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Abstract
The equation system, described for kinematic pairs of Crank mechanism, consist of general constraint equa-
tions. For Crank mechanism, the position of the center of gravity for the components, and the directions of 
the main axis of inertia can be determined for the entire kinematic cycle. To determine the positions, we use 
a coordinate system fixed to the center of gravity of the mechanism. The coordinates of the center of gravity 
of the members of the mechanism are always constant in relation to the geometric system attached to the 
component. The vector contour created in this way, defined by position vectors, must always be closed.
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1. Crank Mechanism 
The crank mechanism consists of (Figure 1) : 
	– engine fuselage (1);
	– crankshaft (2);
	– crank arm (3);
	– piston (4). 

OXYZ is the fixed system,  are 
the crankshaft, crank arm, piston central axis of 
inertia system, , is the auxiliary 
systems of the crankshaft components.   

Fig. 1. 3D model of the crank mechanism and visibili-
ty of its center of gravity

The vector contour defined by position vectors, 
must always be closed (Figure 2).

    (1) 

Fig. 2. Vector contour of crank mechanism.
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1.1. Determination of mechanism constants 
The center of gravity of the mechanism, in the 

auxiliary system:

	 (2)

Directional factors of the main axis of inertia of 
the mechanism, in relation to the auxiliary sys-
tem: 

	 (3)

The direction factors of the auxiliary system, in 
relation to the coordinate system of the main axis 
of inertia of the mechanism [1]:

	 (4) 

The  position vector defines the coordinates 
of the point  in relation to the auxiliary system 
placed in the center of gravity of the mechanism:

	 (5)

The  position vector expresses the coordi-
nates of the point   in relation to the coordinate 
system of the central axes of inertia placed in the 
center of gravity of the mechanism:

	 (6)

The  position vector expresses the coordi-
nates of the point  in the auxiliary system 
placed in the center of gravity of the mechanism:

	 (7)
The fixed point  on the mechanism that coin-

cides with the origin of the auxiliary system fixed 
on the mechanism and is located on the axis of 
the 4th piston:

	 (8) 

1.2. Determination of the crankshaft cons-
tants

From the Inventor window (Figure 4) you can 
read the moments of inertia of the crankshaft and 
the coordinates of its centre of gravity.  

The  point on the main axis of the mecha-
nism (Figure 3) the position vector relative to the 
auxiliary system placed at the center of gravity G2 
can be written:

, 	 (9)

The center of gravity of the axle, in relation to 
the auxiliary system on the main axle (Figure 4):

	 (10) 

Directional factors of the main axes of inertia in 
relation to the auxiliary system on main axis 2:

Fig. 3. 3D model of the crankshaft and visibility of its 
center of gravity.

Fig. 4. Data of inertia and center of gravity of cranks-
haft in Inventor.
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	 (14)

The coordinates of the point  taken on the 
axis line of the piston pin coincide with the point 
taken on the crank arm during operation.

	 (15) 

2. Incorporating the constraint equa-
tions into a system 

We define the components in 37 positions. The 
driving parameter of the mechanism , know-
ing its direction factors formed with the inertial 
crankshafts for the components’ auxiliary sys-
tems and its rotation angles. [1, 2].

2.1. Constraint equations of the crank 
mechanism discussed as a space mech-
anism

The number of constraint equations depends on 
the type of joint, in the case of a rotational joint 
we have 5 constraint equations. 

The constraint equation written on the rotating 
joint of the mechanism [3–5]:

	 (16)

	 (17)

Fig. 5. 3D model of the crank arm and visibility of its 
center of gravity.

Fig. 6. 3D model of the piston and visibility of its 
center of gravity.

	 (11)

1.3. Determination of the crank arm cons-
tants

The coordinates of the center of gravity relative 
to the auxiliary system taken on the axis line of 
the upper hole of the crank arm connected to the 
crankshaft (Figure 5):

	 (12)

The coordinates of the point   taken on the 
axis line of the lower hole of the crank arm rela-
tive to the auxiliary system of the crank arm. The 
point coincides with the point  on the piston 
pin.

	 (13) 

1.4. Determination of the piston constants
Direction factors of the main inertial axes rela-

tive to the auxiliary system attached to the piston 
(Figure 6):
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(18)

	 (19)

	
(20)

Constraint equation written on the rotating joint 
of the crankshaft:

	 (21)

	 (22)

	 (23)

	 (24)

	 (25)

Constraint equation written on the rotating joint 
of the crank arm:

	 (26)

	 (27)

	 (28)

	
(29)

	 (30)

Constraint equation written on the rotating joint 
of the piston:

	 (31)

	 (32)

	 (33)

	 (34)

	 (35)

3. Conclusions  
The following can be determined most effectively 

with the method of constraint equations:
-the position of the centre of gravity for each 

component of the crank mechanism;
-the positions of inertial crankshafts.
The values were determined relative to a fixed 

system. 
This advantageous method can be used to deter-

mine the position of the main axis of inertia of the 
components.
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