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Abstract

We study the problem of determining whether a given random matching can be imple-
mented as a lottery over weakly stable deterministic matchings — a property known
as ex-post stability. This concept arises in randomized allocation mechanisms such
as school choice, where stability in each realized outcome is essential for fairness.
Despite its importance in practice, the computational complexity of verifying ex-post
stability has remained unresolved. We settle this question by showing that testing ex-
post stability is NP-complete, even under highly restricted conditions — specifically,
when both sides have dichotomous preferences or one of the sides has strict prefer-
ences. On the positive side, we present an integer programming formulation that finds
a decomposition of a random matching with maximum weight on stable matchings.
We also consider stronger versions of ex-post stability (in particular robust ex-post
stability and ex-post strong stability) and prove that they can be tested in polynomial
time.
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One important question is about the characterization of ex-post stability when
matchings are allowed to be random
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—Kesten and Unver [33]

1 Introduction

Randomized mechanisms are increasingly gaining importance in modern resource
allocation systems, and in applications such as school choice, housing assignment, and
resident matching. These mechanisms often generate a random matching—a fractional
assignment that encodes probabilities over deterministic assignments. In practice, this
outcome must be implemented as a lottery over feasible deterministic matchings. A
central question in this context is whether such a random matching can be decom-
posed into deterministic matchings that satisfy a desired structural constraint, such as
stability. If this is possible, the random matching is said to be ex-post stable.

In this paper, we study the computational complexity of determining whether a
given random matching is ex-post stable with respect to weak stability, a classical
fairness notion in two-sided matching markets. While the problem is well-known to
be solvable when preferences and priorities are strict and ties are absent, the complexity
of this decomposition task has remained unresolved in general, especially when agents
or items have indifferences. We prove that testing ex-post stability is NP-complete,
even when the input matching is given explicitly and preferences are highly restricted
(e.g., short, or complete and dichotomous). Our results resolve an open question posed
by Kesten and Unver [33].

Motivation from Practice. The question we address is not merely theoretical—it arises
in real-world applications where decision-makers aim to combine fairness and effi-
ciency under structural constraints. For example, many school choice systems operate
by running the deferred acceptance (DA) algorithm on a priority profile obtained by
breaking ties using a random lottery [4]. This mechanism is widely used, including in
New York City [2]. However, it has been criticized for inefficiency. Erdil and Ergin
[25] demonstrated that the standard DA-with-lottery solution can be strictly Pareto
improved—2-3% of students could receive better outcomes without harming anyone—
if only the underlying coarse priorities (e.g. based on catchment areas and siblings)
are enforced, and lottery tie-breaking is ignored in the implementation. Yet their pro-
posed modification was rejected by policymakers, partly due to its vulnerability to
manipulation [3].

This tension—between improving welfare and maintaining implementability—has
sparked a line of work on smart lotteries, which seek to improve probabilistic assign-
ments while ensuring that each realized matching satisfies desirable properties. Kesten
[32] proposed the Efficiency-Adjusted Deferred Acceptance mechanism (EADAM),
which relaxes stability to achieve better welfare. More broadly, researchers have stud-
ied Pareto improvements in randomized allocation systems, often measured in terms of
stochastic dominance (SD). In object allocation problems, Bogomolnaia and Moulin
[16] showed that the standard Random Priority (or Random Serial Dictatorship) mech-
anism is not always SD-efficient, and introduced the Probabilistic Serial rule as a better
alternative—though it is not strategyproof.
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Once a welfare-improving random assignment has been computed (e.g., via Prob-
abilistic Serial), the next challenge is to determine whether this assignment can be
decomposed into deterministic matchings that satisfy the desired structural constraints.
For instance, in school choice, one might ask whether the improved probabilistic
assignment is consistent with weak stability under coarse priorities. This decomposi-
tion question is not only natural, but essential for implementation—if the answer is no,
then some realized matchings may violate fairness or stability conditions.

Smart Lotteries in Practice. The decomposition of random matchings into struc-
tured deterministic outcomes has been deployed in real systems. In Israel’s resident
allocation program, a random priority mechanism is used as a starting point, but is
followed by a two-step process: first, the assignment is improved to increase welfare,
and then the improved fractional matching is decomposed into deterministic match-
ings that preserve critical structure—such as ensuring that couples are placed in nearby
hospitals [19]. Similar approaches have been proposed for school choice: Ashlagi and
Shi [8] suggested smart lotteries that match students from the same neighborhood
to the same school to promote community cohesion and reduce transportation costs.
Demeulemeester et al. [23] also study decompositions designed to reduce the risk of
undesirable matchings in the final lottery draw. These real-world applications all rely
on the ability to decompose a fractional matching into feasible deterministic matchings
that satisfy constraints like proximity, size or stability.

Our work continues this line of research: given a probabilistic assignment—perhaps
from the output of some mechanism, or obtained through a welfare-enhancing process—
we ask whether it can be implemented via a lottery over weakly stable matchings.
Our results show that this decomposition problem is NP-hard, even under restricted
preference structures such as dichotomous preferences and priorities. This hardness
result explains why a simple, tractable characterization of ex-post stability has eluded
prior work. As Woeginger [42] notes, the combinatorics of NP-complete problems are
often messy and resist concise characterizations.

Our Contributions.

e We formally define the ex-post stability verification problem and prove three main
complexity results:

1. Deciding whether a given random matching is ex-post stable is NP-complete,
even if agents have strict preferences and items have dichotomous priorities.

2. The problem remains NP-complete when both sides have dichotomous pref-
erences and priorities.

3. It also remains NP-complete when both sides have preferences and priorities
of length bounded by three.

e Despite this negative result, we propose a tool for a potential workaround for
this complexity barrier: we formulate the decomposition problem as an integer
program (IP). Integer programs can usually be solved in practice for moderate
instance sizes. If no decomposition to weakly stable matchings exists, our IP can
still compute one that minimizes the probability of selecting an unstable matching.

e We also analyze stronger variants of ex-post stability, such as ex-post strong sta-
bility (requiring the matchings in the decomposition to be strongly stable instead
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Table 1 Complexity of testing stability in various settings. The first three rows highlight the complexity
of testing ex-post stability if the preferences/priorities are complete and either strict or dichotomous. The
< 3, < 3 row highlights the complexities for lists of length at most 3.

Preferences ex-post stability ex-post strong robust ex-post
stability stability

strict, strict P [41] P (Th 4.3) P (Th4.2)

dichotomous, dichotomous NP-c (Th 3.2) P (Th 4.3) P (Th4.2)

strict, dichotomous NP-c (Th 3.1) P (Th 4.3) P (Th4.2)

< 3long, < 3 long NP-c (Th 3.4) P (Th 4.3) P (Th4.2)

no restrictions NP-c (Th 3.2) P (Th4.3) P (Th4.2)

of weakly stable) and robust ex-post stability (requiring all decompositions to be
into weakly stable matchings), and provide positive algorithmic results for testing
and decomposing under these stricter notions.

To sum up, our results provide theoretical foundations for a problem arising in
several algorithmic allocation settings, explain known barriers to implementation, and
offer a potential computational pathway for decomposing randomized outcomes under
the structural constraint of ex-post stability. Our complexity results are summarized
in Table 1.

1.1 Related work

The theory of stable matchings has a long history with several books written on the
topic [29, 35, 38]. In the theory of matching under preferences, Roth et al. [37] pre-
sented several results regarding the stable matching polytope (when there are no ties)
that also provide insights into random stable matching. Teo and Sethuraman [41]
presented another paper that provides connections between linear programming for-
mulations and stable matchings.

While the stable marriage problem was originally introduced only for strict pref-
erences [27], for which a stable matching always exists and a simple and elegant
algorithm can always find it, it turned out later that ties tend to have quite a big impact
on the complexity of several related problems. The first paper to introduce ties was the
paper of Irving [30], who gave efficient algorithms to find weakly, strongly and super
stable matchings respectively, which correspond to the three natural generalization of
stability depending one whether two, one, or zero agents must strictly improve in a
blocking pair. Manlove et al. [36] showed that several problems related to stable mar-
riage becomes NP-hard if ties are included, the most famous one being the problem
of finding a weakly stable matching of maximum size.

Bogomolnaia and Moulin [17] presented a seminal paper on random matchings
when the items do not have any priorities. In this paper, we focus on the setting when
items also have priorities. Our focus is also on stability concepts. Bogomolnaia and
Moulin [18] then considered two-sided matching under dichotomous preferences.
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Kesten and Unver [33] initiated a mechanism design approach to the stable random
matching problem where they explore the compatibility of stability and efficiency and
propose algorithms that satisfy ex-ante stability — a property that is stronger than ex-
post stability, which requires that no pair of agents would mutually want to increase
the probability on an edge, potentially by decreasing the probability on other, worse
adjacent edges. We also note ex-ante stability is easy to verify by iterating through
each edge, and checking if it blocks in the above sense. Afacan [5] considered a
more general model in which objects have probabilities for prioritizing one agent over
another. They present a weak stability concept called claimwise stability and propose
an algorithm to achieve it. Aziz and Klaus [12] explore a hierarchy of stability concepts
when considering random matchings and explored their relations and mathematical
properties. Caragiannis et al. [20] considered stability under cardinal preferences.
Aziz and Brandl [11] presented a general random allocation algorithm that can handle
general feasibility constraints including those that are as a result of imposing stability
concepts.

Chen et al. [21] considered the classical fractional stability concept as well as a
concept based on cardinal utilities [20] and presented additional complexity results
when stability is combined with other objectives such as maximum size or maximum
welfare. Aziz et al. [13] examined the complexity of testing ex-post Pareto optimality
and proved that the problem is coNP-complete.

2 Preliminaries

We use the formal model presented by Aziz and Klaus [12]. We consider the classic
matching setting in which there are n agents and n items. The agents have preferences
over items and items have priorities over agents. The preference relation of an agent
i € N over items is denoted by 7~; where >; denotes the strict part of the preference
and ~; denotes the indifference part. The priority relation of anitem o € O over agents
is denoted by —, where >, denotes the strict part of the preference and ~, denotes
the indifference part. We say that a preference or priority relation is dichotomous if
the items (agents respectively) are partitioned in at most two indifference classes. We
say that a preference or priority relation is strict if there is no indifference between
any two items (agents respectively).
A random matching p is a bistochastic n x n matrix [p(i, 0)lien.oc0, i-€.,

for each pair (i,0) € N x O, p(i,o) > 0, €))
foreachi € N, Zp(i,o):l, and 2)
0e0
foreacho € 0, Y p(i.o0) = 1. (3)
ieN

Random matchings are often also referred to as fractional matchings [41]. For each pair
(i,0) € N x O, the value p(i, o) represents the probability of item o being matched
to agent i. A random matching p is deterministic if for each pair (i,0) € N x O,
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p(i, o) € {0, 1}. Alternatively, a deterministic matching is an integer solution to linear
system (1), (2), and (3).

By the result of Birkhoff [15], each random matching can be represented as a convex
combination of deterministic matchings: a decomposition of a random matching p
into deterministic matchings M; (j € {1, ..., k})equalsasum p = Zl;zl AjM; such
that for each j € {1,...,k}, A; € [0, 1] and le‘:l Aj = 1. Such a decomposition
can be found in polynomial time via the Birkhoff-Neumann algorithm [15]. We say
that a deterministic matching M is consistent with random matching pif M(i,0) =1
implies p(i, o) > 0.

Definition 2.1 (Stability for deterministic matchings) A deterministic matching M
has no justified envy or is (weakly) stable if there exists no agent i who is matched
to item o’ but prefers item o while item o is matched to some agent j with lower
priority than i, i.e., there existno i, j € N and no o, 0’ € O such that M (i, 0o') = 1,
M(j,0)=1,0>; o/,andi >, j.Such a pair, if it exists, is referred to as a (strongly)
blocking pair to M.

Equivalently, a deterministic matching p is weakly stable if it satisfies the following
inequalities: for each pair (i,0) € N x O,

Y. pl.oh+ D pGj.o)—pli,o) =1 “

00’70 JiiTol

If one breaks all preference and priority ties, then the well-known deferred-
acceptance algorithm [27] computes a deterministic matching that is weakly stable.

Since weak stability is the most widely used stability concept if ties are present, we
will often refer to weak stability as simply stability and a strongly blocking pair as a
blocking pair.

We now introduce the central concept of this paper, ex-post stability.

Definition 2.2 (Ex-post stability) A random matching p is ex-post stable if it can
be decomposed into deterministic weakly stable matchings. That is, there exists
A, ..., Ak > 0 and deterministic weakly stable matchings M1, ..., M} consistent
with p,suchthat Y Ay = land p = > A M.

A similar stability notion is fractional stability.

Definition 2.3 (Fractional stability and violations of fractional stability) A random
matching p is fractionally stable if for each pair (i,0) € N x O,

Y. .o+ D pG.o)—plio) =1, “

00’70 JiiTol

Note that fractional stability does not imply ex-post stability in the presence of
ties [12].

We first mention that when both preferences and priorities are strict, then ex-post
stability admits both a simple characterization, a concise geometric description, and
also a polynomial-time algorithm to test ex-post stability.
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Proposition 2.1 ([41],[12]) Ex-post stability can be tested in linear-time if preferences
on both sides are strict. Furthermore, if a given a random matching is ex-post stable,
there exists a polynomial-time algorithm to represent the random matching as a lottery
over deterministic stable matchings.

Proof Under strict preferences and priorities, ex-post stability and fractional stability
are equivalent [12]. So we just need to check for the linear constraints capturing
fractional stability. In the strict preference setting, any fractional stable matching
(equivalently ex-post stable matching) can be efficiently decomposed to a convex
combination of deterministic stable matchings [41]. O

Robust ex-post stability, is a natural strengthening of ex-post stability [12].

Definition 2.4 (Robust ex-post stability) A random matching p is robust ex-post stable
if all of its decompositions are into deterministic and weakly stable matchings.

It follows easily that if we restrict attention to deterministic matchings, then both
ex-post stability and robust ex-post stability coincide with weak stability and no envy
(Definition 2.1).

Finally, a different strengthening can be obtained if we require the matchings in the
support to be strongly stable, instead of weakly stable.

Definition 2.5 (Strong stability) A deterministic matching M is strongly stable if
there is no pair (i, 0) ¢ M, such that both i and o weakly prefer each other to their
match, and at least one of them strictly prefers it. Such a pair is said to be a weakly
blocking pair to M. Equivalently, it satisfies the following two conditions.

Lo Yo M, 0) + Y i MG 0) + Yy M i, 0) > 1
20 Yo MO+ Yy MG 0) + Y MG, 0) > 1.

Clearly strong stability implies weak stability. Note that under strict preferences,
strong stability and weak stability are equivalent. A strongly stable matching may not
exist but there is a linear-time algorithm to check if it exists or not and to find one if
it exists [31].

The notion of strong stability for integral matchings lends itself to two natural
stability concepts for the case of random matchings.

Definition 2.6 (Ex-post strong stability) A random matching p is ex-post strongly
stable if it can represented as a convex combination of integral strongly stable match-
ings.

Definition 2.7 (Fractional strong stability) A random matching p is fractional
strong stable if it satisfies the following two conditions.

LY o P 0+ 20 i p'0) + 2, pli,0) > 1
2. Y o P 0+ i p0)+ 3 pi'0) > 1

Clearly ex-post strong stability implies ex-post stability.
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3 Ex-post stability: Complexity under the presence of ties

Next, we move to the general setting in which there may be ties in the preferences
or priorities. Our first observation is as follows. Suppose that C denotes the set of all
stable matchings of a given instance with weak preferences. The convex hull of all
points in C is a subset of the polytope defined by the inequalities (1)-(4).

3.1 Complete preferences

Next, we prove that checking whether a random matching p is ex-post stable is NP-
complete.

Theorem 3.1 Deciding whether a random matching p is ex-post stable is NP-complete,
even if one side’s preferences/priorities are strict and the other’s are dichotomous and
both are complete.

Proof To show NP membership, it is enough to show that there always exist a poly-
nomial size witness for yes instances. This is true, since if a random matching p is
in the convex hull of the characteristic vectors of weakly stable matchings, then by
Caratheodory’s Theorem it can be expressed as a convex combination of at most n% + 1
weakly stable matchings also.

To show NP-hardness, we reduce from EXACT COVER BY 3- SETS (X3C). In this
problem, we are given a family of 3-sets Cjy, .., C3, over elements ay, .., a3, and
the question is whether there is an exact 3-cover among the 3-sets. This problem is
NP-complete, even if each element g; is contained in exactly three 3-sets [28].

X3C

Input: A finite set X = {ay, .., a3, } containing exactly 3n elements;
a collection C = {Cy, .., C3,} of subsets of X each of which
contains exactly 3 elements with the property that each a;
appears in exactly 3 sets.

Question: Does C contain an exact cover for X, i.e. a sub-collection of
3-element sets D = (D4y, ..., D,) such that each element of X
occurs in exactly one subset in D?

Let I be such an instance of X3C. We construct an instance I’ for our problem as
follows.
1.2 .3

For each element a; we add an item g;. For each set C;, we add 6 items Xj) X7, X7

and yjl., yjz., yj3 and also 6 agents cl, c?, c; and d }, djz., d; Then, we add 3n collector
agents z1, . . . , z3,. Finally, we add two more items o1 and 0, and two more agents s
and 5. Let Cj = {aj,,aj,,aj;}, j1 < jo < j3 be the j-th setin /. We refer to a;, as
the first element in Cj, aj, as the second and a, as the third.

Let the preferences be the following. For the agents:
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[ . . l -1 _1
c{ : aﬂ,y/,xj ,xj,others
J

=

xl., v, others

ARGk
s1:  02,(Y),01,0thers
s> . 01,07, others

zj . (X),others

where j € [3n], 1 € [3] taken (mod 3) and ¥ = {y}| j € [3n], I € [3]}, X =

{xél j € [3n], I € [3]} and (S) for a set S indicates that the elements of S are ranked
in an arbitrary strict order.
For the items, we have:

a; : [cl(ai), cz(a,-), c3(al~)], lothers]

xh [cﬂ-, ci-“], [others]
yé : [dl., s1], [others]
01: |every agent]

0y : [every agent]

where Z = {z1,..,z3,}, i € [3n], j € [3n],1 € [3] and & a) is ci., iff the k-
th appearance of a; is in the /-th position of the set C; and the brackets indicate
indifferences. Let the random matching p be:

L. p(c*(a;), a;) = % fori € [3n], k € [3]

2. p(ch,xh) = p(, ¥ = 3, j € Bnl, L € [3]

3. p(dj,x) = 3, p(d}, ¥) = 3. j € [3nl.1 € [3] i
4. p(si.01) = p(s2,02) = 5, p(s2.01) = p(s1,02) = 5
5. pla, x}) = g foreach j, k € [3n],1 € [3].

This completes the construction of I’. The construction is illustrated in Figures 1 and
2.

As the proof is quite technical, we first provide the intuition behind the reduction.
On one hand, we have a special agent s;, who must get a bad partner in at least one
of the matchings, which forces all items of one type (the yl.j -s) to get an agent with
highest priority by weak stability. Then, the gadgets for each set are constructed such
that if all the yl'.’ items are matched to their highest priority item dl.j , then either all three
element objects corresponding to the elements of the set are matched to the gadget, or
none of them are.

We proceed to the formal proof.

Proposition 3.1 If p is ex-post stable, then there exists an exact 3-cover.

Proof If p can be written as a convex combination of weakly stable matchings, then,
because p(sy,o01) > 0, there has to be one matching in which the edge (s1, 01) is
included. Let this matching be M.

M is weakly stable, therefore 51 does not block with any items from Y. This can
only happen, if each item from Y is matched to someone with at least as high priority,
o) (yj., dj) € M for each j € [3n], ] € [3]. We also know that each clj agent must be

matched in M, so she is matched to either xi. or her element item.
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We claim that for each j, either all of c}, c?, c3

{ai, .., a3,}, or none of them are.
Suppose that it is not the case. Then, there is a j and an [, such that ci. is matched

!=1'is not matched to xifl. This implies xé”

are matched to items from A =

to x , but c; must be matched to an agent
from Z in M , and therefore (clj, xifl) blocks M, contradiction.
Also, observe that each a; must be matched with a clj agent in M, since otherwise

they would block with ¢! (a;).
Therefore, if we take those C; sets, for which c}., c?, c? are matched to a; items,
they must form an exact 3-cover. O

Now, we move on to the other direction.
Proposition 3.2 [f there exists an exact 3-cover in I, then p is ex-post stable.

Proof We prove that p = %(Ziil ME L ME M¥), where each M*
is weakly stable. For the sake of simplicity, suppose the exact cover of [ is Cy, .., C,.
(by the symmetry of the construction and the fact that each q; is in exactly 3 sets, we
can suppose this by reindexing the sets). Then, for each a;, cla) e {Cy,..,Cy} and
(ai), (ai) ¢ {Cy, .., Cn}.

Now we define the 9n matchings that will be the support of p. These are illustrated
in Figures 1 and 2.

For each k, let edges of M{‘ be (c'(a), a;), (dj., yi,) for j <n,i € [3n],] € [3]
and (cg, xl/.), (dj., yl/.) for j > n. Furthermore (s1, 01) and (s2, 0p) are also matched
in M {‘ Then, let x; be the ¢-th x[/. agent who has not obtained a partner yet, ¢ € [3n]
(sox; = xll, Xy = xlz, R x,3l). Then, we match x; to z;44 in M{‘, where t + k
is taken modulo 3n.

Now, we observe that removing C1, .., C,, the remaining sets will satisfy that each
a; is included in exactly 2 of them, since {Cy, .., C,} is an exact 3-cover.

For each k, let the edges of M§ be (cl xl) (dl yi) for j < n and (c*(a;), a,-)
i € [3n]. The c agents that are not matched yet are matched to the correspondmg y
The dl agents are matched to y' i if that item is not matched to c agents and to x' ;
otherw1se Then, we match (s1, 02), (s2, 01) in M5 k Finally, let x; be the ¢-th x agent
who has not obtained a partner yet, ¢ € [3n]. Then, we match x; to z; 44 in M2, where
t + k is taken modulo 3n.

For each k, let the edges of M§ be (ci., yﬁ.), (d-, xﬁ.) for j < n and (c3(a;), a;)
i € [3n]. The ci. agents that are not matched yet are matched to the corresponding yﬁ..
The dj. agents are matched to yé, if that item is not matched to clj agents and to xi.
otherwise. Then, we match (s1, 02), (52, 01) in M§. Finally, let x; be the 7-th xi. agent
who has not obtained a partner yet, ¢ € [3n]. Then, we match x; to z;4, in Mé‘, where
t + k is taken modulo 3n.

It is easy to see that the edges with weight % are included in exactly 3n matchings,
the ones with weight % are included in exactly 6n matchings, the edges with weight

% are included in exactly one matching and all other edges are not included in any
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matching from {M¥, M5, M%| k € [3n]}. Therefore, p = (33" MY+30", M&+
3n Mk)

k=1 M3)-

Let k be an arbitrary index from {1, .., 3n}. It only remains to show that M k, Mé‘
and M§ are weakly stable matchings. Let us start with M {‘

Each a; and yﬁ, item and also o; and 0, are matched to one of their best agents in
M f , so they cannot participate in any blocking. For an item xi., either it is matched
to one of its top agents, or it is matched to someone from Z. However, even if it is
matched with a collector agent from Z, all higher priority agents for it (clj and c§+1) are
matched to better items (a;-s), so there is no blocking with xi. items either. Therefore,
M {‘ is weakly stable.

The cases of M§ and Mé‘ are similar, we only show stability of Mé‘ . Again, each a;
item as well as 01 and o0, are matched to one of their highest priority options, so they

cannot be part of a blocking pair. Each yﬁ. agent is matched to either cé. or dé.. There

could only be a potential block, if yé is matched to cé.. However, since s is matched to
07, it cannot block with s1, and since each d} is matched to an at least as good item, it
cannot block with d; either. The xﬁ. items also cannot block with anyone, since if they
are not with one of their first choices (which are the only strictly higher priority ones
than the agents of Z U {d;}), then each of their top agents (cé and c?“l) are matched
with someone strictly better (an a; or yﬁ.).

This shows that p is indeed ex-post stable. O

This completes the proof of the theorem. O

Now we show that the problem remains hard even if both sides have dichotomous
preferences.

Theorem 3.2 Deciding whether a random matching p is ex-post stable is NP-complete,
even if the preferences / priorites of both sides are dichotomous.

Proof We reduce from X3C. The construction, the random matching p and the match-
ings Mik, i € [3], k € [3n] are identical as in the proof of Theorem 3.1, only the
preferences are modified. Let the new preferences be the following. For the agents:

[ . R 1 -1
c{. [ajl,yj,xj 1, [others]

d] : [every item],
s1: oz, Y], [others]
s [every item]
Zj . [everyitem]

where j € [3n], ] € [3] taken (mod 3) and Y = {yl/.| j €3n], I €[3]}.
For the items the priority orders are the same as in Theorem 3.1.

Proposition 3.3 If p is ex-post stable, then there exists an exact 3-cover.
Proof The proof is exactly the same as it was in Theorem 3.1. O

Now, we move on to the other direction.
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Proposition 3.4 [f there exists an exact 3-cover in I, then p is ex-post stable.

Proof Again, we prove that p = %(Zzil ME+ P Mk + o M?), where each

Ml.k is weakly stable and is defined the same.

Let k be an arbitrary index from {1, .., 3n}. It only remains to show that M k, Mé‘
and Mf are weakly stable matchings. Notice, that with the new preferences, in any
matching, only agents from {cé | j € [3n],1 € [3]} U {s1} could block, since others
are totally indifferent.

Let us start with M {‘ From the construction, it follows that s; does not block with
any agent from Y, since all of them are matched to a same priority agent. A ci. agent

could only block, if it is assigned to xﬁ.. Hence, xj,_l, yé and aj, are all assigned to at
least as good agents, so no pair can block.

In the case of M%, s is with 05, so it is not part of any blocking pair. A clj agent

could again only block, if it is with x%. However, that can only happen with those set
agent that correspond to the exact cover. Hence, all of their better items are with agents
that have at least as high priorities.

In M§, each agent is with a top choice, so it is obviously weakly stable.

This shows that p is indeed ex-post stable. O

This completes the proof of the theorem. O
We also obtain the following Theorem that may be of independent interest.

Theorem 3.3 Deciding whether there is a weakly stable matching that is consistent
with a random matching p is NP-complete.

Proof We use the same construction from Theorem 3.1, with the only difference,
that instead of p(si,01) = p(s2,02) = 1, p(s2,01) = p(s1,02) = % we have
p(s1,01) = p(s2,02) =1, p(s2, 01) = p(s1, 02) = 0. Then, any consistent matching
with p must contain (s, 01), so by the same argument, there exists an exact 3-cover.

And if there is an exact 3-cover, then the matching M 11 will be a weakly stable

matching consistent with p. O

3.2 Bounded length incomplete preferences

In this section we show that deciding ex-post stability remains NP-hard even with
incomplete preferences of length at most 3. From both a practical and a complexity
theoretical point of view, it is an important question whether short, incomplete prefer-
ences make the problem simpler. Especially, since in most applications like resident
matching or school choice, at least one of the sides tend to have very short preference
lists.

In case of incomplete preferences, we make the assumption that some objects are
unacceptable for an agent, which is expressed by its absence from the agents preference
list. Sadly, short lists does not help in the complexity of ex-post stability.

Theorem 3.4 Deciding whether a random matching p is ex-post stable is NP-complete,
even if all preference and priority lists have length at most 3 and they are dichotomous.
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Fig.1 The gadget for a set C3 = {a3, as, ag} with the important edges in Theorem 3.1. The red, blue and
green edges are the edges of M' /1‘, Mé‘ and Mé( respectively, when the set C3 is part of the exact 3-cover.

The p value on each edge is % times the number of colors the edge has. The dotted black lines represent
the edges with p value 0.

Z

Fig. 2 The gadget for a set C3 = {a3, as, ag} with the important edges in Theorem 3.1. The red, blue
and green edges are the edges of M{‘, Mé‘ and Mé‘ respectively, when the set C3 is NOT part of the exact

3-cover. The p value on each edge is % times the number of colors the edge has. The dotted black lines
represent the edges with p value 0.

Intuitive Overview. To help the interested reader in understanding, we first briefly
outline the main idea behind the reduction from X3C. The proof relies on enforcing
a partially unique decomposition of the random matching p into three deterministic
weakly stable matchings, such that p = %(M 1 + My + M3). The matching M acts
as the selector for the exact cover: if a set C; is part of the solution, its agents are
“active” in M1 and cover their respective elements; otherwise, they remain “idle.” M3
and M3 serve as complementary matchings to satisfy the probability constraints.

Since preferences have very short bounded length, we introduce and utilize two
specific gadgets:

e Gadgets (Glj) act as switches between a set C; and its /-th element. They can
switch between a “covering” state (matching the element in M) and two similar
“idle” states.

e Gadgets (H /l.) are placed adjacent the Glj gadgets of the same set C ;. They enforce

that the covering state of Glj implies the covering state of G 3+1:=1). This
ensures that a set C; is either entirely selected (covering all three elements) or
entirely unselected in M.

Consequently, p is ex-post stable if and only if there exists a valid Exact 3-Cover.
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Proof Membership in NP follows from the same argument as before. To show NP-
hardness, we reduce from X3C. Let I be an instance of X3C. Letthe setsbe Cq, .., C3z,
and the elements be ay, .., a3, We construct an instance I’ for our problem as follows.
For each element a; we add an item a;. For each set Cj, we add 3 items y ]1., yjz., y]3., 3
agents djl., d]z, dj3 and 6 gadgets G, G?, G;, Hjl, H]Z, H;. The Glj gadgets are illus-
trated in Figure 5. They consists of 4 agents 1c3,2 c§,3 ci. 4 cé. and 3 items 1g§.,2 gi. )3 gé.

The H]l. gadgets are illustrated in Figure 6. They consist of 4 items 1x§. oxh3xh 4 xt

VAR A
and 3 agents 1hlj,2 hlj,3 hlj Then, we add 3n collector agents z1, . . ., 23, one for each
element. Finally, we add 9n items 05. for j € [3n],] € [3] and 9n more agents si. for
Jj € [Bn],l € [3]. Let C; = {aj,,aj,,aj}, j1 < j2 < j3 be the j-th setin I. We
refer to aj, as the first element in C}, aj, as the second and aj, as the third. Let the
preferences (left) and priority lists (right) be the following.

102,- : [2gl/,1x;+1],1g§- 1x51 [2hl~,1clj_1],1hlj
i Bggl 2x;»1 (17 2]
3(:7]. : [a],,zgl,d gé] 3x{ o oy 3 hl ,26 ]
e [y],sg,] 4 [d’,3hl]
1h/: [1X,,2x{] 185 [10{,261,]
2h{1 [1x{,3x{] 287,-1 [10{,30{]
3h{1 [3x{,4X] 38{1 [361,46]

dypi g, y)) E [dé o ¢}
s}.: [0}, y]] 0% ol [s;.s5_ 1]

52_ . [05 V2 ] {5 Oé . [Sl S2]

LU e { {0 54

R [0 y]], i+ 0j: [sj,sj]

Zi: [ZX(al)] ai . [3C(a;)]

where j € [3n], ] € [3] taken (mod 3) and ¥ = {y§.| jeBn], I €3]}, X =
{xél j € [3n], I € [3]} and [S] for a set S indicates that the elements of S are tied.
Also, » X (a;) indicates the three 2X§- objects for those j, [ pairs, such that g; is the [-th

element of set C;, while 3C(a;) indicates the three 3cl. objects for those j, ! pairs,

such that g; is the /-th element of set C;. Observe that each list is dichotomous and

each has at most three entries. For an item a; let 3C(a;) = {3cljf'l,]1 3 c%,g cljf'f3 1 be its

three adjacent agents. Let the random matching p be defined as:

pGell @) = pGe, a) = pGell, ap) = § fori € [3n].
p(ich,i g§> = p(ac) ,zgg) = p(ac) ,3g§> = 3. j €[3nl,1 € [3]
p(lc,,zg,) = p(zc,,lg,) = plci3g)) = 3,1 € [3n],1 € [3]
PGl xt) = plact, yi) = 5. for j € [3nl,1 € [3]

PGk xt) = pGhl s xl) = pGhlsxl) =3, j € Bnl, 1 € 3]
pGh X)) = pGhYoxl) = pGhlaxt) =3, j € [B3nl. 1 € [3]
p(daxt) =3, pW;, y)) =3, j € [3n]. 1 € [3]

Nk w =
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8. p(sh,ol) = 3, p(sh, ot

p(s?,o;H) = % for j € [3n].
li liz li3

9. P(ZinXﬁII) =pinx;) =pQ@iox;]) = % for each i € [3n].

= 1 for j € [3n],] € [2] and p(sj.,o;) = %,

For any other edge p is 0. This completes the construction of 1’. The whole construction
together with the p values is illustrated in Figures 3, 4, 5 and 6.

Proposition 3.5 If p is ex-post stable, then there exists an exact 3-cover.

Proof If p can be written as a convex combination of weakly stable matchings, then,
because p(s 11 0%) > 0, there has to be one matching in which the edge (sll, o%) is
included. Let this matching be M. As each matching must be complete, as the sum of
weights adjacent to any vertex is 1, and sl/. cannot be matched to yi. as p(sé, yll.) =0,

it must hold that each sj. receives its worst object simultaneously in M. M is weakly
stable, therefore no (sﬁ., yﬁ.) edge blocks it. This can only happen, if each yi. item is
matched to someone with at least as high priority as sﬁ., so ( yé., d;) € M for each
j € [3n],1 € [3]. It is also clear that each item a; must be matched to a 3c5. agent

in M. Note that p(lcé.,] x§+1
complete and there are 4 agents and only 3 items in Glj, either (3c5., aj) € M or

(205.,3 xi.) € M for every j, . We claim that for each j, either all of 3c},3 C?,g c? are

matched to items from A = {ay, .., a3,}, or none of them are. Suppose that it is not
the case. Then, there is a pair j, [ such that (201j,3 xﬁ) € M, but (2c3+1,3 xj“) ¢ M.

This means, that from the gadget H ]I.H, only 2x§+1 can be matched out, in particular

) = 0 and the yf items are all assigned to df. As M is

I+1 I+1  _I+1 1+1
to zj,,,. Therefore, (zjl“,ng ) € M, so (1hj X ) € M, as 1hj must be
matched. Similarly, (1c§,1 gﬁ.) e M, as | gé must be matched too. However, this is
a contradiction, because the edge (1c§.,1 x?‘l) would block M. Therefore, if we take
those C; sets, for which 3c]1. )3 c? )3 c; are matched to g; items, they must form an exact
3-cover. |

Now, we move on to the other direction.

Proposition 3.6 If there exists an exact 3-cover in I, then p is ex-post stable.

Proof We prove that p = %(M 1 + M> + M3), where each M; is weakly stable. For
the sake of simplicity, suppose the exact cover of / is Cy, .., Cy. (by the symmetry of
the construction and the fact that each g; is in exactly 3 sets, we can suppose this by
reindexing the sets). Then, foreacha;,Cj;, € {Cy, .., Cy}andCj,, Cjy & {Cy, .., Cy}.
Now we define the 3 matchings that will be the support of p. The edges of the matchings
are illustrated in Figures 3-6. Let edges of M be

o {(5],09), (57,07, (57, 0j,1) | j € [3n]}U
e ((d,Y) | jelB3n]lel3)u

iy li1 li1 li1 li1 li1 li1 .
o {(3cj,,ai), (1cj, 285 ), (¢ o185, (acy :385) | € [Bn]}U

o (18D, chaxt), Gelogh) ach 3 gh) 1 jetn+1,...,3n), 1 € BV
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3 3
3 S3n

1
07 0j 0j 0 0jiq 03,

Fig.3 The construction for Theorem 3.4. The red, blue and green edges are the edges of M1, M, and M3
respectively, when the set C; is part of the exact 3-cover. The p value on each edge is % times the number
of colors the edge has. The dotted lines represent the edges with p value 0.

s1 s; 8§ 8 S3n

3 %1
07 0j 0 05 04 03,

Fig.4 The construction for Theorem 3.4. The red, blue and green edges are the edges of M1, M> and M3
respectively, when the set C; is not part of the exact 3-cover. The p value on each edge is % times the

number of colors the edge has. The dotted lines represent the edges with p value 0.

. I

Fig.5 The gadget Gj with its 1$§~J,r1 330; aj, yé
: I+1

neighbors 1xj+ .3 xi, aj, and

yﬁ.. The red, blue and green
edges correspond to the
matchings {M, M>, M3},
depending on which copy of clj
is matched to the outside. The p 165
value on each edge is % times the

number of colors the edge has.

! ) l
19; 295 39;

@ Springer



Algorithmica (2026) 88:45 Page170f27 45

Fig.6 The gadget H; with its
neighbors lcljfl, 22 clj and
dé.. The red, blue and green
edges correspond to the
matchings {M|, M, M3},
depending on which copy of xé
is matched to the outside. The p
value on each edge is % times
the number of colors the edge
has. The dotted line has p value
0, and may be a blocking edge,
if the red matching is taken in
both Glj and H]H'l . 1h§ 2h§_ 3h§-

o {(zinx) |i € 31U

o (GRG0 x%), GhY3xh), GhLaxt) | e nl 1 e 31U

o (GhG2x%), GhY ), GRLaxl) 1 efn+1,...,3n), 1 € [3]).
Now, we observe that removing C1, .., C,, the remaining sets will satisfy that each a;
is included in exactly 2 of them, since C1, .., C, is an exact 3-cover. Let edges of M»
be

(s, 0) | j € [3n].1 € 3]}V

lip lin liz liz liz liz liz .
{Gej a), (1cj,2.857), (¢ 1 855), (aci23852) i € [3n]}U

2 i2
{2 x2) i € [Bn])U
(AT x02), QRT3 x2), GRYZ 4 x2)i € [3n], 1 € 31U
(@2, y12) | i e B},
For j < n,l € [3], weaddtheedges {(1¢),1 &), (2¢’,3x%), (¢},2.85), (ach .3 85000
(R0 x5, @R 1 x5, GRYaxhyu i), yh).
For those j > n, [ € [3], such that (j, ) # (ji2,li2) for any i € [3n], we add the
edges {Geh28h), el 8h), Gels gh), (ac, vy U
(AR 2 xh), QR xh), G5 xh), (@hax)).
Let edges of M3 be

o {(sj,0)) | j €[3n]. L € [31}U
(G ai). 12 8"8). e 1 8%, (ac's 3 8%3) i € [BuljU
{@i2xP) i e Balju
{(dfgl,.,g, y%,j,.g i € [Sn]l}u o
i3 i3 i3 i3 i3 i3\;
QAT x2), QR 3 x), GRS 4 x)i € [3n],1 € [3]).
For j < n, 1 € [3], we add the edges {(1c§-,2 gé), (2C§,18§), (3C§-,3 gﬂ-)} v
QAL 2xh), GREL 1 xh), GRE 3 X))} U ()4 xh), (ach, ¥h)).
e For those j > n, [ € [3], such that (j,I) # (ji3,[;3) for any i € [3n],
we add the edges {(1C§-,2g§), (2C§,1g§-), (3011-,3 gﬁ-), (4C§-,Y§)} U {(1hlj,2X§),

1 I 1 l} ! I
(2]1]-,] xj), (3hj,3xj), (d]74xj)}
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It is easy to check that the edges with weight % are included in exactly 1 matchings,
the ones with weight % are included in exactly 2 matchings, the edges with weight 0
are included in none of the matchings. Therefore, p = %(M 1 + Mz + M3). It only
remains to show that M, M, and M3 are weakly stable matchings. Let us start with
M. All items get a top priority agent, except 1x5 for j € {1,...n},1 € [3]. However,

1

for these items, their two better agents zhl/. and 1cl/7 are with an at least as good object

3x5. and » gﬁ. respectively. In both M, and M3 all agents get a top item, except from the
!
J
both of their better objects gﬁ. and 1x§+1 are matched to an agent with at least as high

1c3 agents in the gadgets Glj, where »c’. is matched to 3x§.. However, for these agents,

priority, because 1x§+] is with zhle in both M, and M3. This shows that p is indeed
ex-post stable. O

This completes the proof of the theorem. O

4 Algorithmic results

First of all, we show that the assumption on |O| = |N| = n and the preferences and
priorities being complete is without loss of generality from an algorithmic viewpoint.

Lemma 4.1 Given an instance I with ties and incomplete preferences and priorities
and a random allocation p, we can create an instance 1’ with |0’| = |N'|, complete
preferences and priorities and a bistochastic random allocation p’ in polynomial time,
such that

e p is ex-post stable/ex-post strongly stable/robust ex-post stable in I if and only if
P’ is ex-post stable/ex-post strongly stable/robust ex-post stable in I’

e from a decomposition of p’ into weakly/strongly stable matchings in I, we can cre-
ate a decomposition of p into weakly/strongly stable matchings in I in polynomial
time.

Proof Given an arbitrary instance I, where the preferences can be incomplete and the
number of agents and items can be different, we create an instance I’ with |O’| = | N’
and complete preferences as follows.

We start by creating a dummy item o; for each agenti € N and let O’ := O U{o; |
i € N}. Each agent’s preference is extended by first appending o; being strictly worse
than the originally acceptable items and then the rest of O’ in a single tie, but strictly
worse than o;. Then, we add |O’| — |N| dummy agents to N, who are indifferent
between all items, obtaining N'. The priorities of the dummy items o; are i > [N\ ],
where brackets indicate a single tie. Finally, the items from O have their priorities
extended by ranking the rest of the agents in a tie, but being strictly worse than any
originally acceptable one.

Letk := |N’| — |N| = |O’| — |N|. Then, we can extend a random matching p to a
bistochastic random allocation p’ in I’:

e weset p'(i,0) = p(i, o) for (i,0) € N x O if (i, 0) is an acceptable pair,
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e weset p'(i,0) = 0for (i,0) € N x O, if (i, 0) is not acceptable,
o weset p'(i,0;) =1— > p(i,o) fori € N and p(i, 0;) = 0 for
0€0:o is acceptable to i
i #i’ €N,
e then, we set p'(i’, 0) = %(1 — Y p'(i,0)) fori’ € N'\ N.
ieN

First, we show that p’ is bistochastic. For i € N, it is easy to see that
Yoco P'i,0) = 1. Fori’ € N'\'N, we have ) _, p'(i'’,0) = %(|0/| -
YoieN Loocor P, 0) = %(|0’| —IND) =1,a8 ) o p'(i,0) = 1.Foro € O,
we have 3 i p'(i,0) = 3 iy P/, 0) + Xpenny P/ 0)) = 3y P/ 0) +
(NI =INDz(1 = Yy PG 0) = 1.

Next, we show that from a decomposition p = »; A;M;, where each M; is weakly
(resp. strongly) stable, we can create a decomposition of p’ such that it only uses
weakly (resp. strongly) stable matchings of I’. We do this as follows. For each M;, we
create k = |N'|—|N| matchings M. .., Mlk each with weight % All of them contain
all edges of M;. Then, for the unmatched agentsi € N, we match i to o; in all of them.
Finally, if the unassigned objects after this are 0j,, ..., 0, with ji < --- < ji, then
in MlZ , the i-th dummy agent is mathched to o; ,,,, where z + [ is taken modulo k.

We claim that p’ =}, le;] %Mlz , which is a convex combination as ) ; A; = 1.

Fori € N and o € O itis easy to see that p'(i,0) = p(i,0) = Y ;A M;(i,0) =

kA .
DD e T’Mf(t,o).
Fori € N and o/ € O’ \ O, we have that if o' # o;, both p'(i,0’) and

> leczl %Mf (i, 0) are 0, otherwise

k
ZZ%Mﬁ(i,oi)=ZkzMz(i,0i)= > M=
1 z=1 !

[:i is unmatched in M;
=1- > M=1- oo e ) MG, 0) =
[:i is matched in M; [:i is matched in M; 0:0 is acceptable to i

—1_ Z pi,0)=p'(i, o)

0:0 is acceptable to i

Fori’ € N'\ N and 0 € O, we have that

oL 1
DY Mo = 2 M =

I:(o is unassigned in M;)A(o#o; for any unassigned i in M)

= %(1 - Z Ap) =

I:(o is assigned in M;)V (o=o0; for some unassigned i in M)

%(1 _ Y = %(1 - » pli, 0) =

I:(o is assigned in M;)} ieN:(i,o) is acceptable
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1 . .
= (=2 _pG.0)=p" 0,
ieN
where we used that 0 # o; forany i € N and le‘zl M} (i, 0) = 1,if I is such that

(o is unassigned in M;) A (o # o; for any unassigned i in M;) and O otherwise.
Finally, for i” € N'\ N and o = 0; € O’ \ O, we have that

koo 1
2L M= 2 M

I:(o; is unassigned in M;)A(o; #o;s for any unassigned i’ in M)

:%(1— Z A =

1:(o; is assigned in M)V (i is unassigned i in M)

1
= -a- > pli, o)) =

0'€0:(i,0") is acceptable

1 1 Y
= (= pll o)) =2(- ZN P’ o) =p'A", o),

where we used that o; is never assigned in M; and that if i’ € N is not i, then
p(’,0i) =0.

If there is a weakly (resp. strongly) blocking pair (i, 0) to some M}, theni € N,
otherwise i is indifferent and o is with an agent of at least as high priority, so they
cannot even weakly block. Furthermore, as i is either with the same item in M; and
M f, or i is unassigned in M; and with 0; in M lz, we get that (i, o) must be an acceptable
pair in I, so i prefers it in I too. Also, o is either with the same agent in M; and M7,
or is unmatched in M; and with a worst priority agent in M7, so we get that (i, 0)
weakly (resp. strongly) blocks M; contradiction. It is also easy to see that if (i, o) was
a blocking pair to M;, then (i, o) will be a blocking pair to each M;’ too. Hence, M; is
weakly (resp. strongly) stable in / if and only if M is weakly (resp. strongly) stable
in I’ for z € [k].

Hence, if p is ex-post stable or ex-post strongly stable, then so is p’. Also, if p is
not robust ex-post stable, then neither is p’.

In the other direction, suppose that we have a decomposition of p’ = >, ;M in
I'. For each M/, let M; be its restriction to I. We claim that p = ), A;M; and M; is
weakly (resp. strongly) stable if and only if M| is weakly (resp. strongly) stable. Firstly,
p@i,0) =p'@i,0) =Y MM/, 0) =Y ; MM(i,0),as (i, 0) is an acceptable pair
in I.

Assume that (i, 0) weakly (resp. strongly) blocks M. As all agents i € N must be
matched to originally acceptable items or their dummy item in M/ by the consistency
of the matching M, with p’ in the decomposition and dummy agents cannot even
weakly block a perfect matching in I’ (they are indifferent among O’ and have worst
priority for all items), only (i, o) pairs withi € N, o € O that are originally acceptable
can block by the construction. Hence, (i, 0) must weakly (resp. strongly) block M;
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too. Reversely, if (i, o) weakly (resp. strongly) blocks M, then it is easy to see that it
weakly (resp. strongly) blocks M too.

Hence, if p’ is ex-post stable or ex-post strongly stable in I’, then so is p in I. Also,
if p’ is not robust ex-post stable in 7, then neither is p in I.

As p’ and I’ can be constructed efficiently from p and I, the statement follows. O

4.1 Aninteger programming approach for ex-post stability

Even though we have shown the problem to be NP-hard, in this section we provide a
method to decide ex-post stability.

We give an algorithm based on integer programming, which, given a random
matching p, finds a convex combination of perfect matchings My, ..., M, such that
p = ;MM and > A; is maximal.

1:M) is weakly stable
Our algorithm proceeds in two steps. First, we compute the maximum value

2
A1 = 7;{1 A; such that there are weakly stable matchings My, ..., M2, with

2
Z;':J{] A M) < p (coordinate-wise) with the following integer program.

n2+1
max Z Al
=1
s.t. > Mo+ Y My(j.o) = 1+ M(i,0) ((i,0) e N x 0,1 € [n*+1])
o'Zio J ol
2,00 <N ((i,0) € N x 0,1 €[n?+1))
21(i, 0) < My(i, 0) ((i,0) e N x 0,1 € [n*+1])
2(i,0) > — (1= M(i,0) ((G,0)eNxO0,len*+1])
2(i,0) >0 ((i,0) e N x 0,1 ¢ [n®+1])
n2+1
> zli.0) < pli.o) ((i,0) € N x 0)
=1
> MyGi,0) =1 (i €N)
o
> MpG.0)=1 (0€0)
i
A =0 (en?+1))
My (i, o) € {0,1} ((i,0) e N x 0,1 € [n*+1])

The first contraint is just the well known stability constraint that ensures that each
M; corresponds to a weakly stable matching. If M;(i, o) = 1, then the constraints on
z;(i, o) enforce z; (i, 0) = A;. If M;(i, 0) = 0, then the constraints enforce z; (i, 0) = 0.
Hence, ij{l MM G, 0) = ;’:1” z1(i, 0) < p(i, 0) ensures that the linear combi-
nation of the weakly stable matchings found by the IP is consistent with p.

Then, in the second step, we write ﬁ (p— Z?:fl A1 M) as a convex combination
of deterministic matchings and then combine these two linear combinations into one,
see Algorithm 1.
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Algorithm 1 Decomposing a random matching p with maximum probability of being
weakly stable

1. Compute an optimal solution (A*, M*, z*) of the integer program.

2
2. Letp' = ﬁ (p— Z?z'lH AfM[). This again gives a bistochastic matrix.
3. Compute a decomposition of p’ into n? perfect matchings using the Birkhoff-Neumann algorithm:
’_ 202 +1
r= Z:l:rt>2k+2 )\IMI; .
4. Return (M1 S, Mn2+1’Mn2+2’ A M2n2+1) and (Al, oA

[A*[1) - )LGZ_H)

S (= DD 22 (1=

Theorem 4.1 Algorithm 1 finds a decomposition p = ), A M into perfect determin-

istic matchings M such that > A] is maximal, via an integer program
1:M; is weakly stable

with O(n*) = O(IN|*|0|?) constraints and variables.

Proof 1Tt is clear that the decomposition returned by the algorithm consists only of
perfect matchings and the coefficients sum up to 1, hence it is a feasible convex
decomposition. We only need to show that there is no other decomposition p’ =

> A;M], such that > Ay > > A
[:M] is weakly stable I:M] is weakly stable
Suppose for the contrary, that there is such a decomposition p’ and let p =
> MMy, and let A; = {A; | M| is weakly stable}. Then, ﬁﬁ is in
s

1:M] is weakly stable
the convex hull of weakly stable matchings. Therefore, by Caratheodory’s theorem,

we get that there are n> 4+ 1 matchings M{, ..., ”1/2+1 with (A], ..., )‘Z2+1)’ such
N 2 ~ 2

that ﬁp =Y M) and |17]; = 1. Hence, p = YT |AL1A)' M}, s0 we can

construct a solution (%, M, 2) to the integer program such that A1 < ALl = [A]1

(where Ay = {A] | M}" is weakly stable}), a contradiction. O

4.2 Stronger Versions of Ex-post Stability

In this section, we consider stronger versions of ex-post stability.

4.2.1 Robust Ex-post Stability

Theorem 4.2 Checking whether a given random matching p is robust ex-post stable
is polynomial-time solvable. Furthermore, if the answer is yes, then an ex-post stable
decomposition can be found by the Birkhoff-Neuman algorithm.

Proof Foreachi € N and o € O, we check whether there exists an integral matching
M consistent with p such that i is not matched to o in M and (i, o) form a blocking
pair for M.

If p is robust ex-post stable, then there cannot be any such matching M, because
then we can extend it to a decomposition of p that contains an unstable matching. This
holds because if ¢ > 0 is small enough such that each edge e of M satisfies p(e) > e,
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then decreasing p(e) by ¢ for each e € M and multiplying all p(e) values by ﬁ we
again get a random matching, which we can decompose by the Birkhoff-Neumann
theorem. Finally, we can combine this decomposition with M by multiplying the
weights with 1 — ¢ and adding M with weight €.

Conversely, if p is not robust ex-post stable, then there is a decomposition with an
unstable matching M, which must be consistent with p and contain a blocking edge
i, 0).

Hence, indeed it is enough to check for each (i, o) pair with p(i, 0) > 0, whether
there is a matching M consistent with p that is blocked by (i, 0). This can be checked
by testing whether there exists a perfect matching in the bipartite graph of the edges e
with p(e) > 0, after deleting the edges (i, 0’) for which o’ >=; o and the edges (i’, 0)
for which i’ >, i holds.

Since, when p is ex-post stable, any decomposition of p contains only weakly
stable matchings, the Birkhoff-Neumann algorithm can find such a decomposition. O

4.2.2 Ex-post Strong Stability

In this section, we consider a stability concept called ex-post strong stability which is
based on the concept of strong stability.

Proposition 4.1 Fractional strong stability implies fractional stability.

Proof Suppose, the first condition of fractional strong stability is satisfied: for all
(i,0), X psio P, 0) + 3, i ' 0) + 3., P(i,0) = 1. Then, for all (i, 0),
Yoo P 0) + 2 i p(i’0) + p(i,0) = 1 which means that fractional
stability is satisfied. O

Next, we establish an equivalence between ex-post strong stability and fractional
strong stability.

Lemma 4.2 (Theorem 13 of Kunysz [34]) The following are equivalent. A random
matching

1. satisfies fractional strong stability
2. is in the convex hull of deterministic strongly stable matchings.

Theorem 4.3 For weak preferences and priorities, there exists a polynomial-time
algorithm to test ex-post strong stability and in case the answer is yes, there is
a polynomial-time algorithm to find its representation as a convex combination of
strongly stable deterministic matchings.

Proof Strong ex-post stability can be checked in polynomial time as follows. Strong ex-
post stability is equivalent to fractional strong stability (Lemma 4.2). Fractional strong
stability can be checked by considering 2| N| x | O] inequalities used in the definition
of fractional strong stability. For a matching that satisfies fractional strong stability,
it lies in the convex hull of the set of deterministic strongly stable matchings. Such a
matching can be represented by a convex combination of strongly stable deterministic
matchings by an algorithm of Kunysz [34] that uses a similar argument as that of Teo
and Sethuraman [41]. O
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In the proof of Theorem 4.3, we invoke an algorithmic result of Kunysz [34]. For
the sake of completeness and exposition, we give a description of the algorithm of
Kunysz [34] . The proposed algorithms by Teo and Sethuraman [41] and its extension
by Kunysz [34] are based on self-duality of the polytope defined by fractional strong
stability. By using the self-duality and complementary slackness property it was shown
that if p is an optimal solution and p(i, 0) > 0, then

LY 0P, 0+ s i P 0)+ 3y, P, 0) =1
2. Yo PO+ 3 i P 0)+ 3 i P’ 0) =1

3. > iplo=1
4.3 pG,o)=1
For each i and o, consider interval I; = (0, 1] and I, = (0, 1] that results into 2n

intervals. Corresponding to each p(i, o), consider an interval of length p(i, o) and by
abusing the notation denote the interval by p(i, 0). The intervals are also arranged in
decreasing preference of i. This means that if o > o/, then interval p(i, o) appears
before p(i, o). Notice that indifferent preferences are arranged arbitrary next to each
other. Since we have that ), p(i, o) = 1,then U, p(i, o') = (0, 1]. Similarly, define
sub-intervals p(i, o) for each I, = (0, 1] and arrange them in increasing order.

First, consider the case where preferences are strict. Then, let u € (0, 1] be an
arbitrary number. Then, we get stable integral matching M,, as follows: i gets matched
to o if u belongs to interval p(i, 0) < I;. Moreover, o gets matched to i if u belongs to
interval p(i, o) € I,. Notice that by the fact that sub-intervals in /; and I, are arranged
in opposite way and

Z p@i, o)+ Z p(’,0)+ p(i,o) = 1.

o'>;o0 i

One can observe that M,, is an integral matching. By sub-intervals construction, each
I; and I, is partitioned to at most n intervals which are determined by n + 1 distinct
numbers. Since there are 2n intervals, there are at most 2n(n + 1) such numbers. Sort
themas 0 = xg < x; < ... < xy = 1, where s < 2n(n + 1). Teo and Sethuraman
showed that p = Y 7_ (x; — x—1) - My,.

Kunysz slightly modified the construction to handle the case where there are weak
preferences. In this case one may not be able to construct an integral matching M,,,
u € (0, 1]. Instead he defined an auxiliary bipartite graph H, and then showed that
there exists matching M,, in H,. Then, finding the convex composition follows as Teo
and Sethuraman’s algorithm.

5 Conclusion

We undertook a study of testing stability of random matchings. Our central results
are that testing ex-post stability is NP-complete even under severe restrictions. The
computational hardness result also explains why a combinatorially simple and tractable
characterization has eluded mathematicians and economists. Nonetheless, we provided
a way to find an optimal decomposition using integer programming.
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We also considered stronger versions of ex-post stability and presented polynomial-
time algorithms for testing them. A natural research direction is to understand sufficient
conditions on the preferences and priorities under which testing ex-post stability is
polynomial-time solvable. Yet another research problem is understanding the con-
ditions under which stability concepts coincide. Parameterized algorithms for the
computationally hard problems is yet another research direction.
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