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Abstract

In this paper we will study various extremal problems related to multivariate homoge-
neous polynomials on convex bodies. We will construct certain homogeneous needle
polynomials on convex bodies which will play a central role in the study of the
asymptotics of Christoffel functions and L? Markov type estimates for homogeneous
polynomials. These new results will be applied in order to derive asymptotically opti-
mal Marcinkiewicz-Zygmund type meshes and cubature formulas for homogeneous
polynomials on convex bodies

Keywords Multivariate homogeneous polynomials - Bernstein-Markov type
inequalities - Convex bodies - Christoffel functions - Marcinkiewicz-Zygmund type
discretization

Mathmatics subject classification 41A17

Introduction

In this paper we shall solve several extremal problems related to multivariate homoge-
neous polynomials. The space of real homogeneous polynomials of d > 2 variables
and degree n denoted by H,‘f is spanned by the monomials xi“ e -xsd, ki+...4+ks =
n, x = (x1, ..., xq) € R?. Homogeneous polynomials arise naturally as a fundamen-
tal tool in problems related to neural networks and approximation by ridge functions.
The question of density of homogeneous polynomials in the space of continuous func-
tions received a considerable attention in the past two decades, see the survey [11].
Our main goal in the present paper is to study the asymptotic behaviour of Christoffel
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functions and L? Markov type estimates for homogeneous polynomials. In order to
tackle these questions we will introduce below homogeneous "needle" polynomials
which attain value 1 at a given point and rapidly decrease as we move away from
this point (Theorem 1). These homogeneous needle polynomials will play a crucial
role in the study of the asymptotics of the Christoffel functions and L? Markov type
estimates for homogeneous polynomials.

Denote by P,ji = Z?:o Hj‘.i the set of real algebraic polynomials of d variables and

total degree < n. Let i be a positive measure with compact support K € R, IntK # ¢
and density u” := w > 0. Then the reproducing kernel (Christoffel-Darboux kernel)
K, (x, y) of measure p for Pnd satisfies the property

1) = [ Kl nayweidy, Vo e by,
The n-th Christoffel function of measure © = wdy on domain K is defined as

1
An(x, K) = m, X € Rd.
n ’

It is well known that Christoffel functions admit the following extremal property

An(x, K) =inf” FMwydy: g€ Pl qx) = 1}, x € RY.
K

The Christoffel functions play a fundamental role in the study of orthogonal poly-
nomials, see for instance Stahl-Totik [16]. In addition, as exhibited in the recent
monograph by Lasserre, Pauwels and Putinar [15] they turned out to also provide
an efficient and easy-to-use tool to help solve some problems in data analysis, e.g.
outlier detection, support inference, and density estimation.

It is known that on some model domains like simplices, cubes for certain standard
(Jacobi type) weights we have K, (x, x) = #K) = 0(n*), x e K.On smooth

domains (for instance balls), a smaller order of magnitude K, (x,x) = o n4th
is known to hold. In general, the polynomial behaviour may differ throughout the
domain with the fastest growth typically at the most singular points, see for instance
[1,2,6,14,19,20]. However outside the domain the same quantity in general increases
exponentially (see [15]. p. 50).

Let us introduce now the generalized L”, p > 0 Christoffel function for the space
of homogeneous polynomials H,fl on the set K € R? with respect to d-dimensional
Lebesgue measure

A (x, K) =inf{/ \h()|Pdy : h e HY, h(x) = 1}, x e RY
K

Note that in general the quantity A% (x, K) depends on L”, p > 0 as well, but we
prefer not to reflect this in order to keep the notation simpler.
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It will be shown below that for any convex body K C R?, d > 2 central symmetric
about the origin and every x € K

C—2<A*(x K)<C_1
ndlogin = "7 7 T nd’

Moreover, under the C'* regularity condition (which in particular, holds for any
C*%, 1 < a < 2 convex domain) we have that 17 (x, K) ~ n=4 for any x € K, see
Theorem 2.

The classical Markov problem consists in estimating the size of the derivatives of
polynomials. The univariate L?, 1 < p < oo Markov type inequality for algebraic
polynomials g of degree at most n states that

2

g lILriap) < lgllria,br-

“b—a

This inequality and its extensions to the multivariate case play a central role in various
approximation problems. It is well known that for Lip1 and thus, in particular convex
domains the upper bound of order n? for L”?, 1 < p < oo Markov inequality extends
for multivariate polynomials, as well (see e.g. [10]). Typically multivariate Markov-
type inequalities in L°° norm are proved by inscribing suitable polynomial curves into
the domain and reducing the problem to the univariate setting on these curves. In case
of L?,1 < p < oo norm this reduction of dimension technique does not work and
more delicate considerations are needed.

The study of Markov type problem for multivariate homogeneous polynomials in
case of uniform norm was initiated by Harris [8] who verified that for any O-symmetric
convex body in R?

| DAl L) < enlognllhllLk).

where Dh := |Vh| stands for the Euclidian norm of the gradient of 4. Subsequently, it
was shown in [9] that in general the log n term in the above estimate can not be omitted
in case of non regular convex bodies, but under an additional mild C'* smoothness
condition on the convex domain n log n can be replaced by O (n).

In a recent paper [13] extension of these results to the L? case was studied on star
like domains. Let K C R be a star like domain given by K := {x = tur(u),u €
sl o<t < 1} where r € C(Sd’l) is a positive continuous function on the unit
sphere S9! := {x € R : |x| = 1} with |x| being the Euclidian norm. K is said to be
C%, 1 < a < 2if r is continuously differentiable and its gradient Vr is Lip(a — 1)
on S9~1, Recall that function g is Lipg on K with some 0 < g < 1 if its modulus of
continuity satisfies the property

w(g, 1) :=sup{lg(x) — g :x,y € K, |x —y| <t} < MtP
with some M > 0.
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As shown in [13] whenever K isa C%, 1 < « < 2 star like domain in R9 with non
degenerate outer normal then for any & € H,‘f and every 0 < p < oo we have

1,1
| DRl ey < ena 2Rl Lo (k). (nH

In case when o« = 2 upper bound (1) leads to an asymptotically optimal order
n LP Markov type estimate for homogeneous polynomials on C? star like domains.
However, when K is C* with 1 < o < 2 estimate (1) did not appear to be sharp. One
of the main new results of this paper (see Theorem 3 below) will establish an order
n LP Markov type estimate for homogeneous polynomials on any C*, 1 < o < 2
convex domain.

Given a subspace U C LP(K) the Marcinkiewicz-Zygmund type problem for
1 < p < oo consists in finding discrete point sets Yy = {x1,...,xy} C K and
corresponding positive weights w; > 0,1 < j < N such that for any g € U we have

et Y wilgGepI? < Mgl oy <2 Y wilgGepl? 2
I<j=N 1<j<N

with some constants c, ¢ > 0 depending only on p, d and K. In case when p = oo
the above relation is replaced by

< ¢ max I, eU.
llgllcix) < ¢  max, lg(x)l, &

The discrete nodes satisfying above property are usually called norming sets.

Evidently we must have N > dim U in order for these estimates to be possible
for each g € U. These equivalence relations turned out to be an effective tool used
in numerous applications. Naturally, the main goal here is to find discrete point sets
Yy = {x1,...,xn} C K of possibly minimal cardinality N. When U = HZ, and
the domain K C R? has nonempty interior, we have dim I'Iﬁ ~ n? and therefore
asymptotically optimal discrete meshes for Hﬁ must be of order n¢. For p = oo such
discrete points sets are called optimal meshes. In [11] existence of L°° optimal meshes
was verified for any C%, 2 — % < o < 2 star like domain. Subsequently new tangential
Bernstein type inequalities were applied in [12] and [3] in order to verify the existence
of optimal meshes in any convex body in R? in case when d = 2 and any d > 2,
respectively. Recently, in [5] the existence of optimal meshes on C%, 2 — % <o <2
star like domains was extended for L”,d — 1 < p < oo. Applying the L” Markov
type estimates of optimal order n verified in this paper for homogeneous polynomials
we will construct explicit discrete point sets of optimal cardinality cn?~! NdimH,f on
the boundary of any C%, 1 < o < 2 convex domain which provide Marcinkiewicz-
Zygmund type meshes for homogeneous polynomials for every p > 0. (Theorem 4).
In addition, cubature formulas of asymptotically optimal cardinality will be also given
in Theorem 5.
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New results

Homogeneous polynomials € H,f have the symmetry property of being even or odd
depending on n. Therefore throughout this paper it is natural to consider convex bodies
K C R which are central symmetric about the origin, i.e., —x € K,Vx € K. As
usual the convex body is called regular if it has a unique supporting plane at every
point of its boundary 9K . In case when K is regular its outer normal 7(z), z € 9K is
continuously differentiable on d K and thus the modulus of continuity of the gradient
of n(z) denoted by

wg (1) :=sup{|Vn(z1) — Vn(z2)| 1 21,22 € 0K, |21 — 22| <1}, t>0

satisfies wg (f) — 0, — +0. We will say that K is a C'* convex body if it is regular
and wg satisfies a Dini-Lipschitz type condition

1
/ LGRS
0 t

Evidently, this condition holds in particular when V5(z) is Lipe, 0 < o < 1, 1.e., K
isa C'T®. A model case of a C!7*, 0 < a < 1 convex body is the usual /'+¢ ball in
R? given by

(x = (x1, oy xg) € RY 2 g MY + 4 g < 10

Let us denote by B?(0,a) c R the closed ball of radius a > 0 centered at the
origin. In what follows we will always assume that convex body K is properly dilated
so that

B%0,r) c K c B4(0, 1),

where r > 0 is the radius of the largest ball inscribed into K . Note that John’s theorem
[7] on characterization of largest inscribed ellipsoids for convex bodies allows to
assume r > d for an appropriate linear transform of K.

Some of the results and estimates given in this paper are domain independent with
various corresponding constants depending only on d, p and r. In order to simplify
the presentation these possibly distinct positive constants will be denoted by c. In
the statements involving C'* property of the convex body K the possibly distinct
positive constants depending only on the domain K and d, p, r will be denoted by
ck . As usual, we will write A ~ B if cjA < B < ¢ A with ¢y, ¢» depending only on
K.,d,pandr.

1. Homogeneous needle polynomials on convex bodies.

We start by constructing certain homogeneous needle polynomials on convex bod-
ies. These polynomials which are of independent interest will be needed in the study of
the asymptotics of Christoffel functions and for verifying L” Markov type estimates
for homogeneous polynomials. Needle polynomials (sometimes also called peaking
polynomials) attain value 1 at a given point z € dK of the boundary while their
integrals over underlying domain is small. The size of the integrals of these needle
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polynomials can be considered on all of K or on its boundary d K endowed with the
usual Lebesgue surface measure in RY, d > 2 denoted by dv(z).

Theorem 1 Ler K C RY, Bd(O, ry C K C Bd(O, 1),d > 2 be a convex body cen-
trally symmetric about the origin. Then for any p > 0 and any z € 0K there exist
polynomials Q,(x) € H,‘,i, n € N such that Q,(z) = 1 and

/ 10.(x)|Pdx < ,,% neN. 3)
K

In addition, for every x € 0K
c
/ 1Q;(x)|Pdv(z) < T M€ N. )
oK

It should be noted that for all homogeneous polynomials & € H,fl of degree n € N
we have

1
/Ihn(x)l”dx’v—/ [hn ()P dv(x), ©)
K n Jak

see Lemma 8§ below. Therefore for each z € d K relation (3) can be equivalently written
as

/ Q) dv(x) < ——. neN.
K

This last upper bound provides an estimate similar to (4). However, it should be noted
the proof of (4) involving integration over variable z instead of x is much more delicate.

2. Christoffel functions for homogeneous polynomials on convex bodies.

Next we give upper and lower bounds for L? Christoffel functions for homogeneous
polynomials on convex bodies. The distinctive feature of these bounds is the fact that
up to a log factor we get the same asymptotics of Christoffel functions for every point
of the domain. This is quite different from the case of polynomials of total degree for
which the size of Christoffel functions differs throughout the domain with the fastest
growth at the most singular points.

Theorem2 Let K C R?,d > 2 be a central symmetric convex body, Bd(O, ryCc K C
B4(0, 1). Then for any x € K and every p > 0

2 C1

—— <A, K)<—, neN. 6

ndlog?n ~ n )_nd ©
Moreover, if in addition K is a C'* then
¢ c

K<uw K< viek, nel. )
n n

Taking into account relations (5) Theorem 2 can be reformulated for L? Christoffel
functions on d K endowed with the Lebesgue surface measure.
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Corollary 1 Under conditions of Theorem 2 for every x € 9K

(&) C1

*
4 log? n < A,(x,0K) < pra Rl N.

In addition, the log term in the above lower bound can be omitted if K is C1*.

Thus for C'* domains we have that

1
nip(x, K) ~ As(x, dK) ~ ——» Vx€aikK.
n

_1°
It would be interesting to determine if the log term in the lower bound (6) is in
general necessary in case of non regular convex bodies. It seems to be plausible that
A(x,K) < = lggd - for any non regular point x € d K. This remains an open problem.
3. Markov type estimates for homogeneous polynomials on convex bodies.
Now we will consider the L?, p > 0 Markov type problem of estimating norms
of derivatives of homogeneous polynomials on the boundaries of convex bodies. The
appropriate L” "norm" in this case is

P
I2llLr oK) == (/ |h|pdv> ,0<p<ox
K

with v being the Lebesgue surface measure on dK. The goal is to give L? upper
bounds for the gradients

Dh := max |D,h|=|Vh|, he H?,
ues§d-1

where as usual D, stands for the derivative in direction u. Since D, h(x) =
nh(x),Vx € R for every h € Hf it immediately follows by K C B4(0, 1) that

Dh(x) = ﬁleh(X)I > [Dxh(x)| = nlh(x)].
X

In particular, this easily yields the lower bound for the norms of derivatives
IDRl LK) = nllkllLrok). Yh e HY.

Our next theorem provides L?, p > 0 Markov type upper bounds for the derivatives
of homogeneous polynomials on the boundaries of convex bodies.

Theorem3 Let K C RY,d > 2 be a central symmetric convex body satisfying
B4(0,r) ¢ K c B0, 1). Then for any h € H,‘f,n € Nandany 0 < p < o0
we have with y =1 + %

IDR|lLrk)y < cn In” (n + DIAllLrok)-
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Moreover; if in addition K satisfies the C't property then the optimal upper bound
I DhliLrak) < cknllhllLe k)

holds for every h € H,fl, neNlN

Let us note that a standard iteration yields that Theorem 3 admits an appropriate
extension for higher order gradients

Dff(x):=  max  |Dy..Dy f(x)|, keN,

ujeSd—11<j<k
In particular, for C'* convex bodies we have for each h € HY and any n, k € N

ID R ek < (cxm)X IR Lr oK)

Evidently, above upper bound of order n given for C!'* convex bodies is the best
possible. An interesting open problem related to Theorem 3 consists in verifying an
L? lower bound of order n In¥ (n + 1) in case of a non regular convex body.

4. Optimal Marcinkiewicz-Zygmund type meshes and cubature formulas for
homogeneous polynomials on convex bodies.

It turns out that the optimal order Markov type estimate provided by Theorem 3
for homogeneous polynomials on C!'* convex domains can be applied in order to
construct explicit Marcinkiewicz-Zygmund type meshes of asymptotically optimal
cardinality ~ n?=! ~ dimH,‘,i for every p > 1. As usual, we will say that pairwise
disjoint sets G, 1 < j < N, form a partition of 0K if 0K = U1<j<nG . Letus also
denote by diam(G) := sup, ycg [x — y| the diameter of the set G.

Theorem4 Letn € N,d > 2, p > 1 and consider any C 4 central symmetric convex
body K C R4 satisfying B(0,r) c K c B40,1),r > 0. Then for every 0 < e < 1
there exists a partition 0K = U1<j<nyGj with N < cg (g)d_l, diam(G;) < C’;—e
such that for every h, € H,‘f andany xj € Gj,1 < j < N we have

(1—-e) > v(G,-)|hn(x,->|f’s/3K I (2)1Pdv(z) < (14+€) Y (G )lha(x))]”.

I<j=N I<j=N

As mentioned in the introduction for polynomials in Pf of total degree < n a
similar statement was verified in [5] for any C%, 2 — % < a < 2 convex domain and
d — 1 < p < oco. Thus assumptions of Theorem 4 are less restrictive both in terms of
required C I+ smoothness and condition p>1

It should be also noted that since the partition in Theorem 4 satisfies diam(G;) <
CKTG, 1 < j < N it follows that

w6 = (ET <
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Thus the upper bound in Theorem 4 admits the following equivalent form: for every
h, € HY

CK d—1
h Pg < h,(x)|P, N~ .
/3K| n(D)|Pdv(z) < N E |7 (x)] n

l<j<N

The last estimate corresponds to the equal weight version of Marcinkiewicz dis-
cretization, see [18] for details.

In addition, the Markov type estimate of Theorem 3 can be also used to verify exis-
tence of positive cubature rules of optimal cardinality for homogeneous polynomials
on C'* central symmetric convex bodies. Since homogeneous polynomials of odd
degrees are odd, and thus their integrals on central symmetric domains equal zero we
consider cubature formulas for even homogeneous polynomials.

Theorem5 Let K C R, d > 2 be a C'* central symmetric convex body satisfying
B‘l(O, r)y C K C Bd(O, 1),r > 0. Then given any n € N there exists a partition
3K = Uj<j<nGj with N ~ n®~!, diam(G;) < £,1 < j < N such that for
arbitrary xj € G, 1 < j < N there exist positive A satisfying X ; < %, 1<j<N
so that

/ h,(2)dv(z) = Z )»jhn(xj'), Vh, € Hﬁln.
oK I<j=<N

Proofs

Our starting point will be the construction of proper needle polynomials. These polyno-
mials will be based on certain properties of Jacobi polynomials J,Sa’ﬂ ) x),a, B >—1
verified in [17], (7.34.1), p. 173. It is essentially shown therein that for any u >
-1,p>0

4

> ®)

1
p
/ (1—-x)* ‘Pn(“’ﬂ)(x)‘ dx ~n72H=2%er o < ap—2+
0

Moreover, the lower bound in the above asymptotic relation holds for integration over
any interval [a, 1],0 < a < 1, see [17], (7.34.4). (In fact, in [17] these asymptotic
relations are verified for p = 1 but they follow analogously for any p > 0.)

Lemma1 For any y > —1 and arbitrary a, p > 0 there exist even polynomials
Go, € Pnl, n € N such that with some ¢ > 0 depending only on p and y we have

I =G2(0) < ||G2n||L°°[—a,a] <c,neN
and

a +1
/ 6] |G () Pdx < c (f)y . nel. )
n

—a
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Proof Set

2
y+1 y—1 PP -5
Ol=ﬂ=—>0, M= >—1, Gzn(x):=T
P 2 L)

Then (8) is applicable for any p > 0. Recalling that ||Jn(’3’ﬂ) lLoor—1.17 ~ J,,(’g’ﬂ)(l) ~
nP the first statement of the lemma easily follows.
In addition, we have by (8)

a 2ay+l 1 B.8) 5
f|x|y|G2n(x>|"dx —/0 VTP = )P dy

a 55D (yr
ay+1 1 s
=——— [ A=0*IPP@)Pdt ~ —
Jn(ﬁ,ﬁ)(l)p/()( PO @ Pd ~

(a ) y+1
" .

Now based on the univariate needle polynomials of Lemma 1 we will construct
proper multivariate homogeneous needle polynomials related to an arbitrary point
z € 9K on the boundary of the convex body K C R?,d > 2 satisfying B4(0,r) C
K C BY(0, ).

For any z € 3K denote by 7(z) € S~! an outer normal to K at z. Clearly z can
not be orthogonal to 1(z). Furthermore, let G, be the even univariate polynomials

specified in Lemma | with y := d —2 and a := 6. Now for any given z € 9K consider
the polynomials

O

Q,(x) == Gou(Ix — 2 — (x — 2, n(@)n(2)]) € P4, (10)

where (-, -) stands for the usual Euclidian inner product.

Since Gy, € len are even it is obvious that 2, (x) are polynomials of x € R? of
degree < 2n for every z € K. Note that 2,(z) = G2,(0) = 1,n € N.

Denote by H, := {x € R? : (x — z, n(z)) = 0} the tangent hyperplane at z € IK
with normal 7(z). Consider the linear homogeneous polynomials /(x) defined by

@) g
[(x):= —(Z, @) € Hi.

Clearly, I(x) = 1, Vx € H;. Polynomial Q,(x) € Pzdn admits a unique representation

Q)= Y q;(x), q;€H. (1)
0<j<2n

Now we can introduce the homogeneous polynomials

Q:(x):= Y qj®)I* I (x) e Hs,. (12)

0=j=<2n
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It will be shown below in Lemma 3 that these homogeneous polynomials have the
required "needle" properties. Note that on the hyperplane H, these polynomials coin-
cide with €2, (x) and thus we have

0:(x) = Q2:(x) = Gop(lx —2|), Vx € H..

As mentioned above for each z € d K we have that z can not be orthogonal to 1(z).
In fact in order to make the proofs less technical we will repeatedly assume below that
z and n(z) are collinear. This can be assumed without the loss of generality based on
the next geometric lemma noting that H,f’ is invariant under linear change of variables..
In what follows we will denote by e; € Rd, 1 < j < d the standard orthonormal
basis in R?.

Lemma2 Let K C RY, Bd(O, ryCc K C Bd(O, 1),d > 2 be a convex body centrally
symmetric about the origin. The for any z € 0K there exists a regular linear map
L :R? — RY 50 that L(eg) = z, eq is an outer normalto D := L~ (K) atey € 3D,
and in addition,

9 2
LI =2, L7 =1+ 7
where || - || stands for the 1> — 1% norm of the corresponding linear mapping.
Proof First let us observe that convexity of K and assumption B4(0,r) Cc K C

B%(0, 1) easily imply that the sine of the angle between z € K and any tangent line
to K at z is > r. Therefore it is easy to see that

(z,n(2)) > r? (13)

for any normal 1 (z). We may assume that 1(z) = ey (this can be achieved by a simple
rotation), i.e., |(z, eq)| > r2. Now let the linear map L : R? — R4 be defined by
L(ej) =ej,1 < j<d-—1,L(eq) =z, and set D := L’l(K). Then ey € 0D,
and since H := span{e;,1 < j < d — 1} is a supporting plane to K at z and
L_l(ej) =e¢j,1 < j < d — 1itfollows that H is supporting to D at ey, as well.
Obviously this means that e, is an outer normal to D atey € 9D.

Furthermore, forany u = Zlgjgd ujej € B4(0, 1) setting u* := Zlgjgd—l ujej,
|[u*| < 1 we have L(u) = u* + uyz and thus

IL@)| < [u*] + |ugz| =1+ |z < 2.

Similarly, if w = Zlg,‘gd—l wie; +wyz = w' +wyz € B4(0, 1) then
2 * 1
1> [{w, eq)| = lwalz, ea)| = |lwalr”, |w*| < |w|+ wgz| <1+ |wg| <1+ 3

Hence
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1 2
L™ (w)| = [w* + waeq| < |w*| + |waeq] < 1+ — Hlwal =1+ .

m}

Our next lemma presents basic properties of the needle polynomials introduced
above. This lemma will be essential for the proof of the main results. It is important to
note the domain independent character of this lemma. Namely, given that B4(0, ) C
K c B(0, 1) the constants in the estimates of the lemma depend on r, d, p and not
specific features of domain K.

Lemma3 Let K C R, Bd(O, ry C K C Bd(O, 1),d > 2 be a regular convex
body centrally symmetric about the origin. Then for any p > 0,z € 0K there exist
polynomials Q,(x) € Héln such that with certain ¢ > 0 depending only onr,d and p

0:(z)=1, DyQ:(2) =0, Vu L n(z); (14)

f 10-(x)|Pdx < nid neN. (15)
K

Moreover, for every x € 0K

/ak 10,(x)[Pdv(z) < % neN. (16)

Proof Let Gy, be chosen as the even univariate polynomials of Lemma 1 with y :=
d —2 and a := 6, and define Q,(x) by (10)-(12). Since for x € H, we have [(x) = 1
it follows that

0:(x) = Q2:(x) = Gau(Ix —z), Vx € H, a7

where G2,(0) = 1, G,,(0) = 0, n € N. These relations clearly yield (14).

Let us verify now the upper bound (15) for the given z € d K. By the symmetry of
both the underlying domain and homogeneous polynomials it suffices to verify (15)
for the integral on K* := {x € K : (x, n(z)) > 0}. Now for any x € K* denote by x,

the point in H, which is collinear with x, i.e., x, = éiz(é?) x. In view of Lemma 2 we

can assume that z = aeq, 1(z) = €4,0 < @ < 1, and hence x, = %x. Furthermore,
set
K :={xeK*:|z—x| <4}, K5:=K"\Kj.

Consider now the cone

4
Yi={x=(x,..x9) € R? . ,/xlz + ... —i—xfl_1 < ﬂ,O < x4 <a}.
o

Since x; = L it easily follows that

|x —zlzi,/szr +x3
z P d-1
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This implies that K C X, i.e.,

/7|QZ(X)|”dx s/ 10.(0)1Pdx
K; >

o
= / / o 10 IPdydxa, y = (x1.xa-1). (18)
0 Jiyl==4
Furthermore, using that O, € H2dn and applying (17) we have

0.0 = ()" 0.0 = (*)" Gantx. 21

Xg\2n o
= (—) Gy, <—|)’|) s Y= (X1, ey Xg—1)-
o X4

Applying last relation together with (18) yields

s xg\2np o
[ocras < [T [ 16a (S) Pavara. v = Greona.
K 0 \a Ivl= X

a

Evidently, the inner integral above can be estimated on the d — 1 ball |y| < % using
spherical transformation

o o _
Gon [ =1yl ) IPdy < ¢ |Gon [ —p ) 1Pp?2dp
‘ﬂf% Xd Ofﬁf% Xd

x \d—1 4
—c (—d) / |G (1) P19 2d.
(o4 0

Thus combining the last two estimates above we arrive at

o 2np+d—1 4
/ 10, (0)|Pdx < ¢ / (4) dxg / G (1)|P142d1
Ki 0 N« 0
co 4 d—2
< —/ |G (0)|Pt47dt.
n Jo

Now we need to recall that G, were chosen as the even univariate polynomials of
Lemma 1 with y :=d — 2 and a := 6. Hence it follows from (9) and the last upper
bound above using in addition, that = |z| < 1

f 10.(0)|Pdx < =, neN,
z n

K

with ¢ > 0 being a constant depending only on r, p and d.
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Now in order to complete the proof of the upper bound (15) we need to give a
similar estimate for szz |Q;(x)|”dx. Note that for x € K3 we have that |z — x| > 4.
Recall that by Lemma 1 for |z — x;| < a = 6 we have

1Q:(x)| = 1G2on(lx; — 2Dl = ¢, |z — x| =6, (19)

where ¢ depends on p and y =d — 2.
It is well known that for any univariate polynomial g, € Pn1 of degree < n and any
b>0

lgn (O] < T, (t1/D) I gnllLoor—b,p1 < QIEI/D)"lIgnllLoo[=b.p), VIt| > b,

where T, (t) = %((t + /12 — )" 4 (t — /t2 — 1)") is the classical Chebyshev poly-
nomial of degree n.

Applying this property for polynomial G, () with b := 4 and taking into account
relation (19) it follows that

20z — x|\
10: () = |Gan(lxe = 2Dl < e =) . le—xel > 4.

Furthermore, using that Q, € Han, X, = %x yields

|x]

2n
1Q:(x)| = (—) 1Qz(x2)l.

|xz |
Hence it follows from the previous estimate that

27 — 2n _ 2n
|Qz<x>|§c(w> SC(M> x| >4 (0)
4| 2]

Now let us verify that |z — x| < %|xz| whenever |z — x| > 4. Indeed, if %|xz| <
lz —x;] < |z| + |x;] <1+ |x;] then |x;| < 3. However, 4 < |z — x;| < 1 + |x;],i.e.,
|x;] > 3 when |z — x;| > 4. Hence |z — x;| < %|xz| and using this together with (20)
yields

|z — x;

| 2n 2n
[Q:(x)] <¢ ' <cl|lZ) ., xeK;:={x€dK*:|z—x/| >4}
2| 3

Since K3 € K C B4(0, 1) it follows that

2 2n
f IQz(X)IdeSC<—)
Kz 3

2

with ¢ > 0 depending only on p and d. Clearly this is a stronger than required upper
bound on K3 which completes the proof of (15).
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Now let us turn our attention to the proof of the more delicate estimate (16). Consider
any pointx € d K. Again using Lemma 2 without the loss of generality we can assume
that x = weg, n(x) = ¢4, a > 0.

Furthermore, let D € R?~! be the orthogonal projection of K onto R¢~!. Clearly,
there exist convex functions — f, g € C'(D), V £(0) = 0 so that

0K =3dK1TUAK™, KT :={z=(y, f(y)),ye D}, K™ :=dK \ dK™
={z=(y,8(»),y € D}.

Then
N@) = (—fygs oo —fraa: D =(=Vf. 1), z=(y, f(y) €K™,
where V f stands for the gradient of f. Since x, = ey with some/ > O and x, —z L

n(z) it follows by a simple calculation that we must have I = f(y) + (v, Vf(y)),
Thus

=M+ VIONed, z=x= 0, — VD), 2=, f() €IK™.

Hence setting for y € RY™!, y := pu, p = |y|, u € $9=2 we obtain

e—xl =3P+ 0 VO = o1+ . V2 = p 1+ £2. @D

where f, stands for the partial derivative of f(ou) with respect to p. Using again
the symmetry of the domain and homogeneous polynomials it suffices to estimate the
integral in (16) on 9 K ™. First we will estimate this integral on

IKY :={z€ 3K :|x,| <5}
Note that

2= x| < lzl+ Il < |zl +5<6, z=(y, f(») € 3K, .

o1+ f2=lz—x| <6, VzedK]. (22)

Since x, = cx, ¢ > 1 and polynomial Q(x) is homogeneous we have that | Q. (x)| <

|Q:(x2)], 1€,

Hence by (21)

/ 10.(0)1Pdv(z) < / 10 (x)[Pdv(2) = / (Gan(lx; — 2 [PdV(2)
KT K KT

=/D 1Gan(lx: — 2171+ 9 £12dy. (23)

where D, :={y € D :z = (y, f(y)) € K, }. Note that 0 € IntD,.
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Let us show now that |V f| < % whenever y € D,. Indeed, forany y € D,,z =
(y, f()) € dK ;! let L, be the 2-dimensional plane through points 0, x., z. Consider
the line I, := {tw+z:1 € R} C L,,w = (wy, ..., wg) € ! which is tangent
to KN L; atz, and set w, = (wy, ..., wg—1,0). f wg = 0, i.e., w L n(x) then
evidently D, f(z) = 0. On the other hand if wy # O then /, intersects R4~ at the
point w* = — ;—‘Zw + z. Note that since [, is tangent to the convex set K at the point z it
follows that w* ¢ IntK, i.e. |w*| > r where r is the radius of the largest ball inscribed
into K centered at the origin. In addition, |x;| < 5 because z = (y, f(y)) € 9K, .

el <5 Noting that the last upper bound holds for

Wi = r

Hence in this case | Dy, f(2)| =

every w; = (Wi, ..., Wg—1,0) € §9=2 it follows that |V f] < g whenever y € D,.
Applying this bound in (23) yields

25
/ 1Q:(0)1Pdv(z) </1+ —2/ |Gan(|x; — zD|"dy.
oKy r= Jp,

In addition, using the spherical transformation fory € R4~y := pu, p = |y|, u €
$9=2 in the last integral together with (22) we have

/ |Gzn<|xz—z|>|de5c/ p?21Gon(py/1+ fDPdp.
Dy P l+fg§6

By the convexity of function — f and relation V f(0) = 0 it follows that f g(pu) isa
monotone increasing function of p > 0 for each u € S4~2. Let us now introduce the
variable t = ¢ (p) ;= p,/1 + fpz, t > p. A standard calculation yields ¢'(p) > 1 a.e.

on S92, Thus using this change of variables in the last integral above yields that

6
p121Gon(p 1+ f2)IPdp < /0 421Gy ()P

/p,/ 14/2<6

Recalling that G, are chosen to be the even univariate polynomials of Lemma 1 with
y :=d — 2 and a := 6 we obtain from the last three estimates that

c

/ |QZ(X)|de(Z) =< - " e N.
KT n

It remains now to estimate the needed integralon 0K T\ 0K = {z € 0Kt : |x;| >
5}. Note that whenever z € K T\ K" itfollows that |z—x;| > |x;|—|z| > 5—1 =4.
Therefore recalling upper bound (20) we have

|z — x;]

2n
, z€dKT\ 3K .
2|xz|> ¢ \ 9K,

1Q:(x)| = ¢ (

We claim, in addition that |z — x,| < %|xz| when z € 9K™ \ K. Assuming the
contrary would yield 1 + |x;| > |z — x;| > %|xz|, ie., |[x;| < 2, contradicting that
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|x;| > 5forx € 9K+ \ K. Thus
3 + +
2 = x| = Sl z€ KT\ IKY

Applying this in the last estimate above we arrive at

3 2n
|Qz(x)|§c<z> . zedkt\aK}

which completes the proof of Lemma 3. O

Let us introduce now the L?,0 < p < oo Markov Factors for homogeneous
polynomials i € H,‘f measuring the L” norms of D#h (i.e., the Euclidian norms of the
gradient of 4) on 0K :

IDhllLroak
M, (K, p) :== sup #.
nerd Nhlle@x)

As it was mentioned in the Introduction in case of L° norm Harris [8] showed that
for any 0-symmetric convex body K C R we have that M,,(K, 00) = O(nlogn). In
addition, it was verified in [9] that under the C!'* smoothness condition on the convex
domain M, (K, co) = O(n). As usual, L> Markov type results can be used to derive
Nikolskii type estimates providing lower bounds for L” norms via L°° norms.

Lemma4 Let K C RY, Bd(O, r)yC K C Bd(O, 1),d > 2 be a convex body centrally
symmetric about the origin. Then for any x € 0K and p > 0

c
rx,K) > ———. 24
e Rk .
Moreover; for every h € HY
d—1
IhllL=@k) < cMn(K, 00) 7 [|h]lLr k). (25)

Proof First let us observe that convex body K evidently satisfies the next property:
w(K N B(y, 8)) = c8%; v(OK N B (y,8)) > 87!, VyedK, V§=>0, (26)

where p, v are the d dimensional Lebesgue measure and d — 1 dimensional Lebesgue
surface measure on d K, respectively. The first estimate in (26) is related to the fact that
K NB4(y, 8) contains a spherical sector centered at y of radius § and central angle with
tangent > 5. The second lower bound follows by observing that 9K N B4(y, 8) can
be viewed as the graph of a convex function f : Y — 9K N B%(y, 8), B*~1(0,r) C
T C BY71(0, 1) with partial derivatives of f being < 1 + % on BY~1(0, r/2). This
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easily implies that =Y 3K N Bi(y, 8)) contains a ball BY~1(0, ¢§) with a proper
¢ > 0 depending only on r, i.e., the second needed estimate follows, as well.

Consider now any x € dK and an abitrary 1 € H,ji satisfying #(x) = 1. Then for
some y € 0K we have that |h(y)| = [|h]lL~@K) = 1. Set

1

= Q;:=KNBYY,$,, Q:=0KNBy,S5,.
2M,, (K. o0) 1 (y 7) 2 (y n)

8n

Then it follows by the convexity of K and the mean value theorem that for every
F4ES] Q]

1721 oo 3
() =R < Iy = 2l Dkl ) < 8aMa(K . 00) Rl ok) < =
Hence Wl {
L®@K
(@) = A = k() = h()] = == = 2, Yz e Q.
This together with (26) easily yields
/ |h|P > / )P > 277 () > 8.
K Q1
Since §, := m the last lower bound evidently yields (24).
Similarly,
1 1
14 P
Wl = (/ |h|Pdv) > (/ |h|pdv)
K Q)
illLe@r) 1 o
> OB (@) > cllhllze@x)dn’
which obviously implies (25). O

As it was mentioned earlier for multivariate polynomials in general it is consider-
ably harder to derive Markov type estimates in L” norm than in L® norm. The next
fundamental Lemma 6 based on application of needle polynomials of Lemma 3 estab-
lishes a relation between L? and L°° Markov Factors for homogeneous polynomials.
But prior to verifying this lemma we will need an auxiliary statement concerning tan-
gential gradients of homogeneous polynomials. For a regular convex body K C R
the tangential gradient of a function f at any z € dK is defined by

Dr f(z) = max{|D, f(2)] :u € $*7", u L n(z))}.

Lemma5 If K C RY, Bd(O, ry C K C Bd(O, 1),d > 2 is a regular convex body
centrally symmetric about the origin then for every h € H,f and every 7 € 0K

Dh(z) < (1 +r 3 Drh(z) +nr2|h(z)|. 27)
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Proof Given an arbitrary z € 9K any u € S?~! canbe writtenasu = aw+fz, a, f €
R where w € S9!, w L 5(z). Moreover by (13) we must have |(z, n(z))| > r2, i.e.

1> [(u, n(2)| = 1Bz, n(2)] = pr.

Therefore B < r~2 and in addition, |«| = |u — Bz| < 1 + r~2. Thus recalling that
D.h(z) = nh(z),Vh € H? we obtain

|Duh(2)| = laDyh(z) + BD:h(2)| < |a|Drh(z) + |BIn|h(2)]
< (L+r"5)Drh(z) +r*nlh(z)|.

O

Lemma6 Let K C RY, Bd(O, r)yC K C Bd(O, 1),d > 2 be a convex body centrally
symmetric about the origin. Then for any p > 0

1

1=d d—1_
M, (K, p) <cn » M3, (K,00) » (28)

with some ¢ > 0 depending only onr,d and p.

Proof First let us observe that the domain independent character of the statement
of the lemma yields that we can assume without the loss of generality that K is
regular. Indeed, any O-symmetric convex body K satisfying B4(0, ) ¢ K c B%(0, 1)
can be approximated by regular O-symmetric convex domains D C K satisfying
B4(0, 5)CDC B4(0, 1). Hence if Lemma 5 holds for regular convex domains then
a standard compactness argument (applied with n being fixed) provides the needed
statement for any convex K, as well.

Consider any homogeneous polynomial & € H,;I such that ||a|lLrpk) = 1. By
Lemma 3 for any z € 0K there exist polynomials Q,(x) € Hg¢ such that relations
(14)-(16) hold. Set

q:(x) 1= h(x) 0 (x) € Hj,.

Since by (14) we have Q.(z) = 1, D, Q.(z) =0, Vu L n(z),u € S9! it easily
follows that

Dyuq;(z) = h(2)Dy Q;(z) + Dy,h(2)Q,(z) = D,h(2)Q:(2) = Dyh(z), Yu L n(z).

Therefore applying in addition estimate (25) it follows that for every u L n(z),u €
Sd -1

[Dyh(2)|" < ”DMQZHioo(aK) = Mf,,(K, OO)”CIZHEOC(@K)

< M3, (K, 00)P 4! /81( gz ()P dv(x),

ie.,

D7 h(z) ScMan(K,OO)”+d_1/ lg: ()P dv(x).
0K
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Furthermore, integrating the last upper bound over z € 9K and using Fubini theorem
we obtain

/ DPh(2)dv(z) < cMsn (K, 00y~ 17 / / 12 ()P dv(x)dv ()
0K 0K JOK
— M (K, o)1+ / ()P f 10, ()P dv()dv(x).
0K K
Recall that by (16) we have
/ 10.()IPdv(x) < —— Vx € K.
0K n

Hence applying this estimate in the last upper bound above yields

1=d =1y
IDThllLror) <cn P M3,(K,00) 7 " |lhllLr oK)

Combining this upper bound with (27) we finally arrive at

A

IDRILroxy < (1 +r I DrhliLrer) +nr 2 klLrox)

1=d =1y
<cm P M3, (K,00) 7 " +n)lhllLrak)-

It remains to note that since M,(K,00) > n,Vn € N the last estimate yields the
statement of Lemma 6. |

Proof of Theorems 1-3 For even n € N Theorem 1 is an immediate consequence of
Lemma 3 since any convex body K C R? satisfying BY(0,7) ¢ K c B%(0,1)
can be easily approximated by regular convex bodies containing B¢ (0, 5) (and also
contained in B4 (0, 1)). Using that estimates of Lemma 3 are domain independent a
standard compactness argument (with n € N being fixed) yields then the statement
of the theorem in case of even n. If n = 2m + 1,m € Nisodd and z € 0K we can
consider homogeneous needle polynomial Q,(x) € Hgm of degree 2m satisfying all
requirements of Theorem 1. Then setting

QF(x) =zl (2, x) Q:(x) € Hj}
yields a homogeneous polynomial Q7 (x) € H,f’ of degree n which evidently satisfies

1
0l(x)=Q:() =1, [QI(x)| = mIQz(x)I = 21Q:()], Vx € K.

e

Since Q; (x) satisfies conditions (3), (4) it follows that for Q7 (x) these estimates hold,
as well. This completes the proof of Theorem 1.

The upper bound (6) in Theorem 2 evidently follows from estimate (3) of Theorem
1. The lower bound in (6) can be obtained from Lemma 4 combined with M,, (K, c0) <
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cnlogn proved by Harris [8]. Similarly, when K is C'* Lemma 4 and the estimate
M, (K, 00) < ckn verified in [9], Corollary 1, p. 489 yields the lower bound in (7).
This completes the proof of Theorem 2.

Likewise, Theorem 3 is a consequence of upper bound (28) of Lemma 6 and esti-
mates M, (K, 0o) < cnlogn (any convex body) and M, (K, 00) < cxn (C'* convex
body). O

In order to verify Theorem 4 we will need some additional auxiliary statements. Let
gk ij] ey denote the k-th partial derivative of f with respect to variables x,, ...x j,
and set

VEF@ = Y 0 g X = (X)L <k <d

I<ji<..<jx=d

The next lemma is a multivariate version of the mean value inequality which we will
need in the sequel.

Lemma7 Foranyd > 1,r > 0,1 < k < d and any C? function f on [0, r]?, we
have

_d dz| < k_d/ vk dz, V. 0,r1“.
F) = flo,r]df(“ dz A Vir@dn vee o)

I<k=d

Proof We prove the above statement by induction on dimensiond > 1. Ford = 1 we
clearly have for every x € [0, r]

) — ! / Fdz) =] / Fl0didz] < / (Ol
[0,r] [0,r] /[x,z] [0,r]

which is the needed upper bound for d = 1.
Now assume that lemma holds for d — 1. Then applying the induction hypothesis
to f(y, 1),y € [0, ]! with any fixed ¢ € [0, r] yields

| f(x) — 4! /[0 i T Dyl < > ke / . Vi_ 1 f(y.Ddy = A.

NG 1<k<d—1 [0,r
(29)
In addition, set
B = |y~ / f.ndy —r™ / f@dz].
[0, [0,r1¢
Then we have by (29)
| f(x) — r*"/ f()dz] < A+ B. (30)
[0,r1¢
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For the quantity B we easily obtain the upper bound

B=r f (1) = f@)dz] < ' /
[0,r]4

[0,r

. 101 fo,ldz. (31)

In order to estimate quantity A consider any 1 < j; < ... < jr < d — 1 and a fixed
t € [0, r]. Then

1 k 1 k k
= ;Ko,r]d |0 ijl’"”'xjk(Z”dZ—i_;_/[O’,]d |0 ijl ,,,,, xjk(y»t)_a ijl ,,,,, xjk(Z)|dZ
1 k k1
=7 f[o,r]d 107 fajy ooy DDAz + /[O,r]d 1077 frjy oy v (Dd2.
Hence

k—d k
Az ) v ) /[WIB oy @z

1<k<d-1 1<ji<..<jk=<d—1
k—d k
£ )OI RN SRE
2<k=d 1<ji<o<jp-1=d—1"107]
= > rk_df vgf(z)dz—rl—d/ 19" fr,ldz.
1<k<d [O»Y]d [Ovr]d

Finally, the last estimate together with (30) and (31) easily yields the statement of the
lemma for d-dimensional case. O

Next lemma provides several auxiliary statements regarding growth properties of
homogeneous polynomials on convex bodies. We will need in the sequel some addi-
tional notions. Given a convex body K € R? andany x € R? letx+K := {x+z:z €
K} be the shift of the set K by x. In addition, denote by aK :={az:z € K},a >0
the dilation of K by a.

Lemma8 Let K C R? be a centrally symmetric convex body satisfying B0, r) C
K c B%(0, 1). Then for any p > 0, and any h,, € H,f

/ |hn(2)|Pdz = aP"+ / lha(2)|Pdz, a > 0; (32)
akK K

pn+d
/ |hn(2)|Pdz < (1 + ﬂ) / lha(2)|Pdz,  ¥x € RY; (33)
x+K r K

P f hn(@)IPdV() < (pn +d) / @)\ dz < / @A), (34)
0K K 0K
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Proof First relation easily follows by substitution z = ay, y € K
/ | (2)]Pdz = / |hn(ay)|Paldy = / ™k, ()P dy.
ak K K

Now let us verify that x + K C (1 + ‘f—') K which together with (32) immediately
yields (33). Indeed, for any x € R? we have % € B(0, r) C K and therefore

(15) = (15 (55 +)
I+ — x+y=(1+— —\—=)ty)ekK
r r ro\|x|

as a convex combination of ﬁ, y € K.Evidently, this means thatx+y € (1 + 'f—') K

completing the proof of (33).
The proof of (34) relies on the Gauss-Ostrogradskij formula

/ divF (2)dz = / (F(2), n(2))dv(2)
K 0K

applied to the vector field F(z) := z|h,(2)|”,z € RY.
Using that for every h,, € H,f we have (Vh,(z), z) = nh,(z),z € R? straightfor-
ward differentiation yields

divF (2) = d|hn(2)|” + plha ()P~ sgnhy (2)(Via (2), 2) = (d + pr)|ha(2)]P.

Thus applying the Gauss-Ostrogradskij formula
/ (d + pn)|hp(2)|Pdz =/ |hn (217 (n(2), 2)dv(2).
K K

Note that for the outer unit normal 7(z) at z € 3K C B?(0, 1) we have by (13)

P <n@.2) < L.
This clearly yields estimates (34). O

It should be noted that relations (34) essentially mean that for every 4, € H,‘f

1
/ ha(D)|Pdz ~ - / (1P dv (2).
K n Jak

This in particular yields that the statement of Theorem 3 remains true with all
II...IlL» 9 k) norms being replaced by |...|| .» (k) norms.

Now the Markov type order n upper bound of Theorem 3 given for C!'* domains
will be applied for estimating oscillations of homogeneous polynomials via their L?
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norms. Such estimates are known to play a crucial role in verifying Marcinkiewicz-
Zygmund type discretization results, see e.g., [4] and [5]. As usual, oscillation of
function f on a set D is defined as

osc(f, D) := sup |f(x)— f().

x,yeD

Lemma9 Letn € N,d > 2, p > 1 and consider a cit centrally symmetric convex
body K C R? satisfying B*(0,r) C K C B(0, 1). Then for every 0 < § < 1 there
exists a partition 0K = Uj<j<nyG; with N < (%)d_l , diam(G;) < Cn—‘s such that
for every h,, € H,fl we have

N
E v(Gj)osc”(hn,Gj)ch(S”/ |y |Pdx.
. 9K

J=1

Proof We will construct the proper partition considering first the d — 1 dimensional
cube

d—1 r N
1 = —m,m CcB (0,7/2)

and the corresponding cylinder F¥(r) := {(y,t) : y € 197!, t € R}. Evidently, we
can partition the d — 1 dimensional cube /¢~! with edge JLE into the union of m?~!
cubes 1971 = Ulgjgmd*‘I;l_l where each d — 1 dimensional cube de_l has edge

T and the integer m will be specified below. Set Ko := K N F4(r). Then

o— r
m = mﬁ?
evidently with some positive convex C! function f we have

KNFir) ={,0: yel™ —f(=y) <t < fO).

By symmetry it suffices to construct a proper partition for the "upper" part of the
boundary of K N F(r) given by

dKo :=1{(y, fO)) 1y eI}

In addition convexity of the domain K C R4 satisfying B4(0,r) ¢ K C B0, 1)
easily yields that

2
IVfDl==, ye -1 (35)

Now setting G; = {(y, f(y)) : y € I;l_l} evidently yields a partition dKg =
Uj < j<ma—1 G j for the upper part of intersection of d K’ with the cylinder F 4(r). Clearly
ya such cylinders (rotations of F' 4(r)) will cover all of K where ya depends only
on d. This will yield a similar partition of cardinality N := yy;m“~! for all of the
boundary d K. In addition, relation (35) easily implies that

¢ d-1

diam(G;) <crp < —, 1 <j<m
m
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Given arbitrary z; = (v, f(y;)) € Gj,y; € Ij‘.i_l, 1 < j < m? " let the linear
function L (y), 1 < j < m?=1 be the tangent planes to 0K at z; € G;. Then

SN

Liyp)=fOp), IVLil=IVfpl<=, 1<j<m®"

Furthermore, consider an arbitrary &, € H,fl and set g;(y) := h,(y, L;j(y)), 1 <
j < m?~!. Then obviously

i) =hu(z)), V5_1g;(0) <cVE_hy (v, Liy)),
yelj?—l, l<j<m® ! 1<k<d-1.

Now we will apply Lemma 7 to g; on the d — 1 dimensional cube I]‘."_1 with edge
T = ﬁg clearly yielding

osc(hy, Gj) =osc(g;, I~y <2 Y~ rimdH! /d_] Vi18j(ndy <
1<k<d-—1 Ij

k—d+1 k k—d+1
c X [ Vo Loy se D i A + By
1<k<d-—1 j 1<k<d-—1
(36)
with

A= [ Vit o0y < [ 5 G fDVTF Ty

- f VE_ hn(2)dv(2)
GA

J

and
By = /1 o Vi hn 3 Lj3)) = V_yha(y. f(0)Idy.

J

Now we need to estimate quantities By, ;. Note that for every y € I;l_l

oyd—1 d-1
yelj yelj yelj

aj = min f(y) < f(y) = L;j(y) <bj:= max f(y)+ max [f(y)=L;y)l.
Since d — 1 dimensional cubes 1 7_1 have edge 7, f(y) is a C! function satisfying

(35), and L (y) is its tangent plane at z; = (y;, f(y;)) € Gj,y; € I/‘.i_1 it follows
that
aj < f(y) =Lj(y) =bj<aj+crn. (37)
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Thus setting I/‘.I = 1;1—1 xlaj,bjl,1 <j< m?~1 we obtain a d-dimensional disjoint
boxes with edge lengthes < cr,, < % such that

JE = Uit 1] Cermeq + K, eq:=(0,....0,1). (38)

In addition, we have by (37)

B, — / V(s L () =V Ba(ys £y

/_ / VA (v, 1)drdy

= f Vi ha@)dz.
I

j
Evidently, it follows by (36) that

P P
Apj+ B

» , ph—d+D), p | pp
osc”(hy. Gj)<¢ Y rm AL +Blp<c Y o GdTD

1<k<d-—1 1<k<d-—1

Furthermore applying above upper bounds for Ay j, By, ; together with the Holder
inequality yields

AP = fG VA (@dv(@)P < (G )P /G (VA ()P du(2)
J J
Cc
P
= D@D

/ (VA hn(2))Pdv(2);
Gj

P dyp—1 k+1 p ¢ k+1 p
Bk,j = M(Ij) /]4(Vd hy(2))Pdz < md(—1) /Id(Vd hy(2))Pdz.
J J
Using the last three upper bounds and recalling that v(G ;) < —— S imply

1
V(G j)osc? (hy, Gj) < ¢ Z W/G (VA ha(2)Pdv(z)

1<k<d-1

1 k1
+e Y — DT /Id(vd hn(2)Pdz.
J

1<k=<d-1
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d—1

Thus taking the sum for 1 < j <m yields

D vGoselhn, G = Y — / (VA ha(@2)Pdv(2)

I<j<md-! 1<k<d-1

— k+1 _
+ Z p(k+1) 1/ (V" hy (2)Pdz =21 + 2».
1<k<d-1

Now setting m = [%] + 1 and using the Markov type estimate of Theorem 3 we obtain
for the sum X

c CK
Si= ) o / (Viahn@)dv@) = 3 —on'?
l<k<d—1 9K l<k<d—1

/ e ()[PdV(2) < cx 8P / I (D)IPdv(2).
0K K

In order to estimate X, we need to recall first that by (38) J,‘nl - % + K. Hence using
(33), (34) and the Markov type estimate of Theorem 3

/ (Vi () Pdz < (1+5)""+d f (V@) Pdz < ¢ / (V5 (2))Pdz
Jd n K K

<< / (V5 ) ()P dv(2) < cxn® P! f I ()IPdv(2).
n Jyk K

Therefore with m = [%] + 1 we have

_ k+1 2p—1
m= Y e [ O e e [ i@,

1<k<d-—1

Finally, this leads to

> w(Gjosch(hy. Gj) < 1+ %) < cK8p/ | (2)1Pdv(z).
K

I<j<md-!

Last upper bound provides the needed partition for the intersection of 0K with
the cylinder F' 4(r). Since y4 such cylinders (rotations of F' 4(r)) cover all of 3K this
evidently leads to a partition of the whole boundary 0K, as well, after we delete
overlapping parts of the elements of partitions. Of course, the asymptotic relation

N ~ mid=1 ~ (%)d_l for cardinality the partition will be preserved. Likewise, the
asymptotic upper bounds diam(G ;) < cry < - < “S will still hold after deleting the

overlapping parts. O
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Proof of Theorem 4 The statement of Theorem 4 easily follows from Lemma 9. Indeed,
using Lemma 9 and the L? triangle inequality it follows that for any x; € G;,1 <
J<N

L
P P

Z V(G )PP | = ey | < Z v(G j)osc? (hyp, Gj)
1<j<N I<j=N
< ckSllhnllLrok), (39)

ie.,

(I —ckd) Z V(G (xpIP S/aK |hn(2)Pdv(2)

I<j=N

< (L4cxd) Y v(Gplh(x)IP.
I<j=N

with proper cx > 0 and every 0 < § < i Now setting € := ck § evidently leads to
the statement of Theorem 4. O

Proof of Theorem 5 First note that setting p =1, § := ﬁ in (39) it follows that with
a proper partition 0K = Uj<j<yGj, N ~ nd=1, diam(G;) < CTK and arbitrary
x; € G we have for any homogeneous polynomial £, € H,f’ satisfying h, (x;) >
0,1<j<N

Z v(Gj)osc(h,, G;) < l/ |hn(2)]dv(z)
3 Jok

1<j<N

and

3
/é;l( [hn(2)]dv(z) < 5 Z V(Gj)hn(x.,').

1<j<N

Therefore,

By v(G»hn(xj)—faKhn(zmv(zns 3 w(Goselin, G )

1<j<N 1<j<N

1 1
<3 [ @l =5 3 vG ).
3 Jok 2 £
I<j<N
Hence for any &, € H,f satisfying h,(x;) > 0,1 < j <N
1 3
3 2 VG < | ha@dv@) <3 Y (G ha(x)).
aK

2 £ ,
I<j<N I<j<N
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Then it follows by a standard application of the convex separation theorem (see [6],
pp. 1965-66 for details) that there exist A; > cv(G) so that

/ hn(2)dv(z) = Y Ajh(x)). Vhe HY. (40)
K

I<j=N
Thus we obtain the desired cubature formula with 1; > cv(G;), N ~ n? L It

remains to verify the needed asymptotic upper bound for A ; in case when n = 2m is
even. For any x; € G C 9K consider the homogeneous needle polynomial Q,; €

H,ﬁ, Oy, (x;) = 1 of degree m which using Theorem 1 with p = 2 satisfies

C
/a 04 (0%v) <

Using the last upper bound together with (40) applied for Qii € H,f’ leads to

¢ 2 2 2
ez faK 02 @dv) = Y 20% (0 = 202, () = Ay
1<k<N
This completes the proof of Theorem 5. O
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