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ARTICLE INFO ABSTRACT

Keywords: We present a numerical study on the synchronization and cascade failure behaviour by solving
Synchronization the adaptive second-order Kuramoto model on a large high voltage (HV) European power-
Second "rdffr Kuramoto model grid. This non-perturbative analysis takes into account non-linear effects, which occur even
Hetemge'_"e“y when phase differences are large, when the system is away from the steady state, and even
Power-grids . . . . . .

HVDC during a blackout cascade. Our dynamical simulations show that improvements in the phase

synchronization stabilization as well as in the cascade sizes can be related to the finite size
scaling behaviour of the second order Kuramoto on graphs with d; < 4 spectral dimensions. On
the other hand, drawbacks in the frequency spread and Braess effects also occur by varying the
total transmitted power at large and small global couplings, presumably when the fluctuations
are small, causing a freezing in the dynamics. We compare simulations of the fully AC model
with those of static or adaptive High Voltage Direct Current (HVDC) line replacements. The
adaptive (local frequency difference-based) HVDC lines are more efficient in the steady state,
at the expense of very long relaxation times.

1. Introduction

Power-grids make up one of the most important infrastructures of technological civilization as they distribute the energy from
resources to consumers. They are organized into the largest man-made synchronous machines as they are based on oscillatory
elements, related to the traditional rotating generator sources and mechanical machines.

However, nowadays this is about to change with the extension of renewable resources and other consumers which cannot be
considered simple oscillators (see [1]). To balance supply and demand, highly synchronized, continent-sized grids have been created,
in which the phase differences drive the flow of energy from one node to the other. This permits describing classical power-grids
by the so-called swing equations [2], equivalent to the second (or higher) order Kuramoto model (KM) equations [3], exhibiting
inertia.

The second-order Kuramoto model provides a simplified yet qualitatively correct dynamical description of power-grid frequency
dynamics under several assumptions: voltage magnitudes are considered constant, reactive power dynamics are neglected, and the
dominant interactions arise from phase differences between connected nodes. Under these approximations, the swing equations
reduce to coupled oscillator dynamics, where generators and loads are represented as phase oscillators with inertia.

While the Kuramoto framework captures important aspects of synchronization dynamics in power systems, it still is a simplified
model of real grid operation. Several physical parameters of the European grid are not publicly available and therefore must be
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approximated or modelled; consequently, an exact description is impossible due to a lack of knowledge and data as well. As a result,
the present study should be interpreted primarily as a conceptual and qualitative investigation of topology-driven synchronization
exploring how simple modelling of HVDC connections can alter the behaviour of the traditionally fully AC power-grid.

Inertia traditionally comes from rotating masses. By introducing elements based on new technology (e.g. renewable energy
sources, direct current (DC) lines, etc.), this inertia is being reduced. Therefore, power grids become more vulnerable, since with
the reduction of the rotating inertia, smoothening perturbations in the power flow and frequency is decreasing. Because of this,
instabilities and abrupt changes are not damped spontaneously. The instabilities can arise from multiple sources, be it a change in
demand and supply in different regions [4], operator mistakes, system failures, solar flares and many more. Due to the integration
of renewables, the system is also subject to the big energy fluctuations due to weather, amplified by climate change [5]. Large
fluctuations in the frequency lead to the disintegration of the synchronization, cascade failures and blackouts [6].

There are several attempts to mitigate these fluctuations: addition of inertia at critical places [7], usage of adaptive inertia [8],
and another solution is the application of direct current (DC) lines partitioning the power-grid into smaller parts [9]. This technology
is well-known and used in the case of high-power and long-distance (typically seabed) cables, as energy can be transmitted more
efficiently over them than via alternating current (AC) ones.

Recent operational experience further underlines the stabilizing potential of HVDC-based separation. During the 28 April 2025
Iberian blackout, HVDC interconnections limited the propagation of frequency and angle disturbances between the Iberian Peninsula
and the rest of continental Europe, effectively decoupling unstable dynamics while maintaining controlled power exchange [6]. This
illustrates how HVDC links can act as dynamical firebreaks in large synchronous systems.

It is also known that altering of power-grid structure and/or parameters do not always lead to improved performance, even if
they are planned to be like that. In particular, the Braess paradox [10,11] can occur by transmission line improvements, for example
by adding new lines or additional capacity. Such effects have been discussed previously in the context of power-grid synchronization
models [12-14]. In the present work, we therefore investigate whether introducing HVDC connections within the framework of the
second-order KM with different power control across them can produce similar non-trivial trade-offs in synchronization properties
and cascade robustness.

Synchronization transitions are related to the spectrum of the Laplacian matrix of complex networks. The normalized Laplacian
matrix defined as L;; = 6;;,—A;;/k;, where §,;; denotes the unit, A;; the adjacency matrices and ; is the degree of node i. As linearized
KM equations describe random walks, the eigenvalue spectra of L;; encodes the dimensionality information of a network related
to synchronization as well [15]. In particular the density of the smallest eigenvalues can be characterized by the following scaling
behaviour [15,16]

p(A) = 2%/27] )

for 4 < 1, providing a definition for the spectral dimension d,.

We know that power-grid topologies are characterized by rather low spectral dimension (d,) [17]. At d; < 4 dimensions real
synchronization phase transition of the KM order parameter cannot happen and even frequency entrainment phase transition does
not occur for d; < 2. That does not exclude partial synchronization with a crossover phenomenon; however, that means that the
coupling strength K, where synchronization reaches a certain degree grows and diverges with the system size by the laws shown
by Ref. [18] on regular lattices. As a consequence, smaller systems exhibit smaller K., but higher order parameter values, thus the
DC separation of a power-grid graph must lead to sub-systems with higher synchronization order parameter values for a given K.

In this study, we show on a real' European high voltage HV power-grid (from 2016) the solution of the adaptive KM, which
involves co-evolution of the network with an overload condition, how the application of different HVDC methods modify the
synchronization and cascade failure behaviour. Static and adaptive HVDC methods are compared, which introduce further network
changes dynamically. Our work and results complement existing electrical engineering (EE) work from a deeper, physics-based
perspective.

2. Previous works

There seems to be at least two sides of the HVDC separation advantages:

» reduction of cascade failures, which can be taken into account even by DC load models.
» improvement of synchronization measures (and stability), which can be modelled by AC-DC models.

At first glance, one may assume that large power systems allow the possibility to balance between energy demand and resources,
thus they provide more stability for power-grids. However, recent studies have demonstrated that this is not always the case, and
segmentation of power systems can be advantageous [20,21]. An early study, based on a risk assessment method, has shown that
HVDC segmentation can significantly reduce the risk of cascading failures [22]. This model is based on the simple fact that cascading
outages and collapse will be limited to only one segment, which reduces the risk of widespread blackout. Several variants of simple
DC/EE models have been designed and investigated to prove this.

1 By real we mean, that the topology of the network corresponds to reality, the weights of the lines were set with respect to the actual capacity, voltage
level and reactance of the lines as per described in [19].
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In the study of synchronization and stability in large power networks, prior work mainly relies on two modelling paradigms:
load-flow/OPF-based methods and OPA-type cascading-failure models. Optimal power-flow (OPF) formulations based on AC or DC
load flow remain the standard for characterizing feasible steady-state operating points under network constraints [23,24]. They also
provide the operating equilibria from which linearized small-signal stability or nonlinear swing-equation studies are conducted. Such
OPF-derived operating points have been extensively used in research on grid synchronization, stability margins, and vulnerability
to large transfers in meshed transmission systems [25-27].

Complementing these approaches, the ORNL-PSERC-Alaska (OPA) model [28,29] offers a coarse-grained representation of
cascading failures based on a DC load-flow approximation. Its stochastic outage rules and slow-timescale adaptation enable the study
of large blackout statistics and systemic risk. The recent application of OPA to the European transmission grid [9] demonstrates how
splitting the system into asynchronously coupled regions via HVDC corridors can reduce large-scale cascading risk in an economically
favourable manner. However, because OPA relies on a *fully DC approximation*, it cannot capture angle-dynamics, reactive-power
effects, or loss-of-synchrony phenomena in the AC system.

Across both OPF-based and cascading-risk models, HVDC interconnections are typically represented as controllable power-transfer
elements that fully decouple AC phase angles. In steady-state load-flow and OPF formulations, an HVDC link is usually modelled
as two converter terminals enforcing specified injections, accompanied by converter losses and operational limits [30]. In stability-
focused studies and synchronization modelling, HVDC links appear as idealized controllable injections that do not transmit inertia or
synchronizing torque, thereby enabling regional decomposition of the AC grid. This abstraction captures the essential feature that
HVDC allows power sharing without enforcing frequency or phase synchrony, making it a suitable tool for mitigating cascading
failures or intentionally segmenting large synchronous areas [31,32].

Another recent work has analysed the synchronous AC grid of continental Europe under tunable large inter-regional power
flows [4]. This study starts from the AC swing equations and applies a linear stability approximation to identify critical lines in
the EU and develops a numerical approach to force the splitting of the AC grid into disconnected areas. This is basically also
a load-flow-driven model in which “HVDC-like” decoupling is emulated by cutting lines whose phase difference saturates, i.e.
16, - 0,1 > /2.

Complementary to segmentation, modern control seeks to compensate lost inertia and stabilize frequency. Adaptive (time-
varying) synthetic inertia was shown to suppress coherency oscillations and improve stability margins in high-renewables grids [33].
There is also progress on where to place inertia: optimization on second-order Kuramoto dynamics with threshold-based tripping
suggests that where inertia is added matters as much as how much, with peripheral placements often outperforming central ones [7].

We will investigate this problem via the extension of the second order Kuramoto (AC-DC) model with an underlying line-failure
dynamics, which can treat both sides, without using a linear approximation. This can be interesting in light of the 2025 Iberian
blackout, which has renewed attention to voltage/frequency stability and the role of inter-area separation and controls at scale [6].

3. Models and methods
3.1. Dynamical simulations of the AC power-grid via Kuramoto model

The dynamics of the power-grid built up for mechanical elements (e.g. rotors in generators and motors) can described by the
swing equations [2]. It is equivalent to the Kuramoto equation of second type [3] possessing inertia, which can be set up for
a network, containing N oscillators with phase variables 9,;(r). We use here a specific form, including dimensionless electrical
parameters and approximations for the unknown quantities as in [19,34-36],

pmax N

b;+a 9i=13i+1i'wG z W, sin(6; - 6,) . @

Here a denotes the damping factor, which describes the power dissipation, or instantaneous feedback [37], K := P"®* is a global
control parameter, related to the maximum transmitted power between nodes, I, = I is the inertia and w; describes the generator
frequency, which are assumed to be constants in the lack of our knowledge. W;; denotes the weighted adjacency matrix of the
network, containing admittances, calculated from line susceptances as described in [19]. The fixed external drive, denoted by
P, = w?, corresponds to the self-frequency of the ith Kuramoto oscillator, describes the input-output powers of the nodes.

Here, in the absence of our knowledge of the input—output nodal powers, self-frequencies, are set to be random variables, drawn
from a zero-centred Gaussian ensemble.? Note, that the rescaling invariance of Eq. (2) allows to transform these in a rotating frame
to obtain other, variable nodal power values (see [36]). We also assumed that the initial frequencies of the nodes ;(0) are the
same as their self-frequencies: w;(0) = cu?. In this study the following damping parameter setting was used for the dissipation factor
a = 0.4, which is common in real power-grid models, when they are parametrized with real physical dimensions [12], but this can
also be transformed via the rescaling invariance of Eq. (2) to other values.

To integrate the differential equations we used the adaptive Bulirsch-Stoer stepper [38] in the case of the GPU code, while
running on CPUs we used the adaptive step-sized fourth-order Runge-Kutta method [39]. The nonlinearity in Eq. (2) introduces
chaos, which can be regarded as a ‘noise’, even without stochasticity, and due to this a desynchronization transition occurs by
lowering K from high values. The solutions depend on the actual quenched co? self-frequency realization and to achieve reasonably

2 Zero-centredness assures energy conservation across the grid.
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small fluctuations of the averages of the measured quantities, we needed strong computing resources, generally parallel codes
running on GPU HPC machines. As Eq. (2) exhibits a first order transition with metastable solutions even in the long-time limit, to
obtain stronger synchronization solutions, the initial state was set to be phase synchronized: 6;(0) ~ 0.

We measured the standard, complex valued KM phase order parameter

z(t) = 1/N Z exp [i6,(1)] - 3
J
Since z(t;) is a complex-valued number, the phase alignment at a given time ¢, is given by its modulus:
r(t) = 1z(1)l (C))
We also computed a topology respecting order parameter introduced by Schroder et al. [40]:
N N
Funi(t) = 1/CY W) L W cos(6, = 0)) (5)
ij ij
which describes the energy of classical rotator models (eg. XY model) and the variance of the frequencies :
| ¥
olt) = = D @(1) = ;@) . (©)

Jj=1
where w(t,) denotes the spatial average at time #,. Sample averages for the Kuramoto order parameter:

R(t) = (rtp) , )
and for the topology respecting one we have:

Runi(t) = <runi(tk)> ’ (8)

and for the frequency variances

Q) = (w(ty)) , ()]

were performed over hundreds of independent self-frequency realizations. As the self-frequencies generate a quenched disorder
variances of the order parameters were also calculated without having stochastic noise. To save data storage and computing time
the solutions were sampled at discrete, incremental time steps: 7, = 1+1.08, k = 1,2,3....in accordance with the relaxation behaviour
worst near the synchronization transition point K.

We have extended the numerical solution equation of motions with a threshold dynamics, to model overflow of power on
the edges that were removed during the simulation, generating a cascade failure. This method is similar to what was published
in [36,41]. Following a thermalization to steady states, characterized by R, R,,;, £, initialized from phase-ordered states, which we
inspected by plotting the order actual parameters, the systems were perturbed by removing a randomly selected edge, in order to
simulate a power line failure event. Following that, if the ensuing power flow on a line between neighbouring nodes was greater
than a threshold:

F; = |sin6, - 6)| > T, (10)

the line was regarded as overloaded and we removed this link from the adjacency graph permanently (in run). In connection with
this we calculated the total number of line failures (N ) of the simulated blackout cascades of each realization, corresponding to
different w;(0). Following the cascade simulations we applied histogramming to determine the probability distribution functions
(PDFs) of Ng-s.

We have investigated various modifications of European power-grids introduced in a previous work [19]. These graphs are
based on data from 2016 for Europe (EU2016) GridKitproject, which relies on the ENTSO-E’s statistics for power generation and
consumption, voltage levels; and data obtained from OpenStreetMap (.osm) files. These contain information on the topology,
geographical coordinates of nodes, and lengths, types, voltage levels of cables. The EU2016 network contains N = 13478 nodes
and E = 18393 bi-directional edges and a hierarchical modular structure [36]. Since we use publicly available .osm files, this
implies, the data may be badly labelled, meaning there is a possibility of having missing data for certain grid elements, resulting
in an incomplete dataset in terms of parameters. To resolve the problem, we made assumptions in [19] to substitute the missing
data in order to obtain a fully weighted network. Furthermore, in [19] all connections were assumed to be AC like, even the DC
line ones. The spectral dimension of the weighted graph was found to be d ~ 2.34 [17]. In [19] a complete graph invariant and
community structure analysis was also presented.

3.2. Including HVDC lines
In modern power systems, the use of HVDC transmission has emerged as a key solution for efficiently linking remote generation

sites, interconnecting asynchronous grids and delivering bulk power via submarine or underground cables. Unlike the more
conventional AC systems, an HVDC link carries electricity as direct current typically in the range of 100kV — 800k V which offers a
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number of compelling advantages, such as lower transmission losses over long distances and the requirement of fewer conductors,
since there are no three phases and no skin effect to worry about.

At the same time, HVDC cable systems are not without drawbacks. The terminal converter stations (AC—~DC and vice versa)
are complex and expensive. For short transmission distances, the losses and cost of the conversion equipment may outweigh the
savings in cable or line cost, meaning there is a so-called “break-even” distance beyond which HVDC becomes economical. Moreover,
expanding DC systems into multi-terminal or meshed arrangements is still more challenging than with AC, because DC protection,
switching, and converter coordination are more complex.

HVDC lines transmit power only; there is no phase or frequency information carried over. In the synchronization sense, they
segment the network into distinct clusters. The key question arising when it comes to their modelling is how to implement
regularization of the power. This can be done in several ways [42,43]:

1. Converter control strategies

(a) Voltage droop control: a proportional relationship between DC voltage and the required power.
(b) Constant power control: when constant power is needed, independent of the voltage.
(c) Deadband droop control: a mixture of the above two.

2. Grid control strategies

(a) Centralized voltage control: It is based on how the voltage source converter (VSC) HVDC point-to-point connection®
is operated [44].

(b) Distributed voltage control: Instead of having only one converter that controls the DC voltage in the grid as in
centralized voltage control, distributed voltage control applies voltage droop control to several converters.

Very often, droop control or constant power control is implemented. Droop control introduces adaptivity into the system. Since
all these techniques depend on converters, which can be programmed, power control could be influenced by voltage angle phase
differences or frequency differences. We implemented several methods for this adaptivity, based on the frequency. We were inspired
by the fact, that synchronous control in power grids is realized via frequency tuning [45].
We included the adaptive control in the Kuramoto model by modifying Eq. (2) as follows:
max
0,.+a9i:1>,+li‘w6 B ‘ W, sin (6; - 6;)
Jj, if edge is AC
+ ) f6;-6)-D;. (1n

Jj, if edge is DC

Here we introduced a new term, in which D;; is the strength of the HVDC link, proportional to the maximal transmissible power
through it and f(x) is a so-called activation function (c.f. Fig. 1), normalizing the frequency difference between —1 and 1. This
adds a possibility to adaptively set the power flow across DC lines and can be further combined with static power control. It is
important to stress that HVDC lines themselves do not transmit AC phase or frequency signals. Instead, the converters at the terminal
buses implement a control strategy in which the transmitted power is adjusted based on the local frequency difference between the
endpoints. We expect that via this term the grid gains a better ability to self-organize towards synchrony, visible in achieving higher
R order parameter values, preferably lower 2 frequency spread and cascade sizes (N ).

On the other hand, constant power control was also implemented and tested. To model this approach to HVDC lines, we removed
these links from the graph by simply setting their weight D;; = 0, realizing the grid segmentation as discussed before, and then we
assumed that at the endpoints of these edges the nodes receive a specific input/output (Pd; = —Pd,) power(static HVDC).

In order to investigate the HVDC links across Europe, the first task was to identify the specific lines that were present in the
ENTSO-E 2016 database, with their transmitted power. We decided to see the effects of replacing the seabed lines below the Baltic
Sea. This amounts to 36 HVDC cables of the network, which is just 0.2% of the total, still has a large effect of decoupling the
Scandinavian peninsula from the rest of the continent as shown on Fig. 2. Note, that some irrelevant DC substation nodes are not
shown on the map and also dropped from the calculations.

It is crucial to acknowledge that in the absence of real power values of the EU2016 grid the Pd; had to be properly normed to be
in accordance with the randomly chosen generator and consumer values P, = ?, a zero-centred, random Gaussian values with unit
variance (¢ = 1). For the normalizing purpose of the HVDC node values, we used the nodal power values from [19] and assumed a
correspondence between the 800 MV power with the P, = 36. The real HVDC cables’ power values were obtained from the ENTSO-E
database and the Pd; = —Pd, were calculated and used in the Kuramoto equations according to the above correspondence.

4. Results

This section presents our results for the EU2016 grid, where we implemented and tested various approaches to simulate HVDC
connections. Earlier, we used an edge weighting method described in [19]. This involves grouping the edges according to voltage
levels and assigning weights to the AC cables based on their voltages and susceptances. For DC cables, we assigned weights
proportional to the total capacity.

3 Typically used to connect the DC grid to weak and passive systems making it the best choice when connecting to e.g. offshore wind plants.
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Fig. 1. Different types of activation functions used in the adaptive HVDC modelling scenarios.

rrSRACcdpes
—— HVDC edges

Fig. 2. HVDC cables in the continental European grid based on the 2016 data in GridKit. While the Baltic area is quite well documented, the
Southern-Europe part is less so. In this work only the Baltic seabed cables were turned from AC to DC. (c.f. HVDC World map).

Investigating the EU2016 grid, we wanted to explore the impact of different activation functions (c.f. Fig. 1) and their
parametrizations on the synchronization. In the domain of ENTSO-E, the power flow is regulated by Frequency Containment Reserves
(FCR). FCR reacts to short-term frequency imbalances in the grid, the complete activation of the frequency reserve must be available
within 30 s and cover a period of 15 min per incident according to ENTSO-E standards. Since HVDC elements can be viewed as
building blocks segmenting the grid, they should be of key importance to balance out the power. However, the way they react to
the frequency imbalances is encoded in the activation functions. In the electrical engineering context, FCR is realized via a linear
function (Fig. 1, bottom left panel), that activates in a certain frequency band. The drawback is that this band has to be predefined
and is arbitrary when it comes to theoretical investigation and modelling. Using tanh(x), softsign(x) or sign(x) functions has the
natural benefit of not needing any additional parametrization. It has to be mentioned, that the sign(x) function can cause very large
transients towards the steady state, (see Fig. 3) since at balance, the frequency difference sign can tip from negative to positive at
every iteration and vice versa, which can also lead to slow convergence of the adaptive solver. Since in the literature [43,45,46]
HVDC elements are viewed as fine-tuning tools towards achieving better power flow and synchronization in the system, we test
this theory via dynamical Kuramoto simulations. In Fig. 4, we show our results in the steady state after integrating Eq. (11) for
10000 iteration steps in cases of full AC, HVDC static, linear, tanh(x) and sofrsign(x) activations, and for 1, = 300.000 for the
sign(x) case. In the latter case, a much larger time was needed because of the aforementioned long transients. Nonetheless, each of
the methods helps the synchronization to improve across the grid. In the case of the full AC model, the half R(r) synchronization
value is achieved at around coupling K = 7000. Simulations for the linear, softsign(x) and the tanh(x) HVDC activations result in a
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*  K=10 v K=2000 + K=6000 K=10000 K=14000 +  K=18000
K=100 K=3000 K=7000 K=11000 K=15000 K=19000
K=500 <« K=4000 *  K=8000 - K=12000 = K=16000 K=20000
K=1000 K=5000 K=9000 K=13000 K=17000

Fig. 3. Example timeseries for HVDC modelling with softsign(x) function as activation. The top row displays the thermalization phase, and the
bottom one corresponds to the cascade part of the simulations. We are showing results for our main synchronization metrics, R(z,), £(t,) and
R,,:(t,), for various global coupling values, marked by different colours and symbols. Saturation to the steady state values requires long times,
typically 10* iterations and happens non-monotonically as we start from fully phase ordered initial states. The R,,(t,) curves overlap above
coupling K = 500, being a hallmark of good local synchronization. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

K

0.0F "%’ L . X 2 X N N N
0 5000 10000 15000 2000 10" 107 10° 10"
K K
—e— HVDC Linear, £2 HVDC Softsign ~ —=— AC
HVDC Linear, £0.5 HVDC Step —&- HVDC static
HVDC Tanh

Fig. 4. Comparison of the steady state results after the thermalization of the fully AC and different HVDC approaches as the function of global
coupling K in case of the EU2016 network. The inset shows the standard deviation of these quantities. Notice the fact that even static power
input/output at DC buses helps the synchronization to improve. On the other hand, the frequency spread is increasing, which can be understood,
since DC connections do not transfer phase information.

peaks in the o(R) at K, = 9000, hallmark of the phase synchronization transitions at larger global power flows. On the other hand,
the sign(x) and the static DC functions decrease the peak locations to K, ~ 5000. Sample averaging was done over 200 random,
independent self-frequency realizations.

On the second subplot of Fig. 4, we show the frequency spread results. As expected, in all of the HVDC modelling cases, this
displays a higher value as compared to the full AC model. This can be understood, since DC connections do not transfer any phase
and frequency related information between the two parts of the grid, only power. The total frequency distribution of the separated
sub-networks can exhibit multi-peaks [47]. It was also shown in [18] that the frequency entrainment point K/(N) also grows with
the system size, and since (N, K) is a monotonous function, for the sub-networks the Q2(N,,,, K) > Q(N, K) relation holds. Note,
that we do not see peaks of the ¢(£2) curves because frequencies exhibit first order synchronization transition. We did not see much
effect of HVDC lines with respect to the full AC on the R,,; steady state results, thus we omitted to plot this.

In the second part of our simulations, we created cascade events in the grid by manually cutting one of the randomly selected
link in the steady state. This can lead to a domino effect of overloading lines by the condition Eq. (10), with T = 0.99 Note, these
power-grid models exhibit rather strong inherent instabilities in the steady states for moderate couplings, thus we applied this high
threshold value. Again, in the literature, it is claimed that HVDC links reduce the cascade risk, since they can respond rapidly to
frequency oscillations and prevent failure propagation.
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Fig. 5. Comparison of the dynamical cascade simulation results of the fully AC and different HVDC approaches as the function of global
coupling K in case of the EU2016 network. The inset shows the standard deviation of these quantities. Even during cascade simulation, a
higher synchronization is achieved when we account for the HVDC connections; however, the different approaches separate less than in the
steady state (cf. Fig. 4). In terms of frequency spread the full AC model yields better results. This can be understood by the aforementioned fact
that DC connections do not carry phase or frequency information, thus we divide the graph to smaller parts, in which these order parameters
are higher.
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Fig. 6. Cascade size distributions for EU2016 with different types and valued activation functions in the HVDC cable terms compared to previous
results, full AC simulation and static HVDC modelling. The shaded region represents the standard error corresponding to each case. Choosing the
static modelling or sign(x) as activation function, results in a stabilizing, cascade-reducing effect for all investigated K values. Other methods
display a crossover behaviour, namely, they reduce the size distributions for lower couplings, but cannot mitigate the failures for higher values.

Like in case of the thermalization the dynamical cascade simulations were run until a steady state has been reached, determined
by the order parameter differences, as shown on Figs. 3 and 5. While the static HVDC lines did not influence the relaxation
times significantly, the adaptive ones can increase them drastically, making them 3 orders of magnitude larger. This is a natural
consequence of the modelling. Taking for example, the linear activation function, as we decrease the interval for the linear part, we
are turning the continuous equations into discontinuous ones, something that hinders all integrators in numerical methods.

We investigated the average size distribution of the cascade (N), as the function of the global coupling, for the different
modelling scenarios, displayed on Fig. 6. We can see that linear activation, tanh x and softsign(x) stabilizes the grid for K values
up to 6000, but after that, they run into a saturation and cannot mitigate the cascade anymore.

In the case of the linear activation function (c.f. Fig. 1 bottom left panel), there is a possibility to vary the interval of the linear
activation part. We kept the functions O centred, since the mean frequency, 50Hz, can be transformed out from the Kuramoto
equations Egs. (2) and (11), but we experimented with various interval sizes. We display results only for some of the interval sizes
in Fig. 6, 2, +0.5, but the dynamics were checked for other values, e.g. +1, +0.25, +0.1, too. The general conclusion of these
results is that by decreasing the size of the interval (approaching the edge-case step function), we can push the saturation plateaus
of R(#)-s and N, (#) lower, decreasing the cascade sizes in the system.

In the case of sign(x) and static DC models, we see a stabilizing effect throughout the whole investigated coupling regime.
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5. Conclusions

In conclusion, we presented dynamical cascade failure simulations on the EU2016 HV power-grid via the second order Kuramoto
model by considering the effects of different HVDC separator lines between the Scandinavian Peninsula and the rest of the continent.
The second order Kuramoto model is an appropriate representation of power grids of phase variables. In neglects the voltage
amplitude variations (reactive power), phase delays and higher order interactions, which could be added via more complex, higher
order approximations. Furthermore, we assumed that nodal power follows a random Gaussian distribution and a single-threshold
failure mechanism. Our simplifications are standard in recent power-grid modelling [41] and we hope that extensions could be made
on the expenses of more numerical efforts. The main point here was to link the existing results on the synchronization transitions on
homogeneous lattices [18], with those obtained by more realistic simulations on the European HV power-grid topology. Furthermore,
we could compare the effects of adaptivity with respect to static HVDC approach. Our method enables us to follow the evolution
of synchronization behaviour deep in the non-linear regime permitting the determination of the steady state following a blackout
cascade. Note, however that the conclusions may apply more to the topology-driven mechanisms of synchronous behaviour, rather
than to actual cascade failure processes that involve complex protection systems and voltage stability.

The order parameter and the cascade size results could be interpreted by the knowledge of the second order Kuramoto model on
graphs with spectral dimension 2 < d; < 4, where the synchronization crossover point moves to higher couplings as the function of
size. As we replaced certain (0.02%) of the AC connections, by DC ones using sources and sinks at their end nodes we separated the
graph into two smaller sub-graphs, thus both the Kuramoto and the frequency spread, defined by Eq. (9), order parameters move
to higher values for a given K. This provides better phase, but worse frequency synchronizations at a given global power-level.
Furthermore, the cascade sizes decrease for intermediate K-s, where the synchronization transition generates stronger fluctuations.
Similar advances were found in case of line additions to the EU2016 grid, close to the synchronization transition coupling [13], where
we argued about the positive effects of possible self-organized criticality. In the future, the effects of different additive stochastic
noises should be investigated.

A comparison of static and different adaptive HVDC methods shows that the most sensitive, step-function, method provides the
best results in the steady state. As our null model is the fully AC connected EU2016 power-grid from [13], the different HVDC
modifications can also be considered as network developments, thus our results show ways to avoid the Braess paradox. According
to our modelling HVDC lines generally improve phase synchronization, but also increase the frequency dispersion. Moreover, while
adaptive HVDC may perform better in certain aspects, it leads to a significant increase in the relaxation time up to three orders of
magnitude.

The significantly increased relaxation times observed for some adaptive HVDC schemes may also have practical implications.
In real power systems, system operators rely on relatively fast stabilization of frequency and power flows after disturbances in
order to avoid triggering additional protection mechanisms or control interventions. If the system relaxes too slowly, secondary
disturbances or control actions may occur before the system has reached a new steady state, potentially complicating emergency
response procedures.

Thus our results uncover an important trade-off to be made. While frequency stability (global synchrony) is vital for long-term
balancing, phase synchronization (local synchrony) is critical within milliseconds to prevent immediate, severe disturbances. Phase
synchronization should be prioritized over frequency dispersion (or maintaining exact frequency, as is done in long-term balancing)
under circumstances where immediate, catastrophic physical damage to grid infrastructure is imminent, or when integrating
low-inertia, high-variability renewable sources that threaten to tear the system apart.

Possible extension of this work would be the analysis of frequency distributions and comparison with real data.
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