®”® — but not significantly their optimized ge-
ometries. The previously developed model Hamiltonians
based on ASCF calculations® have been confirmed by
st TDDFT calculations™: the 'E state is strongly an-
harmonic whereas the ' 4; state shows an almost perfect
parabolic APES but the effective phonon frequencies are
higher than that for A, ground state. On the other
hand, the 'A; state shows a slight anharmonicity due
to its phonon coupling to the 'E state by the symme-
try breaking e phonons. Taking this correction into ac-
count, the calculated absorption spectrum shows a per-
fect agreement with the observed absorption spectrum
including the sharp vibration resonance at 170 meV7®. It
was found that the e phonons dominantly contribute to
the absorption spectrum, in stark contrast to the opti-
cal spectra between the triplet states of the defect. The



luminescence spectrum between singlets was not calcu-
lated in this study’® which is a Herzberg-Teller optical
transition®, and the highly accurate calculation of the
shape of the phonon sideband would need to solve the
multi-mode Jahn-Teller problem™.

Spin-flip BSE (sf-BSE) method can be basically also
applied to calculate A > 0 states. Here the original idea
is that |¥gs) of the system could be a close shell sin-
glet but the low-energy singlet excited state might be a

aja;fakal\\lfcﬁ type. This may be addressed by a high-

spin reference state, e.g., ajaj\‘llgs> type of S =1 shelv-
ing state, by flipping the spin state by ms = —1 to reach
|¥as) (negative excitation energy) or by raising with

ms = +1 to reach the excited state of aja;{akal |Tas) type

(positive excitation energy). The sf-BSE spectrum can
be calculated by ignoring the exchange terms in the BSE
kernel. This methodogy was first applied to atoms and
molecules®®. Parallel to this effort, Barker and Strubbe
applied this method to diamond NV centre®! with us-
ing PBE DFT functional as implemented in the Octopus
code®?83, By choosing S = 1 reference state raises the is-
sue of spin-polarization within KS-DFT approach which
naturally results in spin contamination error and an “ar-
tificial” gap between the occupied an unoccupied GWQP
levels. Barker and Strubbe rather took the KS DFT en-
ergy levels instead of the GWQP levels in the BSE ker-
nel as a workaround because PBE KS levels do not show
this problem owing to the semilocal nature of the PBE
functional. They picked up the 3A, state as a reference
state which is the ground state of diamond NV centre.
The computed spectrum basically agreed with the previ-
ous GW+BSE result?”, i.e., the 'A4; level lies too low in
the spectrum®!. In order to calculate the 'A; level cor-
rectly with sf-BSE method, the 3E reference state may
be chosen which can access both single and double ex-
citation Slater-determinants with respect to 3As ground
state. Even though sf-BSE may work out for the singlet
states accurately, the calculation of quantum mechani-
cal forces should be implemented within GW+BSE and
GW+sf-BSE methods to calculate the ZPL and Debye-
Waller factor of the optical excitation spectrum of the
defect qubits.

4. Temperature broadening of optical excitation spectrum
with BSE method

The many-body perturbation theory of electron-
phonon coupled optical transition with non-equlibrium
Green-functions has been developed in Ref. 84 which was
further derived in Ref. 85. They considered the adiabatic
limit for the dipole matrix elements, while they retained
dynamical effects only in transition energies®®. In terms
of the phonon-dependent optical dipole transition mo-
ments, it goes beyond the Huang—Rhys theory. The cen-

tral equation is

O[T, [? ng(wy, T)
IBSE(w, T S|0(w— B\ —w, -
(w7 )O( )\V 851112, f)\ |:6(w A w ) 20.),,
+5<w—EA+wy>1+"§TW ,
(10)

where II, are the exciton (A\) dipole matrix elements
within BSE theory, and f5 are their occupations with
FE energy; x, is the normal coordinate of phonon g with
the energy of w,. Here, f{ is non-vanishing only if the
excitons are composed by transitions between bands oc-
cupied by excited electrons and holes, and the two Dirac
0 in the square bracket correspond to the cases where an
exciton recombines with the creation [0(w — Ex + wy)]
or annihilation [6(w — E) — w,)] of a phonon; np is the
Bose-Einstein occupation function for phonon v at tem-
perature T. The no-phonon optical transition is given
by

IFF =3 L f56(w — Ey). (11)
A

In the usual implementation of BSE, it does not take
into account the polaron shift. In other words, the no-
phonon or zero-phonon line energy is calculated at the fix
coordinate of the ground state from which the GW+BSE
calculation starts. The theory was first applied to bulk
hexagonal boron nitride which has indirect band gap,
so IPSE = 0 (see Ref. 85). Libbi and co-workers im-
plemented the theory and applied it to the negatively
charged boron-vacancy in hexagonal boron nitride8%; the
importance of defect was already mentioned in this re-
view paper.

The observed fluorescence comes from a first-order for-
bidden transition between the > E” excited state and 3 A)
ground state5? which becomes only allowed by partici-
pation of phonons. It was suggested based on ASCF
HSEO06 calculations that symmetry distorting Jahn-Teller
distortions could lead to optical transitions. While it was
noted based on the comparison DFT HSE06 and DMRG
methods that HSE06 ASCF method has a limitation
in describing the APES of 3E” excited state, still the
Huang—Rhys fluorescence spectrum was calculated with
relatively good agreement with the overall fluorescence
energy but the calculated phonon sideband seemed to
be too wide when compared to experimental data (see
Ref. 62 and references therein). The in-plane Jahn-Teller
distortion resulted in about 193 meV energy gain com-
pared to that of the high Dj;, configuration. Further
symmetry reduction and energy gain of 13 meV were
also observed by HSE06 ASCF calculations by out-of-
plane phonon modes®2. The out-of-plane phonon modes
are transformed as AY and E”.

Libbi and co-workers rather applied GoWy method on
PBE DFT calculations®®. Then they calculated the non-
equlibrium BSE optical spectrum based on Eq. (10). Be-



cause of the forbidden nature of the optical transition, the
equilibrium BSE results in exactly zero optical dipole mo-
ment for the lowest energy transition in agreement with
the previous HSE06 DFT result’2. However, it becomes
visible by applying non-equilibrium BSE method (IZ5F)
at room temperature. The non-equilibrium BSE spec-
trum appears via fy in I(?SE through the thermalisation
of electrons and holes. The pseudo-equilibrium occupa-
tions equal to

1 _
fnk:W7 Sk =
e BT 41 e

1

€nk ~Hho
kpT

- (12)

+1

for electrons and holes, respectively. Here €,k is the
quasiparticle energy of the state {nk} and e (pno) the
chemical potential for electrons (holes). The chemical
potential was set for the electrons in such a way that a
whole electron is promoted to the excited state manifold
as usual in ASCF procedure which guarantees a neutral
excitation. The chemical potential of the holes is tuned
in such a way that the number of holes coincides with
that of the electrons excited to the empty states. The
non-equilibrium (NEQ) occupations induce a renormal-
ization of the quasi-particle energy levels. It is calculated
as

exa = e + (SR - 53, (1)
where the first term is the quasi-particle energy deter-
mined at the GoWj level of theory using the equilibrium
occupations, while the second and the third terms rep-
resent the quasi-particle energy at the COHSEX level of
theory calculated using the non-equilibrium and equilib-
rium occupations, respectively.

The calculated IB5F(w, T') spectrum indicates that the
phonons associated with the in-plane Jahn-Teller distor-
tion has a very small optical dipole transition moments
but the out-of-plane phonons significantly amplify the
optical dipole transition moments®®. As a consequence,
the shape of the PL spectrum is governed by the out-of-
plane phonons and not the in-plane phonons. We note
that the combination of the > E” electronic state with Aj
and E” phonons results in E’ polaronic state which has
allowed optical transition towards A} ground state for
each polarization of the emitted light. The overall width
and shape of the calculated fluorescence spectrum agreed
well with the experimental spectrum (see Ref. 86 and ref-
erences therein) but the calculated spectrum is shifted to
lower energy (of about 150 meV). The origin of the dis-
crepancy was not explained in Ref. 86 whether it comes
from the GoyWj approach or the neglect of polaron shift.
Nevertheless, the methodology demonstrated its strength
in analysing the Herzberg-Teller type optical transitions
which is also dominant in the fluorescence spectrum of
the singlet states in diamond NV centre?”.
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B. Photo-ionisation thresholds: many-body and
temperature effects

Photo-ionisation threshold energies and cross-sections
are key properties for such quantum defects for which
the qubits are initialised and read out optically. Photo-
ionisation may promote an electron from the filled in-
gap state to the conduction band (positive ionisation) or
an electron from the valence band to the empty in-gap
state (negative ionisation). For a given defect in semi-
conductors and insulators, both process may occur de-
pending on the illumination wavelength. Similar to the
neutral photo-excitation processes, phonons may assist
the photo-ionisation processes with yielding temperature
dependent photo-ionisation thresholds. Ab initio simula-
tions using the usual Born-Oppenheimer approximation
with separating the problem of motion of ions and elec-
trons will result in the low-temperature photo-ionisation
thresholds that may be not accurate at elevated temper-
atures.

Photo-ionisation may occur by simply single photon
absorption which basially goes the same way as neutral
photo-excitation just the initial |¥;) or the final state
|Us) is the host band in the photo-ionisation process,
i.e., (U;|ef|¥y) which is a one-body operator. Another
possibility is the Auger-process for such defects that have
multiple levels occupied by electrons such as the diamond
NV centre (see Fig. 1). In semiconductors, the Auger-
process is considered to be important for the cases when
the number of carriers is high in the band edges of the
host material. However, in wide band gap materials, the
Auger-process can well compete and be even dominating
one when compared to other non-radiative processes such
as the electron-phonon coupling because the large energy
spacing between the defect level and the band edges leads
to too slow multi-phonon processes. The critical ma-
trix element is (¢;¢;|0°%|pr ;) where 5°T is the screened
Coulomb interaction appeared also in Eq. 2 where the
many-body ¥ wavefunctions are now expressed by the
appropriate single-particle wavefunctions ¢s (see Ref. 30
and references therein). The Auger-process is described
by this two-body operator.

Another important consideration about describing the
photo-ionisation is to distinguish the observable many-
body picture and the auxiliary single-particle picture or
band structure (see Fig. 1). The band structure dia-
gramm is an effective single particle picture including
the localised defect states inside the band gap. In other
words, band structure virtually plots the single-particle
levels of which single-particle wavefunctions build up
the many-body Slater-determinant solution. In the case
of shallow donor state such as phosphorus donor (P-
donor) in Si, the defect level is occupied by a single
electron in the band gap, and that electron has a rela-
tively weak exchange-correlation interaction towards the
valence band states. Thus, the single electron orbital
represents well the many-body total energy with respect
to the total energy of the system when the electron is



promoted to a higher energy effective mass state. As
a consequence, the occupied donor defect level with re-
spect to the conduction band minimum (CBM) can be
considered as the photo-ionisation energy (when the re-
laxation of the ions upon photo-ionisation is neglected
or minor). However, if the donor level is occupied by
two electrons, e.g., sulfur donor in Si, then the two elec-
trons have considerable Coloumb interaction with each
other. As a consequence, once an electron is removed
from the doubly occupied donor level then we break the
Coulomb repulsion between the two electrons and their
contribution to the total energy of the system before ion-
isation which is missing for the single electron left in the
donor level after ionisation. Therefore, the difference be-
twen the doubly occupied donor level and singly occupied
donor level does not correspond to the many-body total
energy difference of the neutral and singly ionised sulfur
defects. For deep defects with multiple electrons localised
on the defect this effect is severe: it results in a strong
Coulomb and exchange interactions among the localised
electrons. Therefore, the many-body 3 A, level, of which
state is Wqg Slater-determinant for the diamond NV cen-
tre, should not be drawn to the band structure of perfect
diamond as 3A, state already contains all the diamond
bands. The false level diagram with mixing the single
particle and the many-body pictures will lead to a false
impression about the ionisation energies. For instance,
if the 3A, level is drawn at the position of the ionisa-
tion energy (about 2.65 eV at room temperature®”-58)
w.r.t. CBM then the 2E level is usually drawn above the
3 A, level with the ZPL energy at 1.945 eV. According to
this false consideration, the ionisation energy of 3E level
w.r.t. CBM would be that of the 3 A5 minus the ZPL en-
ergy which yields about 0.7 eV. The problem with this
consideration is that it completely neglects the exchange-
correlation effects between the electrons or other words
the many-body effects as will be explained below.

In the example of diamond NV(—)—NV(0) ionisation
process, if we start from the ground state A4, electronic
configuration of NV(—) [Fig. 2(b)] then a single electron
from the e level is promoted to the CBM which results
in the 2F ground state of NV(0). Starting the ionisa-
tion from 3E state of NV(—), we first have to consider
the 3E state which can be well described as a hole is
left in the a; level and the double degenerate e level is
occupied by three electrons [see left panel in Fig. 2(b)].
Two ionisation processes are viable at this point: (i) di-
rect process with an electron promoted from the e level
to the conduction band which may leave the defect®?;
(ii) Auger-process occurs after absorption of the second
photon where the promoted electron in the conduction
band recombines with the a; hole, and the energy gain
of this process is used to simultaneously promote another
electron from the e level to a high energy state in the con-
duction band which finalizes the ionisation process [see
Refs. 90 and 91 and Fig. 2(c)]. According to the Slater-
Condon rules®??3, only one spin orbital can change in the
many-body wavefunction upon direct ionisation process
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described by one-body operator, therefore *E of NV(—)
arrives at the metastable 45 of NV(0) plus an electron
in the conduction band by photo-excitation. Since the
shelving *A, level lies above the ground state 2E level
of NV(0) the ionisation threshold energy of this pro-
cess starting from 3E of NV(—) will be higher by about
0.48 eV according to HSE06 calculations®® then the ion-
isation threshold energy starting from the 34, ground
state level minus the ZPL energy of the 3E <3 A, opti-
cal transition, which finally yields about 1.2 €V ionisation
threshold energy®. In the alternative Auger-process, the
two-body operator nature of the process makes it possi-
ble to arrive at the ?E ground state of NV(0) from 3E
NV(—). If the electron is excited to high energy above the
CBM then phonons can very quickly (within picoseconds)
cool it down to the CBM which is might be bound by the
weakly attractive potential of NV(0) towards the CBM
electrons which makes this process viable with about 1
nanosecond rate’®. In the two-photon absorption pro-
cess of NV(—), the typical excitation energy is about
4.66 eV (green light at 532-nm wavelength) which sub-
sequently goes through the 3E level with phonon cool-
ing upon absorption of the first photon and probably a
phonon cooling process after absorbing the second pho-
ton as explained above. From energetics point of view, it
is feasible to arrive at 2F ground state of NV(0) from the
3 A, ground state of NV(—). A recent experimental study
concludes that the two-photon absorption based charge
conversion of NV(—)—NV(0) can be well explained by
a dominating Auger-process. In the rate modelling, a
single-photon optical transition should also occur from
the shelving ! F state to a higher lying state?!. A strong
and broad transition around 2.58 eV from 'E to ! E’ has
been observed in numerical simulations providing a pos-
sible candidate for such a mechanism*!. 'E’ can decay to
the triplet excited states via an inter-system crossing3%:94.

Nevertheless, such spin-to-charge-conversion (SCC)
protocols exist for diamond NV centre which apply low-
power excitation to avoid two-photon absorption pro-
cesses but dual wavelengths of excitation in which the
green illumination is used for the optical cycle between
3A, and 3F states whereas longer-wavelength-than-ZPL
illumination is applied to ionise it from the 3F level to-
wards the conduction band®®“6. In this case, direct ioni-
sation may occur from the 3E level. In the seminal work
of Razinkovas and co-workers®®, the absolute ionisation
cross section from the 3 E state together with the induced
emission was calculated for NV centre as a function of
the excitation energy [Fig. 2(a)]. The calculated ratio
of the photo-ionisation cross section and the cross sec-
tion for stimulated emission is greater than 2 for the en-
ergy around 1.2 eV and 1.93 eV photo-excitation energies,
which agree well with the applied photo-ionisation ener-
gies in the SCC experiments®>?6.

We note that understanding the reionisation process,
NV(0)—NV(-), is critical for stabilising the diamond
NV(—) qubit state. Typically, the reionisation auto-
matically occurs by the applied green illumination to
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Figure 2.
3E, opn; dark red: stimulated emission, og;; orange:

(a) Calculated cross section as a function of photon energy®’
intradefect absorption, cintra; dashed blue: photo-ionisation from the

o

uger-process

VB

. Solid blue: photo-ionisation from the excited state

singlet state ' E. Photo-ionisation thresholds from *E and 'E are indicated (estimated error bar 0.1 eV), together with the
experimental values of the ZPL energy for NV(—) and NV(0). (b) Kohn-Sham (single particle) states of the NV(—). The
dashed arrows show the excitation processes from the A, ground state (left panel) and *E excited state (right panel), where
both the stimulated emission and photo-ionisation processes are depicted for the latter. *As shelving state of NV(0) is left
after completing the ionisation whereas stimulated emission brings the system back to A, ground state of NV(-). (c) Photo-

ionisation via Auger-process after the second photon was absorped.

ionisation.

drive NV(—) by two-photon absorption process which
is also subsequential process going through the 24, ex-
cited state: the first photon absorption brings 2E to 2A,
and the second photon is then absorbed in the 24, ex-
cited state. The 24, state consists of a hole left in the
a1 level and two electrons in the e level. The photo-
excitation of the 24, excited state of NV(0) may also
occur by either direct process (promoting an electron
from the valence band to the empty a; defect level in
the gap) or Auger-process (occupying the in-gap a; hole
by an electron from the in-gap e level and then promot-
ing an electron from the valence band to the empty e
defect level in the gap). Both processes leave a hole in

2E ground state of NV(0) is left after completing the

the valence band. In the direct process, the system ar-
rives at the ground state of NV(—) because of the al-
luded Slater-Condon principle®t. On the other hand, the
Auger-process enables to arrive at the ' A; and ' E singlet
states of NV(—) too, beside the 34y ground state. The
energy cost of these processes varies with the final state.
The calculated adiabatic acceptor charge transition level
of the NV defect is at about 2.75 eV from the conduc-
tion band edge?”?®, whereas the calculated energy gap
between the 3 A, ground state and ' A4; state is at about
1.6 €V (see Ref. 30 and references therein). The total en-
ergy cost to convert the NV(0) ground state to the 'A;
NV(—) excited state is then about 4.3 eV which coin-



cides with twice the ZPL energy of NV(0)°!. This means
that a special excited state of 'A; of NV(-) binding a
hole resonant with the valence band maximum (VBM)
develops. This hole is Coulombically bound which is a
special bound exciton state or Rydberg state which has
been observed for the SiV defect!! and has been recently
implied and modelled for the 3 A5 plus bound hole system
for the NV(—) defect?1%9. The bound hole is weakly lo-
calised with following the effective mass theory. By even
taking into account the possible relaxation energy of the
ions caused by the change in the electronic states, we
may claim that a green laser excitation can reach the
L A; plus bound hole state of NV(—) by two-photon exci-
tation of NV(0). Scattering rather to ' E and 3 A, states
of NV(—) via Auger-process leaves a hole deep in the va-
lence band at around 1.2 eV and 1.6 eV from the VBM,
respectively. According to the calculations®!, a resonant
a; state broadened by the diamond bands occurs in this
energy region which is originated from the dangling bond
orbitals of the carbon and nitrogen atoms near the va-
cant site. The resonant state is weakly localized unlike
the usual diamond bands that are completely delocalized.
This should lead to a larger direct and Auger-ionization
rates of NV(0) than those of NV(—) because no such a
high-energy resonant state sharing the same spin state
with that of the ground state exists in the conduction
band, critical in the photo-ionisation of NV(—). Inter-
estingly, the Auger-process should lead to a preferential
occupation of the m, = 0 state via spin-selective inter-
system crossings between the ' F state and the 3 A, spin
states; however, direct ionisation would result in 1/3:2/3
relative population of the ms; = 0:m; = +1 states of
3459, The ab initio calculation of the rates of the direct
and Auger-processes requires an accurate computation of
the excited states of NV(0) which has not yet been solved
as we briefly discussed it in Sec. IITA.

The afore-mentioned ab initio calculations are based on
the global energy minimum of the APES in the appro-
priate electronic structures and charge states which cor-
respond to the zero kelvin solution. However, the photo-
ionisation tresholds of diamond NV centre are often ob-
served at room temperature. Principally, the effective
ionisation threshold energies may change as a function of
temperature. A very characteristic example is the silicon
carbide (SiC) divacancy defects. In particular, four di-
vacancy configurations with similar electronic structures
occur in the so-called 4H polytype of SiC'91103  some
of them well observable at room temperature!®+1%. We
note that 4H SiC exhibits a band gap of about 3.3 eV that
can host visible and near-infrared colour centres acting
as qubits!1196:107 " The neutral divacancy defects in 4H
SiC have isovalent electronic structure to diamond NV
centre as depicted in Fig. 1 but the energy gaps between
the levels are about twice as smaller, thus they produce
near-inrared emission. It was found that upon photo-
excitation of the defect it falls to a “dark” shelving state
due to two-photon absorption or other complex processes.
This shelving state has been finally identified as the neg-
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ative charge state of the defect'®® 110, Close to cryogenic
temperatures, a shorter wavelength laser beam was ap-
plied to drive the divacancy back to the neutral qubit
state by promoting an electron from the e level to the
CBM!0, Tt was later found that at elevated temperature
the quenching of the fluorescence of 4H SiC divacancy
(V2) defects does not occur and they remain optically
stable!'!. This can be interpreted as the photo-ionisation
threshold energy associated with the V2(—)—V2(0) pro-
cess is decreasing upon raising the temperature.

The modelling of temperature dependent photo-
ionisation processes requires the following considerations:
(i) the CBM and VBM of the host material may shift with
temperature, (ii) the formation enthalpy so the charge
transition level of the defect with respect to the band
edges may shift with temperature via the vibration en-
tropy, and (iii) the phonon assisted ionisation process
may be activated by raising the temperature. The first
effect is basically the temperature dependent electron-
phonon renormalization of the bands. This can be com-
puted by the many-body perturbation theory on the
electron-phonon coupling''? ' that was applied to 4H
SiC'5, The usual case is that the CBM and VBM shifts
down and up with raising the temperature, respectively,
leading to an effective decrease of the fundamental band
gap. It was found by ab initio calculations that the CBM
of 4H SiC shifts down by about 5 meV from zero kelvin to
room temperature!'®. In other materials with low Debye-
temperature, this effect could be significantly enhanced.
The second effect assumes an ab initio treatment of the
thermodynamic properties of solid state defects that was
thouroughly discussed in Ref. 34. Here, the key effect is
the vibration entropy correction to the formation energy
of the defect,

F'I(T):Z{%hwﬁkBTln[l—exp(—::;)”, (14)

?

where h and kg are the reduced Planck constant and
Boltzmann constant, respectively, and w; is the frequency
of the ith phonon mode in charge state ¢ of the defect
at the given T temperature. The first term in Eq. 14
is the zero-point energy. The actual values of F9(T)
could differ for a given defect in various charge states
(AF(T) = F~(T) — F°(T)) which results in a shift
of charge transition level, here with respect to CBM,
(Eg%\/[) This correction may increase or decrease the
effective photo-ionisation threshold. The total correction
is then,

EC (corr) = ESRM — AEPM(T) + AF(T).  (15)

The value of EEJ]/BOM(COH) corresponds to the ionisation
threshold energy without involvement of phonons in the
photo-ionisation process'!'. By raising the temperature
the phonon excited states are occupied and may con-
tribute to the ionisation process which may be consid-
ered as an phonon-assisted optical transition between



the neutral defect binding an electron in the CBM and
the negatively charged defect where we neglect the in-
teraction of the CBM elecron with the rest of the elec-
trons. This effect may strongly contribute to the reduc-
tion of the photo-ionisation threshold at elevated temper-
atures. The effect is analogous with the appearance of
the phonon bands at lower energies than ZPL energy in
the absorption spectrum of the defect at elevated temper-
atures. The phonon-assisted optical spectrum can be cal-
culated within Franck-Condon approximation at ab initio
level for defective supercell models (see Refs. 30 and 116
and references therein). The calculated temperature de-
pendent ionisation threshold energies for the divacancy
centres in 4H SiC based on this theory were reported
in Ref. 111. Although, the very long wavelength acous-
tic phonons were not calculated in that study for the
vibration entropy and the Franck-Condon theory that
shed doubts on the convergence of the results, neverthe-
less, the equal or similar contributions of the temperature
dependent vibration entropy and Franck-Condon terms
are demonstrated, and it provided explanation about the
photo-stability of 4H SiC divacancy qubits at room tem-
perauture111 .

C. Supercell modelling of defects: extrapolation to
dilute limits

In the supercell modelling of point defects the goal is
to describe isolated point defects. In practice, the size of
the supercell is limited up to about 10,000 atoms for KS
DFT calculations due to computational resources. By
applying accurate hybrid KS DFT functionals the size
of the supercell is further reduced to about 1,000 atoms.
This size of the supercell suffices to obtain accurate re-
sults for deep defects because the defect induced wave-
functions and strain fields decay relatively fast from the
core of the defect. However, shallow states with weakly
localised character of defect wavefunctions such as the
case of P-donor in Si, require extrapolation to dilute lim-
its. For deep defects, certain properties also call for spe-
cial treatments in the supercell formalism that we non-
exhaustively list here: charge correction for charged de-
fective supercells, acoustic phonon couplings to electron
orbitals and spins, excitation and ionisation towards elec-
tronic bands of the host.

1. Charge correction schemes: a recent breakthrough

In our previous review paper®C, the charge correc-

tion for charged defective supercells was thouroughly dis-
cussed. To sketch here the problem and the possible so-
lution we note that the introduced defect charge is neu-
tralized by a compensating jellium charge in the super-
cell. The charge of the defect and the jellium background
charge interact with their periodic images that goes with
the leading point charge Coulomb interaction of which
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energy scales with L1, where L is the edge of the simple
cubic supercell. This theory already gives a hint about
the expected scaling property in the correction of the
total energy to the isolated defect or dilute limit. In-
deed, the total energy of the charged defective supercells
converges notoriously slow with the supercell size as in-
dicated by the simple theory above. By applying charge
corrections to the total energy, the convergence can be
well accelerated. In the previous years (see Refs.30:34:117
and references therein), many a posteriori schemes have
been developed for the correction of the total energy of
charged defective supercells in 3D and 2D models. In
those schemes, the possible change in the character of
the wavefunction due to the charge correction was not
taken into account that might lead to qualitatively wrong
results in notorious cases. This problem is in particular
severe for slab models of crystal surfaces with negative
electron affinities. Recently, a self-consistent potential
charge correction (SCPC) method was developed to heal
this issue which goes beyond the previous a posterior:
total energy corrections of the charged defects, and they
derive the KS potential associated with the charge correc-
tion and self-consistently solve the constructed KS DFT
equations'!7.

The SCPC method yield the corrective potential (Veor)
in an iterative manner: (i) the distribution of the extra
charge in the supercell (dp) is determined, (ii) the corre-
sponding periodic electrostatic potential (Vper) is calcu-
lated, (iii) the potential for the same but isolated charge
distribution (Vi) is determined by using open (Dirich-
let) boundary conditions, and finally, (iv) Vper and Vigo
are used to determine the corrective potential V., which
is added to the total electronic potential. It should be
noted that SCPC always aligns the final potential, con-
sidering the difference between the electrostatic poten-
tials of the charged and the reference system far away
from the defect position (AV).

The method was originally built in the VASP code but
an interface has been developed to Quantum Espresso
code too. The SCPC method was applied to diamond
slab model with NV centre where the (100) diamond sur-
face was terminated by hydrogen. It was shown that
without SCPC method the negative charge of the defect
artificially pull down the bands of the surface states, so-
called image states, which results in a false electronic
structure even in large supercells!!”. Here, the self-
consistent correction of the potential is essential. We
note that the self-consistent correction is not a must for
many defects in 3D solids and a posteriori charge cor-
rection schemes can provide qualitatively good results.
Despite the self-consistent nature of the correction, the
SCPC method does show supercell size dependence which
comes from the fact that the character of the underlying
(localized) defect wavefunctions may change with super-
cell size due to the defect-induced strain fields and other
factors, so supercell size scaling is still necessary with this
method but converges faster than the a posteriori total
energy correction schemes!!”.



2. Embedding of long wavelength phonons in the finite size
of the supercell

The long-wavelength acoustic phonons could con-
tribute to the phonon sideband of the optical spectra of
defects. Audrius Alkauskas and co-workers developed an
embedding method to include the electron-phonon cou-
pling in the optical transition ''® that they applied to
the optical transition between the triplet states of dia-
mond NV centre™:16 which has been also implemented
in the st-TDDFT study for the absorption spectrum of
the singlet states™. Similar treatment is advisable for the
temperature dependent photo-ionisation spectrum?**?.

3. Reconstruction of the deep-energy valence and
high-energy conduction bands

Accurate absorption cross section calculation of ex-
citation from/to deep levels to/from solid state bands
within supercell formalism requires special attention due
to band folding in the Brillouin-zone!!8. This was recog-
nized by Razinkovas and co-workers when they studied
the absorption cross section for the photo-ionisation of
diamond NV centre®?: they found minigaps in the con-
duction band which affected the calculated absorption
cross section at the given high energy excitation. They
used the following technique to circumvent this problem:
(i) they identified the folded band in the Brillouin-zone
of the primitive diamond cell as described in Ref.}18, (ii)
then they averaged out the calculated absorption cross
section values closest to the corresponding k-space within
the energy region of about 0.08 eV. The resulted photo-
ionisation absorption spectrum is then converged well.

4.  Treatment of spatially extended defect wavefunctions:
beyond effective mass theory

KS DFT calculation of the properties of shallow donors
in Si is computationally very challenging because of
the spatial extension of the donor wavefunction. Accu-
rate calculation requires hybrid HSEQ6 functional, e.g.,
Ref. 119, which becomes extremely difficult to carry out
for sufficiently large supercell sizes. As was done for
the total energy correction of charged defective super-
cells (see Refs.3934117 and references therein), one can
apply a strategy by studying theoretically and numeri-
cally the scaling of the given property as a function of the
supercell size, and then extrapolate the result to the di-
lute (isolated defect) limit. In many cases, the exact scal-
ing properties are unknown or they are too much complex
because different effects (electron density and charge dis-
tribution, strain field distribution) are intertwinned and
they often depend on the local electron density distribu-
tion of the defect that might change by increasing the
size of the supercell.
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In practice, numerical KS DFT investigations could
lead to converged results which requires sufficiently large
number of sampling points for defining the scaling law,
i.e., ideally up to supercell size with about 10,000 atoms.
This is prohibited by the accurate HSE06 functional so a
typical strategy is to calculate the scaling by the afford-
able PBE functional and for a limited range of supercell
sizes to compare the scaling with HSE06 and PBE func-
tionals to verify the scaling function.

Swift and co-workers studied the shallow group-V
dopants of Si by supercell KS DFT calculations!!?. These
dopant introduces a singly occupied electron the state
split from the CBM. In semiconductor physics, these
states are described by the so-called effective mass theory
from Kohn and Luttinger which treats the dopant po-
tential as a positively charged Coulomb potential which
binds an electron of which state can be described the
linear combination of the CBM valleys. The solution
of this system results in a Rydberg or hydrogenic se-
ries of excitation energies until it converges to the ion-
isation level. The ionisation or binding energy of the
electron (Ep) can be defined as the lowest energy level
edonor (15 like envelop function) with respect to CBM of
the perfect crystal (¢“BM). The validity of this approx-
imation from many-body electron-phonon point of view
was briefly discussed in Sec. IIIB. It is known in ex-
periments (see Ref. 119 and references therein) that the
ionisation energies of various group-V dopants in Si differ.
Therefore, a so-called “central cell correction” was intro-
duced to the effective mass theory which assumes that
the 1s ground state wavefunction has the largest overlap
with the dopant ion’s attractive potential which will pull
down its energy level with respect to the purely hydro-
genic solution (enlarging the donor ionisation energy).
As the potential of the dopant ion is characteristic to the
dopant within short range around the dopant ion, thus
the “central cell correction” will be dopant dependent.
The central cell correction is merely semiempirical cor-
rection to the effective mass theory of shallow donors and
acceptors, where the acceptor levels are measured with
respect to VBM. In KS DFT calculations, the ionisation
energies can be calculated at ab initio level free from any
assumptions on the nature of the potential induced by
the dopants. It can be estimated from the effective mass
theory that the 1s donor wavefunction in Si will decay at
around 55 A from the position of the dopant which would
require a supercell of about 64,000 atoms to accommo-
date the donor wavefunction without significant overlap.
This definitely calls to apply a scaling procedure even for
PBE DFT functional.

Swift and co-workers!!® applied scaling method for cal-
culating E} of arsenic (As) and bismuth (Bi) donors in Si
by PBE and HSE06 functionals. The calculations were
carried for supercells from 64 to 2,744 atoms at PBE level
and for supercells from 64 to 1,000 atoms at HSEQ6 level.
They calculated Ej at a given size of the supercell as

Eb — 6CBM _ 6donolr + GAV, (16)



where AV potential alignment between the defective and
perfect supercells appears the charge correction of defects
in Sec. IITC1. Interestingly, the AV does not show a
clear monotonous decay with increasing size of the su-
percell which was not explained!!®. The scaling of the
HSE06 data was carried out as

X 1 - 1
buseos = bigp — §bf§tBE,5ex + ib%tSEOG,écxv (17)

where bl is the slope fit to the PBE binding ener-
gies, bty 5o is the slope fit to the PBE exchange split-
ting, and bt s s is the slope fit to the HSE06 ex-
change splitting. "The exchange splitting was defined as
the difference between the spin-up and spin-down eigen-
values of the donor state. Subtracting half of the ex-
change splitting from the binding energy yields a spin-
averaged value which is corrected between the PBE and
HSEOQ6 results with assuming that the supercell-size de-
pendence obtained in PBE for the spin-averaged case ap-
plies also to the HSEO6 values. They obtained 54 meV
and 67 meV binding energies for As and Bi donors, re-
spectively, in very good agreement with the experimental
data at 53.9 meV and 70.9 meV, respectively!?.

The neutral donor defects introduce S = 1/2 spin that
can interact with the nuclear spins of the dopant or the
proximate 2?Si I = 1/2 nuclear spins which is called hy-
perfine interaction. Actually, the interplay between the
electron and nuclear spins could represent qubit states in
these systems, therefore, understanding this interaction
as a function of electric field and strain is highly impor-
tant (see Ref.'?? and references therein). This hyperfine
interaction can be generally written as

Hiyp, = SAIL (18)

where A is the hyperfine tensor and S, I are the electron
spin, nuclear spin vector operators, respectively. The
Fermi-contact and the dipole-dipole terms of the hyper-
fine tensor can be respectively written as

n 2 ns(R
AW = ﬂgeuagnunL
3 S (19)
140 1 3rars — 7200 3
+ g JetBInting [ —— 5 ns(r)dr,

where ng(r) is the electron spin density, r is the vec-
tor between the electron spin and nuclear spin at R,
gn is the nuclear g-factor, and pu, is the nuclear mag-
neton for a given nucleus n. For the ground state 1s
donor wavefunction, the Fermi-contact term predomi-
nates which depends on the localization of the donor
wavefunction at place of the dopant. Swift and co-
workers found that (i) PBE produces too low hyper-
fine constants for shallow donors in Si, (ii) reliable val-
ues are obtain for supercell size of 512 atoms or larger
number of atoms, and (iii) in that size range the hyper-
fine constant for the dopant atom scales as L~'. The
final HSEQ6 values are 132.5 MHz and 1262 MHz for As
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and Bi spins, respectively, compared to the experimental
data at 198.3 MHz and 1475 MHz, respectively!'®. They
also found that the electric field gradient, V., around
the dopant atom, so the quadrupole interaction strength
Co = 3eQatomVzz/4h is vanishingly small (1 MHz),
where i and e are the Planck-constant and the charge of
the electron, and Qa¢om is the nuclear electric quadrupole
moment of the dopant atom. Furthermore, they also
studied the strain dependence of the contact hyperfine

tensor of the Bi dopant, which generally reads'2° as
K
A/Ag =1+ E(EM +eyy +€22)
L 20
+5 [(Eyy B 5zz)2 + (Ezz - 52z)2 + (Eﬂm - 599)2] ( )

+N(el, +e2, +e2,),

where A is the value in the absence of strain, K coupling
is responsible for the hydrostatic strain, L coupling and
N coupling describes the uniaxial and shear strain effects,
respectively. Swift and co-workers only focused to the
hydrostatic strain in their ab initio study: they found
that K scales the same in HSE06 and PBE functionals
in relatively small supercells, thus the error in PBE in
the difference of absolute values of hyperfine constants
as a function of strain is cancelled. As a consequence,
the PBE scaling can be applied for larger supercell for
extrapolation to the dilute limit. They obtained K =
20.2 which is close to the experimental data at K = 19.1
(see Refs. 119 and 120).

In the afore-mentioned examples, the defect wavefunc-
tion is spatially extended in the electronic ground state.
Perhaps, it is not a common knowledge among scientists
coming from the quantum optics field that similarly ex-
tended wavefunctions could exist in the electronic excited
states. Again, the best example is the most studied small
band gap material, silicon. As silicon has a band gap of
1.215 eV at cryogenic temperatures, there is a little room
to introduce multiple levels by deep defects. Defects may
introduce only a single occupied deep level in the funda-
mental band gap of Si where the electron could be pro-
moted from the in-gap defect level to CBM. In this case,
the defect can be described as a positively charged centre
which Coulombically binds an electron split from CBM.
This definitely shows a similarity to the shallow donor
states in Si. For example, the photoluminescence C-
centre in Si shows a sharp ZPL at 789 meV for which pho-
toluminescence excitation (PLE) measurements revealed
a hydrogenic or Rydberg series of excited states!?!. Later
it was shown that this type of PLE features is common for
other deep optical centres of Si that was called “pseudo-
donor” model?2:123, Recently, the pseudo-donor model
of C-centre in Si has been confirmed by HSE06 calcula-
tions'?4. The neutral C;0; defect associated with this
optical centre indeed produces a deep level in the fun-
damental band gap (see Fig. 3), and the calculated ZPL
energy at 750 meV by ASCF method agreed well with the
experiment. In this calculation, 512-atom supercell was



Figure 3. (a) The atomic structure of the C;O; defect com-
plex, consisting of neighbouring carbon (C; — Si1) and oxygen
(O; — Siz) split-interstitial defects associated with C-centre
in Si. (b) Kohn-Sham level structure of the C;O;(0) defect
ground state (* A’) and singlet (' A”) excited state in the spin-
polarised HSE06 calculation. VBM, CBM and C label the
valence band maximum, the conduction band minimum, and
the dangling bond orbital of the carbon atom, respectively.

employed with the same correction in the total energy of
the excited state of the defect (56 meV) as for the posi-
tively charged defect. The reasoning behind this method
was the following. The excited state involves a spatially
extended wavefunction. The scaling property of the total
energy of the excited state was assumed to go similarly to
that of the positively charged defect within the accuracy
of about 50 meV because the extended electron occupy-
ing the state split from CBM could behave similarly to all
the crystalline valence bands of the system which leaves
a positively charged core; in other words, the pseudo-
donor electron does not “shield” the positively charged
core. There is a further note here about the accuracy of
ASCF method. In a 216-atom supercell, the results from
ASCF method and GW+BSE method were compared.
It was found that GW+BSE confirmed the composition
of the exciton as the deep hole state and an electon state
split from CBM and the vertical excitation energies were
within 11 meV. Thus, ASCF method can be applied for
the bound exciton excitation too which is important to
calculate the Stokes-shift upon excitation as no quantum
mechanical force calculation has been yet implemented
to GW+BSE methods. For the case of shallow donors in
Si, the geometry change upon ionisation was neglected.
However, this cannot be neglected for the fluorescence
spectrum of deep defects. Indeed, the sharp features in
the phonon sideband of the PL spectrum could be well re-
produced by applying the Franck-Condon theory!?4. Ac-
cording to the calculations, C-centre is a potential build-
ing block of quantum repeaters in the telecom L-band'24.

Another deep optical centre in Si, the W-centre, has
been recently isolated as a single quantum emitter with
ZPL wavelength close to the telecom region at 1218 nm
(1.018 eV) (see Ref.?? and references therein). The defect
contains a complex of three self-interstitial silicon atoms.
The most stable configuration, so called 13-V configura-
tion with C5 symmetry, has been recently identified by
HSEOQ6 calculations where the relative stability changes
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Figure 4. (a) The atomic structure of the tri-interstitial (I3)
complex in Si. (b) Kohn-Sham level structure of the I3(0)
defect ground state (*A) and (*A) excited state in the spin-
polarised HSE06 calculation. VBM and CBM label the va-
lence band maximum and the conduction band minimum, re-
spectively.

with respect to PBE calculations2?, which we call here
I3 for the sake of simplicity. The electronic structure of
the neutral I3 is very interesting: it shows a single reso-
nant a level at 73 meV below VBM (see Fig. 4). At first
glance, this defect may be considered as electrically and
optically inactive. However, after ionisation, the unoc-
cupied defect level emerges inside the band-gap, and the
(4/0) charge transition level is at 55 meV above VBM
after applying charge correction in the total energy of the
positively charged defect. As the stability of the positive
charge state is confirmed, the positively charged defect
may Coulombically bind an electron with the state split
from CBM, alas, the neutral excitation of I3 is a bound
exciton with a strongly localized hole on the defect and
a loosely bound electron®’. The pseudo-donor nature of
the defect was confirmed by HSE06 ASCF calculation in
512-atom supercell. The estimation of the ZPL energy
was based on the full geometry relaxation of the elec-
tronic ground and excited states with scaling of supercell
sizes,

Ezpr(L) = A/L+ B/L?+ O, (21)

where L is the side of the simple cubic supercell, A, B, C
are fitting constants, where C value corresponds to the
dilute limit. L was varied between the supercells of 216-
atom and 8,000-atom for PBE calculations and up to
1,000-atom for HSEO06 calculations. It was found that
the 216-atom supercell results do not fit to the trend and
should be ignored. The idea of the formula in Eq. (21) is
that the excited state requires charge correction. Since
too few data points could be calculated at HSEOG level,
it was assumed that the PBE results well reproduce the
electrostatics of the problem, and the A and B fit results
can be used for HSEO06 data points. This procedure fi-
nally yields C' = 1.102 4 0.003 eV which is within 0.1 eV
when compared to experimental data.

The pseudo-donor or bound exciton excitation can oc-
cur in wide band gap semiconductors too. A very nice
example is the so-called D; centre in 4H SiC'25126 The
optical activity of the defect is identified as the silicon an-
tisite!27128 which is an isovalent centre with producing a



deep donor level in the fundemental band gap. The defect
can be positively charged and then it can Coulombically
bind an electron from CBM with producing Rydberg se-
ries of excited states!2®. It can be expected that similar
bound exciton excited states may be found in diamond.
Indeed, a recent study has identified Rydberg series
in the optical spectrum of the diamond neutral silicon-
vacancy [SiV(0)] defect in a joint experimental and the-
oretical study!''. Interestingly, optical spin-polarisation
and ODMR signals could be also observed through their
bound exciton states'' which makes the analysis of these
states highly important as this defect can be isolated in
diamond as a near-infrared single photon emitter!'2?.
The electronic structure of SiV(0) in diamond was al-
ready briefly described in Sec. IIT A 1 that we extend here
before we proceed to the discussion of the bound exciton
states. In SiV(0) defect, Si atom sits in the inversion cen-
tre of diamond so the defect can be rather described as
a Vo defect with six carbon danglings bonds whereas the
“dopant” Si ion resides in the empty space of Vo with
the farthest distance from these six carbon atoms (see
Fig. 5). The six carbon dangling bonds create a dou-
ble degenerate e, level resonant with the valence band
and a double degenerate in-gap e, level occupied by two
eletrons. This forms the 3Agg ground state. The usual
optical activity is associated with promoting an electron
from the e, level to the eg4 level for which the optically
allowed 3E,, —3 A, transition yields the ZPL energy at
1.311 €V [see Fig. 6(c)]. This energy is much smaller than
the ionisation threshold energy at 1.53 eV which corre-
sponds to the neutral to the negative charge transition
(see Ref. 11 and references therein). It is important to
notice the selection rules of optical centre with inversion
symmetry that the optical transition is only allowed by
changing the parity of the participating wavefunctions.

h
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Figure 5. (a) Geometry of the SiV(0) defect in diamond as
optimized by HSE06 in the ground state. The dashed circles
represent the missing C atoms, i.e., adjacent vacant sites or
Va. (b) The Bohr-diameter of the heavy-hole for the n = 1
or 1ls effective mass state. Apparantly, the dangling bond
orbitals in Vs are confined to the same space as the 1s effective
mass state.

By increasing the excitation energy above the ZPL at
1.311 eV but below the ionisation threshold energy at
1.53 €V, one can excite the hole from the VBM which
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results in a SiV(—) defect plus a loosely bound hole, i.e.,
a bound exciton state of SiV(0). Generally, analysing the
hole bound exciton spectrum has an increasing complex-
ity over that of electron bound exciton spectrum because
of the orbital degeneracy of VBM at the I'-point which
results in an effective spin-orbit interaction. A detailed
description is beyond the scope of the present review pa-
per. We rather defer the readers to the supplemental
material of Ref. 11 which is now very briefly summa-
rized here. The three-fold degenerate VBM of diamond
sligthly splits due to the defect potential resulting in a4
and ey bands, where a;, band lies above e, band. The
VBM splitting also affected by the spin-orbit coupling
which has similar energy as the crystal field splitting in-
duced by the defect potential'’. The spin-orbit coupling
creates light-hole, heavy-hole and a split-off hole in the
VBM, where the heavy-hole has the shortest Bohr-radius
effective mass state orbitals''. According to the theory
from Thiering and Gali'!, the 1s, 2s, ... effective mass
states will transform as A4, whereas 2p, 3p, ... effective
mass states will transform as Ay, and E,,, and 3d, 4d, ...
effective mass states will transform as A;, and E,. As
a consequence, only the p-type effective mass states can
be optically excited from the Ay, ground state. The low-
est energy 1s effective mass state may be observed with
the contribution of u-type of phonons as phonon-assisted
optical transition. Since the translation motion of Si ion
in the void of Vy transforms with « odd-parity3? the 1s,
2s, ... as well as 3d, 4d, ... effective mass states could
be optically excited via the As, quasi-local phonon mode
of the Si ion which is about 43.4 meV according the PBE
calculations''. Indeed, the 1s effective mass state was
not observable in the PLE spectrum but well detectable
in the optical spin-polarisation spectrum mediated by the
Si-ion vibrations!! [see Fig. 6(a)].

By applying Rydberg scaling to the experimental data
[Fig. 6(b)], one can find that the expected binding en-
ergy of the 1s level is about A; — 0.04 = 0.19 eV deeper
when the experimental data is corrected with the phonon
energy of the Si ion vibration.

An important observation is that the central cell cor-
rection makes the 1s level shallower (i.e., its binding en-
ergy becomes smaller) than the value of the effective mass
theory, in stark contrast to the case of shallow donor and
acceptor dopants in semiconductors. The central cell cor-
rection energy can reach hundreds of meV for deep defects
in diamond.

The qualitative explanation behind this observation
can be drawn from Fig. 5: the majority of the 1s ef-
fective mass state are localized in the core region of the
defect in which the localized orbitals are confined. As a
consequence, the electron cloud of the localized orbitals
will shield the effective attractive potential of the defect
and repell the 1s effective mass state which finally shifts
its energy level closer to the ionisation threshold energy.
The quantative prediction of the 1s energy level calls for
ab initio calculations. Unlike the case of the deep defects
in Si with bound exciton excited states, the relatively
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Figure 6. (a) Experimental photoluminescence excitation

(PLE) and optical spin-polarisation (OSP) spectra from
Ref. 11. The OSP can be observed in the spin-polarisation
of the ground state towards the ms; = 0 electron spin state
in the electron paramagnetic resonance spectrum. (b) Scal-
ing of the peak positions extracted from PLE in (a). The fit
uses Rydberg scaling E,, = Er — Ey/n2 associated with the
effective mass states, where n refers to the principal quantum
number. Due to similar fine structures of 2p and 3p states,
we fit different fine structure transitions (wiggles in the PLE
and OSP curves) separately corresponding to the different
coloured curves. The fitted ionization energy (E) and Ryd-
berg energy (F,) are 1.53 ¢V and 0.4 eV, respectively. The
horizontal dashed line indicates the fitted ionization energy.
States with “s”-like character are taken from spin-polarisation
measurements, and are shown with triangles. A; and Ag are
energy deviations for 1s and 2s states compared to the fit-
ted Rydberg scaling that involve both central cell correction
and the localized phonon energy. (c) Proposed bound exci-
ton model for the higher-lying excited states showing orbital
ground and excited states and BE states at higher energies in
the hole picture. The lower levels closer to the valence band
maximum for electrons require higher excitation energy.

short Bohr-diameter of the VBM hole 1s state makes it
possible to embed the excited state wavefunction in a
few-thousand atom supercell, viable at KS DFT level.
From a remote distance, the SiV(—)+hole system looks
completely neutral which is the case of a giant supercell
by completely embeding the 1s wavefunction. In smaller
sizes of supercells, the systems looks like a negatively
charged defect as the hole wavefunction is completely de-
localized within the applied supercells, and a total energy
correction should be applied similar to the SiV(—) defect.
However, the total energy correction for the SiV(—)+hole
system should not be exactly the same with the SiV(—)
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defect as the size of the supercell is increased because
the bound hole provides a screening towards the SiV(—)
defect core. Thiering and Gali suggested the following

A D B
EiT = —exp <_L) + 73 +C, (22)

where D is the screening length which effectively screens
the monopole charge induced by the defect, the s-type
spherical potential. The quadropole term B may also in-
corporate the strain field effects too, and C' is the value
of the dilute limit. It is a critical issue how large could
be the screening length. This can be illustrated by nu-
merical modelling of a hydrogen atom in the simple cubic
supercell with lattice constants (L) which can be calcu-
lated at Hartree—Fock level within VASP with using a soft
PAW potential. The results are shown in Fig. 7(d). One
can clearly see that the Coulombic scaling (—1/L) devi-
ates at sufficiently large supercells. At sufficiently large
supercell size (L > 4 A), the total energy of the system
converges exponentially to a constant energy. The dilute
limit (C') is found by

Eu(L) = 2 exp (DH> +C, (23)

where the Coulomb interaction (A/L) is screened by
exp (f%). We note that the repulsive 1/L? term is
missing because only a single proton appears in the sys-
tem. Using this fitting procedure, Dy = 1.90 A = 3.56-a,
was found, where ag = 0.53A is the Bohr-radius of the
isolated free hydrogen atom for n = 1 1s state.

One can conclude from the results of this simple model
that the screening length is multiple times longer than
the Bohr-radius of the effective mass state. This result
could explain the need of simplified computational ap-
proaches on silicon defects described above because the
Bohr-radius itself is already too long to be accommo-
dated by 10,000 atom supercell, so the screening radius
cannot be computed at ab initio level. In those cases,
Eq. 21 was applied?® which overcorrects because of the
neglect of the screening effect. In diamond, the Bohr-
radius of the effective mass hole states is short enough
to observe the deviation from the formula in Eq. 21 due
to the screening effect in few thousand atom supercell
calculations. Thiering and Gali in Ref. 11 applied PBE
functional to yield the 1s total energy by ASCF method
including 8,000-atom supercells, and the resulting screen-
ing length was fixed in the fit to HSE06 ASCF energies
as a function of the supercell size where the maximum
size was 1,000-atom supercell [Fig. 7(b)]. The scalings of
the charge transition level [Fig. 7(a)] and the excitation
energy of the 1s state show similarities in the range of
small supercell size but a clear deviation can be observed
for supercell size with >1,000 atoms. That deviation
is essential to obtain the accurate value, in good agree-
ment with the experimental data. Certainly, the highly



localized orbitals and the corresponding excitation en-
ergy converges much faster with the size of the supercell
as demonstrated in [Fig. 7(c)] which also holds for the
crystal field splitting and spin-orbit coupling parameters
too!l.

These recent findings cannot be found in the textbooks
about semiconductor physics and can be considered as
an extension of effective mass theory towards the excited
states of deep defects.

The bound exciton states may be formed not just upon
optical excitation but by capturing carriers by the deep
defects. The capture rate can be, in particular, effective
if the defect Coulombically attract the carriers. In the
previous example, it can be imagined that the SiV(—) de-
fect in its ground state captures a hole from VBM, which
turns SiV(—) to SiV(0) plus a bound hole excited state,
and that will decay either radiatively or non-radiatively
to the ground state of SiV(0). This effect was first con-
sidered in the electroluminescence of single NV defect
in diamond (see Supplemental Material in Ref. 99). In
this case, the negatively charged NV defect binds a hole,
creating NV(—) plus bound hole from the VBM. That
was calculated by HSE06 ASCF method without study-
ing the convergence of the excitation energy®. In a
later study'%?, the interaction of two individual NV de-
fects was investigated when the photo-ionisation of one
NV leads to the emission of holes toward the neighbour
NV(—) defect which can capture that hole. Accord-
ing to the interpretation of the measurements, a giant
on ~ 3 x 1073 um? hole capture rate was derived for
NV(—). This was rationalised by involving the forma-
tion of a bound exciton state featuring an electron local-
ized at the NV(—) plus a bound hole from VBM. Flick in
Ref. 100 calculated the total energy of this bound exci-
ton excited state by following the recipe in Ref. 11 with
a little modification of Eq. (22) to apply the screening
effect also on the quadrupole term. It was found that
the binding energy of the exciton is about 40 meV for
the 1s state'?. That is definitely a stable state at room
temperature.

D. Computation of zero-field splitting for high-spin
defects and the g-tensor for defects with heavy ions

The computation of magneto-optic parameters of de-
fect qubits such as zero-field splitting (ZFS) or g-tensor
is of high importance not only because that they act
as a fingerprint for identification of defect qubits with
unknown microscopic structure but they can govern the
type of interaction with external magnetic, electric, and
strain fields as well as temperature. The importance of
interaction between the hyperfine tensor with the strain
field was already illustrated in Sec. IITC4. Here, we
briefly list the advance in the calculation of ZFS and
g-tensor for defect qubits.

The high-spin (S > 1) defects with axial or lower
symmetry may experience the electron spin-electron spin
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dipole-dipole interaction that may be expressed as

Q Q Q Q 2
o 3(5m) (153) - (88)
ss — A |I‘“|5
> )
= ZgiDiijv
i>7

(24)
where r;; = r; —r;. The 3 x 3 D-tensor can be diago-
nalized to find the spectrum and spin eigenstates. The
D tensor is associated with the two-particle spin density
matrix, na(ry,r2), which can be approximated by using
the Slater-determinant of the KS wave functions ¢ of
the considered system, so that na(r1,72) =~ |®;;(r1, )7,
where ®;;(r1,72) = 75 (¢i(r1)¢;(r2) — ¢;(r1)¢i(r2)) and
then

1po  giud
247 5(25 — 1)
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E Xij/|q)ij(7"177'2)| — = d’r1d’rg,
i>j

Dab =
(25)

where rq, = (r1 —r2), , and x;; is either 1 or —1 for KS
1,7 states of the same or different spin channels, respec-
tively. Note that in DFT the spin-polarised KS states are
not spin restricted. Consequently, not only the unpaired
KS states but also the rest of the occupied states can
contribute to the spin density and the ZFS'3!. However,
there is no guarantee in spin-polarised KS DFT methods
that the final solution will be the eigenstate of the spin
operator, and the discrepancy in it is called spin contam-
ination. In practice, spin contamination may be small
with using (semi)local DFT functionals but could be sig-
nificant with hybrid DFT functionals. This may result
in a significant error in the approximation of the two-
particle spin density matrix. Biktagirov and co-workers
suggested a workaround for this problem'3? which is il-
lustrated for the S = 1 case. The idea is that if there
is a spin contamination in the electronic structure then
the ms; = 0 spin configuration with spin-polarised DFT
should produce non-zero contribution to the D-tensor,
called ﬁm;S—L The bare D-tensor with m, = S spin-
polarised DFT results in Dy, ,—s. Finally, the corrected
D-tensor, D, is

ngmey (26)
Each of these ms = S — 1 configurations can be obtained
by changing the occupation of one of the half-filled KS
orbitals from spin up to spin down and subsequently per-
forming the self-consistent field calculation. It was found
that for divacancy defects in 4H SiC that the calculated
D-constants are at around 1.6 GHz but D = 1.3 GHz
are obtained after correction, close to the experimental
data (see Ref. 132 and references therein).

The ZFS may have other contribution for S > 1
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Figure 7. Excitation processes of SiV(0). (a) Charge transition level of SiV between neutral and negative charge states by
means of HSE06 and PBE functionals. In the dilute L — 4o limit, the HSEO06 results (1.55 eV) agree with the experimental
data at 1.53 €V. (b) n = 1 1s bound exciton excitation by means of HSE06 and PBE functionals. Here we can see that the
HSEO06 limit at L — +oo with screening included can explain the experimentally data at 1.39 eV. (c) Scaling of the e4 <> ey
excitation process by means of HSEQ6 functional. (d) Total energy of the hydrogen atom in a Hartree-Fock I'-point calculation
in a simple cubic supercell as a function of the size of the supercell. (e) Schematic of the hydrogen atom in vacuum. The
electron is effectively closed into a L® box. However, it is effectively not a box as it warps around its edges due to the interaction
with its periodic images. From a sufficiently large L > 4A distance, the H-atom in the supercell can be interpreted as a free
non-interacting H-atom. By adding the atomic energy of the employed soft PAW potential for H ion, which causes an artificial

constant shift in the absolute total energy.

systems than electron spin-electron spin dipole-dipole
(D®S) interaction as given in Eq. (25). As an example,
we mention here the neutral nickel-vacancy (NiV) de-
fect in diamond which has the same structure as SiV(0)
defect discussed above in this review paper. NiV(0)
has also 34y, ground state similar to that of SiV(0)
with six carbon dangling bonds which constitute of the
ground state electron wavefuntion. The calculated D55 =
967 MHz=0.004 meV which is typical for the third neigh-
bour distance of dangling bonds in diamond (see Table II
below). However, this value is very far from the observed

D = 170 GHz=0.703 meV (see Ref. 133 and references
therein). As 3Ay, is an orbital singlet, thus first-order
spin-orbit interaction does not enter here. However,
second-order spin-orbit interaction between the ground
state triplet and excited state singlet states may play a
role which can be selective towards the ms = 0 state of
the triplet, and it results in an effective energy shift of the
mg = 0 level and opening the gap between the m; = 0
and mg = =1 levels. To illustrate this using the first-
order perturbation theory, we consider the interaction of
the 3A29 and 1A19 state that are linked by the parallel



component of the spin-orbit operator (ﬁso), A, where
IA{SO = Z)\J_ (ii,wgi,w + f/z,ygz,y) + )\zﬁi,zgi,z- (27)
i

The energy gap between 3 Ay, and 1 A, is © before apply-
ing Hso and the spin-orbit coupling between |3 Ag,, ms =
0) and ' Ay, through A, is Ag. In that case, the first-order
perturbation theory yields that | As,, ms = 0) level shifts
downwards by A2/©. This means that

_ %

SO
)

(28)
and it will be dominant over DSS. According to HSE06
calculations (see details in Ref. 133), © ~ 0.68 ¢V and
Ao = 23.2 meV which results in DS© = 0.79 meV. This is
much closer to the experimental data at 0.703 meV.

One can go beyond the first-order perturbation theory
and consider the change in the wavefunction due to spin-
orbit interaction (second-order perturbation),

A
) = Py, m, = 0)) + 2l ), (29)

which may result in a more accurate result than that by
first-order perturbation theory.

In general, the problem can be rephrased by consid-
ering the total energy of the system as a function of
the spin quantisation direction, E**(77,). In a uniaxial
case, the magnetic anisotropy energy is then defined as
difference between E'(77,) obtained with 77,) parallel
(z) and perpendicular (L) to the anisotropy direction,
ESC = E'*t(z) — E*Y(1), and then the corresponding
D-constant can be evaluated as DS© = E59 /52 for inte-
ger S and DS© = ESO /(82 —1/4) for half-integer S. For
the case of NiV(0) with S = 1, £S5 should be calculated
self-consistently. E**(z) = E%'(11) calculation can be
carried out with the usual m; = +1 setting for the KS
orbitals together with the scalar-relativistic spin-orbit in-
teraction. FE''(1) calculation is a bit tricky. The two
spins should be individually rotated by 90 degrees about
the z-axis. Then the total energy of the system should
be calculated by scalar-relativistic spin-orbit interaction.
This total energy is not identical to E**(_L) because the
rotated-spins system is not the exact ms = 0 eigenstate
but a mixture of mg = £1 and m,; = 0, so we label it by
E%t(——). The final expression'3 is

DSO =3 (B (1) — B (——)). (30)

The self-consistent HSE06 DS = 0.73 meV which is
0.06 meV deeper than the first-order perturbation the-
ory value at 0.79 meV, and it brings the result closer
to the experimental data at 0.703 meV. This shows that
self-consistent spin-orbit calculation needed for obtain-
ing accurate ZFS for defects consisting of heavy ions. It
is interesting to note that self-consistent spin-orbit PBE
calculations results in DS = 1.35 meV which is signif-
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icantly larger than the HSEO06 and experimental values.
We note that © ~ 0.25 eV with PBE which explains the
too large DS© with PBE as first-order perturbation the-
ory showed that DS scales inversely between the gap of
the triplet and singlet levels!'33.

These results clearly demonstrate!3? that the energy
gap between triplet (high-spin) and singlet (low-spin) lev-
els are highly critical in obtaining an accurate ZFS for
defects which consist of heavy ions.

The disasvantage of the self-consistent spin-orbit cal-
culations is that it can principally work for sufficiently
large spin-orbit energies, usually created by heavy atoms,
so that it does not fall below the numerical noise. For
defects with light atoms, one has to rely on the first-order
perturbation theory which was previously sketched for a
special case (diamond NiV defect) as an introduction to
the problem.

Biktagirov and co-workers'3* implemented the pertur-
bation theory based method to the GIPAW-tree of the
Quantum Espresso package. They apply collinear spin
polarisation approximation with direction a = =x,y, 2.
Then the SO coupling in direction a (H5°) and b (HP©)
contributes to the total energy of the system in second-
order perturbation theory as

By = Y Re(U|H;OG () HO[T,).  (31)

0,s,s’

Here the sum runs over the spin channels s and s’ and the
occupied states o € s. Thereby, |ﬁz> are the correspond-
ing unperturbed KS wave functions (obtained without
SO coupling), and G*' (e,) is the Green’s function of the
empty states e € s’. In their implementation, explicit
summation over empty states is avoided by calculating
G*'(€.) by projecting the empty states onto the valence
bands. By this, the approach becomes faster, numeri-
cally more stable, and almost unaffected by the gap issues
quoted above for the (semi)local DFT functionals. On
the other hand, the method is not so intuitive as the ma-
jority of the interaction comes from the closest high-spin
low-spin energy states which cannot be directly analysed
by this method.

Biktagirov and co-workers applied their method to dia-
mond NV centre and group-IV-vacancy defects'3*. The
results are listed in Table II. As can be seen the de-
fect with the lightest atom exhibits the smallest DS©
whereas it increases orders of magnitude with going to
heavier atoms. In the group-IV-vacancy defects DS in-
creases slightly as the heavier atoms push the neighbour
carbon atoms farther from each other but the vast contri-
bution comes from DS© except for SiV(0) and partially
for GV(0) where the two contributions are similar. We
note that PbV(0) shows about DS = 145 GHz for which
self-consistent DS© calculation would result in a lower
value.

Although, the calculated DS is only 6 MHz for di-
amond NV centre but it couples directly to the electric
field unlike DSS which couples to the electric field only



Table II. Spin-orbit and spin-spin contributions to the ZFS (in
MHz) of the NV centre and a set of group-IV—vacancy defects
in diamond (compared to available experimental data). All
the defects have S = 1 ground state with orbital singlet As-
type many-body wavefunction. The geometry and electronic
structure of group-IV—vacancy defects are akin to those of
SiV(0). See Ref. 132 and references therein.

Defect DS© DSS DSO+SS  Experiment
NV(D) 6 2722 2728 2378
Siv(0) 480 570 1050 929
GevV(0) 1469 630 2099 2248
Snv(0) 10763 630 11393

PbV(0) 144860 660 145520

indirectly via changing the electron cloud so the spin den-
sity (e.g., Ref. 135). As a consequence, the field applied
along the defect’s symmetry axis, the DS© part domi-
nantly drives the predicted Stark coefficient, 0.034 GHz
A/ V, into the experimentally observed confidence inter-
val of 0.035 4 0.002 GHz A/V (see Ref. 134). The sim-
ulation was carried in a (111) diamond slab where the

electric field was switched on during the calculations of
DSS and DSO.

Previously, we discussed the spin level structure in the
absense of external magnetic field. Nevertheless, it is
highly important to understand the coupling of defect
spins to external magnetic fields. The external magnetic
fields could be intentionally turned on for manipulation
of the qubits on one hand, and on the other hand, ran-
domly distributed electron or nuclear spins proximate to
the defect qubits could influence their longitudonal relax-
ation and coherence times. Here, we discuss the issue of
a constant macroscopic external magnetic field interact-
ing with the defect’s electron spin which can be generally
described as

H = -Bji = Bupg$, (32)

where f is the magnetic dipole momentum operator, ug
is the Bohr-magneton of the electron, g is the g-factor,
and S is a phenomenological pseudo-spin, which is set
to the net electron spin of the system, i.e., S = 1/2 for
the Kramers-doublet defect’s electron spin. Eq. (32) has
the form of the Zeeman formula for the free electron but
ge = 2.0023 free electron scalar value is substituted by
g. Unlike the free electron case, the defect’s electron
spin feels the potential of ions which is less symmetric
than spherical, the defect’s electron may have an effec-
tive angular momentum with this condition, e.g., local-
ized on the d-orbital, which can be also influenced by the
electron-phonon coupling. All of these effects are packed
into a single tensor g.

This issue is illustrated on the neutral vanadium de-
fect substituting the Si-site in 4H SiC which has become a
very promising spin-to-photon interface with a quantum
memory and optical emission at the telecom wavelength

23

(see Refs. 136 and 137 and references therein). The d-
orbital of the vanadium ion splits due to the Cs, symmet-
ric crystal field of 4H SiC and then a double degenerate
e-orbital occurs in the gap localized on the d-orbital of
vanadium, occupied by a single electron. Because of the
double degenerate d-orbital, one can expect an effective
spin-orbit coupling between the orbital and the electron
spin, where the low symmetry crystal field will reduce the
effective angular momentum of the orbital called Stevens
reduction factor (r) (e.g., see the origin of this effect in
more detail for group-IV—vacancy defects in Ref. 138).
However, it is also known that this is an F ® e Jahn-
Teller system!3%140 which can also effectively reduce the
angular momentum of the electron orbit so the effective
spin-orbit splitting known as Ham reduction factor (p).
As a consequence, it in Eq. 32 can be written as

ft = —(usprL + ppgeS) = —ungS, (33)

where the contributions of L and S are separated, so it
gives an opportunity to unravel the microscopic origin of
g. Csoré and Gali carried out ab initio calculations'*! to
determine the 7 and p factors, so then g can be obtained
as
eff 2:“’2
g = 2(9652 + Lz ) = (34)
KB
Lo et +i(p— — py)
uB

; (35)

where expectation values of the ladder magnetic dipole
moment operators are used (4 ) to express g . In Eq. 34

S, and Lgff are expectation values of S, and the effective
angular momentum operator, LS = prL ., respectively.

We note that the d-orbitals may require a special at-
tention for accurate calculation, and indeed, HSE06 DFT
functional overlocalises the d state that should be cor-
rected'*?. For the heavy-atom defects one may assume
that the vast majority of the spin-orbit coupling, so
the effective angular momentum, comes from the single
heavy-atom. In this case, the analysis of the d-orbitals
and the actual DFT wavefunctions can reveal the devi-
ation of the d-orbitals from the spherical symmetry (see
Table III, so the r can be computed. As an example, ¥
and U, as well as U5 and ¥3 can be coupled in Eq. (34)
where the corresponding wavefunction coefficients can be
extracted for the given spin-orbit state in the KS DFT
calculation. It was found that the vanadium at one site
of 4H SiC feels isotropic environment with small effec-
tive angular momentum which is an order of magnitude
larger in a truly axial-like environment at the other site of
4H SiC. After solving the Jahn-Teller Hamiltonian (see
Refs. 30 and 141), the typical Ham reduction factor is
at about 0.6 which is significant, so the electron-phonon
coupling effectively reduce the interaction between the
defect’s pseudo-spin and the external magnetic field par-
allel to the symmetry axis of the defect. The final typical
values of g are around 1.9.



Table III. Kramers doublets formed by d-orbitals and the cor-
responding single and double group irreducible representa-
tions under Cs, symmetry. We give widespread notations for
double group irreducible representations (irreps) and also the
corresponding m; = m; + ms values.

labels orbitals single Hrep(i)uble m;
Uy |dy2,+3)ild—2,—3) *FE Ey (T,) 3
v, ‘d+2,—%>; |d,2,+%> ’F E% (F576> i%
Uy ‘d+1,+%>,|d,1, %) ’F E% (F576> i%
Wy ‘d+1, %>,|d,1,+%> ) E% (F4) i%
Uy |do, +3); |do, —3) 2A; By (Ty)  +3

For the calculation of g, (Eq. 35), the ladder magnetic
dipole operator was considered, i+ that can couple state
|m;) to state |m; £ 1), where m; = m; + m;s. However,
the in-gap defect states transform as either E;/; (linear
combination of ¥; and W4) or Ej/, (linear combination
of Uy and W¥3) with the m; values given in Table III.
Consequently, fi+ cannot couple neither ¥; and ¥,, nor
W5 and W3 therefore g; = 0 in each case. Deviation from
g1 = 0 may occur due to secondary effects.

The same method was applied to the nickel defects in
diamond where the NiV(—) was identified by first prin-
ciples calculations as an excellent qubit candidate analo-
gous to the group-IV-vacancy qubits in diamond!33 which
has an optical emission at about 1.4 eV which has a highly
anisotropic g-tensor. In the literature, the NE4/AB1
EPR centre with S = 1/2 spin and relatively isotropic
g-tensor with g = 2.0027(2) and g, = 2.0923(2) was
previously associated with NiV(—) which is linked to
the 1.72-eV optical centre (see Ref. 143 and references
therein). Clearly, the NE4/AB1 centre should be as-
sociated with another nickel-related defect in diamond.
Thiering and Gali tentatively assigned Nig(Ng)3(0) de-
fect to this centre which has an unpaired electron on
the a; orbital strongly localized on Ni 3d orbitals. In
this case, the g-tensor is modified from the free electron
value because of the orbital moment of the Ni 3d states
as explained above for vanadium defects in 4H SiC. This
justifies to calculate the total orbital moment (L., .))
of the defect within the PAW sphere of the ions where
the largest contribution comes from the Ni ion. Because
of C3, symmetry (L,) = (L,) = (L. ). The main compo-

A

nents of the g-tensor can be given as g = g. +2(L.) and

g1 = ge +2(L1). Finally, gy = 2.0058 and g, = 2.0942
are obatined, in good agreement with the experimental
data.
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E. Spin-phonon coupling: temperature dependent
longitudonal spin relaxation time and
magneto-optical parameters

1. Longitudonal spin relaxation time

A key parameter of qubits is the longitudonal spin re-
laxation time which is the characteristic time of flipping
the spin, and it is labeled by T; in the literature. This
sets the absolute limit of the spin coherence time, i.e., the
characteristic quantum information processing operation
time of the qubit. It is of high importance to understand
the underlying microscopic processes. In nuclear spin
physics, the origin of spin flipping was identified as the
interaction between phonons and the spin which is man-
ifested as a highly temperature dependent phenomenon;
therefore, it is also often called spin-lattice relaxation
time. As T; often exponentially decay with elevating
the temperature it is imperative to characterise Ty as a
function of temperature, in order to explore the applica-
bility of qubits as sensor probes in biology which requires
ambient conditions. Our review paper only focusses to
the recent advances on defect qubits, in particular, on
S > 1 defect qubits.

Spin flipping processes require such interaction Hamil-
ton operator which contains spin shift operators. It can
be easily recognized that the spin-spin dipole-dipole in-
teraction in Eq. (24) contains single and double spin shift
operators, e.g., 5,8, and S,5,, respectively. Therefore,
if the defect qubit’s spin interact with other spin species
then it causes a spin flip of the defect qubit. The strength
of dipole-dipole interaction goes with inverse cube of the
distance between the spins. This interaction is weakly de-
pendent from temperature and it highlights that the lon-
gitudonal spin relaxation time is not necessarily a spin-
phonon interaction. In practice, this type of T process
becomes only important at elevated temperatures for di-
amond NV centre if the concentration of defect spins is
relatively high, e.g., 4-8 particle per million (ppm) in di-
amond®?.

Ivddy applied the cluster-correlation expansion
(CCE)'4145 to model the interaction of the central
diamond NV centre’s electron spin with other electron
spins such as the environmental NV centres, nitrogen
donor spins (labelled as P1 EPR centre), and the 3C
nuclear spins also as a function of the external magnetic
field and strain®®. The CCE approach will be shortly
discussed in the next chapter.

We note that another study only restricted this inves-
tigation to the bath of '3C nuclear spins but taking only
the dipolar interactions into account with far *C nuclear
sites'45. However, the bath of 13C with Fermi-contact hy-
perfine terms cannot be ignored for accurate simulations
which calls for ab initio simulations.

Ivady calculated the hyperfine tensors for 12C isotopes
by HSE06 DFT method in a 1728-atom simple cubic su-
percell®2. Since the hyperfine tensors should be deter-
mined at large distances from the defect site this required



a special approach in order to avoid finite size effect prob-
lems. Ivady utilised a real space grid combined with the
PAW method to calculate hyperfine tensors. The Fermi
contact term, dipole-dipole interaction within the PAW
sphere, and core polarisation corrections are calculated
within the PAW formalism from the convergent spin den-
sity. The dipolar hyperfine contribution from spin den-
sity localized outside the PAW sphere is calculated by us-
ing a uniform real space grid. This procedure enabled to
obtain hyperfine coupling tensors excluding effects from
periodic replicas of the spin density due to the periodic
boundary condition. Additionally, hyperfine tensors for
atomic sites outside the boundaries of the supercell were
calculated by neglecting Fermi contact interactions with
achieving a smooth transition in the hyperfine constants
at the boundary of the two approaches.

Ivady used the extended Lindbladian equation in order
to simulate the spin dynamics of the central spin and its
relaxation rate 1/T; in materials where the electron spin
density cannot be ignored beside the nuclear spin bath®?.
In this model the total spin relaxation rate (1/77°!) is

1 1 1 1 1
T{;ot =

=+ + + , (36
TlPl TlNV—basal TlNV—par T113C ( )

where “NV-basal” and “NV-par” label such NV centres
in the environment which have other and parallel sym-
metry axis with that of the central NV centre. Finally,
it was found that the environmental NV centres have a
dominant effect on the spin relaxation rate®2. At special
setting of the magnetic fields, either ground state level
anticrossing (GSLAC) or excited state level anticrossing
(ESLAC), the relaxation rate is accelerated because the
P1 centres and the nuclear spins can easily induce spin
flip-flop processes that were otherwise protected by the
energy gap between the electron spin levels of the NV cen-
tre. At GSLAC, the spin-polarisation of the electron spin
and the coupled nuclear spin also changes that can be
observed by the change of the PL intensity as the exter-
nal magnetic field is swept around the GSLAC region'4”.
This modelling also rationalised the photo-electric read-
out process of the single !*N nuclear spin of the NV centre
at ESLAC condition'48.

TP time was further investigated in detail'*® in which
they considered the microscopic structure of the P1 cen-
tres in diamond, namely, the strong Jahn-Teller distor-
tion will generate four different symmetry (111) axes in
diamond, and the '*N nitrogen hyperfine tensor to the P1
centre’s electron spin adapts to these orientations. As a
consequence, the spin flip-flop processes between the P1
pairs are reduced with respect to the case of unrealistic
aligned P1 centres'4. With taking the microscopic struc-
ture of the P1 centres into account, the calculated spin re-
laxation times of the diamond NV centre exhibits a clear
linear dependence on P1 concentrations on a log scale
with a slope of —1.06, in excellent agreement with some
experimental data (see Ref. 149 and references therein).

This theory was also applied to the divacancy qubit
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in 4H SiC by considering other divacancy spins (S = 1),
negatively charged Si-vacancy spins (S = 3/2), nitrogen
donor spins (S = 1/2), as well as *C and 2°Si [ = 1/2
nuclear spins in the environment, also as a function of
the external magnetic field!*°. It was found that the
cross-relaxation accelerate spin flip-flop rates again in the
region of GLSAC and ESLAC magnetic fields for each
considered environmental spins. At zero magnetic field
a simple relation was found for the interaction between
N-donor and the central divacancy spin,

Til — 5c?, (37)

where 3 = 1.6 x 10735 Hz/cm~° and C is the concentra-
tion of the N-donor. It is noted that nitrogen implanted
samples the distribution of nitrogen donor is not homo-
geneous, and then the “concentration” should be consid-
ered near the target divacancy spin which was created as
a result of the implantation'®®. The theory was also em-
ployed to the Si-vacancy S = 3/2 qubit in 4H SiC'®!. In
this case, Bulancea-Lindvall and co-workers considered
the interaction the Si-vacancy qubit spin with S = 1/2
defects, e.g., N-donors. Si-vacancy in 4H SiC has minor
ZFS, thus at a given external magnetic field with simi-
lar Zeeman shifts the two spin systems can be effectively
coupled by dipole-dipole interaction unlike the case of di-
vacancy with S = 1 spin and high ZFS (~ 1.3 GHz). On
the other hand, 2?Si nuclear spins at natural abundance
(4.5%) exhibit a considerable hyperfine splitting when
they interact with the Si-vacancy qubit spin which will
supress the cross-relaxation between the Si-vacancy qubit
spin and the S = 1/2 spins in the environment. By iso-
tope purification (reducing the concentration of 2Si iso-
topes in 4H SiC), the cross-relaxation so the spin flip-flop
process accelerates and the spin relaxation time of the Si-
vacancy qubit significantly reduces when the concentra-
tion of S = 1/2 spins are high (=~ 10! —10'® cm~3). This
surprising result was unraveled by these simulations with
using ab initio hyperfine tensors in the parametrisation
of the interaction Hamiltonian.

High quality materials with single defect spins and low
concentration of nuclear spins do not experience spin
flip-flop events with electron spins in the environment,
and the flip-flop processes caused by nuclear spins are
only observable at special conditions (e.g., external mag-
netic field is set to GSLAC condition). In this case, the
spin-phonon coupling is responsible for T; and it be-
comes strongly temperature dependent. In the case of
molecules, vibrations are indeed responsible behind the
spin flipping process. In a recent review paper!®?, the ab
initio theory and its application to molecules have been
presented in detail. The formulas and basic equations
apply to defect qubits too which are not reiterated here
in detail.

Regarding the temperature dependence of Ty = 1/T
of defect qubits, the most studied one is the diamond
NV centre3b193-155 and the first ab nitio results have



been reported for this defect qubit because the theories
could be well tested on the accurately recorded experi-
mental data. In recent studies?™ 6, the m, = %1 levels
of 34, ground state was split by a small external mag-
netic field aligned parallel to the symmetry axis of the
defect (= 145 MHz), and they could observe both single-
flip rates (]0) <> | £ 1), labelled by ©) and double-flip
rates (| + 1) « | — 1), labelled by 7) and found that
v > Q at any observed temperature (T > 125 K) and
v = 22 at room temperature. In the temperature region
of 125 K and 400 K, the rates increase from ~ 1 Hz to
~ 200 Hz. At this temperature region only phenomeno-
logical theory was considered using an empirical model in
which the high-temperature behavior is characterized by
a term that scales with temperature as 7°153:154 which
may arise due to Raman scattering of low-energy acous-
tic phonons which are weakly coupled to the spin via
first-order interactions. However, insights from ab initio
simulations should verify this model including the mag-
nitude of the double-flip rates.

The spin relaxation rate may be expressed as
I =T+ +TP @ +1(T)+...,  (38)

where the superscript refers to the order of the spin-
phonon interaction (i.e., terms with superscript 1 or 2
are linear or quadratic in the atom displacements respec-
tively) and the subscript refers to the order in perturba-
tion theory. I'g is a sample-dependent constant term aris-
ing from spin-spin interactions that was discussed above.
Fgl) describes the absorption or emission of a single res-
onant phonon by the spin. Because the ZFS energy of
the NV ground-state triplet is small in comparison to
typical phonon energies in diamond, this process is only
relevant at subkelvin temperatures!®. F( ) corresponds
to the Raman-scattering of low-energy acoustic phonons
via first-order interactions. However, we will present be-
low!®® unlike for other spin systems (e.g., several co-
ordination compounds as recently shown in Ref. 157),
first-order spin-phonon interactions provide only negligi-
ble contributions to Raman scattering for the NV centre
in diamond. The major effect comes from ng) (T) so the
quadratic displacements of ions.

In order to calculate ng)(T ), the spin-phonon matrix
elements should be obtained by exploiting the depen-
dence of the D-tensor on the normal coordinates (@) as

R=0) +Zan

Q;
o (39)
Qina

Z 862 562]

where the coefficients in Eq. (39) were extracted from
VASP PBE calculations as implemented by Thiering and
Gali'®. In order to evaluate the second-order deriva-
tives, only the diagonal terms were considered which sat-
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isfy i = j and distort the C3, symmetric atomic positions
by all degenerate e;, e, phonon modes of the supercell

by v/(AR)2 = 0.1 A\/amu.. The second-order spin-
flipping matrix elements V_f_lo and Vfrl_ then determine
the D-tensor according to the symmetry-adapted expres-
sion in which only the quadratic terms are expresse here
as

1
3
S DL
+3 i
1 1 |
+> Vi ~1 X?-vH+ |1 2X,Y;
l
. -
+> V2Vl (X2 -Y?) + 1| 2xy
l 1 1

where R;, X; and Y, are the dimensionless coordinates
(not normal coordinates) for the phonon modes at energy
hw; or hw;. We note that while the index [ only covers
the e modes once, the index ¢ covers all a1, a2, ez, e,
modes and thus runs over the e modes twice. Eq. (40)
can be employed to transform it into the spin-phonon
interaction V. By expicitly writing only the quadratic
terms, it reads as

7509 =p&2- éS(S +1)
82— 285 + )R

+ZVH(S§ S - ¥)

(41)
(88, 4+ 8,8.) (RaFi + Viky)]
+Z\f [ (8,8, + 5.8,) (X2 - ¥2)

+(§ygz + Szgy) (Xl}/}l + }A/ZXZ)] )

<~ ~ A N
where S = (?)Jr = (Sm Sy S, ) The dimensionless
coordinates are expanded in terms of the phonon cre-
ation and annihilation operators: R; = (b;r + b;)/V/2 and

{X,Vh = (b 3y + by /V2.

As a next step for defining the equations for the
rates, one can apply RPA for these processes so it is
assumed that the consequtively absorbed phonons are
not coherent. Furthermore, one can further simplify
the equations by considering the fact that the ZFS en-
ergy of the diamond NV centre is much smaller than
the typical phonon energies coupled to the spin. The
key matrix elements are the first-order spin-phonon cou-
pling coefficients V! from the first-order spin-phonon

msm/,

interaction V() = Yt Vi (al + a;) and the
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Figure 8. Ab initio calculation of the second-order spin-

phonon coupling coefficients (thin lines) and spectral func-
tion (thick lines) for a single diamond NV centre in a 512-
atom supercell. NV spin-phonon dynamics are characterised
by the magnitudes of the matrix elements 5,5 (blue), Sﬁ
(red), and $2 — %S’Q (black), which cause single-flip relax-
ation, double-flip relaxation, and dephasing respectively. The
spectral function display peaks near the values of 68.2(17)
and 167(12) meV extracted from the fit of the two-phonon
Orbach-process model to the experimental data (gray lines
and *1c intervals, see text).

second-order spin-phonon coupling coefficients Ve =

’

) Véwlsm; (a} + al)(a;/ + ap) from Eq. (41). The
equations involve Dirac ¢ functions for conserving the en-
ergy in the process. However, finite size DFT supercell
calculations do not produce continuous phonon density
of states, so it is required to use a Gaussian convolu-
tion for V! ., and anll;m; which results in first-order

ngm,(hw) = > IV [P0 (hw — Hewy) and second-order
Fr(n2)m (hw, ha') =32y, |V7£Ll;m; 126 (hw — hwy)d (hew' — huwy)
spectral functions in the continuum limit, respectively'?°.

Finally, the appropriate spin relaxation rates are

00T = T3 [ dlwnn(e)inn(e) + 1
s 0

ng)m’ (hw7 ﬁw/)é(ﬁwl - hw)’
(43)
respectively. The temperature dependence enter via the

Bose-Einstein occupation function (ng) of the phonons
at w,w’ energies. In the current implementation'®®,
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hw’ = hw constraint was employed in Eq. (43) that also
enforces | = I’ and so V,fllsm, diagonal matrix elements
were considered in the reported ab initio calculations'®®.

The numerical ab initio calculations provided very slow

rates for F(l)

5(m.m/)- Lhe basic reason behind this obser-

vation is that hw)? in the denominator completely sup-
presses Fr(nls)m,, because the largest values of Frslls)m,, are
typical in thesrange of 1 — 10 MHz whereas the relevant
phonon frequencies are in the order of 10 THz. This
can be rationalised by noting that the first-order interac-
tion strength is roughly DAw/a, where D is the zero field
splitting (2.8 GHz), Aw is the atomic displacement, and a
is the nearest neighbor distance in diamond. In contrast,
contributions to Raman scattering from second-order in-
teractions scale quadratically with the second-order in-
teraction strength, approximately D(Au/a)?. Thus the
ratio between the first-order and second-order contribu-
tions is on the order of (D/hw)? ~ 1078, indicating that
Raman scattering due to first-order interactions can be
neglected for the diamond NV centre and other S = 1
defects in diamond?!.

The calculated second-order spin-phonon coupling co-
efficients are depicted in Fig. 8. Two broad peaks can
be observed at certain phonon frequencies that are asso-
ciated with the motion of the carbon dangling bonds so
the spin density (see Ref. 156 and references therein). As
the frequencies of the effective phonons are much higher
than the thermal energy of the measurement temperature
this will scale as Orbach-process. Ab initio simulation re-
vealed that two effective phonon frequencies exist, thus
I' = 1/T} can be described as a double Orbach-process,
where the higher effective frequency plays a role at el-
evated temperatures'®®. The theory also well describes
the double-flip transition and the appropriate rate equa-
tions, and both processes are double Orbach-processes.
The double Orbach-process parameters could be well fit-
ted to the experimental data with providing 68.2 meV
and 167 meV effective phonon frequencies (gray lines in
Fig. 9) which agree well with the features of the calcu-
lated spin-phonon spectral functions. Insights from the-
ory provided a physically well motivated model for the
spin-lattice relaxation times of diamond NV centre. The
calculated rates are depicted in Fig. 9. The agreement be-
tween theory and experiment for v is very good whereas
a larger discrepancy is observed for Q. It was hypothe-
sized that the discrepancy in the predicted €2 is due to the
exclusion of combinations of modes for which [ # I, as
combinations of modes with different symmetries likely
account for significant matrix elements associated with
pairs of different spin operators, which correspond to
the single-quantum transitions. It was also discussed
that Fég)(hw,hw) in Fig. 8 plays an important role in
the phonon-assisted decoherence process, also showing a
double Orbach-process character, which has not yet been
recognized in previous works'®®. This will be discussed
in the next chapter.
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Figure 9. Comparison between ab initio theory and experiment. (a) Dotted lines show relaxation rates obtained by evaluating
Eq. (43) with the ab initio second-order spin-phonon spectral function shown in Fig. 8. Dashed lines show fit of the analytical
model (see text) to the experimental data with sample-dependent constants set to zero. (b) Ratio of the ab initio relaxation rates
to the analytical model rates. In the phonon-limited regime (gray line) the ab initio theory underestimates the experimentally
measured relaxation rates by approximately 16% for v and a factor of 8 for Q at room temperature.

2. Temperature shifts of magneto-optical parameters

Understanding the temperature shifts of magneto-
optical parameters of defect qubits is of high importance
in various aspects. One of the most obvious issues is the
temperature sensing with defect qubits at the nanoscale
which requires temperature characterisation of the ba-
sic magnetic parameters. Again, the diamond NV cen-
tre is the most investigated defect qubits in this regard
(see Ref. 30 and references therein). As an example, the
temperature dependence of the ZFS of the diamond NV
centre was modelled by the thermal expansion!'®® which
results in an increase in the distance between carbon
dangling bonds so the decrease in the ZFS parameter
(D-constant). However, the obtained coupling coefficient
was much lower than the experimental data. Recently,
Tang and co-workers pointed out'®® that the thermal ex-
pansion model covers a “third order” effect as the mea-
sured magneto-optical entity v will be a statistical aver-
age of the phonon mode distribution as

w=e0+ | (55), @+ 3 (50). @]

(44)
where {Q;} are the normal coordinates of the phonons
wihtin quasi-harmonic approximation. In the Born-
Oppenheimer approximation, the global energy mini-
mum results in (@Q;) = 0 (forces are zero) and it becomes
non-zero because of violating of the harmonic approxi-
mation, i.e., anharmonicity of the phonons. This can be
taken into account in the thermal expansion of the lat-
tice. However, the second term is then expected to be

dominating. As (Q?) = M?wi (ng(w;) + 3) with ng Bose-

Einstein occupation function Eq. (44) can be expressed
as

10%v &

(v) =wo(a) + Z 290 Mo, (nB(Wi) + ;) , (45)

where M; is the mode-specific effective mass and v is
calculated at the lattice constant a which corresponds to

the thermal expansion at the given temperature. The
spectral function was defined as
1 0%v
] ]

The second derivative was calculated numerically as
implemented in VASP in a 128-atom face centred cu-
bic diamond supercell with 3 x 3 Monkhorst—Pack k-
point sampling and DFT PBE functional’®®. The the-
ory was applied the D-constant, the hyperfine constant
A, and the quadrupole moment @, of the 1N, and the
ZPL energy of the diamond NV centre!®. It was found
that temperature dependence of the D-constant could
be well reproduced where the dynamical effects play a
major role, although, the termal expansion effect cannot
be neglected. The ZPL energy shifts were well repro-
duced too by this theory. However, it is unexpected that
the calculated spectral function for D-constant does not
show up a peak at around 70 meV phonon energy in the
study of Tang and co-workers'®®, which is quite visible
in the Fég) spectral function in Fig. 8 from Thiering and
Gali in Ref. 156. The temperature shift of ()., is also
well-reproduced (see Ref. 159 and references therein) and
good agreement can be anticipated for A,, in compari-
son to the few experimental data points available to date.



All-in-all, this theory seems to be highly promising with
good predictive power after achieving the convergent pa-
rameters in the ab initio simulations.

F. Ab initio theory of coherence of defect spins in
solids

The coherence time of the defect qubits’ spin corre-
sponds to a decoherence of the transverse nuclear spin
magnetisation which is generally labelled by Ts. It is also
called spin-spin relaxation time as usually the interaction
of the defect qubit’s electron spin with the nuclear spin
bath limits its value in high quality (small electron spin
bath) materials. These nuclear spins do not precess with
the same frequency in real materials which can lead to
a distribution of resonance frequencies around the ideal.
Over time, this distribution can lead to a dispersion of
the tight distribution of magnetic spin vectors, and loss
of signal. This is called the dephasing time, labelled as

5, which is associated with static or slowly varying in-
homogeneities in a spin system. T3 is the characteristic
decay time of a free-induction-decay (FID) measurement,
wherein a series of Ramsey sequencies (7/2 pulse — 7 —
/2 pulse) are performed with varying free-precession in-
terval 7, and an exponential decay is observed. Dephas-
ing from fields that are static over the measurement du-
ration can be reversed by application of a 7 pulse halfway
through the free-precession interval invented by Erwin L.
Hahn'6%. In this protocol, the m pulse alters the direc-
tion of spin precession, such that the phase accumulated
due to static fields during the second half of the sequence
cancels the phase from the first half. The spin phase is
then refocused which appears as an echo signal in the spin
resonance spectrum, i.e., Hahn-echo signal. The decay of
this echo signal, due to magnetic fields that fluctuate over
the course of the measurement sequence, is characterized
by the coherence time T. In practice, Ty exceeds T3 by
orders of magnitude. We further note that the phonon
induced spin relaxation, longitudonal relaxation time T4,
as an incoherent process places hard limits on the max-
imum achievable coherence times, where the theoretical

The calculation of the hard limit of T at a given tem-
perature and electon/nuclear spin bath requires the cal-
culation of Ty as described in the previous chapter. For
S = 1 defect qubit’s spin, the | = 1) spin states may
split due to the low-symmetry of the defect or an exter-
nal small constant magnetic field. In recent studies3!:1%6
it has been found for the diamond NV centre that the
double-flip transition (v rate) is even faster than single-
flip transition (2 rate) induced by phonons. However,
was neglected in previous studies (see Ref. 156 and ref-
erences therein), thus Ty have likely been overestimates
which should be rewritten as

(sF) _ 2
TQ,max - 30 4 v (47)
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for a superposition in the {|0), |+ 1)} single-flip subspace
and

1
e 48
2,max Q_i_,y ( )

for a superposition in the {|-1),|4+1)} double-flip
subspace!61:162,

If spin-lattice relaxation does not interfere then the
central spin (qubit’s electron spin) and the (nuclear) spin
bath interaction and their dynamics should be simulated
for obtaining the spin dephasing and decoherence times
where the simulations should consider how the qubit’s
spin is controlled and driven for yielding T5 and Ty times.
This is a highly complex process because the qubit’s con-
trol starts with the initialisation of the qubit, i.e., spin-
polarisation of the qubit’s electron spin and the spin-
polarisation may be transferred to the nuclear spin bath
depending on the qubit control protocol. At certain mag-
netic fields, some nuclear spin levels could drive into reso-
nance to the electron spin levels, e.g., GSLAC condition,
which can significantly change the dynamics of the defect
qubit’s electron spin coupled to the spin bath.

For defect qubits, the CCE approach has been success-
fully applied that was originally invented by Yang and
Liu'44145 Tt was originally applied to calculating the
pure dephasing of the diamond NV centre’s electron spin
in the large detuning regime. However, the central spin
flip must be considered when the energy relaxation of the
diamond NV centre is involved in the nearly-resonant
regime, i.e., GSLAC condition'#6. Often, this is called
generalised CCE or gCCE approach. To briefly sketch
the problem and the neccessity of approximations, an
open system S that consists of a central spin sy and a
number of bath spins s;, where i = {1...n}. The mas-
ter equation of the open system S to obtain the density
matrix p can be written as

1

ps h[Ho, ps| +E(ps), (49)

where the Hamiltonian H, can be written as

Hy=ho+ » (hi+ hoi), (50)
i=1

where hg is the Hamiltonian of the central spin, h; is the
Hamiltonian of the coupled spin s;, and hg; describes the
coupling of the central spin and the bath spin s;. The
last term on the right-hand side of Eq. (49) accounts for
environmental effects that are not included in S, through
the Lindbladian £ that we already discussed above. One
can define hg and hg; such a way which include the driv-
ing fields or other external fields like a constant magnetic
field or strain field.

The size of the problem, i.e., the dimension of the
Hilbert space, increases exponentially with n, which
makes an exact solution unfeasible for large n. To model
the dynamics of S it is divided into a cluster Cr of over-



lapping cluster systems, where A is the order of the clus-
ter approximation as illustrated in Fig. 10. All of the sub-
systems are artificially coupled then together through a
modified Lindbladian superoperator

bil
P () ypp— —

1
>{@%Q—%%@Q+q@%0

added to the master equation of each subsystem, where
and Cy; and Cj are Lindblad operators. We consider
Co; and Cy; operators that describe solely spin flip-flop
transitions of the central spin. Here b; are time de-
pendent rates determined from the flip-flops occurring
in subsystem other than i. The Lindbladian formalism
ensures that all the spin flip-flops occurring in the dif-
ferent subsystems is carried out in all subsystems. This
way the central qubit replicas evolve identically in all
subsystems. Due to the extended Lindbladian, spin mo-
mentum is conserved no longer in the subsystems but in
the whole cluster approximation. This way the cluster
approximation together with the Lindbladian coupling
describes the dynamics of the whole qubit-spin bath sys-
tem approximately. Considering the dynamics, the main
approximation of the method is the neglect of the in-
tra spin bath coupling and entanglement that may affect
the dynamics of the central qubit through spin diffusion
as well as constructive and destructive interference that
can give rise to echo signals and dark states, respectively.
These limitations can, however, be systematically lifted
by including more and more environmental spins in the
subsystems of the cluster approximation.

In the CCE approach, the corresponding Hilbert-space
can be significantly truncated that are coupled to each
other in which the density matrix of the central spin can
be consistently calculated. As we increase the order of
expansion, the results should converge to the theoreti-
cal limit, in good analog to the CI expansion method for
approaching the accurate correlation energy of the many-
electron system. For instance, Yang and co-workers
found for the diamond NV centre in the nuclear spin bath
of remote 3C nuclear spins'® that gCCE4 and gCCE5
results agree, thus gCCE4 can considered as absolutely
convergent for this particular system.

Seo and co-workers'%? applied CCE method for dia-
mond NV centre and divacancy qubits in 4H SiC for un-
derstanding the spin dynamics between the qubit’s elec-
tron spin and the nuclear spin bath with assuming natu-
ral abundance of '3C at 1.1% and 2°Si at 4.5%. The au-
thors ignored the Fermi-contact term in the hyperfine in-
teraction between the electron spin and the nuclear spins.
A constant magnetic field was applied in the simulation.
We note that because not the gCCE method was ap-
plied in Ref. 163, therefore, these simulations could not
well describe the spin dynamics for the magnetic fields
at GSLAC and ESLAC conditions of the systems, which
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results in a rapid decrease of the coherence times. This
was later done by gCCE method for divacancy qubits in
4H SiC'%4. Seo and co-workers found that CCE2 level
of theory well converges with the afore-mentioned con-
ditions and the radius of the spin bath at around 50 A
from the defect qubit’s spin provides convergent results.
At the CCE2 level, the distance between interacting nu-
clear spins was set to 8 A which converged well'®3. Tt
was found that ensemble averages over 50 samples are
good enough to produce numerically converged results.
For the magnetic fields above 30 mT they found a sim-
ple relation between the T3 times and the concentrations
of 13C and 2%Si isotopes in the SiC crystal showing that
the 13C and 2?Si nuclear spins are completely decoupled
due to the different Zeeman-splitting for these two species
which hinders spin flip-flop processes between these types
of nuclear spins. As a consequence, the spin dephasing
times of divacancy qubits in 4H SiC are equal or greater
to that of diamond NV centre despite the larger density
of I = 1/2 nuclear spins in SiC than that in diamond!®3.
This conclusion was earlier achieved in a similar study
applied to the Si-vacancy qubit (S = 3/2) in 4H SiC'®>
as we quote below. For a given cut-off distance R, the
number of total nuclear spins (N¢ + Ng;i) surrounding
the Si-vacancy centre in SiC is about 2.6 times as large
as that of the diamond NV centre, due to the larger 2°Si
abundance. The reasons for the T3 time of Si-vacancy
centres not being reduced by the same factor are as fol-
lows: (i) the C-Si bond length 1.89 A in SiC is larger
than the C-C bond length 1.54 A in diamond, which im-
plies the volume density of nuclear spins is reduced by a
factor of (1.89/1.54)% = 1.8; and (ii) about 80% of the
nuclear spins in the bath are 2°Si, which have smaller
gyromagnetic ratios than 13C (Jyc/7si| =~ 1.3) and, as a
result, produce weaker hyperfine fluctuations. These two
factors compensate the larger natural abundance of the
29Gi, and results in similar T3 times of defect qubits in
SiC and NV centres in diamond.

In a subsequent publication, the spin dephasing times
were calculated for hypothetical defect spins with no
Fermi-contact hyperfine interaction with moderate mag-
netic fields (0.1-0.5 mT) in 2D materials'®® by applying
the same method. The subject of this study was later
extended to 12,000 materials in which both spin dephas-
ing (free-induction decay) and spin coherence (Hahn-
echo) times were considered at large constant magnetic
fields (e.g., 5 T)'. With these simulation conditions,
Seo and co-workers!'%® found for hBN and molybdenum-
disuplhide (MoS2) materials that the spin dephasing time
in bulk hBN should be around 18 us for natural abun-
dance of 1B and '°B isotopes whereas it is about 1.18 ms
in MoSy. They attributed the orders of magnitude dif-
ference to partially to the variant of nuclear spin den-
sity in the two materials and partially to the relatively
small gyromagnetic constant of Mo isotopes'®6. By re-
placing all !B by !B should result in > 2 factor im-
provement in the spin dephasing time in hBN, according
to the model. Kanai and co-workers'® concluded that
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Figure 10. Cluster approximations of a many-spin system S. (a) S consists of a central spin sp and number of n coupled spins
s; that couple only to the central spin sg. (b) First-order cluster approximation of S (CCE1) that comprises n + 1 cluster
systems co and ¢;. ¢o includes the central spin so only, while ¢; for ¢ # 0 includes a pair of spins, so and s;. (¢) Second-order
cluster approximation of S (CCE2) that comprises n/2 + 1 cluster systems c;, where each cluster system contains so and two
coupled spins sy where 1 < I < n/2. ¢g includes solely the central spin sq.

SiC and Si could reach 75 =~ 5 ms beating even dia-
mond (= 4 ms). They identified various chalgogenides
which have very long intrinsic spin-spin related T5 times
at magnetic field of 5 T such as CeOs (& 179 ms), CaO
(=~ TTms), a-quartz (~ 8.5 ms), wurtzite ZnO (=~ 4.2 ms),
and MgO (= 1.33 ms). It should be mentioned that the
T3 time can be long in a common 2D material, WS,
(= 11 ms). These results should be interpreted with the
caveat that the temperature dependent spin-lattice relax-
ation times and other limiting factors are not included in
that study, thus these results might be valid at relatively
low operation temperatures for many materials.

Although, the results on spin dephasing and coherence
times with hypothetical defects are somewhat indicative
for classifying materials, the defect qubit’s spin relax-
ation properties may crucially depend on the local envi-
ronment induced by the defect in terms of ZFS, strain
fields and spin density distribution. The last entity is
in particular important for materials with dense nuclear
spin bath. In that case, the Fermi-contact term in the
hyperfine tensor is dominant, and such an effect cannot
be fully neglected even in diamond or SiC with relatively
dilute nuclear spin densities.

For S =1 defects the case of GSLAC or ESLAC con-
dition was already mentioned where a simple external
parameter, magnitude and direction of the constant mag-
netic field, may drastically change the coherence proper-
ties of the defect qubits, e.g., the interplay between the
actual D-constant of the defect spin and the strength of
the constant magnetic field%2:147:148,164 = Another inter-
esting example is the so-called clock-transition quantum
optics protocol which may be realized by low-symmetry
defect spins, e.g., basal divacancy defects in 4H SiC,
where the | +1,) and | — 1,) levels naturally splits (see
Refs. 164 and 167 and references therein). Combining the
E = 18.4 MHz splitting with a strong longitudinal split-
ting (D = 1.334 GHz), the ZF'S tensor leads to an avoided
crossing of electron spin levels at zero magnetic field from
which a clock transition emerges. The qubit levels at the
clock transition correspond to |+) = (1/v/2)(|1.)+|—1.))
and |0) = |0,) (e.g., see Ref. 167). The frequency of

clock transitions is insensitive to magnetic fields to first
order, thus increasing protection from the nuclear bath
induced decoherence. Onizhuk and co-workers proved
by gCCE theory that the clock transition can indeed
elongate the coherence times and the coherence times
can be further elongated with opening the gap between
| +1) and | — 1) levels which indeed occurs for the other
basal plane divacancy qubit with F = 82.0 MHz and
D = 1.222 GHz ZFS parameters'®*. In experiments,
the fluctuating electric fields can lead to a serious deco-
herence for |+) state, so the charges should be depleted
to observe the predicted improvement in the coherence
times that was achieved by applying an external electric
field to the system!4168  In the simulations, the fully
convergent results were achieved at gCCE4 level.

Another important defect spin is the negatively
charged boron-vacancy (Vg) in hBN that was already
mentioned in our review paper. The defect has three ni-
trogen dangling bonds with large (= 47 MHz) hyperfine
coupling to the electron spin (S = 1) with ZFS in the
GHz region both for the ground and excited states (see
Ref. 27 and references therein). In other words, the three
4N nuclear spins are strongly coupled to the electron
spin for which the Fermi-contact term is dominant. This
explains a recent observation?* that the spin coherence
time of Vi in hBN is much shorter at the condition of
close to zero magnetic fields than that previously antici-
pated, and it is below 0.1 us, c.f., = 18 us in Ref. 166 for
a hypothetical defect. Ivddy and Gali carried out gCCE
simulations on this system at the experimental external
magnetic field of 14 mT?%. Tt was found that gCCE3 level
is convergent. The maximum distance between the defect
spin and the nuclear spin should be around 10 A whereas
the maximum distance between the nuclear spins should
be around 7.5 A, in order to achieve convergent results.
The simulated spin echo decay curves of the center in
h''BN and h'°BN are fitted with a stretched exponen-
tial function, exp[—(t/T2)"], leading to To = 92 ns and
Ty = 115 ns for h''BN and h'°BN, respectively, with an
exponent n = 1.35. The dependence of the coherence
time with the isotopic content exhibits a linear increase



with the 1B abundance. This effect results from the re-
duced nuclear gyromagnetic ratio of 1°B that weakens the
hyperfine interaction and the boron nuclear spin flip-flop
rate, both of which has a positive impact on the coher-
ence time of the central spin. In a recent study it has
been shown'®? that the long Ty ~ 27 us can be retained
for Vg in hBN at giant external magnetic fields, e.g.,
3 T, which suppresses the strong electron-nuclear spin
couplings.

At moderate external magnetic fields, it is challeng-
ing to observe the Rabi-oscillation of the Vg electron
spin because of the intrinsically short coherence times.
Ivddy and Gali showed by gCCE simulations?® that if
the microwave field is tuned at the centre hyperfine peak
or the m; = +1 hyperfine peaks of the strongly coupled
three *N spins then the Rabi-oscillation of the 4-spin Vs
becomes observable, and even 10 MHz detuning signifi-
cantly suppresses the amplitude of the Rabi-oscillation.
In experiments?®, one can see a multiple-frequency os-
cillation, in which a beat is clearly recognized, and it is
superposed on another slow oscillation. The results could
be interpreted by the results from gCCE simulations:
the nearest neighbour '*N nuclear spins are driven by
the microwave field at the given magnetic field (44 mT)
and the observed multiple frequencies in Ramsey interfer-
ence correspond to spin-rotation frequencies in rotating
frame on three hyperfine levels. The three frequencies
in the spectrum can be identified as the detuning be-
tween the microwave field and the centre hyperfine level,
as well as the m; = £1 levels?®. The spin bath of the
4-spin Vg system was further simulated by taking 127
14N and 127 ''B nuclear spins into account in which the
HSEO6 hyperfine tensor and electric field gradient ten-
sors were applied. In the simulations, an effective spin-
polarisation transfer could be observed towards these N
nuclear spins whereas the spin-polarisation towards ''B
is small. Hence, it was concluded that the neighbour 4N
nuclear spins are responsible for the modulation of the
Rabi oscillation, including the decay of the background
beyond 0.2 us, and rest of the spin bath is responsible
for the decay of the Rabi oscillation?®.

In pulsed electron spin resonance measurements, the 4-
spin nature of V5 was further confirmed?®. The measure-
ments were carried out in a W-band (94 GHz) microwave
resonator which brings the electron spin resonance fre-
quencies at around 3.5 T. At this high magnetic fields,
the Ty time of Vg extends to 15.1 us observed by elec-
tron spin echo (ESE) measurements?®, in good agreement
with the recent gCCE3 simulations'®?. The decay curve
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reveals its oscillatory behavior especially pronounced at
the very beginning of the transient curve. Such oscilla-
tions refer to electron spin echo envelop modulation (ES-
EEM) and manifest the presence of coherent coupling of
the Vg electron spin with magnetic moments of nuclei
available in the hBN lattice. The observed beating fre-
quencies corresponds to the nuclear magnetic resonance
frequencies (consisting of the combination of hyperfine
and quadrupole interactions) of the three nearest neigh-
bour N nuclear spins. PBE DFT calculations confirmed
that no other N near the vacancy could produce such
nuclear spin resonances?® which makes the 4-spin Vs
model consistent. Finally, it was found that the opti-
cal nuclear spin-polarisation at the GSLAC and ESLAC
conditions of the external magnetic fields at respective
124 mT and 74 mT can be efficiently carried out towards
the neighbour “N nuclear spins and it can be coher-
ently driven at ~5 MHz which is much faster than the
appropriate nuclear spin resonance frequency?’. To our
knowledge, the spin dephasing and spin-echo simulations
for these strongly coupled systems have not yet been re-
ported.

IV. SUMMARY

In this paper, we reviewed the recent advances on ab
initio theory on defect qubits. A strong emphasis was
put on the calculation of excited states, photo-ionisation
thresholds and optical excitation spectra also as a func-
tion of temperature. A novel theory has been developed
on the effective mass states of the excited states of deep
defects. Major breakthroughs have been presented on
the calculation spin dynamics of the defect qubits which
converted the phenomenological description of the spin
relaxation times to fully ab initio solution.
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