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ABSTRACT: It is shown that an efficient, “direct”, and fully 800 300 150 1T0/OK 75 50
quantum mechanical calculation of thermal reaction rate __ 107°

coefficients requires a new, partially rearranged form of the T, 10-12

numerically constructed exact kinetic energy part of the rovibra- DR

tional Hamiltonian expressed in internal coordinates. Using this = 10

Hamiltonian and an accurate, full-dimensional potential energy g 10716
surface characterizing the H, + H exchange reaction, developed by mE 10-18
Mielke, S. L. et al. J. Chem. Phys. 2002, 116, 4142—4161, reaction

rate coefficients in the temperature range of 75—800 K have been =
computed for the H, + D — HD + H reaction. The paper puts § 10722
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particular emphasis on the exact treatment of overall molecular 00 25 50 75 100 175 150 175 200
rotation and on nuclear spin symmetry. 1000/T / K1
H INTRODUCTION the reaction rate coefficient to the flux through a dividing

surface that separates reactants from products; (b) the central
quantity of the formalism is the thermal flux operator, which
has only a relatively small number of nonvanishing
eigenvalues; thus, the corresponding eigenstates can be
obtained efficiently and short-time dynamics is sufficient for
the converged determination of the rate; (c) no separability
within the coordinates is required: there is no “reaction
coordinate” separable from the rest of the coordinates; (d) no

During the last century, several models and algorithms have
been developed that allow for the interpretation and
computation of thermal reaction rate coefficients, k(T), of
gas-phase reactions. The most practical approaches include
classical and semiclassical methods'~* and methods based on
(variational) transition state theory.”~'* Since there are several
excellent reviews and textbooks covering these approximate

models,lo_l(’ we are not considering them any further. direct inf A . ded about th totic ( tant
- . . irect information is needed about the asymptotic (reactan
Determination of state-to-state reaction probabilities through P

the detailed quantum mechanical study of molecular collision and Produc.t ) states; and (e) tbe dyna.mlcal 1r.1format10n o a

events can also lead to thermal reaction rate coefficients.!”"® reactive region close to a potential barrier provides the path to
) . . . .

but for practical purposes, this is a somewhat complicated and the k(T) coefficients without the need for a detailed solution

) . i . . o of the state-to-state reactive scattering problem.”*”*
inefficient approach if no detailed state-to-state information is ) . .
needed There are many possible forms of the exact rovibrational

Hamiltonian®”~*° ing in th i f the di
It was recognized more than half a century ago”'’ that amiitonian appearing in the equations of the direct

. . «gi . method; in theory, all of them are equivalent. It is important
there exists an efficient, “direct” way for the quantum-chemical . 40,41,44,45 L1
. . . , to emphasize that the Eckart—Watson™ """ form, which is
computation of thermal reaction rate coeflicients. This . . o
. . . . also exact, cannot be considered in applications where the
approach is especially useful for chemical reactions where . .
. _ ) atoms rearrange. Forms of the Hamiltonian expressed in
there are no long-lived resonance states significantly affecting
the outcome of the collision between the reaction partners.
The direct approach to the calculation of k(T) quantum Received: February 27, 2026
mechanically was developed into an efficient algorithm first by Revised:  April 28, 2026
Miller et al.”*°~** and then by Manthe et al.'"®*>~*' There are Acce}’ted‘ July 6, 2026
a few further notable studies based on and advancing this Published: July 28, 2026
formalism.””™*” The principal characteristics of this direct
approach, followed in this study, are as follows: (a) it relates
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internal coordinates should almost always be appropriate.
Nevertheless, one must be aware that, in different applications,
different forms of the Hamiltonian may perform differ-
ently*>*® as their use may result in different numerical issues.
It has remained unclear what the best form of the
rovibrational Hamiltonian is for thermal reaction rate
computations.

Despite its formal appeal, practical computations using the
formalism developed by Miller, Manthe, and their co-workers
remain somewhat limited. Probably the most important
reasons are as follows: (a) other ways to compute k(T) are
significantly less demanding computationally when quantum
effects are not overwhelmingly important; (b) general-
purpose, black-box-type codes that could be used for cases
involving more than four atoms have not yet been developed;
and (c) the exact inclusion of overall rotational motion seems
particularly cumbersome and expensive. The present paper
addresses the latter two points.

The exact inclusion of overall rotation in direct thermal
reaction rate coefficient calculations can be challenging, even
for the H; system.”” The following are the most typical
approximations used for the inclusion of rotational excitation
in the calculation of reaction rate coefficients: (a) in the
J-shifting (angular momentum shifting) approach,**™>’
reaction probabilities at nonzero total angular momentum
> 0) are related to those at J = 0 through a shift in the
rotational energy (and consequently the rotational partition
function); and (b) during the centrifugal sudden (coupled
states) approximation,”””” the rotational—vibrational coupling
term, also called the Coriolis term, is completely neglected.
Testing the limitations of these models (and their general-
izations) for various systems (see, e.g,, refs 50, S1, 54, and SS)
is an interesting topic in itself.

We decided to test the “direct” approach followed during
this study on perhaps the most thoroughly studied chemical
reaction, the gas-phase exchange reaction of H, + H,**™* by
applying the method to the isotopic variant H, + D — HD +
H. There are several reasons for this choice: (a) studying
isotopic variants of the prototypical gas-phase H, + H
exchange reaction has a rich history,” **7°7% with
particularly strong participation, especially in the early years,
from scientists born in Hungary; (b) knowledge of a single
potential energy surface (PES) appears to be sufficient, as first
pointed out in a ground-breaking paper by London,** for the
accurate computation of its thermal reaction rate coeflicients;
(c) there is a significant number of experimental results
available,> ™% including ones that showed a curvature in the
Arrhenius plot for the H, + D reaction at low temper-
atures;*””% (d) isotopic variants of the H, + H reaction have
been subjected to computational studies of varying sophisti-
cation,s’6 857107 some indicating that, using less accurate
PESs, there are deviations between the experimental and the
computational reaction-rate studies, both at low (200 K) and
high (1500 K) temperatures; and (e) at the transition state,
both the vibrational and the rotational wavenumbers are
relatively large, facilitating the convergence of the “direct”
modeling approach.

Computing thermal reaction rates requires a PES. Over the
last 60 years, several full-dimensional PESs have been
computed for the three-electron Hj system'®*™''® (for a
historical overview of the earlier PESs see refs 57 and 117).
These PESs include, in alphabetical order, the BKMP,""*
BKMP2,'"* CCL'” DMBE,'"* EQMC,''® LEPS,""” and
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LSTH'®*™""" variants. In this paper, results are reported
only for the CCI PES of ref 117. Within the standard Born—
Oppenheimer''” approximation, these PESs are independent
of the masses and nuclear spins. Corrections due to the
diagonal Born-Oppenheimer correction (DBOC)"**"*! were
also reported,''” they have particular relevance for the lightest
molecular systems. Note that a significant number of
dynamical results (cross sections, reaction rate constants,
and resonances) from statistical, reduced-dimensionality,
semiclassical, and full quantal studies have been presented
using the BKMP, BKMP2, CCI, DMBE, and LSTH
surfaves 57/95—97:99,100,103,122-131

Experimental measurements of the thermal reaction rate
coefficients of the H, + D — HD + H reaction are available
over a temperature range of 167-2112 K.00-676971
PT7HETSLION2 - Considering the variety of experimental
techniques used to produce k(T) values, most of them agree
reasonably well. Particularly useful experimental data®>*’ have
been provided by the flash photolysis—shock tube technique.
The experimental data have provided a fertile and stringent
testing ground for the computational studies.

Finally, the hallmarks of the present computational study:
(a) it takes advantage of a fully numerical approach offered by
the §eneral, black-box type GENIUSH algorithm and
code,”* allowing the straightforward use of arbitrary internal
coordinates, body-fixed frame embeddings, and reduced-
dimensional models for exploring the power of the “direct”
method to compute thermal reaction rate coefficients; (b) it
uses a new form of the exact kinetic energy operator, called
the partially rearranged form, which is needed to obtain
correct reaction rate coefficients; (c) it includes the rotational
and nuclear spin degrees of freedom in the numerically exact
computations, which are crucial for thermal reaction rate
computations; and (d) it yields results that are in good
agreement with earlier experimental and computational
studies for the H, + D — HD + H reaction.

B METHODOLOGY

The “Direct” Method

As foreseen by Yamamoto'’ and elaborated by Miller et a
thermal reaction rate coefficients of bimolecular reactions at
temperature T can be obtained from the standard flux
autocorrelation function Cf(t) as a time () integral:

1 ©
K(T) = @ fo CI(t)dt o

where Q,(T) is the partition function of the reactants (per
unit volume). In a quantum mechanical context, the standard
time-dependent flux autocorrelation function of eq 1 can be
expressed as

20
1,

CfT(t) _ Tr[e—(/ﬂfz)/2156—(/31%)/2eufn/hﬁe—iﬁt/h] @)

where H is the (rovibrational) Hamiltonian of the system, F is
the reactive flux operator, 7 is the reduced Planck constant,
and 8 = 1/(kT), where k is the Boltzmann constant and T is
the thermodynamic temperature. The reactive flux operator is

defined as F := i/A[H, 0(s(q))] where 6(x) = {?’ ; ; 8 is

the Heaviside step function. The reactant and product
configurations are separated by a dividing surface, s(q) = 0.
The multivariate function s(q), dependent on the internal

https://doi.org/10.1021/acs.jpca.6c01349
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coordinates q chosen for the system, has negative/positive
values for the reactant/product configurations.

The quantum mechanical trace in eq 2 should be evaluated
using a suitable basis; in the present work, we utilize a
methodology in which the trace is evaluated in the eigenbasis
of the so-called thermal flux operator.''>® The thermal
(sometimes called Boltzmannized'*”'**) flux operator is

defined as
ﬁ(ﬁ) — e—(/fﬁ)/21’56—(/’1:1)/2 3)
Then, eq 2 can be rewritten as

cl(o) = Y f(®)IEG(D)) (4)

where F(f) |¢;) = fi|¢;) and l¢l(t)> =M g,). As pointed
out before, see, e.g., ref 134, F(f3) is a low-rank operator, and
its eigenvectors corresponding to the largest (in absolute
value) eigenvalues provide a compact basis to evaluate the
operator trace in eq 2 and obtain a converged value based on
just a relatively small number of eigenstates.

Once the thermal flux eigenpairs are obtained at a single
temperature, T, the standard flux autocorrelation function at
T/2 can also be computed straightforwardly as**

o = X1, [fcon|
j

©)

. _ifl T
Since ((]5] e lHt/thi) = ((e Ht/(m)gb;‘) ‘e ﬂ{t/(m)(]ﬁi),, by prop-
agating the thermal flux eigenvectors up to t/2, C{’* can be

obtained at time .2° Note that in the literature, several other,
more complicated techniques have been described that can be
used to compute reaction rate coeflicients at several different
temperatures from a single diagonalization of the thermal flux
at a chosen reference temperature.zs’%’35

Since the thermal flux operator commutes with the overall
angular momentum operator J, the thermal flux can be
diagonalized for each rotational quantum number ] separately;

that is, ﬁ'](ﬂ)

tion functions CI/(t) and reaction rate coefficients K/(T) can
be computed. The full thermal reaction rate coeflicient is a
simple sum of these:

KT) =) () + DE/(T)
J (6)

If indistinguishable atoms are present in the reactive system,
we must take the Pauli exclusion principle into consideration.
Thus, in the computation of the reaction rate coefficient, the
basis used to evaluate the trace of eq 2 must be symmetric or
antisymmetric with respect to the exchange of identical
bosons or fermions, respectively. In the present application,
the basis consists of the product of thermal flux eigenstates
and nuclear spin states. Earlier, nuclear spin states were not
mentioned, as the operators within the trace of eq 2 do not
act on the spin coordinates. However, it is now necessary to
include the nuclear spin states of the system, since they
become relevant when the Pauli exclusion principle is taken
into account.

The effects caused by the involvement of identical atoms in
a reaction, that is, the consideration of nuclear spin states,
should be considered for all collisions and binary reac-
tions."**"*° For example, in the case of H, in the H, + D —

¢i] y = ft_] ‘qﬁt] ). Thus, separate flux autocorrela-
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HD + H reaction, there are three symmetric (ortho, I = 1,
where I denotes the nuclear spin quantum number) nuclear
spin state functions: (1/4/2)(a(1)8(2) + a(2)p(1)),
a(1)a(2), and A(1)#(2) and there is one antisymmetric
(para, I = 0) nuclear spin state function, (1/\/2)(a(1)ﬂ(2) -
a(2)p(1)). p(1)/a(1) denotes that HV is in #/a nuclear spin
states, respectively, and similarly for H®. The thermal flux
eigenstates have a well-defined symmetry property only if the
thermal flux operator commutes with all the permutation
operators of the equivalent atoms, P;. The commutator of P;
and the thermal flux can be expressed as

(B, E(p)] =

L - /214y 1hH -(pA) /2
= < VR B, o(s()e 0
Here, we have exploited the fact that [f’ij, fI] = 0. Therefore, if
the dividing surface is chosen so that [P, 8(s(q))] = 0, P;
commutes with the thermal flux.

In the case of the H, + D — HD + H reaction, it is possible
to guarantee that [P),, 0(s(q))] = 0. Therefore, thermal flux
eigenstates are either symmetric or antisymmetric under the
exchange of H® and H® (P,,). To enforce the Pauli
exclusion principle, symmetric/antisymmetric thermal flux
eigenstates must be paired with antisymmetric/symmetric
(para/ortho) nuclear spin states of the two protons. This is
the basis used in this study to evaluate the trace of eq 2, which
can be carried out separately using only the ortho or only the
para states, resulting in the cetho(y) or CP(t) flux
autocorrelation functions, respectively, and finally in the
kthe(T) or kP*™(T) reaction rate coefficients. Since the
operators within the trace are independent of the nuclear spin,
the three k™°(T) contributions are equal, yielding a spin
statistical factor of ¢ = 3. Generally, the full thermal reaction
rate coeflicient can be written as the sum of the contributions
from the different nuclear spin states,

K(T) = X gk(T)

e_(/’m/z[é-j, ﬁ]e—(ﬂﬁ)/l

i (8)
and in the specific case of the H, + D — HD + H reaction,
k(T) = 3k°™°(T) + kP**(T) (9)

B GENIUSH

The set of codes GENIUSH,*»*>1377143 upon which the
present study is based, is a general, black-box type, completely
numerical quantum-chemical code designed"”"’ to solve the
time-independent nuclear Schrodinger equation for rovibra-
tional energy levels and eigenstates in a (quasi-)variational
fashion. GENIUSH uses the exact and general kinetic energy
operator constructed numerically; therefore, no analytical
form of the kinetic energy is needed. GENIUSH can
accommodate any set of internal coordinates, any embedding
of the molecular (body-fixed) axes, and can solve arbitrary,
reduced- or full-dimensional molecular models.

In GENIUSH, the matrix representation of the rovibrational
Hamiltonian is set up in a multidimensional direct-product
discrete-variable representation (DVR)'*" basis. Since every
coordinate-dependent operator f(q) has a diagonal matrix
representation in DVR and the diagonal entries are simply the
values of f(q) at the DVR points, the numerical treatment of
the potential energy surface and the dividing surface is greatly
simplified. Due to these characteristics, GENIUSH provides

https://doi.org/10.1021/acs.jpca.6c01349
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Figure 1. Schematic representation of the dividing surface as well as the reactant and product configurations of the H, + D — HD + H reaction.
The definition of the Jacobi coordinates r, R, and 6 is also displayed. Channel “A” describes the reaction in which HD is formed with H®, while
the reaction resulting in HWD corresponds to channel “B”. The two channels are physically indistinguishable.

an ideal starting point for the development of a general code
aimed at the computation of reaction rate coeflicients.

The most time-consuming step of a GENIUSH computa-
tion is the determination of a given set of energy levels and
eigenstates of the rovibrational Hamiltonian. In GENIUSH,
the sparse DVR Hamiltonian matrix is diagonalized by the
iterative Lanczos algorithm,"* 146 which requires the evalua-
tion of matrix-vector products. While the “direct” determi-
nation of reaction rate coeflicients does not require the
eigenpairs of the rovibrational Hamiltonian, it does need those
of the thermal flux, and the sparse DVR representation of the
Hamiltonian can be employed for the representation of the
thermal flux.

The Partially Rearranged Form of the Kinetic Energy
Operator

It is the so-called Podolsky form™ of the exact kinetic energy
operator that has usually been used in large-scale computa-
tions of bound rovibrational quantum states performed with
GENIUSH. To obtain correct reaction rate coefficients, it has
become necessary to rearrange the Podolsky form of the
rovibrational kinetic energy operator. The numerical issues
experienced with the Podolsky form of the Hamiltonian and
the solutions to them are outlined in the Appendix. The new
form corresponds to a rearrangement of the vibrational kinetic
energy term T in the Podolsky form, while the rotational
and rovibrational coupling kinetic energy terms (T and
Trovib - gee eqs 19 and 20 of ref 43, respectively) remain
unchanged.

The Podolsky form of the vibrational kinetic energy
operator T in a set of internal coordinates g is

Amb 1 _1/4 T ~1/2A ~—1/4
=1 (10)

where the momentum operator is defined as py = —ifd/0dq;
(see ref 43 for the definition of the quantities Gy and g). One
can divide the double sum in eq 10 into two terms, one with k
= | and one where k # I:

D

vib n 1 a 12 0 12 0 |.—1/4

T =-—3 Z —Gug + Z _ka g
2 k=1 0qk ‘)qk k#l 0‘1 ‘)‘11

=_h_2g—1/4 z A(Gug g'%) J +Gkk§1/za_2
2 k=1 0qk 0qk 0‘1;

3}
+ Z ~1/2 —1/4

k1 aqk aql (11)
During the second step in eq 11, the first d/dq; derivative is
evaluated using the product rule, acting on both Gyg"/? and
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the subsequent derivatives. The second line of eq 11 is
referred to as the partially rearranged form used to compute
reaction rate coefficients in this study. Considerations
regarding the hermiticity of the matrix representation of the
partially rearranged form are described in the Appendix. In
summary, the partially rearranged form of the kinetic energy
operator is similar to the well-known Podolsky form; only the
diagonal terms (k = I) are rearranged in 1%,

The Thermal Flux Operator

The thermal flux operator E(B), see eq 3, is purely imaginary
and Hermitian; thus, it has eigenvalue pairs of opposite signs
and equal absolute values, along with eigenfunctions that are
complex conjugates of one another. As detailed in ref 147, for
example, each pair can be considered to correspond to a
rovibrational state of the activated complex. The numerical
treatment and diagonalization of the thermal flux operator, a
step required in the algorithm used, can be accelerated by
tricks similar to those employed during the development of
the GENIUSH code."**’

If an iterative eigensolver is used to obtain the eigenvalues
and eigenvectors of the thermal flux, matrix-vector products
need to be evaluated. The product of the matrix
representation of the thermal flux, F(f), with a vector, v, is
carried out in three steps,

E(f)v=c (12)

where H and F are the DVR matrix representations of the
Hamiltonian and the flux operator, respectively. The first and
last steps are multiplications by the matrix representation of
the Boltzmann operator, which can be regarded as time
propagation in imaginary time. Therefore, common time
propagation techniques can be used. In this work, we use the
so-called Chebyshev expansion of the propagator.'**™"*" In
principle, other propagation methods could also be used, such
as the split-operator technique. However, we employed the
Chebyshev propagation, as its implementation in GENIUSH
is straightforward. Since the Chebyshev propagation requires
only the evaluation of matrix-vector products Hy, it is not
necessary to explicitly construct and store the Hamiltonian
matrix, which can become prohibitively large. The second step
is the multiplication by the matrix of the reactive flux. It is
performed according to

(ﬂH)/Z(F(E—(ﬂH)/Zv))

i
Fv = —(HOv — OHv
7t ) (13)
where @ is the diagonal matrix of 6(s(q)) evaluated in the
multidimensional direct-product DVR basis used to represent
the Hamiltonian. In total, one action of the thermal flux needs
2N + 2 actions of the Hamiltonian, where N is the number of

https://doi.org/10.1021/acs.jpca.6c01349
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terms needed in the Chebyshev expansion, typically not
exceeding a few hundred.

The ARPACK package'®’ was used to perform the
diagonalization of the thermal flux matrix. ARPACK is a
Fortran library that uses the Arnoldi method to iteratively
diagonalize complex matrices. Thermal flux eigenstates
corresponding to the dominant (largest in absolute value)
eigenvalues of F(f) were then propagated in time using the
Chebyshev expansion method, and the flux autocorrelation
function was evaluated by eq 4 for an appropriately chosen
time interval.

B COMPUTATIONAL DETAILS

This study utilizes Jacobi (also called scattering) coordi-
nates,”>” shown in Figure 1. They are defined as follows: r is
the distance between the two hydrogen atoms, R is the
distance between the deuterium and the center of mass
(COM) of H and H®, while 6 is the angle formed by the
three points ry, rcom(z)y and rp, where r, and rp are the
positions of H* and D, respectively, and rcom(ip) is the
position of the center of mass of HV and H®. Figure 1 also
shows the schematic representation of the two reaction
channels. The body-fixed frame is defined by directing the first
Jacobi vector (r, — r;) along the positive z axis and placing
the second Jacobi vector (rp — rcom(y2)) in the xz plane (with
x > 0). Under the permutation of the two equivalent
hydrogen atoms, the Jacobi coordinates transform as

(r, R, 0) 5 (r,R,m—0) and a 180° rotation about the
body-fixed x axis is needed to restore the definition of the
body-fixed frame.

The dividing surface of the H, + D — HD + H reaction is
defined such that either the distance between H'® and D, or
H™ and D, is equal to the distance between the two hydrogen
atoms. All configurations where the H?-D or the HY-D
distance is smaller than the H®-H( distance are considered
products. All the other configurations are classified as
reactants. Most importantly, this dividing surface is invariant
to the permutation of the two hydrogen atoms (P,,); thus,
eigenfunctions of the thermal flux operator are either
symmetric or antisymmetric with respect to P;,. The
symmetry properties of the thermal flux eigenfunctions
under P, were determined numerically by examining the
eigenvectors of the thermal flux matrix F(f).

For the computation of thermal reaction rate coefficients,
we have used the CCI PES developed by Mielke, Garrett, and
Peterson.''” A potential cutoff of 20,000 cm™ was applied to
regularize the highest eigenvalue of the Hamiltonian, as this
makes the Chebyshev expansion'**~"*° employed in this study
more efficient. In all computations, atomic masses
my = 1.007 825 u and mp = 2.014 102 u have been employed.

Sine-DVR bases'> were used along the r and R Jacobi
coordinates (Figure 1). The number of basis functions and the
upper limit of the grid were varied for the different
computations, while the lower limits of the grid were set to
0.10 and 0.75 A for the r and R coordinates, respectively.
Legendre-DVR basis functions were used along the 6
coordinate, with DVR points distributed in the range
[0°, 180°]. With these grid settings, both reaction channels
shown in Figure 1 are incorporated into our computations.
The grid sizes and the upper limits of the grid along the r and
R coordinates for the different computations can be found in
Table 1. For the rotational degrees of freedom, Wang
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Table 1. Selected Parameters of the Reaction-Rate
Computations”

grid size
int. time upper r/R
T/K Jinax limit/a.u. r R [ limit/A
100 8 1900 30 30 30 32
150/75 8 1000/2500 36 36 30 3.6
200/100 9 1000/1900 30 30 30 3.2
300 12 1000 20 20 30 2.5
800/400 20 (12) 800 30 30 30 2.5

“In the case of T = 800/400 K, computations were performed for | =
0,.., 12, 20 and values of k/(T) were then obtained via interpolation
between ] = 12 and 20. “int. time limit” is the upper integration time
limit used to integrate the flux autocorrelation function Cf(t).

combinations of symmetric top eigenfunctions were em-
ployed.” Table 1 also contains the upper time integration
limit used to integrate the flux autocorrelation function. With
these settings, we have found that the flux autocorrelation
function remains zero for a sufficiently long time before
unphysical reflections from the edges of the grid set in.
Therefore, choosing an appropriate upper time integration
limit posed no difficulty, and no complex absorbing potential
(CAP)"** was applied during the present work.

The determination of thermal reaction rate coefficients
requires accurate reactant partition functions, Q,(T), which
can be readily evaluated by the direct summation technique.
Accurate ideal-gas partition functions are available for a large
number of molecular systems; see, e.g., refs 155 and 156. For
the H, molecule, refs 155 and 157 provide particularly
accurate thermochemical data. The partition function of the
reactants in the H, + D — HD + H reaction can be expressed
as

3/2
Q(T) = Q™(T)Q™(T) = ( MZZ ﬂ) Q™(T)

(14)
where p is the reduced mass of H, and D. For this study, the
internal partition function Q™(T) of H, was taken from ref
15S.

The computations of the thermal rate coeflicients were
performed at T = 100, 150, 200, 300, and 800 K for all J
values up to .. (see Table 1 for which J,, value was chosen
for a given temperature). The effects of rotation and nuclear
spin were taken into account using eqs 6 and 9, respectively.
Thermal reaction rate coeflicients were also obtained at
T =75, 100, and 400 K via the use of eq S. Thus, the reaction
rate coefficient at 100 K was computed by two different
methods, enabling a check of the performance of eq 5.

Despite the fact that optimization of the code has not been
our major focus, for | = 0, the calculation time is trivial for the
H, + D — HD + H reaction; it takes only a few minutes of
CPU time. The two most expensive parts of the reaction rate
calculations are the Arnoldi diagonalization and the time
evolution; the diagonalization typically takes about 10—20% of
the total CPU time (slightly more for the lowest ] values).
The CPU requirement of the benchmark-type J > 0 test
calculations increases rapidly with the ] values, CPU times
typically range from one hour to one week (using 32 threads
with OpenMP parallelization).
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B RESULTS AND DISCUSSION e e e e
. . & 3 S obobobbo
Thermal Reaction Rate Coefficients : £ ; ; ; ; ; ; ; ;
The extensive computations of this study have resulted in : 5 28828888
thermal reaction rate coefficients k(T) for the H, + D — HD = N NG
+ H reaction in the temperature range of 75—800 K. All k(T) g
values shown in Table 2 have been computed with the CCI B S,
PES.7 Flozr9 half of the reported results, a DBOC-related & 7'2 7'2 TE 7'2 tbbb
correction =~ was applied; these k(T) values can be found S 2 X X X X X X X X
under the heading ‘with barrier correction’. The sets of = Y eRLsneere
. . . . 2L T AWD OO F ~
thermal reaction rate coefficients given in Table 2 are as E ) JaadRaE
follows: (a) separate ortho and para contributions to the 2 ic
153
thermal reaction rate, K"°(T) and kP**(T), respectively; (b) @ g,
the weighted sum, () = 3 kotho(T) + k(T), is the 5 3 L, o+ +oocooo
. . . S g3 339S
reaction rate coefficient that takes into account the < Elg ~~~ =~ ===
contributions from both nuclear spin states (assuming g e
equilibrium between the nuclear spin isomers at all temper- g ‘;:
atures considered); and (c) the set of extrapolated reaction < 50 :Io i i ?O i o 2‘0
rate coefficients, kotwpolated  gortho() = gpara(Ty g kR(T) = SESRoRoRsRsRoReRe
contain only the directly computed ¥/(T) contributions up to 2 f 0 0O oo o
kextrapolated : . : . ~ 53 2z FIaR
Jmaxe In clear contrast, is obtained by including . S82855%548129
contributions up to J = 30, in the sum of eq 6. The K/(T) o AT
values, where J > J .. are obtained by a linear extrapolation é
(Figure 6, vide infra). The linearity relations observed within b g a8 82 ooz
the computed K/(T) values, which is utilized during the g" o 2SS =2=2822°8
extrapolation, will be discussed later. Furthermore, Table 2 & g X X XXX X XX
: : ara ortho : : £, 2832583
gives the ratio of k**(T)/k**°(T), which helps illustrate the = *eo8EgEzRa
effect of nuclear spin isomerism on the reaction rate g el R R
coeflicients as a function of temperature. This ratio is different =] oo
from 1.00 only below 150 K and increases toward lower = + 9859 2 en o
-
temperatures. The comparison of the KRl and kextrapolated yolyes <~ 3 ceooososggs
in Table 2 serves as a simple convergence test for the choices '§ am B X X X X X X X X
made for J,.,, (Table 1). Finally, note that two sets of reaction S 1 5, 2288838 %
rate coefficients are tabulated in Table 2 for T = 100 K: one % a ZCZ23S5933
from a direct computation at T = 100 K, and one derived o +
from a computation at T = 200 K, using eq S during the - .
evaluation of the flux autocorrelation function, denoted as e g cocooososos
“100 = 200/2”. The agreement of the two values proves the '_2 £ 2 X X X X X X X X
validity of eq S. ¢ “raRg2z88F
. . . (7} M [} 2\ &\ N N~ $ g
The computed k(T) values obtained with or without the < 5 e B BN S
barrier correction'” are significantly different at the lowest g ,.E::: G
temperatures. A similar result was obtained by Mielke and co- g 5 8
workers,'” who listed a difference of 34% for their k(T) R S S =
ga X w9 S339S 3
values calculated at 167 K. At lower temperatures, the UG- ¥ | e
correction is even larger; at 75 K, the correction becomes a 29 =T
factor of 2.5. The employed simple barrier correction formula = g £
assumes that the reaction rate coeflicient is proportional to 28 = D )
—BAE, . : . L1129 5 ~2232=2=22=2
e 72", where AE, is the correction to the barrier height.”™” At 5 g B XX X X x x x
the lowest temperatures, this assumption seems to fail, & £ ;ih& TowmETeann
suggesting that more sophisticated schemes should be used é g 23ARETELR
to include the DBOC effect. The effect of DBOC on the oS s s e s
dynamics of the D + H,(v = 4, j = 0) reaction was studied in § -
ref 107. This study is not directly relevant to the present g O I
. . g 5 o oo oo o oo
paper, nevertheless, it shows that for such light systems, the S e 3 s EsEsEsBuis
DBOC . . . 5= T X X X X X X X X
correction is not negligible. Other works worth 25 AR RO
mentioning investigated effects due to th ical int ti v & * 2238288328
g gated effects due to the conical intersection o B 2232233 ¢®
between the two lowest electronic states and the geometric = C|> LA B T e
phase for the H, + H reaction and its isotopic g £
;1nalogues.158_16O .é 2 Q
Figure 2 contains Arrhenius plots of the computed thermal .= v g
. . . . a =
reaction rate coefficients of this study, along with o 5 & !
measured®””"’*** and computed'®' values. Clearly, and not é & w8838888
surprisingly, the results of this study are in good agreement =R
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Figure 2. Arrhenius plot of the computed thermal reaction rate coefficients with and without the barrier correction, along with measure

JO9717482

values (solid lines), and literature data"' computed on the BKMP2 and CCI PESs (dash-dotted lines). The measured data are plotted as the

Arrhenius fits of ref 129.

Table 3. First Eight Thermal Flux (J = 0) Eigenvalues, Given in Atomic Units (a.u.), at Three Different Temperatures”

Index Symm. 150 K
1,2 even +1.4943 x 107"
3,4 odd +1.3296 x 107%°
5,6 odd +7.4917 x 107!
7,8 even +8.7008 X 107

300 K
+2.4363 X 10713
+2.4296 x 10713
+8.6659 X 107'°
+8.6796 X 107%°

800 K
+9.8967 X 1078
+9.8967 X 107%
+9.5108 x 1077
+9.5114 X 107°

“The column Symm. specifies the symmetry of thermal flux eigenstates under the permutation of the two hydrogen atoms.

with the experimental values from all four sources and with
earlier theoretical results. For a reaction studied from very low
(near 0 K) to very high temperatures, the Arrhenius plot, that
is Ink(T) vs. 1/T, is expected to show the following shape:
straight at high temperatures (no observable effect from
tunneling), flat at very low temperatures (when the reaction
proceeds strictly due to tunneling, the rate is independent of
the temperature for exothermic reactions), and curved in
between. Some of this expected behavior can be observed in
Figure 2, even in the slopes of the experimental measurements
conducted at different temperature ranges. It is also clear that
the tunneling regime is not approached closely at 75 K, the
lowest temperature point of this study. As estimated in ref 93,
for the H, + D — HD + H reaction, the flat regime should be
visible below about 10 K.

While the computed k(T) values are of primary interest for
reaction kinetics, it is equally important, from methodological
and computational points of view, to discuss some of the
intermediate computational results leading to the thermal
reaction rate coeflicients. These important aspects of the
present study are elaborated in the next subsections.

Thermal Flux Eigensystem

Due to the fact that the thermal flux operator is purely
imaginary and Hermitian, F($)* = —F(f), its eigenvalues
come in + pairs, and the corresponding eigenvectors are
complex conjugates of one another. The first few highest (in
absolute value) thermal flux eigenvalues of the H, + D — HD
+ H reaction with the J = 0 constraint are given in Table 3 at
a few selected temperatures. The most notable qualitative
feature of the data is that, at higher temperatures,
quasidegenerate pairs of the =+ pairs start to appear, yielding
eigenvalue quadruplets with close-lying absolute values. This
can be explained by the fact that at higher temperatures the
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two reaction channels become virtually independent. The
quasidegeneracy is lost at lower temperatures.

The squared absolute value of the thermal flux J = 0
eigenvectors at T = 300 K is plotted in Figure 3. The two
colors in these plots represent the symmetry of the
eigenvectors under the permutation of the two indistinguish-
able hydrogen atoms. The first and seventh eigenvectors,
Figure 3a and d, respectively, are symmetric; thus, these are
associated with para states. The third and fifth eigenvectors,
Figure 3b and c, respectively, are antisymmetric; thus, these
two are ortho states. At higher temperatures, the ortho and
para reaction rate coefficients are virtually equal due to
quasidegeneracies in the spectrum of the thermal flux. At
lower temperatures, the ortho and para reaction rate
coefficients differ and the quasidegeneracy is lost. It is
important to note, however, that the quasidegeneracy of the
thermal flux eigenvalues alone is not a quantitative measure of
the kP*/k°*"° ratio. For example, while the quasidegeneracy is
already lifted at T = 150 K (see Table 3), the k***/k°™*° ratio
is still 1.00. On the other hand, at T = 75 the ratio is 1.53,
although the rate coeflicients were computed using the
T = 150 K thermal flux eigenpairs and eq S.

Further insight into the eigenstates can be gained from
Figure 4, which shows the first thermal flux eigenstate at two
different temperatures, T = 100 K and T = 800 K. Clearly, the
picture is rather different at the two temperatures. As
expected, thermal flux eigenstates are more localized in the
vicinity of the transition state at T = 800 K, whereas at T =
100 K, they are located farther away from the transition state,
in the reactant and product valleys. Note that the transition
state is located at r = 1.7572 ao, R = 2.6358 a,, and 6 = 0 and
180° for the two reaction channels. Since the barrier between
the two channels is high at the transition state, at high
temperatures the thermal flux eigenstates can be divided into

https://doi.org/10.1021/acs.jpca.6c01349
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(c) Fifth eigenvector

(d) Seventh eigenvector

Figure 3. Isosurface plot of the squared absolute value of the first (panel (a)), third (panel (b)), fifth (panel (c)), and seventh (panel (d))
thermal flux eigenvectors for the ] = 0 H, + D — HD + H reaction, at T = 300 K. Only one of the eigenvectors is plotted for each complex
conjugate eigenvector pair. The coloring represents the symmetry of the eigenvectors under the exchange of the two hydrogen atoms. The first
and seventh eigenvectors are symmetric, while the third and fifth eigenvectors are antisymmetric under the @ — 7 — @ transformation, that is, the

permutation of the two hydrogen atoms.

(a) 100 K

(b) 800 K

Figure 4. Isosurface plot of the squared absolute value of the first eigenstate (symmetric under the exchange of the two hydrogen atoms, para) of
the thermal flux at two different temperatures (panel (a): T = 100 K, panel (b): T = 800 K).

two noninteracting parts, each for the two reaction channels,
causing the quasidegeneracy in the thermal flux eigenvalues
(see Table 3). However, at distances far from the transition
state in the reactant channel, the barrier between the two

channels decreases. Therefore, as the thermal flux eigenstates
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leave the transition state region as the temperature decreases,
they reach regions where the barrier is no longer high enough
to prevent the interaction between the two channels; thus, the
degeneracy is lifted in the eigenvalues and the ortho and para
reaction rate coeflicients eventually start to differ.

https://doi.org/10.1021/acs.jpca.6c01349
J. Phys. Chem. A 2026, 130, 6312—-6326

920z 1snbny ¥ uo Jesn NOANOT IDITIOD AINN Ad 4pd 611009 eod[ S0B/1.2261 £99/Z1.£9/2€/0€ L APd-8loie/ysead(/Bio soe sqnd woy papeojumoq


https://pubs.acs.org/doi/10.1021/acs.jpca.6c01349?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.6c01349?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.6c01349?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.6c01349?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.6c01349?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.6c01349?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.6c01349?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.6c01349?fig=fig4&ref=pdf
pubs.acs.org/JPCA?ref=pdf
https://doi.org/10.1021/acs.jpca.6c01349?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

The Journal of Physical Chemistry A pubs.acs.org/JPCA
t/fs
0 20 80
1.0 —— 800K
300 K
0.8 —— 200K
—— 100K
06 sk
IS
T 04
=
= 02 /
0.0
-02
-0.4
0 500 1000 1500 2000 2500 3000 3500 4000
t/(h/En)

Figure S. Flux autocorrelation function summed for all relevant J and nuclear spin states, normalized by its value at ¢ = 0, and plotted for a few
selected temperatures as a function of time. All flux autocorrelation functions converge to zero; thus, an appropriate integration upper bound can
be chosen. The diverging tails, see, e.g,, t > 2000 #2/E, for T = 100 K, are caused by unphysical reflection from the end of the DVR grid.
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Figure 6. Semilog plot of the K¥/(T) contributions to the full k(T) value as a function of J(J + 1) at temperatures between 75 and 800 K. Thermal
rate coefficients obtained by the J-shifting approximation are also shown. The deviations observed at low temperatures are caused by the change
of the effective rotational constant, while at high temperatures they can be attributed to non-negligible K # 0 contributions for low J values (see

the inset).

Flux Autocorrelation Functions

Figure 5 shows the flux autocorrelation function C{ (t) at a few
selected temperatures. The functions are normalized by their
value at t = 0; otherwise, they would differ by several orders of
magnitude. All functions converge to zero eventually;
however, the autocorrelation functions at lower temperatures
converge at a slower rate, as expected. At certain temperatures,
diverging tails can be observed. These unphysical parts of the
flux autocorrelation function are caused by the reflection of
the thermal flux eigenstates from the end of the grid during
the real time evolution. A complex absorbing potential (CAP)
could avoid such reflections; however, in the current study, we
avoided the use of a CAP since all the flux autocorrelation
functions converged to zero before the reflections emerged.

Rotational Effects

The different computed k/(T) contributions are plotted in
Figure 6 as a function of J(J + 1) at all the temperatures
chosen for the k(T) computations. The rotational contribu-
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tions computed using the J-shifting approximation are also
shown. Within the J-shifting approximation, ¥/(T) can be
obtained as

k() = K1) (15)
where Ej is the rigid-rotor rotational energy of the reactive
system at the transition-state geometry. Since, in the case of
the H, + D — HD + H reaction, the transition-state structure
is linear, the energy level formula E]i = BYJ(J + 1) applies with
B* = 7.04 cm™". Therefore, the log K¥(T) — J(J + 1) plot is
linear within the J-shifting approximation (see Figure 6).
Remarkably, exactly computed k/(T) values show a similar
behavior, deviating from linearity only at high temperatures
for low ] values (see the inset in Figure 6), due to non-
negligible K # 0 contributions. As is clear from Figure 6, the
slopes of exact K/(T) values and the J-shifting ones are
virtually equal at high temperatures, while they deviate at low
temperatures. The exact values of the slopes are tabulated in

https://doi.org/10.1021/acs.jpca.6c01349
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Table 4. Effective rotational constants B*f can be computed
from the slope of the exact K/(T) values for each temperature,
these rotational constants can also be found in Table 4. At
higher temperatures, B is in good agreement with B*. As the
temperature is reduced, B" decreases appreciably and as a
consequence, the deviation between B and B* increases.
These findings suggest that the effective linear transition-state
structure consistent with Bf is temperature dependent.
Moreover, a decrease in B*f implies that the bonds of the
effective transition-state structure are elongated at lower
temperatures. We believe that this observation is in line with
the fact that thermal flux eigenstates leave the transition state
region as the temperature is reduced (see Figure 4).

B CONCLUSIONS

Ever since the ground-breaking, classic studies of Eyring,
Evans, and Polanyi,"_7 the various statistical, classical,
semiclassical, and quantum approaches developed have helped
explain several characteristic observations in chemical kinetics,
among them (a) general trends in the preexponential factors
of the Arrhenius equation, (b) kinetic isotope effects of
bimolecular reactions, (c) the temperature dependence of
thermal reaction rate coefficients, (d) the role of quantum
effects (zero-point vibrations, tunneling, identical particle
symmetry, resonances, interference, the still somewhat exotic
Aharonov—Bohm effect'®'), and (e) deviations of certain
reactions even from the generalized Arrhenius form of the rate
equation. One of the principal aims of the present study was
to provide an improved implementation of a direct quantum
mechanical algorithm based on flux autocorrelation, applicable
for the efficient computation of thermal reaction rate
coefficients. The methodology was tested on the prototypical
H, + D — HD + H reaction over the wide temperature range
of 75—800 K.

There are several characteristics of the improved method-
ology worth emphasizing. First, it is the strong belief of the
authors that the combination of the fully numerical
formulation of the rovibrational Hamiltonian allowed within
the GENIUSH approach with the “direct” method, originally
developed by Yamamoto, Miller, and Manthe, provides a
unique opportunity to develop a black-box-type approach for
the computation of thermal reaction rate coefficients.
GENIUSH can construct the exact and general rovibrational
Hamiltonian for arbitrary molecules, internal coordinates, and
body-fixed frame embeddings with little effort on the user’s
side; most importantly, no analytical form of the kinetic
energy operator is needed. Thus, the GENIUSH approach is

Table 4. Slopes of the Curves in Figure 6 Obtained by
Fitting a Line to the Last Two Data Points as well as
Computed Using the J-Shifting Approximation, and
Effective Rotational Constants Derived from the Fitted
Slopes

T/K Bf/em™! fitted J-shifting
75 3.98 —0.07632 —0.13499
100 4.43 —0.06380 —0.10124
150 5.31 —0.05097 —0.06749
200 5.87 —0.04226 —0.05062
300 6.43 —0.03082 —0.03375
400 6.52 —0.02346 —0.02531
800 6.83 —0.01229 —0.01266
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useful not only for obtaining time-independent rovibrational
energy levels and eigenstates,”” but also for describing the
rate of chemical reactions. It should also be mentioned that
GENIUSH has already been used for a time-dependent
quantum dynamics study.'®> Second, the flexibility of
choosing any internal coordinates and embeddings in
GENIUSH facilitates symmetry considerations for equivalent
nuclei, which can reduce the computational cost and help
enforce the Pauli exclusion principle. Third, reduced-dimen-
sional models are easy to implement in GENIUSH, which can
find application for the quantum mechanical description of
larger systems, especially if there are internal degrees of
freedom that are less relevant for the chemical reaction under
investigation.

In the current work, GENIUSH has been applied to the H,
+ D — HD + H reaction, performing numerically exact full-
dimensional computations that include rotational and nuclear
spin degrees of freedom as well. Due to numerical issues
experienced with the Podolsky form of the general rovibra-
tional kinetic energy operator used extensively in earlier work,
we had to devise a new form of the kinetic energy (termed the
partially rearranged form) to obtain correct reaction rate
coefficients. The H, + D — HD + H reaction, studied both
experimentally and theoretically in great detail, provided an
outstanding testing ground for our algorithm. Excellent
agreement with earlier experimental and computational results
has been achieved by the current work in a broad temperature
range for the H, + D — HD + H reaction. In addition, we
have also presented interesting results related to rotational
effects and nuclear spin (such as the temperature dependence
of the ratio kP¥/k°rthe).

We envision that the algorithm and the code developed and
described in this paper will allow for the computation of
thermal reaction rate coeflicients for significantly larger
systems than the triatomic test system examined here. One
possible direction is the investigation of chemical reactions
that cannot accurately be described by the most commonly
used classical and semiclassical methods due to the
importance of quantum effects. Such effects are particularly
relevant in reactions involving light atoms and occurring at
low temperatures—conditions commonly encountered in
astrochemical environments.

Bl APPENDIX PARTIALLY REARRANGED FORM OF
THE EXACT KINETIC ENERGY OPERATOR

In most computations of rovibrational energy levels and
eigenstates utilizing the GENTUSH code,**’ the Podolsky
form®” of the exact kinetic energy operator has been used.
The most time-consuming part of a rovibrational computation
is the determination of the required energy levels and
eigenstates of the rovibrational Hamiltonian matrix H, which
is carried out by the iterative Lanczos algorithm'* in
GENIUSH.

To this end, the matrix representation of the Hamiltonian is
set up in a multidimensional direct-product DVR basis, and
matrix-vector products Hv are evaluated by an efficient
algorithm that exploits the sparsity of H. H is constructed by
inserting resolutions of identity between the different
operators in the Podolsky form of the kinetic energy (see
eq 10). This procedure provides numerically exact bound
rovibrational energy levels and wave functions. Unfortunately,
serious numerical issues arise if the Podolsky form is applied
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to compute bimolecular reaction rate coefficients using the
resolution-of-identity approach.

For the sake of simplicity, let us assume that the quantities g
and Gy do not depend on the internal coordinates, and a
single vibrational degree of freedom is considered. In this case,
the vibrational kinetic energy is equal to

TVib hz

2 dq dq (16)

where G is a constant and ¢ is the vibrational coordinate.
Using the resolution-of-identity approach, we get

4 n?

wa,res — __GD(I)D(I)

2 (17)
where D) is the matrix representation of the first derivative
operator. Without inserting a resolution of identity between
the two derivative operators, one would get

Tvib — _h_ZGD(Z)

(18)
where D® denotes the second derivative matrix. The two
approaches yield nearly identical results if D® is well
approximated by DD,

The difference between DD® and D® is shown in
Figure 7 for a basis of 40 sine-DVR functions. The difference
matrix has large elements (in absolute value) at its top left and
bottom right corners, corresponding to DVR points at the two
edges of the grid. Thus, the approximation D@ ~ DWDW js
inaccurate at the edges of the grid and accurate in the middle
region. If more DVR grid points are used, the central matrix

elements of ‘D(I)D(l) -p®? ‘ become smaller, eventually

approaching zero, while the matrix elements at the edges
never vanish, regardless of the grid size. Such errors are
irrelevant if bound states with zero amplitude at the edges of
the grid are considered. However, if E(p) is to be diagonalized
for a bimolecular reaction, the edges of the grid are highly
relevant. Thus, the insertion of a resolution of identity
between the derivative operators causes severe numerical
errors.

To obtain correct thermal reaction rate coefficients, it is
necessary to rearrange the rovibrational kinetic energy
operator. In the partially rearranged form of eq 11, diagonal
(k = 1) terms in the vibrational kinetic energy operator, where

0 5 101520253035

0

5 4
2
0

Flgure 7. Graphical representation of the elements of the DD —
matrix (see eqs 17 and 18), based on 40 sine-DVR points. The
differences become large (in absolute value) at the top left and
bottom right corners of the difference matrix. Consequently, the
resolution-of-identity approximation causes the largest errors at the
boundaries of the grid.

a resolution of identity would normally be inserted between
the two first-derivative operators d/dq,, are rearranged so that,
in the final form, a second-derivative operator appears instead
of two first-derivative operators. A somewhat similar
rearrangement was performed in ref 46; however, it was
applied to an already rearranged form of the rovibrational
kinetic energy operator and not to the Podolsky form.

The partially rearranged form of T is Hermitian.
However, depending on the numerical approach, the matrix
representation of T is not necessarily Hermitian. In
GENIUSH, resolutions of identity are inserted into eq 11

between 0(G ~1n)/qu and 0/0q;, and between Gpg"* and
0* /aqk. Let us define A, and A{, as the matrix
and 6(Gkk~1/2)/0qk in DVR,

respectively, and denote derlvatlve matrlces of the kth
vibrational degree of freedom by D{" and DY Using this
notation, we get

representations of Gkkfgl/z

(AuDY + A, DY = (D) (A" + (DP) AL

= (D) A, + (DDA

# Aile(cl) + AkkDch)
(19)

where the adjoint was replaced by the transpose since all
matrices are real-valued, and Ay and Ay are diagonal in a
DVR basis, thus symmetric. D{" and D) are usually
antisymmetric and symmetric, respectively, for most DVR
basis types; however, in general, this is not true. The matrix
representation of the kinetic energy operator should be
Hermitian; thus, eq 19 must be symmetrized as follows:

(ALkDil) + AkkDg) + (D(kl))TA;ck + (Dg))TAkk)/ 2 (20

Note that such symmetrization is not needed in the off-
diagonal terms (k # 1) of TV since the two first derivative
operators d/0dq; and d/0q; act on different degrees of freedom.
In this case, the resolution of identity can be safely inserted
between 0/dq, and 0/dq;. The cost of matrix-vector
multiplication is increased because of the symmetrization.
However, since it is only needed in the diagonal (k = 1) terms
of T, and the time complexity of the matrix-vector
multiplication algorithm remains unchanged, the cost incre-
ment caused by the symmetrization is manageable. Thus, the
final symmetrized matrix representation of the partially
rearranged operator T reads as

w S o 1/4 (DN o (D) a—1/4
T =_Zg (Dy’) AyD; g
py
[~
- g ' (audl + A, DY + (D) Ay,
k=1

+ (D) Agg (21)
which is now implemented in GENIUSH.
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