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Abstract

We study a minimal stochastic individual-based model for a microbial population
challenged by a persistent (lytic) virus epidemic. We focus on the situation in which
the resident microbial host population and the virus population are in stable coexistence
upon arrival of a single new “mutant” host individual. We assume that this mutant is
capable of switching to a reversible state of dormancy upon contact with virions as
a means of avoiding infection by the virus. At the same time, we assume that this
new dormancy trait comes with a cost, namely a reduced individual reproduction
rate. We prove that there is a non-trivial range of parameters where the mutants can
nevertheless invade the resident population with strictly positive probability (bounded
away from 0) in the large population limit. Given the reduced reproductive rate, such
an invasion would be impossible in the absence of either the dormancy trait or the
virus epidemic. We explicitly characterize the parameter regime where this emergence
of a host dormancy trait is possible, determine the success probability of a single
invader and the typical amount of time it takes the successful mutants to reach a
macroscopic population size. We conclude this study by an investigation of the fate of
the population after the successful emergence of a dormancy trait. Heuristic arguments
and simulations suggest that after successful invasion, either both host types and the
virus will reach coexistence, or the mutants will drive the resident hosts to extinction
while the virus will stay in the system.
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1 Introduction
1.1 Motivation and background

The notion of dormancy describes a class of strategies — employed in one form or
another by many species — to withstand unfavorable or stressful conditions by tran-
sitioning into a protected and reversible state of reduced metabolic activity. Having
evolved numerous times throughout the tree of life Lennon et al. (2021), potentially
already very early in life’s history Webster and Lennon (2025), dormancy is now ubiq-
uitous in particular in microbial communities, where it contributes to the resilience,
coexistence, and diversity of populations. However, a dormancy trait typically comes
with additional costs Lennon and Jones (2011), and the question under which condi-
tions it is advantageous has attracted some mathematical interest in recent years, see
e.g. Malik and Smith (2008); Dombry et al. (2011); Blath and Tébids (2020); Blath
et al. (2021).

For microbial host—virus systems, host dormancy has been suggested and described
as an effective defense mechanism against virus infections, see e.g. Bautista et al.
(2015); Gulbudak and Weitz (2016, 2018); Jackson and Fineran (2019); Meeske et al.
(2019). In particular, host dormancy has been shown to be able to stabilize populations
challenged by a persistent virus epidemic Blath and Tébids (2023). However, the
question how such a costly dormancy trait can emerge in a host population lacking
this trait has not been treated in these models.

The starting point for the present study thus is to provide a minimal individual based
model for the mechanistic explanation of the emergence of a host-dormancy trait in
the presence of a stable host-virus equilibrium. Based on this micro-model, we aim to
carry out a stochastic and subsequently deterministic invasion analysis, consisting of
the following two phases:

e Phase I: Arrival and potential invasion of the new dormancy trait — stochastic
phase. Suppose we start with a single mutant invader (coming with the new dor-
mancy trait) in a stable host—virus population. During an initial phase, which either
leads to the extinction of the invader population or its growth to a “macroscopic”
scale, the invader will be described by a stochastic birth-death process with (com-
petitive) interactions in order to account for random reproductive fluctuations. The
costs of dormancy will be incorporated by a reduced birth rate in comparison to
the resident host population.

e Phase 1I: Macroscopic dynamics after emergence of the new trait — deterministic
phase. Once on the macroscopic scale (that is, on the order of the initial host
population size, given by its carrying capacity in equilibrium), the population
dynamics of the whole system (resident, invader and virus population) can be
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properly approximated by a multi-dimensional, nonlinear system of ODEs. The
population can then be expected to enter either fixation, extinction or coexistence
regimes.

Our main goal will be to identify non-trivial parameter regimes, characterized by the
trade-off between reduced reproductive rate and dormancy initiation capability of the
mutant, in which the invasion and subsequent emergence on the macroscopic scale of
the new dormancy traitis possible, and to determine the probability of such a successful
invasion event. We are also interested in the time it takes for the dormancy trait to
become macroscopic, and in its long-term fate (fixation, extinction or coexistence).

Remark 1 Asindicated by the above two-step approach, this paper follows the set-up of
stochastic adaptive dynamics, as employed e.g. in Champagnat (2006), and is in some
aspects also similar to stochastic individual-based models in epidemiology. Indeed, our
invasion analysis begins with a stochastic micro-model for the early invasion phase,
followed by an ODE-based model for the ecological dynamics once the invader has
established itself. “Classical” invasion analysis, based on the system of ODEs alone,
would already yield important (but not all) parts of our results, in particular the form
of the dormancy emergence condition. In order to make the paper accessible and
interesting to readers from different backgrounds, we will subsequently comment on
the classical invasion analysis, see in particular Section 2.

1.2 The stochastic individual-based model for phase |

We begin with a minimal model at the individual (“microscopic”) level describing the
reproduction, competition, and infection dynamics of host cells and virions, before
passing on to the large population limit that will lead to a dynamical system.

Our mechanistic micro-model considers three types of individuals. Type 1 refers to
the resident microbial hosts (without dormancy trait), type 2 to the new mutant host
type, now with dormancy trait, and, finally, type 3 refers to the extra-cellular free virus
particles (virions). For types 1 and 2 we distinguish several sub-types corresponding
to different states of the individuals: Type 1 individuals can be either active or infected,
denoted by type 1a and 1i, respectively. Type 2 comes with three sub-types. We denote
the active, dormant, and infected type 2 individuals by type 2a, 2d, and 21, respectively.
Our type space is thus 7 := {la, i, 2a, 2d, 2i, 3}.

The population model is then given by a continuous-time Markov chain N =
(N(#))s>0 with values in Ng recording the number of particles of the respective types
at each time ¢t > O:

N = (N#))r>0 = (N14(t), N1 (t), Nog (1), N2 (t), N3(t)):>0.

We use the abbreviations N1 (t) = N1,(¢) + Ny; (¢) for the total type 1 population size
and No(t) = N, (t) + Nag(t) + No;i(¢) for the total type 2 population size at time
t>0.

The transition rates are given as follows (note that in Section 5.2, we discuss some
of our modelling choices and related prior work).
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(D Reproduction and natural death. Type la individuals give birth to a new la

individual at rate A1 > 0. Type 2a individuals do this at a reduced rate A, €
(0, A1). Both types of individuals die naturally atrate w1 € (0, A2), so that both
populations are fit when they are on their own.

7

2a/)\2
PN PN

(II) Competition. Let C > 0 denote the overall competition strength and K > 0

the carrying capacity of the population. For any pair of individuals for which
the first one is of type la or 2a and the second one is from {la, 1i, 2a, 2d, 2i},
death by competition occurs at rate C/K > 0, leading to the removal of the
first (active) individual.

XTX 2a XTX
K K

X € {la, 1i,2a,2i,2d}.

(IIT) Virus contact followed by infection or dormancy. Let D > 0. Then, for any pair

of individuals consisting of a host-type (1a or 2a) and a virion (type 3), a virus
contact occurs at rate D/K . Upon virus contact, we distinguish two cases:

o If the affected host individual is of type la, due to its lack of a dormancy
trait, it always becomes infected, that is, the type 3 individual enters the now
infected cell, producing a new type 1i particle.

e If the affected host individual is of type 2a, then the host has a chance to
escape the infection by entering dormancy. Indeed, let g € (0, 1). With
probability g, the affected type 2a host individual becomes infected (i.e.
switches to type 2i), and the type 3 virion enters the cell. However, with
probability 1 — g, the affected type 2a host individual becomes dormant and
the virion is repelled.

2i
d-¢)D
2a ) (3 K
»—— @ T
D K 2d | (3
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(IV) Consequences of infection.
e Type 1i (resp. 2i) individuals recover from infection, switching back to type
la (resp. 2a) at rate r > 0.

e Infected (type 1i or 2i) individuals die from infection via lysis at rate v > 0,
leading to the instantaneous release of m € N new type 3 individuals (free
virions). The number m is called the burst size.

(V) Exit from dormancy.

e Dormant (type 2d) individuals resuscitate, switching back to the active state
2a, atrate o > 0.

e At rate k1, where x > 0, dormant (type 2d) individuals die naturally.
Typically, « < 1 to reflect the fact that death rates during dormancy should
be lower than during activity.

(VI) Degradation of virions. Type 3 individuals cannot reproduce outside host-cells
and they degrade (are removed) at rate u3 > 0.

3T>
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The above mechanisms characterize the dynamics of the continuous-time Markov
chain N. Indeed, the precise transitions are given as follows. If N is currently in a state

-~ —~ o~ m m a 6
n= (nla,nli,n2a,n2dvn2i,n3) € N07

then its possible new states and jump rates are given as follows:

(14, M1i, N2a, M2d, 24, 13) —>

(1 + 1,701, 2q, M2a, 2, 113)

(1a — 1,701, M2a, M2q, 12, 113)

(M1 — 1,701 + 1, 12q, M2g, M2, 13 — 1)

(1 + 1,701 — 1,724, 024, T2i, 113)
(1a, 01; — 1, 702q, Mg, 12, 113 4 m)

(M1a, M1i, N2 + 1,24, M2i, 113)

(R1q, M0, Mg — 1, Mg, 24, 713)

(M1a, M1i Mg — 1,70, T2 + 1,753 — 1)

(Mya, Wi, Mg — 1, 700q + 1,72 + 1,73)

(M4, M1is Mg + 1,702, R2i — 1,703)
(14, 1is M2, M2d, R2i — 1,703 +m)
(1a + 1,701 — 1, Mg, 24, M2i, 3)
(M4, M1is Mg + 1,720 — 1,702, 713)
(M1as W1, Mg, Mog — 1,702, 713)

(14, M1i, N2a, 24, M2, 13 — 1)

at rate A7 1q,

at rate (g + C (@ +712))71a,
at rate D71 1,713,

at rate r71;,

at rate viy;,

at rate Ay7ng,

atrate (g + C (1 + 12))2q,
atrate (1 — q) Dnyn3,

at rate g Dn147n3,

at rate r7y;,

at rate viy;,

at rate r7y;,

at rate o7y,

at rate K (41 2d,

at rate u3ns,

where we abbreviated 7] = 711, + 711; and iy = Ny + Mg + N2i.

1.3 Large populations: The limiting dynamical system, its equilibria and special

cases

In order to obtain a large population limit, we employ the classical rescaling by the

carrying capacity K. Indeed, we consider, for each ¢ > 0,

and

N&@) = %N(r)

1
Nf(t):ENU(t) foreach v e {1, 1a, 1i,2,2a,2d, 2i, 3}.

According to a standard functional law of large numbers, see e.g. (Ethier and
Kurtz, 1986, Theorem 11.2.1, p456), on any fixed time interval of the form [0, T],

(NK (1)) re[0,7] then converges as K — oo in probability w.r.t. the supremum norm to
the unique solution

n = (n(t))efo,1) = (N14(t), n1;(t), 124 (1), n24(t), n2; (t), n3(t))ref0,1)
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of the six-dimensional ODE system

n1g() = n1g (1 — p1 — C(ny(6) +n2() — Dna(@)) + rny; (1),

n1;(t) = Dn3(On4 () — (r + vIng; (1),
n2a(t) = na (1) (hy — uy — C(n1 (1) + np(1)) — Dn3 (1)) + rng; (1) + onpq (1),
124 (t) = qDn3(Dngg () — (kpy + 0)npq (1),

i (t) = (1 — @) Dnz(t)npq (1) — (r + v)ny; (1),

n3(t) = =Dn3()n14(t) — (1 — g) Dnz(t)nga (1) + mv(ny; (1) + no; (1)) — M3n3(1)(71 b
given convergence of the initial conditions in probability, where we abbreviate n1(¢) =
n1q(t) +n1;(t) and na(t) = nog (t) +nog(t) + no; (t). This system describes thelarge-
population limit of our host—virus system with invading host dormancy trait.

Although our main invasion result will be formulated for the rescaled Markov chain

NX  its statement requires some information about the equilibria of certain sub-systems
of (1.1) which we shall now briefly discuss.

1.3.1 The basic Lotka-Volterra sub-system

We begin with a very simple special case. Suppose that, initially, virions, dormant and
infected forms are absent from the system, i.e. n1;(0) = n24(0) = n2;(0) = n3(0).
Then (1.1) reduces to a classical two-dimensional Lotka—Volterra system

. (1.2)
n2q(t) = n2q(t) (A2 — w1 — C(n14(t) + naa(t)).

i fita(t) = n1a () — p1 — Cn1a () + noa (1)),

Recall that we assume that 0 < w1 < Az < Ap, i.e. both types are fit. Then, the
following equilibrium population sizes (in14, 0) and (0, no,) are positive:

Al — 11

Nig = ¢ and Nnyq =

< nig. (1.3)

Clearly, (n14,0,0,0,0,0), (0,0, 1124, 0,0, 0, 0) are the corresponding equilibria of
the full system. Note that this system (with symmetric competition) does not allow
for coexistence.

1.3.2 The single-host-virus sub-system without dormancy

In Beretta and Kuang (1998), a three-dimensional sub-system corresponding to
1n24(0) = n2;(0) = nyy(0) = 0), that is, a host-virus system without dormancy,
has been investigated, namely the following system with » = 0:

g (1) = n1a (@) (A — 1 — Cn1a(t) + n1i (1)) — Dnz (1)) + rnyi (1),
n1;(t) = Dnya(n3(t) — (r + v)ny; (1), (1.4)
n3(t) = mony;(t) — Dniq(t)n3(t) — pn3ns(t).
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There (and for r > 0 in Blath and Tébids (2023)) it was shown that a strictly posi-
tive coexistence equilibrium — representing a persistent virus epidemic — of the form
(n},, n};, n3) exists if and only if

mv >r +vandny, > % =nj, (Coex 3) (1.5)

holds. Again, this corresponds to an equilibrium (n7] P ni‘i, 0,0,0, ng‘) in the full sys-
tem (1.1), where the first component n7, is given as above.

In the following, by saying that an equilibrium of a system of ODE:s is unstable (resp.
asymptotically stable), we mean that it is hyperbolically unstable (resp. hyperbolically
asymptotically stable), i.e. all eigenvalues of the corresponding Jacobi matrix have
nonzero real parts, unless mentioned otherwise. The case of non-hyperbolic equilibria
will often be excluded. Moreover, by asymptotic stability we mean local asymptotic
stability, i.e. the real parts of the eigenvalues are all negative, unless mentioned other-
wise. In this sense, in Beretta and Kuang (1998) it is shown that (1214, 0, 0) is unstable
whenever the coexistence condition (1.5) holds and asymptotically stable whenever
mv <r+vorny < n“fu. Moreover, if m is sufficiently close to the value where
la = nj, holds, but strictly above this value, then (n],, nJ;, n3) is asymptotically
stable.

1.3.3 The single-host-virus sub-system with dormancy

Finally, in Blath and Tébids (2023) the sub-system describing a single-host-virus
population with dormancy, corresponding to n1,(0) = n1;(0) = 0, given by

124 (1) = n2a (1) (A2 — 1 — C(n2q (1) + n2;i (1) + n2q (1)) — D3 (1))
+ onoq(t) + rng;i (1),
1n24(t) = qDnog (t)n3(t) — (k1 + 0)noq (1), (1.6)
12 (t) = (1 — q) Dnag (H)nz(t) — (r + v)ng;(1),
n3(t) = mony; (1) — (1 — q) Dnaa (1)n3(1) — usn3(t),

is investigated. Here, the above system — and similarly for (1.1) — has an equilib-
rium of the form (a4, fi2q, R2i, 13) tesp. (0, 0, aq, Rog, R2i, H3) with four positive
coordinates if and only if the coexistence condition

mv > r +vand iy, > par +v) =7y, (Coexy3) 1.7)

(I —g)D@mv — (r +v))

holds, in which case the equilibrium is unique and 7, is given as above. Again,
(124, 0, 0, 0) is unstable if 71, > 72, and asymptotically stable if mv < r + v or
Moq < M4, and if m is larger than the value where 715, = 7y, holds but sufficiently
close to it, then (a4, Mag, 2, N3) is asymptotically stable. See Blath and Tébids
(2023) for details.
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Note that for large m, the equilibria of the systems (1.4) and (1.6),
(nig.ny;.n3)  and  (Mag, Mg, M2i, 113),

may or may not lose their stability. We summarize the corresponding results of Beretta
and Kuang (1998); Blath and Tébids (2023) in Appendix D below. The question of
existence and uniqueness of a true coexistence equilibrium for (1.1) will be settled in
Propositions 2.2 and 2.3 (see also Section 2.3) and will turn out to be strongly related
to the question of stability of (n7,, n};,0,0,0,n3) and (0, 0, 24, 1124, 112, 713) in the
full system, see Proposition 2.1 below.

1.4 Informal statement of the main result: Conditions for the emergence of
dormancy.

Assume that a resident type 1 population is in stable coexistence with type 3 ( the case
of a persistent virus epidemic), and that at time 0, a single new active type 2 individual
appears, e.g. via “mutation” from the resident type 1 population or via “immigration”.
Our aim is to understand the fate of this new mutant: Under which conditions (if at
all) is it able to successfully invader the resident population?

Note that by successful invasion we mean that the single newly arriving invader
reaches a macroscopic population size on the order of the carrying capacity K of the
system. That is, for some 8 > 0, the size of the type 2 population reaches as level 8K
with positive probability, as K — oo. In this case, we speak of the emergence of a
dormancy trait.

A persistent virus epidemic requires that (n},, n};, n3) be a coordinatewise positive
and asymptotically stable equilibrium of (1.4). Recall that given all other parameters,
we can always choose a burst size m such that this holds. Our initial condition NX (0)
will then be such that

NK©)~n? forall vef{la,li,3),

while N{fl (0) =1/K and N{;(O) = Nzlf (0) = 0. That is, types la, 1i, and 3 are close
to their joint equilibrium upon arrival of the new active type 2a individual. Under these
conditions, we have the following result (for a more precise statement, including also
invasion probabilities and the corresponding timescales, see Theorem 3.1).

Theorem 1.1 (Invasion of a dormancy trait — informal version) Consider the popula-
tion model NX with initial condition as above and the corresponding limiting system
(1.1). Assume that rkpy < vo and q > 0. Then, invasion of a dormancy trait is
possible whenever

qDn3(vo —riuy)

AM—M < ,
(r+v)kp +o)

(Inva—1.3) (1.8)

if one chooses the burst size m appropriately.
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Condition (1.9) has an intuitive interpretation: Let us consider the special case that
the rate of recovery of infected individuals, 7, and the factor scaling the natural death
rate for dormant individuals, «, are almost zero. Then, the above condition reduces to

)\.1_)\.2qu”§. (1.9)

In other words: In a stable virus epidemic, the fitness disadvantage of the dormancy trait
needs to be smaller than the rate at which the invading type may escape from mortal
infection into dormancy when the number of virions is at its equilibrium. We call this
the basic dormancy emergence condition. The somewhat more involved expression in
(1.8) is also still intuitive and will be interpreted in the next Section, when the fully
detailed version of the result is stated.

The proof of the theorem combines a branching process approximation during
Phase I and a dynamical system approximation during Phase II. It fits into the general
paradigm of stochastic population-genetic invasion models Champagnat (2006) and
more specifically uses arguments from the paper Coron et al. (2021) and our previous
works Blath and Tébids (2020, 2021, 2023).

Remark 2 (On the necessity of a persistent (stable) virus epidemic) It is classical that in
absence of the virus epidemic, always the host (competitor) with a higher reproduction
rate wins. Thus, not realizing the full reproductive potential of the host and investing in
dormancy-defense instead is a self-constraining strategy, which might be vulnerable
to the invasion of selfish cheaters during time periods when the virus concentration
is small. This is the reason why we focus on a stable virus epidemic. Moving away
from this equilibrium and allowing for fluctuations may pose interesting but likely
also challenging problems for future research.

1.5 After successful invasion: Outline of further results and conjectures

We shall also be interested in the fate of the entire population after a successful
invasion, in particular whether the system reaches a state of stable coexistence of
all the six types or whether certain types are driven to extinction. However, due to
the rather high complexity of the six-dimensional dynamical system (1.1), we will
unfortunately only be able to provide partial results and conjectures supported by
simulations and heuristics.

A crucial role will be played by the reverse invasion direction of type 1 against
type 2 while in coexistence with type 3, where the analogue of the detailed invasion
Theorem 3.1 is Theorem 3.2. Although the invasion analysis for type 1 seems biolog-
ically less relevant, it will be useful in order to distinguish between the case of full
six-dimensional type coexistence and fixation of type 2.

In Conjectures 4.2 and 4.3 we claim that in the parameter regime where both
types may invade, after a successful emergence of either host type also the stochastic
individual-based model NX will approach the six-type coexistence state with high
probability, while if only one host type can invade, after a successful invasion, this
type will reach fixation, leading to the extinction of the other host type (but not the
virus). We also discuss simulation results supporting this conjecture.
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There are choices of parameters where type 1 coexists with type 3 in absence of
the other host type but type 2 does not. Interestingly, (1.1) can have a coordinatewise
positive equilibrium in this case too. Comparing (1.5) to (1.7), we see that since
A2 < A1 and ¢ > 0, the coexistence of type 2 with type 3 implies that type 1 also
coexists with type 3. We will show that if type 1 does not coexist with type 3, then (1.1)
has no coordinatewise positive equilibrium, see Proposition 2.3 below. In Section 2.3
we will briefly comment on the biologically less relevant but mathematically equally
interesting case Ap > Ap . In this case, six-type coexistence does not occur, while
it can happen that none of the host types can invade the other one while coexisting
with the virus. This scenario will be called called founder control. Here, (1.1) has a
coordinatewise positive equilibrium, but we expect that it is unstable.

1.6 Organization of the paper

In Section 2 we present our results on the dynamical system (1.1) along with their
proofs. In Section 3 we state our main theorems on the invasion of either host type
against the other host type plus the virus type in the individual-based model, and we
sketch their proof. The complete proof will be worked out in Appendix B. In Section 4
we provide further conjectures on our stochastic model and deterministic dynamical
system, accompanied by simulations in the case of the latter, and we visualize the
different parameter regimes. Finally, in Section 5 we discuss the related literature
and our modelling choices, we provide some further interpretation of our results and
conjectures, and we mention some open questions and potential directions for future
work.

While the proofs in Section 2 are a prerequisite for the proofs of our theorems
below on the stochastic individual-based model, the following shortcut is available
for readers mainly interested in the statement of the main results and conjectures.
Section 3.1 (about the results on the stochastic model) can be understood without
reading Section 2.4, and Section 4 (which in particular includes the conjectures and
simulations related to the main results) is also independent of Section 3.3.

2 Results on the dynamical system

In this section we present our formal results on the behaviour of the six-dimensional
dynamical system (1.1). First, in Section 2.1 we state Proposition 2.1 on the sta-
bility of the “one-host-type-plus-virus” equilibria (n],, nTi, 0,0,0, ng‘) and (0,0,
N2a, M2d, N2i, 13) under a local stability assumption on the corresponding equilibria
(n7,,n};, n%) and (2q, M2q, M2i, 113) in the sub-systems (1.4) and (1.6), and Propo-
sition 2.2 on the existence of an equilibrium of (1.1) with six positive coordinates.
In Section 2.2, we extend these results to the case when only type 1 but not type 2
can stably coexist with the virus. Finally, in Section 2.3 we briefly comment on the
case A» > A1. We will observe that in this case, it is possible that both “one-host-
type-plus-virus” equilibria are stable, i.e. each host type as a resident type is able to
avoid invasion of the other host type as a mutant type. Section 2.4 contains the proof
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of Proposition 2.1. The proofs of the other assertions of Section 2 are rather standard
(even if somewhat lengthy due to the high dimension of the system), therefore we
postpone them until Appendix A.

2.1 Equilibria of the six-dimensional dynamical system

In this section, we analyse the local and global stability properties of equilibria of
the system (1.1). The first result is concerned with the (local) stability of the equilib-
ria (n},, n};,0,0,0,n%) and (0, 0, 72,4, 24, 2;, 113), which can easily be determined
from the properties of the corresponding sub-systems.

Proposition 2.1 (Stability of equilibria inherited from sub-systems) Assume ric ) #
V0.

1. Assume that (1.5) holds. Then the equilibrium (n7,, n7;, 0,0, 0, n3) of (1.1) is

e unstable under the condition

gDn3(vo —rik )

AM—M < , Inv,_, 2.1
i P (Inva—1,3) 2.1
e asymptotically stable under the condition
gDn%(vo —rkpy)
A=A 3 (Inva_s13) (2.2)

> ’
(r+v)kpr +o0)

if additionally (n7},, ni;, n3) is an asymptotically stable equilibrium of (1.4).
2. Assume that (1.7) holds. Then, the equilibrium (0, 0, 0., R2q, N2i, 13) of (1.1) is

e unstable under the condition

gDn3(vo —rkpr)

Al — A > , Invi_o3 2.3
: ok oy M=) @)
e asymptotically stable under the condition
Dn3(vo —ricuy)
h—h <1 (Invi-.23) 2.4)

(r+v)(kpr+o)’

if additionally (W4, 24, N2i, N3) is an asymptotically stable equilibrium

of (1.6).

Note that the mere existence of (n],, nj;, n3) resp. (24, 124, N2, 13) as a coor-
dinatewise positive equilibrium is not sufficient for asymptotic stability here, and
the additional condition of their stability is required because the sub-systems (1.4)
and (1.6) exhibit Hopf bifurcations in certain parameter regimes, leading to the loss
of stability of these equilibria for large m, see also Appendix D.
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Remark 3 (Link to classical invasion analysis in adaptive dynamics) Note that con-
dition (2.1) is already our dormancy emergence condition from Theorem 1.1. An
intuitive biological interpretation of (2.1) will be provided below in terms of the
stochastic individual-based model in Remark 6; condition (2.3) can be interpreted in
a similar way. Essentially, (2.1) ensures that a single type 2 individual can invade a
resident population of type 1 stably coexisting with type 3 with non-vanishing prob-
ability as K — o0, and (2.3) yields the same with the roles of the two host types
swapped; hence the notations (Invi—2 3), (Inva—1,3), and their negations (Invi_.23),
(Inv2_.1,3). See Theorems 3.1 and 3.2 for a precise formulation of these assertions.
The derivation from the stochastic model precisely aligns itself with the classical
notion of invasion fitness from adaptive dynamics for the deterministic equation (see
eg. Metz et al. (1992, 1996); Dieckmann and Doebeli (1999)): Indeed, type 2 as a
mutant type has a positive invasion fitness, that is, initial growth rate while the resi-
dents are equilibrium, under (2.1). A way to formally derive the invasion fitness from
the deterministic system is to compute the largest eigenvalue of the matrix A intro-
duced in (2.13) in the proof of Proposition 2.4 below, which is simply the sub-matrix
corresponding to type 2 in the Jacobi matrix of the dynamical system (1.1) at the
equilibrium (n7,, n};, 0,0, 0, n3). This real part is positive if and only if (2.1) holds
and strictly negative if and only if the strict reverse inequality (2.3) holds.

Note, however, that information such as the invasion probability of a single mutant,
or the time it takes for invasion, need a refined probabilistic analysis that we provide
in Section 3.

A proof of Proposition 2.1 can be found in Section 2.4. According to the
proposition, if the invasion conditions (2.1) and (2.3) both hold, then the equi-
libria (n},,n7;,0,0,0,n%) and (0,0, 724, 724, 12, M13) cannot be stable even if
(n7,,n};, n%) and (24, M2q4, 12;, 113) are stable. It turns out that in this case, a coordi-
natewise positive equilibrium of the full system (1.1) emerges.

Proposition 2.2 Assume that rk 1 # vo and that both (1.5) and (1.7) hold (so that
(n7,, ny;, n3) and (aq, Mg, N2, 13) are coordinatewise positive equilibria of the cor-
responding sub-systems, which in particular impliesmv > r+v). Then the system (1.1)
has a unique coordinatewise nonzero equilibrium which we denote by

X = (X14, X1i» X2a, X2d» X2i, X3).
It satisfies
Ay — A +o +v
n 2T M (ke pey )(r )’ 2.5)
qD rKp] — vo
u3(r +v) ~
Xta + 0 —q)x2q = m = ”Ta = (1 —g)nz, (2.6)
and 2 o7
i 2l_mv—(r+v)' ’
Moreover,
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1. x is coordinatewise positive if and only if the invasion conditions (2.3) and (2.1)
both hold, or, equivalently
n3 < x3 < nj. (2.8)

2. It is never true that ny < x3 < n3.

The proof of Proposition 2.2 will be carried out in Appendix A. Proposition 2.3 below
determines whether a coordinatewise positive equilibrium exists in certain cases not
covered by Proposition 2.2.

Remark 4 (Heuristics for the emergence of a full coexistence equilibrium) The content
of part (1) of Proposition 2.2 is that for Ap < A, (1.1) has a coordinatewise posi-
tive equilibrium if and only if both “one-host-type-plus virus” equilibria are unstable
(which is a strong indication of long-term coexistence of all six types, both in the
stochastic and in the dynamical system). From the perspective of the virus, condition
(2.8) says that the invasion of type 2 reduces and the invasion of type 1 increases the
equilibrium virus population size.

Given that type 2a has a lower birth rate than type 1a, the (Coex» 3)-condition (1.7)
implies the (Coex 3)-condition (1.5) even for ¢ = 0. Hence it is always “easier” for
the virus to persist with type 1 in absence of type 2 than with type 2 in absence of type
1, and with dormancy (¢ > 0), this effect becomes only stronger. Thus, part (2) of
Proposition 2.2 does not come as a surprise.

Note that in the context of Proposition 2.2, the mere existence of x as a coordi-
natewise positive equilibrium does not require the (local) stability of (n},, n};, n3)
and (1p4, N24, N2i, 13). Unfortunately, we have no rigorous results on the stability of
X, but there is some evidence for its asymptotic stability from simulations (see Fig-
ure 2) and from the numerical computation of the eigenvalues of the Jacobi matrix
for concrete choices of parameters: In fact, we expect that x is always asymptotically
stable when (n],, n};, n}) and (124, 24, 12;, 13) are both asymptotically stable and
(n],.n3;,0,0,0,n3)and (0, 0, a4, 24, 12, N13) are both unstable, see Conjecture 4.1
below.

2.2 The case when only type 1 but not type 2 can stably coexist with the virus

The following proposition complements the results of Proposition 2.2 by considering
the existence vs. non-existence of a coordinatewise positive equilibrium of the 6-
dimensional system (1.1) in case only type 1 can coexist with type 3, while type 2
cannot coexist with type 3. The reverse situation (where only type 2 coexists with type
3) is not possible under our standing assumption Ay < Aj.

Proposition 2.3 Assume that rk 1 # vo.
1. If

u3(r +v) ~2a>

D(mv — (r +v)) -
2.9)

mv <r+4+v or (mv>r+v and ni, <
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holds (so that the sub-system (1.4) has no coordinatewise positive equilibrium),
then (1.1) has no such equilibrium either.
2. Ifthe (Coexjy 3)-condition (1.5) and

u3(r +v) ~ )
= N2q
(1= q)Dmv — (r +v)

(2.10)
hold (so that (n},,n};,n3) is a coordinatewise positive equilibrium of (1.4)
but (1.6) has no coordinatewise positive equilibrium), then (1.1) again has a
unique coordinatewise nonzero equilibrium (X14, X1i, X24, X2d, X2i, X3) satisfying
the equations (2.5)—(2.7), which is coordinatewise positive if and only if

mv <r—+v or (mv>r+v and ny, <

0 < x3 <nj. (2.11)

The proof of Proposition 2.3 will be carried out in Appendix A, based on the proof of
Proposition 2.2. An interpretation of condition (2.11) will be provided in Remark 10
after the presentation of our main results on the stochastic individual-based model.

Remark 5 (Conjectured stability of the coexistence equilibrium for non-positive 773)
If (n],,n};,n3) is not just a coordinatewise positive but an asymptotically stable
equilibrium of the three-dimensional system (1.4), then (for 1, < A1) the condition
0<x3 < n§ is equivalent to the invasion condition (2.1) of type 2. In this case, asser-
tion (1) of Proposition 2.1 is valid and implies that (n7,, n7;, 0, 0, 0, n3) is unstable,
which suggests in turn that x is asymptotically stable, but we have no results in that
direction, apart from numerical evidence on the negativity of the real part of the eigen-
values of the Jacobi matrix of (1.1) at x for certain concrete choices of parameters (cf.
Section 4).

2.3 The case 1; > 17 and variants of “founder control”

So far we have avoided the study of the case A, > Aj since this case does not seem
biologically plausible (why should an additional dormancy trait increase the repro-
duction rate?). However, we note that the proofs of all propositions of Section 2 (and
also of Theorems 3.1 and 3.2 on the stochastic system) apply verbatim in the case
Ay > A1 as well, and in fact a new kind of behaviour arises.

We have seen that for Ap < A1, itis impossible that neither host type can invade the
other host type when coexisting with type 3. In a simpler model studied in paper Blath
and T6bids (2021), we called the latter situation founder control. The term “founder
control” is borrowed from spatial ecology, where it refers to a situation such that
whichever population first establishes itself at a certain location excludes the other
from future invasion, see e.g. Vandermeer (2015). It is intuitive that in case each host
type stably coexists with the viruses in absence of the other host type, such a scenario
should occur when both non-invasion conditions (2.2) and (2.4) hold simultaneously.
In this case, we have
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qDn3(ricpy — vo) qD73(ricpe; — vo)
- > Ay — A1 > .
(r+v)kpr +o) (r+v)kpr+o)

(2.12)

Now, if reu; —vo > 0, then it follows that A, > A. Nevertheless, it can be observed
in the proof of Proposition 2.2 (whose arguments are also valid for A, > Aj, see
Appendix A) that if (2.12) holds, then not only x3 is positive but x is coordinatewise
positive. Due to the mutual impossibility of invasions, we conjecture that x is unstable
in this case (and we also have some numerical evidence on this, see Section 4.3). The
opposite case rk | — vo < 0, by application of the formula for x3 given in (2.5),
yields n§ < x3 < 13 which however is excluded by Proposition 2.2.

Moreover, in Section 2.2 we argued that if type 1 stably coexists with type 3 in
absence of the other host type but type 2 does not, then both invasion directions are
possible (and we expect stable six-type coexistence) if and only if 0 < x3 < n3. Now, if
the same condition is satisfied for Ap > A1 (and thus necessarily r« | —vo > 0), then
the proof of Proposition 2.3 still applies. This implies that type 2 cannot invade type 1
coexisting with type 3, and x is coordinatewise positive, and we again conjecture that
it is unstable. Of course, the invasion of type la against type 2a will be unsuccessful
with high probability since A < X,. Thus, we again observe founder control since
both invasions are unsuccessful with high probability, but just like in the scenario
described in Section 2.2, the invasion of type 1 is to be understood in the virus-free
setting.

2.4 Proof of Proposition 2.1

Throughout the proof of Proposition 2.1, we can and will assume that neither (2.3)
nor (2.1) hold with equality.

Proof of Proposition 2.1 To verify assertion (1), assume that (n},,n};,n3) is an
asymptotically stable equilibrium of (1.4). Let us now study the stability of
(n},,n3;,0,0,0,n%) for the full system (1.1). Writing n} = nj, + nj;, the Jacobi
matrix A(n},, n};,0,0,0,n3) of (1.1)at (n],, n};,0,0,0,n3) is given by

A — py — Cnj, — Cn} — Dn3 r — Cn}, —Cnj, —Cnfj, —Cnj, —Dnj,
Dn —(r+v) 0 0 0 Dn},
0 0 A2 — 1 — Cnf — Dnj o r 0
0 0 qDn3 —(kp1 +0) 0 0
0 0 (1 —q)Dnj} 0 —(r+v) 0
—Dnj} mv —(1 —¢q)Dn} 0 mv —Dnj, — 13

It is easy to see that the 3 x 3 submatrix given by the 1st, 2nd, and 6th rows and
columns of A(n7,, nTi, 0,0, 0, n}) equals the Jacobi matrix of (1.4) at (n},, n’fi, n3),
which is assumed to have three eigenvalues with negative real parts.

Let us now consider the 3 x 3 submatrix given by the 3rd, 4th, and 5th rows and

columns of A(n7,, n};,0,0,0,n3), i.e. the matrix

Ay — 1 — C(ny, +n};,) — Dn} o r
A= qDnj —kpuy—o 0 . (2.13)
(1 —q)Dn3 0 —r—v
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Using the assumption that (n},,n};,n3) is a coordinatewise positive equilibrium
of (1.4), setting the first equality of the system to zero implies that

ny;
A — 1 — C(nj, +nj;) — Dn} —i—rn% =0.

la

Consequently, we have

n¥.
Ay — 1 — C(n}, +ni;) — Dni = ry — A —r%.

la
Hence, using also the second line of (1.1),

nTi * *
det A= ((ha — A1 — rnT)(—” —v) —r(1 = q)Dn})(—kpu1 — o) + g Dni(r + v)o

la

=2 — A +v)(kp1 +0) + gDn3(vo — ricpr).

Depending on the parameters, the determinant may be positive or negative. It is positive
if and only if
gDn(ripm — vo)

Ay — A >
(r+v)(kur +o)

holds, which is precisely the invasion condition (Inva—, 1 3) given by inequality (2.1).
It is easy to check that for the value A} of A, for which (2.1) holds with an equality,
the trace of A is still negative. As the trace agrees with the sum of all eigenvalues,
there must be at least one eigenvalue with a strictly negative real part. Further, since
(given all the other parameters) det A as a function of A, depends linearly on A, this
eigenvalue must retain a negative real part throughout an interval (A3 — &, A3 + &) for
some & > () small enough. We claim that there must in fact be two such eigenvalues.

Indeed, the determinant changes sign from negative to positive precisely at A}.
Hence (given that the determinant equals the product of the eigenvalues), the only
other option that we should exclude is that one eigenvalue is negative in an open
neighbourhood of A%, one positive, and the third one switches from positive to negative
at A3. Now, since the off-diagonal entries of A are non-negative, for sufficiently large
o > 0 the matrix A 4 o[ has non-negative entries (where I denotes the 3 x 3 identity
matrix). Then, thanks to the Perron—Frobenius theorem, A + o/ has a positive real
eigenvalue A whose absolute value equals the spectral radius of the matrix, i.e. this
absolute value is maximal among all eigenvalues. It follows that the eigenvalue of
A with the largest real part is also real, namely it is A — o. This excludes the case
that there are values of A, such that A has two complex conjugate eigenvalues with
positive real parts and the third eigenvalue is a negative real number. Now, assume for a
contradiction that for some value A, below A} the matrix A has two positive eigenvalues
and one negative one. Then, for such A;, the two eigenvalues with positive real parts
must always be real, and they cannot change sign because the determinant cannot
vanish anywhere else but at the critical point 3. This is however a problem because
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for Ay very small, e.g. for A2 < w1, the matrix A must have three eigenvalues with
negative real parts.

Consequently, when the strict reverse inequality of (2.1) holds, all eigenvalues of A
have a negative real part. Therefore, the determinant of A is positive (i.e. (2.1) holds)
if and only if A has a positive eigenvalue. Moreover, the determinant of A is negative,
e gDn3(ricpy — vo)

Ay — A1 < ,
(r+v)(kpr +o)

and the reverse invasion condition (Invi_,2 3) of (2.3) holds, if and only if all eigen-
values of A have negative real parts.

Given this, it suffices to show that the -characteristic polynomial of
A(n},,n7;,0,0,0,n%) equals the characteristic polynomial of the block diagonal
matrix given by these two 3 x 3 block given by the 1st, 2nd, and 6th rows and columns
of A(nj,, n’lkl., 0,0,0, n’3‘) and the matrix A. But the latter assertion is clear from
Laplace’s expansion theorem. Hence, we have proven assertion (1).

To prove assertion (2), assume that (724, 24, H2i, 13) 1S an asymptotically sta-
ble equilibrium of (1.6). Let us now analyse the stability of (0, 0, 2q, H24, W2, 13)
for the full system (1.1). Writing 7y = #p, + Hag + 72i, the Jacobi matrix
A(0, 0, og, N2g, i, n13) of (1.1) at (0, 0, fiag, N2q4, N2, 113) is given by

Al —uy — Cny — D3 r 0 0 0 0
Dit3 —(r+v) 0 0 0 0
—Cip, —Cllpg » —py —Chy — Cilpg — D3 0 —Cnpy 1 —Chlpg —Dily,
0 0 qDii3 —(kpy+o0) 0 qDiing
0 0 (1 — q)Dii3 0 —(r +v) (1 —¢q)Dhig
—Dni3 mv —(1—¢q)Dn3 0 mv —(1—q)Dnpy — u3

The last 4 x 4 block of this matrix (given by the 3rd to 6th rows and columns) is the
Jacobi matrix of (1.6) at (7a,, 124, N2i, N3), which is assumed to have four eigenvalues
with negative real parts. Further, the first 2 x 2 block (given by the first two rows and

columns) reads
(A1 — Cny — Dii3 r
F = ( Diis o+ v))' (2.14)

Since (124, M24, N2i, 13) is assumed to be an equilibrium of (1.6) with four positive
coordinates, the first entry of the first row of F equals

-~ o~ - Mg M
A —p1—Cog +n2g +12i)) —Dnz =A1 — Ay —0=— —r=,
n2q n2q

while we have - —

~ qDny,ns ~ (I — q)Dnygns

npyg = ——, nyj = ——,

kpy+o r+uv
so that we obtain
qgo(r+v) VO — rK [

det F = (k2 = 2)(r +v) + Difs +(1=g)r —r) = (2 = 1)(r +v) +4Dils

Ky +o kppt+o
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Hence, F has a positive (real) eigenvalue if and only if

gDn3(repy — vo)
(r+v)(kpy +0)’

M —A <

which is precisely the invasion condition (Inv;_,2 3) given by inequality (2.3). Indeed,
since (given all other parameters) det F' as a function of A> depends linearly on A3,
it has a unique zero locus. Similarly to the case of the matrix A in Section 3.2.1, the
eigenvalue of F' with the largest real part is always real thanks to the Perron—Frobenius
theorem, and thus both eigenvalues have to be real. Now, if the strict reverse inequality
of (2.3) holds, then the determinant is positive, which by definition implies that the
first entry of the first row of F is negative. Hence, the trace of F' is negative, and since
the trace equals the sum of the eigenvalues, it follows that both eigenvalues must be
negative. Consequently, when (2.3) holds, then one eigenvalue (namely n)is positive
and the other one is negative.

Therefore, assertion (2) holds due to the fact that the characteristic polynomial of
A(0, 0, i, Mag, N2, 13) equals the characteristic polynomial of the block diagonal
matrix given by the aforementioned 4 x 4 block and the aforementioned 2 x 2 block and
F zeroes everywhere else, which again follows from Laplace’s expansion theorem. O

3 Main results on the stochastic individual-based model

In Section 3.1, we state and interpret Theorem 3.1 on the invasion of type 2 against type
1 (in Section 3.1.1) and Theorem 3.2 on the reverse invasion direction (in Section 3.1.2).
One main ingredient of the proof of these theorems is the analysis of the branching
processes approximating the respective (mutant) invader host types, which is carried
out in Section 3.2. Using this, in Section 3.3 we sketch the proof of the two theorems,
which will be completed in Appendix B.

3.1 Statement of results
3.1.1 Invasion of type 2 against type 1 while coexisting with type 3

Recall that K > 0 is our carrying capacity, N resp. NX are our stochastic population
models and 7 = {la, 1i, 2a, 2d, 2i, 3} is the type space. Our starting point is a
situation where type 1 is in stable coexistence with type upon arrival of a single new
invader of type 2a. Thus, we assume that (n},, n};, n3) is asymptotically stable, and
that

My = (M}, x. M}; . 1/K,0,0, M5 1)) 3.1

K>0

is a generic family of initial conditions for NX such that (M, g MY; . M3 ¢) €
(#N)3 for all K > 0 and

lim (M7, g, Ml*i,l(’ M;,K) = (ni,, nj;» 13)
K—o0 ’
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in probability. Now, consider the NX -stopping time
Tg :=inf {t > 0: N} (1) > B, Vj e T}, (32)

which is the first time that all sub-populations in NX have size at least 8 for some
B > 0. In this case, we say that all types are macroscopic or visible on the scale of the
carrying capacity K. Further, for & > 0 and a subset of types A € 7 we define the
stopping time

, leK ]
T;‘=mf{tzo: ZNf(r):T}. (3.3)

JjeEA

In particular, TOA is the extinction time of all types of NX in A C 7. For convenience,
we abbreviate

Tsl = Ts{la’li} and T82 = Tg{2a,2d,21}

The next theorem states conditions that ensure that the event {Tg < TOZ} has an
asymptotically positive probability, describes the limit of this probability, the growth
rate of Ty on the log K time scale on the event of a successful invasion, and states that
unsuccessful invasions typically take an amount of time that is sub-logarithmic in K.

Theorem 3.1 (Invasion of type 2 against type 1 while coexisting with type 3) Assume
that (n7,, n};,n3) is a coordinatewise positive (so that (1.5) holds, which implies
mv > r + v) and asymptotically stable equilibrium of (1.4), and that »» — A| #

%. Then, we have for all sufficiently small B > 0 that

lim P(Ty < 7§ |NK(0) = M} ) = 1 = 52, (3.4)

K—o0

where the number sy, € (0, 1] is uniquely characterized as the first coordinate of the
coordinatewise smallest positive solution of the system of equations (3.10) below. In
particular,

(I) s24 = 1 holds if the (Inv_.1 3) condition (2.2) holds,
(II) whereas 0 < s2, < 1 holds if the (Inva_1,3) condition (2.1) holds. In this case,
conditional on the event {Tg < T02} we have

T, 1
Kli_r)noo logﬁK = in probability, 3.5)

where \* is the largest eigenvalue of the matrix J* defined in (3.9) below (which
is positive if (2.1) holds).

Finally, in both cases, conditional on the event {TO2 < Tg}, we have

T2

Jim logOK =0  in probability. 3.6)
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Under the above conditions, we say hat type 2 can invade type 1 while coexisting
with type 3 (or for short, type 2 can invade type 1) if sp, < 1, which is true when the
invasion condition (Inv,_, 1 3) holds. The proof of Theorem 3.1 will be sketched in
Section 3.3 and carried out in full detail in Appendix B.

Remark 6 (Interpretation of the invasion condition (Invy_, 3) from (2.1)) For A; <
A1, we see that condition (2.1) can only be satisfied when vo — rk (41 is positive. Since

we have
VO — FK L] o r

(r+v)(kpi+0)  kpi+o  r4v
(which also holds when « is zero), this means that the probability KM— that a dormant
individual resuscitates before dying needs to be higher than the probability m that
an infected individual recovers before dying by lysis. Altogether, if dormancy comes
with a reproductive trade-off, the fitness difference A; — A, needs to be smaller than
the net dormancy-based escape rate of individuals from lethal infection when the virus
population size is at its equilibrium.

Remark 7 (Interpretation of sp, and A*) The quantities sy, and A* can be computed
explicitly. Indeed, they depend on the mean matrix of a coupled three-type branching
process describing the type 2a, 2d, and 2i population during the initial stochastic phase
of the invasion. This branching process will be subcritical if (2.2) and supercritical
if (2.1) holds. Now, so, is precisely the survival probability of the branching pro-
cess when started with a single type 2a individual. Moreover, A* > 0 is the largest
eigenvalue of the mean matrix of the branching process in the supercritical case. In
Section 3.2.1 we will introduce this process formally. The reason for the exclusion
of equality in (2.2) in Theorem 3.1 is due to the fact that in this case the branching
process is critical, which poses technical challenges.

Remark 8 (No invasion of a costly dormancy trait in the absence of a persistent virus
epidemic) Theorem 3.1 states that there is a non-trivial parameter regime where type
2 can invade type 1 while coexisting with type 3. This is clearly not possible in the
absence of the virus. Indeed, the sub-system of the six-dimensional dynamical sys-
tem (1.1) corresponding to the virus-free situation n1; (0) = n4(0) = n2; (0) = n3(0)
is the two-dimensional competitive Lotka—Volterra system (1.2) where competition is
symmetric. It is well-known (see e.g. Istas (2000)) that for A> < A1, whenever n,(0)
and n1; (0) are positive, (n14(t), n24(¢)) tends to (n1,, 0) as t — oo.

3.1.2 Invasion of type 1 against type 2 while coexisting with type 3

We now present Theorem 3.2, the analogue of Theorem 3.1 for the reverse invasion
direction In case (7{2,1, ﬁgd, 1o, 713) is an asymptotically stable equilibrium of (1.6),

= ((1/K, 0, Mza K, Mzd K> Mz, Ne M3 K))K>0 will denote a generic family of
mltlal conditions such that (MZa K> MZd K> M2, K> M3 K) € (KN)3 forall K > 0
and
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lim (Maq k. Maa k. Mai k., M3 k) = (24, Hoa, N2, 113)
K—o0

in probability.

Theorem 3.2 (Invasion of type 1 against type 2 coexisting with type 3) Assume
(M2, M2d, M2i, 13) to be a coordinatewise positive and asymptotically stable equi-
librium of (1.6) (so that (1.7) holds, which implies mv > r + v),

and Ay — h # %. Then we have for all sufficiently small 8 > 0 that

Jim ]P(Tﬁ <7 ’NK(O) - MK) —1— s, 3.7)
— 00

where the number s1, € (0, 1] is uniquely characterized as the first coordinate of the
smallest positive solution of the system of equations (3.12) below. Here,

(I) s1a = 1 holds if the (Invy_.2 3) condition (2.4) holds,
(1l) whereas s1, < 1 holds if the (Invi_.23) condition (2.3) holds. In this case,
conditional on the event {Tg < Tol} we have

. Tp 1
lim ~
K—-ocologK A

in probability,

where M is the largest eigenvalue of the matrix J defined in (3.11) below (which
is positive if (2.3) holds).

Finally, in both cases, conditional on the event {TO1 < Tg}, we have

. Ty
lim
K—oo log K

=0  in probability. (3.8)

Similarly to the case of the invasion of type 2, the quantity s1, is the extinction
probability of the branching process approximating types la and 1i in the initial phase
of the invasion, while & > 0 is the positive largest eigenvalue of the mean matrix of
the branching process whenever it is supercritical, see Section 3.2.2 for details. The
assertion of Theorem 3.2 is very similar to the one of Theorem 3.1, but the role of n§
is now played by 73, and the “<” and “>" in the conditions of sub-/supercriticality are
swapped. In the same vein as before, given that (24, 24, 112, 13) is an asymptotically
stable equilibrium of (1.6), we say that type I can invade type 2 while coexisting with
type 3 (or type I can invade type 2 for short) if 51, < 1. Since the proof of Theorem 3.2
is very similar to the one of Theorem 3.1, we will only provide the earlier one (in
Section 3.3).

Remark 9 (Mutual invasion) Under the assumption Ay < A1, we seethatifrepu; > vo
(i.e. dormant individuals die more frequently before becoming active again than
infected individuals, cf. Remark 6), then type 1 can always invade type 2 coexist-
ing with type 3. Nevertheless, in some cases it can also invade when rkpu; — vo is
negative (but not too large in absolute value), and there are cases when both host types

@ Springer



Emergence of microbial host dormancy... Page 23 0of60 60

can invade each other while coexisting with the viruses. Comparing Propositions 2.1
and 2.2 with Theorems 3.1 and 3.2, we see that under the assumption that (n},, n};, n3)
and (Maq, N24, M2i, N3) are well-defined coordinatewise positive and locally asymptot-
ically stable equilibria of (1.4) resp. (1.6), this mutual ability of invasion is equivalent
to the existence of the coordinatewise positive equilibrium x of (1.1), i.e. to the con-
dition (2.8).

Remark 10 (Mutual invasion in case types 2 and 3 only coexist in the presence of
type 1) Consider the case when only type 1 coexists with the virus type in absence
of the other host type; recall that we analysed this case in the setting of dynamical
systems in Section 2.2. The corresponding condition (2.11) can also be interpreted as
follows (just as condition (2.8)): x is coordinatewise positive if and only if both host
types can invade. To see this, recall that Theorem 3.1 applies whenever (n},, n};, n3)
is a well-defined coordinatewise positive and asymptotically stable equilibrium of the
three-dimensional system (1.4). Hence, under the (Inva_, 1 3) condition x3 < n§ type
2 can invade type 1 while coexisting with type 3. Informally speaking, in this case,
the only possible analogue of the invasion of type 1 against type 2 coexisting with
type 3 is the invasion of type la against type 2a with & Knj, type 2a individuals
and one type la individual initially. Since A1 > A7, this invasion is always successful
with asymptotically positive probability. Thus, the (Inv;_,; 3) condition 713 < x3
degenerates to a void condition in this case.

3.2 The approximating branching processes

In this section, we provide the definition and main characteristics (mean matrix, crit-
ical behaviour, growth rate, survival probability etc.) of the multi-type branching
processes approximating the mutant/invader sub-populations for large K during the
initial stochastic phase of their invasions, both in the context of Theorem 3.1 (inva-
sion of type 2 against type 1 coexisting with type 3, (Inva—13), see Section 3.2.1)
and of Theorem 3.2 (same with the roles of type 1 and 2 interchanged: (Invi_.7 3),
see Section 3.2.2). The idea is twofold: On the one hand, when the population size of
the invading type is still small, stochastic fluctuations in the reproduction of invading
type matter and need to be modelled explicitly; on the other hand, the resident type
populations do not yet “feel” the competitive pressure of the invader and remain close
to their (effectively deterministic) equilibrium size. Their impact on the invader can
thus also be assumed to be of that equilibrium size, hence entering “effective birth and
death rates”. The details about how these branching processes actually approximate
the invader sub-populations during the stochastic phase will be explained in Sec-
tion 3.3 below. In view of our main conjectures presented below in Section 4 below,
in Section 5.3 we will summarize and discuss our observations on the stability of the
equilibria (n7,, n};,0,0,0,n3) and (0, 0, 7124, 24, 12;, 113) of the system (1.1) and
the sub- and super-critical behaviour of the branching processes, which are strongly
related to each other.
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3.2.1 A branching process for the invasion of type 2 against type 1 while coexisting
with type 3

First we define the (Inv,_, 1 3)-branching process, which will consist of three types:
Its first coordinate will correspond to type 2a, the second one to type 2d and the third
one to type 2i. The idea is that the sub-population sizes types la, 1i, and 3 will be
assumed to be constant equal to K n*f K nTi, and K nf{, respectively, and will not be
not affected by the actions of individuals of types 2a, 2d, 2i. We employ classical
multi-type branching process theory that can e.g. be found in (Athreya and Ney, 1972,
Section 7 in Chapter V).

With (n},, n};, n3) denoting the asymptotically stable equilibrium of (1.4), the
transition rates of our continuous-time Ng—valued (Inva—1,3)-branching process will
be given as follows:

k+1,1,n) at rate kA (birth of type 2a individuals),

(k—=1,1,n) atrate k(g + C(nTa + nTi)) (death of type 2a individuals),
(k—1,1,n+1) atrate (1 — q)Dkn}‘ (virus contact of type 2 leading to infection),
U lon) — (k—1,141,n) atrate qun}‘ (virus contact of type 2 leading to dormancy),
(k+ 1,1 —1,n) atrate ol (resuscitation of type 2d individuals),
(k,l —1,n) at rate i1/ (death of type 2d individuals),

(k+1,1,n—1) atrate rn (recovery of type 2i individuals),

(k,l,n—1) at rate vn (death of type 2i individuals via lysis).
The mean matrix of this branching process is

Ay —uy — C(n}, +n},) — Dny qDn; (1 —q)Dn}
J* = o —K| — O 0 . (3.9)
r 0 —r—v

We identify J* as the transpose of the matrix A defined in (2.13), and thus the eigen-
values of J* are the same as the ones of A. We showed in Section 2.4 that when the
(Inv2—,1,3)-condition (2.1) holds, then J* has an eigenvalue with a positive real part
and the branching process is supercritical, and that on the other hand, if the (Invy_.1 3)-
condition (2.2) holds, then all eigenvalues of J* have negative real parts, so that the
branching process is subcritical.

The extinction probability sp, can be obtained via standard first-step analysis.
Indeed, forv € {2a, 2d, 2i}lets, denote the probability that the (Inv,_.1 3)-branching
process started from a single type v individual goes extinct within finite time. Then
(24, S24, $2i) is the coordinatewise smallest positive solution to the system of equa-
tions

0 = A2(s3, — 520) + (1 + Cnf, +nf)) (1 = 52)
+ (1 — ) D’ (s2i — $24) + qDn3(s24 — $24),

0=rpi(l —s52¢) + 0 (820 — 524>

0 =r(s2a — s2i) + v(1 — s20).

(3.10)
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Since the matrix J* is irreducible, it follows that in the supercritical case s34, s24, and
s7; are all less than one (while in the subcritical and critical case of course sy, = s34 =
s2; = 1). In this case, the unique positive eigenvalue of the matrix will be denoted by
A*, and this is the quantity which appears in (3.5).

3.2.2 A branching process for the invasion of type 1 against type 2 while coexisting
with type 3

Now we define the (Inv;_,> 3)-branching process, which will have only two types: Its
first coordinate will correspond to type 1a and its second one to type 1i. The principle
of the approximation is similar to the case of the (Inv,_, 3)-branching process, now
assuming that the sub-population sizes types 2a, 2d, 2i, and 3 are constant equal to
Ky, Knag, Kioi, and Kns, respectively, and not affected by the actions of types 1a
and li.

In case (7ag, 24, N2i, 13) is an asymptotically stable equilibrium of (1.6), we define
the (Invi_, 2, 3)-branching process as the linear (binary) branching process in continu-
ous time with state space N% and transition rates, for (i, j) € N2,

(i+1,) atrate iA (birth of type la individuals),

i—1,)) atrate i (i) + C (g + Mg + 72;)) (death of type 1a individuals),
@i,j)— y(G—1,j+1) atrate Din3 (virus contacts of type 1, leading to infection of the host),

(i+1,j—1) atraterj (recovery of type 1i individuals),

(i,j—1 atrate vj (death of type 1i individuals via lysis).

This branching process has mean matrix

~

— (?»1 — p1 — C(iag + M2g +12i) — Dn3 D3 ) (3.11)

r —r —v

Since 7 is the transpose of the matrix F defined in (2.14), it follows from Section 2.4
that under the invasion condition (Invj_,7 3) from (2.3) the branching process is super-
critical, while under the reverse condition (Invi_.7 3)it is strictly subcritical.

The extinction probability s1, can again be derived via standard first-step analysis.
For x € {la, 1i} let s, denote the probability that the (Inv|_,, 3)-branching process
started from a single type x individual goes extinct within finite time. Then (s14, s1;)
is the coordinatewise smallest positive solution to

0 = A1(s?, — s1a) + (1 + C(@ag +720)) (1 = s14) + D3 (51 — S14), 3.12)
0 =r(s1a — s1;) + v(l — s15). ’

Again, the mean matrix Jis irreducible, which implies that s1, and s1; are both less
than one in the supercritical case (and of course, they are both one in the subcritical
and critical case).
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3.3 Sketch of proof of Theorems 3.1 and 3.2

In this section, we will focus on the proof of Theorem 3.1; the proof of Theorem 3.2 can
be carried out in a similar fashion, just with the roles of “resident” and “mutant/invader
population” exchanged. The overall strategy will be similar to the proofs of (Blath and
Tébias, 2023, Theorems 2.8, 2.9, and 2.10). However, in our case, due to the additional
dimensions of the dynamical system that prevent us from carrying out a full stability
analysis, some further arguments and workarounds are required. Remarkably, in some
aspects the proof will actually be simpler than those in Blath and Tébids (2023), since
in our case the approximating branching processes have irreducible mean matrices
(see Sections 3.2.1 and 3.2.2).

Proof strategy. For the analysis of the initial phase of the invasion (including the
branching process approximation of the mutant), we fix a small positive approximation
parameter ¢ that we will let tend to O in the end after taking the large-population limit
K — oo. The key steps of our approach for handling the first phase are the following.

(i) We first check that (Nf (1), NK (1), NX(1)),>0 stays close to (n},, n};, n3) until
Noy () + Naog(t) 4+ Noj(¢) reaches size e K | or 0, with probability tending to 1 in
the limit K — oo for all ¢ small enough. This can be achieved by using standard
Freidlin—Wentzell type large-deviation arguments. See Lemma B.1 for a precise
formulation.

(i) Given this control of (N 1’; (1), N lll( ), N3K (t))s>0 during the initial phase, we then
show that the invading N;(¢)-subpopulation can be well-approximated by the
(Inva—1,3)-branching process from Section 3.2. The point is that the interaction
with the rescaled subpopulations N 1’2 (t), N ff (t) and N3K (t) can be replaced by
an interaction with their equilibrium values (n7,, n};, n3) without changing the
limiting invasion probability and asymptotic invasion time. This is achieved by
a coordinate-wise “sandwich-coupling” of both (N, (¢), N24(t), N2;(t)) and the
(Inva_1,3)-branching process between two further three-type branching processes
with fixed lower and upper bounds on the interaction with residents and virions,
whose distribution does not depend on K. This can be done in a way that the
extinction probability of both enveloping branching processes tends to s, and the
largest eigenvalue of their mean matrix to A* in the limit ¢ | 0,
which allows us to prove Proposition B.1 below.

(iii) Finally, starting from a state where the total mutant population size N> is [¢K |
while all other sub-populations are still close to their positive equilibrium (also of
order K) and approximating the rescaled stochastic process NX (¢) by the solution
n(z) to the dynamical system (1.1), a comparison to a suitable system of linear
ODEs can be used to ensure that the rescaled stochastic process NX reaches a
state in which each component takes at least a value B > 0 (not depending on ¢)
in very short time, and with probability tending to 1 as ¢ | 0. This is stated in
Proposition B.3.

Based on these three steps, in Section B we will complete the proof of Theorem 3.1,
using moderate modifications of a chain of arguments from Blath and Tébias (2023),
in turn originating from Coron et al. (2021).
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Indeed, the proof of Lemma B.1 is based on the proof of (Coron et al., 2021,
Lemma 3.2). Further, compared to Coron et al. (2021); Blath and Tébias (2020) the
proof of Proposition B.1 only requires a suitable “taylor-made” construction of the
approximating sandwiching branching processes. Nevertheless, we provide the full
proof of the lemma and the proposition in Appendix B below for completeness.
However, in order to finish the proof of Theorem 3.1, also some new arguments are
required, in particular for Step iii). They are necessary since for the present model we
are unable to establish convergence of the dynamical system to a suitable equilibrium
from distant initial conditions. Our alternative arguments lead to Proposition B.3.

4 Dynamics after a successful invasion: Conjectures, simulations,
and heuristics

We now present conjectures for the fate of the population after a successful invasion
in either direction in Section 4.2, followed by some related simulations and heuristics
in Section 4.3.

4.1 Dynamics after a successful invasion: Conjectures, simulations, and heuristics
4.2 Conjectures

Theorems 3.1 and 3.2 together with Propositions (2.1) and 2.2 indicate a rather
complete picture of the qualitative behaviour of the system (1.1) as well as our
individual-based model NX when K is large. Indeed, in the regime where an invasion
is possible in both directions (or, equivalently, where x is coordinatewise positive),
we expect stable long-term coexistence between the two host types and the virus,
while in the regime where only one invasion direction is possible, we expect fixation
of one of the hosts and extinction of the other, while the virions (and thus also the
infected/dormant states of the fixing host type) will stay in the system.

Since the detailed formulation of the corresponding conjectures are already some-
what lengthy in the biologically more natural case Ay < A1, we refrain from stating
the analogous conjectures for > > A1. However, the visual summary of the parameter
regimes in Figures 1 and 7 also includes the latter case.

Conjecture 4.1 (Stability of the equilibria of (1.1)) Let us assume that rku; # vo
and that the (Coex» 3)-condition (1.5) holds (which in particular implies mv > r +v).

(A) If (n},,nj;,n3) is an asymptotically stable equilibrium of (1.4), then for any
solution ((n14(t), n1;(t), n3(t));>o to (1.4) such that n1,(0), n1;(0), n3(0) > 0,
we have

lim n, (1) =n(t), Vv e {la,li,3}.
—00

(B) Similarly, if (724, 724, N2i, 13) is an asymptotically stable equilibrium of (1.6),
then for any solution ((n24(t),n2q(t), n2i(t), n3(t))=o0 to (1.6) such that
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n24(0), n2;(0), n24(0), n3(0) > 0, we have

lim n,(t) =7n,(), Yv e {2a,2d,?2i,3).
11— 00

(C) Let us assume that both (n},,n};,n}) and (W24, 724, M2, 713) are asymp-
totically stable. Then for any solution (n(t));>0 = ((n14(2), n1;(t), n2,(t),
nad(t), n2i(t), n3(t))=0 to (1.1) such that (114(0), n1;(0), n24(0), n24(0),
n2i(0), n3(0) € (0, 00)°,

(n3,,n3;,0,0,0,n3%) if (2.2) and (2.3) both hold (case (i)),
tl_l)I‘go n(t) = 3 (0,0, 1y, N2q, M2i, 13)  if (2.1) and (2.4) both hold (case (ii)),
X if (2.1) and (2.3) both hold (case (iii)).

In all these three cases, (1.1) has a unique asymptotically stable coordinatewise
non-negative equilibrium, which equals the limit above.

(D) Let us assume that (n},, n};, n}) is asymptotically stable and 712, < 72,. Then
for any solution (n(¢));>¢ to (1.1) such that n(0) € (0, 00)°,

lim n() = (n},,n7;,0,0,0,n3) if (2.2) and (2.3) both hold (case (i)),
t—00 o lx if (2.1) and (2.3) both hold (case (iii)).

In both cases, the unique asymptotically stable equilibrium of (1.1) equals the
limit above.

We note that in assertions (C)—(D), (i) refers to fixation of type 1, (ii) to fixation
of type 2, and (iii) to stable coexistence of all the six host types. In assertion (D),
where type 2 does not coexist with type 3 in absence of type 1, there is no case (ii)
(because in absence of the virus epidemic, type 2a cannot defeat type la for A, < A,
cf. Remark 10).

While the coordinatewise positivity of x only requires the coordinatewise positivity
of the positive equilibria of the corresponding sub-systems (1.4) and (1.6) (cf. Propo-
sitions 2.2 and 2.3), the stability of equilibria of the 6-dimensional system (1.1) that
we anticipate in Conjecture 4.1 should only hold under the additional assumption that
(n],., nj;, n%) is asymptotically stable for (1.4) and (7124, 1124, 112;, 13) (Whenever it
exists) for (1.6). The stability of the latter two equilibria may be lost for large m due
to Hopf bifurcations, see Appendix D.

Let us now also formulate conjectures for the stochastic process (N(#)X),~¢. For
any equilibrium D = (14, 711, 24, N2d, N2i, 13) € [0, 00)® of (1.1) and forany 8 > 0
we define the stopping time

Tas = inf{t > 0: [NK (1) — 1]l < 8).
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We write n* = (n7,,n};,0,0,0,n%) and i = (0, 0, 24, M24, N2;, 13), and we define

Tix

n

X5 = inf {t > 0: INK (1) — 0*|loo < 8 and Nag(t) + Nog(t) + Nai (1) = o}
as well as

T = inf {t > 0: INK (1) = Tiloo < 8 and N1 (1) + Ny (1) = 0}.
Reaching T5 s means that types 2a, 2d, 2i, and 3 are within a §-neighbourhood of their
equilibrium (n},, n};, n3), while types 1a and 1i are entirely extinct, with a similar
interpretation for Tﬁ*X 5 Clearly, Ty s < Th* 5 and T 5 < T 5 a.s. as [0, oo]-valued
random variables deﬁned on the same probablhty space.

In the next two conjectures, the cases (C), (D) and the corresponding sub-cases (i),
(iii) and (in case (C)) (ii) will be numbered analogously to Conjecture 4.1.

Conjecture 4.2 (Invasion of type 2: Conjectured full version of Theorem 3.1) Let us
assume that (n7,, nj;, n}) is an asymptotically stable equilibrium of (1.4).

(C) Assume further that (7a,, 7124, 12i, 13) is an asymptotically stable equilibrium
of (1.6). Then, for all sufficiently small § > 0 we have that

(i) if (2.1) and (2.4) both hold, then

lim IP’( B T2 A T s [NK(0) = M’,;) =1 — 524,

K—o0

and conditional on the event {Ti 5 < T3 A Tx s},

fix
55 1 1. .
im — = =~ + — in probability;
K—oo log K A A*

(iii) while if (2.1) and (2.3) both hold, then

lim ]P’( s < T A TESINK (0) = ): =50 (41

K—o0

and conditional on the event {7y 5 < TO2 A Tﬁﬁ’é},

Tx,S
lim
K—o0 log K

1
5 in probability. 4.2)

(D) (iii) Assume now that 71, < 71z, and (2.1) (equivalently (2.11)) holds. Then (4.1)
and (4.2) hold.

Conjecture 4.3 (Invasion of type 1: Conjectured full version of Theorem 3.2) Let
us assume that (n7],, n};,n3) is an asymptotically stable equilibrium of (1.4) and
(W24, N24, M2i, 13) is an asymptotically stable equilibrium of (1.6).
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Table 1 Overview of the results of Theorems 3.1 and 3.2, extended by the conjectured long-term behaviour
according to Conjectures 4.2 and 4.3, in the case when A < A and type 1 coexists with the virus in absence

of type 2.
Case rkp] —vo  Virus Coordinatewise Cantype2 Cantypel Conjectured
positive X invade? invade? outcome

©OG <o 0 <n3 <nj <ux3 A No Yes Fixation of 1
O©aGE >0 x3<0<n3 < ng‘ i No Yes Fixation of 1
©)3{) <0 0<x3<i3<ni 3 Yes No Fixation of 2
(©) (i) <0 0<n3 <xz<nj 3 Yes Yes Stable coex.
D)@ <0 0< nf <x3 4 no yes Fixation of 1
DG =0 x3 <0< n§ 4 no yes Fixation of 1
D) i) <0 0<x3 < n§ E| yes yes Stable coex.

when 2 invades

(C) Then, for all sufficiently small 6 > 0 we have that
(i) if (2.2) and (2.3) both hold, then

K—o0

and conditional on the event {Tp+ 5 < T, A T s},

s 11, .
im — = =~ 4+ — in probability;
K—oologK A A*

(iii) while if (2.1) and (2.3) both hold, then

lim P(Ti5 < Ty A T [NK(0) = Mg ) =1 = 514,

]giian(Txﬁg < T} A Tpe 5|NK(0) = MK) —1— 514,

and conditional on the event {Tx 5 < TO1 A Tlf*" s

. TX,8
lim
K—oologK  A*

1
= — in probability.

Recall that we know from Theorem 3.1 that type 2 can invade in cases (ii) and (iii)
and cannot invade in case (i), while Theorem 3.2 states that type 1 can invade in cases
(i) and (iii) but not in case (ii). The parameter regimes corresponding to the three cases
(1)—(iii), both in case (C) (where type 2 coexists with type 3) and (D) (where it does

not) are summarized in Table 1.

Remark 11 (Missing and available proof ingredients) The only missing ingredient of
the proof of Conjectures 4.2 and 4.3 is the convergence of the dynamical system (1.1).
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If we had such an assertion, the proof of the conjectures could be completed along the
lines of the proofs of the main results of Blath and Tébias (2021), using additional
branching process approximations from Coron et al. (2018) for the final phase of the
extinction of the former resident population.

Remark 12 (Unsuccessful invasions and critical cases) For fixed § > 0, considering
our initial condition in Theorem 3.1, we have Tg < Tix as A Tx s for all § sufficiently
small. This readily 1mphes that (3.6) also holds for all sufﬁc:1ently small § > 0 condi-
tional on the event {T() < T 5 A Tx 5} in cases (ii) and (iii). An analogous assertion
applies for the reverse 1nva51on direction. Thus, when the (Inv;_.1 3) non-invasion
condition (2.2) holds, Theorem 3.1 fully describes the invasion of type 2, which is
unsuccessful with overwhelming probability. Hence, we left out case (i) from Conjec-
ture 4.2 and analogously case (ii) from Conjecture 4.3 when (2.4) holds.

Note that (i)—(iii) do not cover the case when the (Invi—23) and (Inva_13)-
invasion conditions (2.3) or (2.1) hold with equality since then the the equilibrium
(n},,n3;,0,0,0,n%) resp. (0,0, 724, N2q, N2;, 113) becomes hyperbolic and thus its
stability cannot be determined by linearization (equivalently, the corresponding
branching process becomes critical).

Remark 13 (Fixation takes longer than reaching six-type coexistence) In the cases
when we expect fixation of type 2 (resp. 1) and survival of the virus epidemic,
before reaching time T 5 (resp. T *5) there must be an additional phase where type
1 (resp. 2) goes extinct. ThlS phase should typically take an additional amount of
+(1 + o(1)) log K (resp. L (1 + o(1)) log K) time after time Tg, B > 0. Indeed,
the population size of the waning former resident type can be approximated by the
same subcritical branching process as when it is the invader type and during the
initial phase of its invasion its population is still small (but not yet extinct). In con-
trast, in the case when we expect coexistence, there is no such final extinction phase,
and (Tx s — Tp)/log K should tend to zero in probability conditional on the event
{Tx.s < oo}

Remark 14 (Correspondence between stability of the small equilibria and six-type
coexistence) If Conjectures 4.2 and 4.3 hold true, then under the assumption of
asymptotic stability of the coordinatewise positive equilibria (n7,,n};,n3) and
(W24, M24, M2i, 13) of the sub-systems, x is always asymptotically stable when it is
coordinatewise positive (if A < A1), which happens precisely in case (iii) where the
two host types stably coexist with the virus type. Recall that we already know that in
cases (i) and (ii) there is no coordinatewise positive equilibrium (cf. Proposition 2.2).

Remark 15 (Type 2 needs type 3 to drive type 1 to extinction, and cannot eliminate
type 3) The general picture is that for Ay < A1, there should be no case where type 2
eliminates type 3, and type 2 should only be able to drive type 1 to extinction if type
2 itself coexists with type 3 when being the only host. The reason is that in absence
of the virus, and even when the virus population becomes very small on its path to
extinction, always the host with a higher reproduction rate (in this case type 1) wins.
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4.3 Simulations and heuristics

We now provide case-by-case illustrations of the conjectured behaviour of the dynam-
ical system (1.1) and our stochastic process (N(#));>o in the different regimes of
fixation and coexistence by a pair of simulations (for the invasion of type 2 resp. 1)
each. We relate these regimes to the colours used in Figure 1 below, and the choices of
parameters in the exemplary simulations are also chosen according to Figure 1, with
the exception of A5 and ¢, which we vary. These parameters are such that re ) < vo,
so that stable coexistence is possible for certain values of Ay < A1 and ¢ > 0 (while
founder control can never occur). Moreover, the choice of the parameters ensures that
type 1 stably coexists with type 3 in absence of type 2. For brevity, we refrain from
simulations in the biologically less relevant case Ay > Aj.

(C) When type is 2 able to coexist with type 3 in absence of type 1.

o The case when type 2 can invade type 1 while coexisting with type 3: According
to Theorem 3.1 reformulated in terms of Proposition 2.2, when (n7,, n;, n3) is
asymptotically stable, type 2 invades precisely when x3 < n3. Let us consider this
scenario under the additional assumption that (7124, 724, H2;, 73) is also asymptot-
ically stable.

(ili) 73 < x3 < nj: Dark green areas in Figure 1 — stable six-type coexis-
tence: Under the additional assumption x3 > 73, type 1 can also invade and
hence we expect stable six-type coexistence. In this case, we see interesting
trade-offs equilibrating each other (cf. Figure 2).

(i) 0 <x3 <n3 < ni: Blue areas in Figure 1 - fixation of type 2:

In contrast, when 0 < x3 < 73 (and 73 < nj since A, < A and ¢ > 0),
type 2 has such a strong benefit from dormancy that type 1 cannot even invade
and (1.1) has no coordinatewise positive equilibrium. In this case, we expect
fixation of type 2 (see Figure 3). For rk 1 < vo, this regime notably extends
to the area where Ay < Aj.

e 113 < n} < x3: The case when type 2 cannot invade type 1 coexisting with type
3:

(i) I Purple areas in Figure 1 — fixation of type 1: Here, the evolutionary
advantage of type 2 compared to the virus-free case is weak (in other words,
x3 > n}). Consequently, only type 1 can invade and we expect that it fixates,
just as in the absence of the viruses/dormancy (cf. Figure 4).

(D) Type 2 unable to coexist with type 3 in absence of type 1.
e The case when type 2 can invade type 1 while coexisting with type 3:

(iii) 0 < x3 < nj:" Lightgreenareasin Figure 1 -stable six-type coexistence:
Note that according to Conjecture 4.1, in the case when 717, > 72, (so that
(Mg, Had, M2, 13) does not exist) but the (Invy_, | 3)-invasion condition (2.1)
holds, we still expect that (1.1) converges to x started from any coordinatewise
positive equilibrium, and this conjecture is also supported by simulations (see
Figure 5).
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1.0

0.8

0.6

04

0.2

0.0 . . . . A 1
1.5 20 25 3.0 3.5 4.0

A2

Fig. 1 Conjectured invasion outcome depending on Ay € (1.2,4) and g € (0.01, 0.99) for fixed 1| =
35,41 =1,C=1,D=05,r =1, v=1,k=0.1,0 =2,m =10, u3 = 0,5..Red (left): fixation
of type 1 (coex. with 3), " light green (top mid/left): stable 6-dim. coexistence (type 2 is not able to coexist
with type 3 in absence of type 1), " dark green (mid/left): stable 6-dim. coexistence (type 2 is able to coexist
with type 3), Il orange (top right): fixation of type 2a (without 3), [ | purple (bottom mid/left): fixation

of type 1 (coex. with 3), M blue (bottom right): fixation of type 2 (coex. with 3). The curve separating
red from purple, light green from dark green, and orange from blue corresponds to 71y, = 7i2,. Type 2
only coexists with type 3 below this curve. The light green and the orange regime are separated by the line
Ay = A1 = 3.15; below this value of X, fixation of type 2a without 3 not possible. The dark green area
reaches this line at 0, with vanishing width.

(ii) Orange areas in Figure 1 - fixation of type 2a: This regime only occurs
in the generally excluded case A, > A;. Here, we expect that started from
any coordinatewise positive initial condition, the system (1.1) will converge to
(0,0, np4, 0, 0, 0). We expect that this complete eradication of a virus epidemic
via an invasion of type 2 against type 1 coexisting with type 3 is not possible
for A» < A1, since if all subpopulations but the type 1a and 2a had vanished,
type la would take over.

e The case when type 2 cannot invade type 1 coexisting with type 3:

(i) 0 < nj < x3: Il Red areas in Figure 1 — type 2 does not coexist with
type 3, fixation of type 1: Here, type 2 cannot invade type 1, the reason being
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/\/—— — nia(t) 5 — nia(f)
4 — nfi(t) 4 — n1i(t)
— n2a(t) —— n2a(t)
¢ n2d(f) ¢ n2d(t)
2 — n2i(t) 2 n2i(t)
— n3(t) ; — n3(t)
D‘i 20 = 107 0 80 00 120 140
06
05
\ — n1a(t) — nia(t)
o — nti() — i)
03 — n2a(t) — n2a(t)
T~ n2d(t) n2d(t)
R B — ) — n2i(t)
E'/;; — n3(y) — n3(y
0 20 40 60 80 100 120 140

Fig. 2

Dark green regime in Figure 1 with A = 2.55 and ¢ = 0.6: Stable six-type coexistence.

Invasion of type 1 against type 2 coexisting with type 3 (starting near (0, 0, 7p,, 24, 72, 113), left) and of
type 2 against type 1 coexisting with type 3 (starting near (nT @ n’l‘i, 0,0,0, n%‘ ), right) in the dynamical
system (1.1), both letting the solution converge to x as t — 00, in accordance with Conjecture 4.1. The
bottom images are zoomed versions of the top ones displaying the small coordinates of the solution. Observe
in the plots that 13 < x3 < n§ ‘We checked numerically that here, x is indeed at least locally asymptotically
stable (the Jacobi matrix has 4 real negative eigenvalues and a conjugate pair of complex eigenvalues with

negative real parts).

6 l\, 6 '\/\
— n1a(t) — nta(t)
— nfit) — nli(t)
4 4
— n2a(t) — n2a(t)
N n2d(t) 3 n2d(t)
2 — n2i(t) 2 — n2i(t)
— n3(t) ; — n3(t)
0 00 150 200 ‘Fﬁ 50 100 150 200
05 0.5
ot _— — nia(t) ot S — n1a(t)
vV I — nii(t) o — niilt)
03f _— o —
\/ —— n2a(t) —— n2a(t)
0o n2d(f) 0 n2d(f)
n2i(t) n2i(t)
01 — n3(f) 01 — n3(f)
0 50 100 150 200 0 50 100 150 200

Fig.3 P Bl regime in Figure 1 with 1, =3 < A1, ¢ = 0.2: Fixation of type 2. The solutions to (1.1)
now converge to (0, 0, o, M4, M2;, 13). The initial conditions are analogous to Figure 2. In this example,
we have x3 < 713 < nj.

that its birth rate A, is too small compared to 1 (even for large values of g).
Thus, started from a coordinatewise positive initial condition, the system (1.1)
quickly converges to (n},, n};, 0,0, 0, n3), see Figure 6.
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6 6 /\_/—\—
— n1a(t) — nia(t)
. — nli() . — nii(t)
n2a(t) n2a(t)
n2d(t) n2d(t)
2 n2i(t) 2 n2i(t)
s — n3(t) — n3(f)
e 0 20 30 40 0 10 20 30 40 0
05 05
ot — ntay — nta(t)
— n1i(t) s — nfi(t)
— n2a(t) — n2a(t)
02 n2d(t) 02 \/\’ n2d(t)
\ — n2i(t) — n2i(t)
o1 H [\ — n3(t) 0.1 — n3(t)
v \\,, N
o 10 20 30 40 50 0 10 20 30 40 50

Fig.4 [ Purple regime in Figure 1 with Ap = 2, ¢ = 0.4: Fixation of type 1. The solutions to (1.1) now
converge to (nT P n’fi, 0,0,0, n%k). The initial conditions are analogous to Figure 2. In this example, we

have 713 < n} < x3.

— nia(t) 6 — nia(t)
— n1i(t) /\'&_ — nfi(t)
i n2a(t) : n2a(t)
n2d(f) n2d(t)
— n2i(t) — n2i(t)
2 — n3(t) — n3(t)
0 0 20 0 40
05
04
— n1a(t) — nta(t)
— nfi) o \/p — nit)
— n2a(t) — n2a(t)
n2d) g N — n2d(t)
— n2i(t) = — n2i(t)
— n3(f 1 — — nat
n3(t) ot n3(t)
o D 0 w0 0 0 7777‘3777 ; = 30 40 50
Fig.5 Light greenregime in Figure 1 with Ay = 2.2, g = 0.9: Stable six-type coexistence without four-

type coexistence between types 2a, 2d, 2i, and 3. The equilibrium x seems to be equal to lim;—, oo n(?) started
from any coordinatewise positive initial condition n(0), in particular also close to n(0) (0, 0, 134, 0, 0, 0)
(left) and (nT P n’lkl., 0,0,0, né‘) (right). We checked numerically that in the example presented here, X is
also locally asymptotically stable (with exactly one pair of complex conjugate eigenvalues). Observe in the
plots that 0 < x3 < n3.

We see in Figure 1 that for rk 1 < vo, fixation of type 2 is possible for 1, < A4
and stable coexistence is also possible (only) in this case. Moreover, type 1 always
goes extinct with asymptotically positive probability for A, > A (while type 3 stays
in the system in case it coexists with type 2 in absence of type 1), just as in absence
of dormancy. This shows a clear advantage of contact-mediated dormancy, which we
already interpreted in Remark 12. For r«p; > vo, the situation is rather different,
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N, —————
— n1a(t) 5 — nia(t)
— nli() . — nti(t)
n2a(f) n2a(t)
4 n2d(t) ° n2d(t)
n2i(t) 2 n2i(t)
— n3(t) . — n3(f)
0 20 0 40 0 20 0

— nta(t) J\/\—/—— — nta(t)

— nii() s — nii(t)
n2a(f) n2a(f)
n2d(t) 02l =" n2d(t)
n2i(t) n2i(t)

— n3(f) 0.1 — n3(f)

0 10 20 30 40 50 0 5 10 15 20 25 30

Fig. 6 I Red regime in Figure 1 with A, = 1.2, ¢ = 0.4: Fixation of type 1 (without type 2 coexist-
ing with type 3). The solutions to (1.1) started from coordinatewise initial conditions now all converge
to (n’l‘a, ”Ti’ 0,0,0, n?). The initial conditions in the plots are close to (0,0, 7154, 0, 0, 0) (left) resp.
(n’l‘a, n’l‘i, 0,0,0, n’3‘) (right) but coordinatewise positive. In this example, we have 0 < ng‘ < x3.

see Appendix C for a short related discussion including Figure 7, the corresponding
analogue of Figure 1.

5 Discussion

In this section, we discuss our model and results, and embed them into the literature.
Indeed, in Section 5.1 we review related models studied in prior work and in Section 5.2
we comment on our modelling choices. Finally, in Section 5.3 we summarize the
relation between the stability of equilibria of the dynamical system (1.1) and the critical
behaviour of the approximating branching processes. We conclude with Section 5.4
on potential future work.

5.1 Related literature

Host dormancy as a defense strategy in host-virus systems has been described in
multiple experimental studies in recent years. For example, according to Jackson and
Fineran (2019) and Meeske et al. (2019), infected bacteria can enter a dormant state as
part of a CRISPR-Cas immune response, thus curbing phage epidemics. Furthermore,
Bautista et al Bautista et al. (2015) suggested that dormancy of hosts may even be
initiated upon mere contact of virus particles with their cell hull, so that the dormant
host is not susceptible to the infection anymore. They investigated this for populations
of Sulfolobus islandicus (an archeon), which may switch almost entirely into dormancy
within hours after being exposed to the Sulfolobus spindle-shape virus SSV9, even in
the case of a relatively small virus-to-host ratio.
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Gulbudak and Weitz Gulbudak and Weitz (2016) provide an ODE-based biophysical
model including contact-mediated host dormancy for the “early stages” (covering a
few hours) of the above host—virus dynamics. Their deterministic model is able to
reproduce the experimentally observed rapid switches into dormancy for relatively
small virus-to-host ratios, given that the parameter corresponding to the dormancy
initiation probability q is large enough. However, their model is focused on a relatively
short time-window of host—virus dynamics and does not include the model of Beretta
and Kuang (1998) as a special case. A similar model involving not only lytic but also
chronic virus infections was studied in a paper by the same authors Gulbudak and
Weitz (2018). The key differences between the models of Gulbudak and Weitz (2016)
and our previous paper Blath and Tébids (2023) were discussed in (Blath and Tébids,
2023, Section 2.6.5).

5.2 Remarks on modelling choices

The transitions that we include in our model in Section 3 are certainly not the only
ones that one might deem plausible for a minimal model for the invasion of dormancy
during a persistent epidemic. Our general guiding principle was to follow and extend
previous models if possible, in particular those in Beretta and Kuang (1998); Gulbudak
and Weitz (2016); Blath and Tébids (2023), so that our results can be compared to
these (simpler) setups.

In particular, we made the following assumptions:

e We allow for host death while in the dormant state, i.e. assume « > 0. This seems
plausible, but it turns out that when A» < Xp, the behaviour of the system for
k = 0 is mathematically not very different from the case k > 0. This was already
observed in the setting of Blath and Tébids (2023).

e In Beretta and Kuang (1998) (unlike in Blath and Tébids (2023) and in the present
paper) it was assumed that infected cells cannot recover, i.e. » = 0. We note that
the proofs of all assertions on the dynamical systems (1.1), (1.4), (1.6) also apply
for r = 0. This way, under our standing assumption that A, < A, assuming r = 0
does not reduce the richness of possible behaviours of the system substantially.
However, for A > X1, founder control can only occur if rku; > vo, which
requires r, k > 0. Unfortunately, extending the proof of Theorems 3.1 and 3.2
to the case r = 0 would require additional efforts because the mean matrices of
the approximating branching processes introduced in Sections 3.2.1 and 3.2.2 are
not irreducible. We do not expect any substantial difficulties in this case, but the
proofs would certainly become significantly longer and more technical, and so we
refrain from carrying them out in this paper.

e We follow Gulbudak and Weitz (2016) regarding the specifics of the competitive
interactions. In particular, we assume that infected and dormant hosts do not feel
competitive pressure but they exert competitive pressure on active hosts; cf. also
(Blath and Tébids, 2023, Section 2.6.5). This could in principle be changed, but
as stated above, we aim to stay in line with previous models.
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5.3 Discussion of the approximating branching processes and existence/stability
of the equilibria

We see from Proposition 2.1 and Sections 3.2.1 and 3.2.2 that as long as (n},, n};, n3)
is asymptotically stable for (1.4), the (Inv,_, 3)-branching process is supercritical
if and only if (n},,n};,0,0,0, n3) is hyperbolically unstable, while it is subcritical
whenever (n7,, n};, 0,0, 0, n3) is hyperbolically asymptotically stable. Similarly, as
long as (724, a4, Hai, 713) is asymptotically stable for (1.6), the (Invi_, 5 3)-branching
process is supercritical if and only if (0, 0, 724, 724, R2;, 13) is hyperbolically unstable
and it is subcritical whenever (0, 0, 2,4, 24, M2i, 13) is hyperbolically asymptotically
stable.

Given this equivalence, Theorems 3.1 and 3.2 yield that for i, j € {1, 2},i # j,type
i can invade type j coexisting with type 3 if and only if the corresponding branching
process is supercritical, or, equivalently, if and only if the corresponding equilibrium
where the coordinates belonging to type i are zero and the ones belonging to types j and
3 are in stable equilibrium is hyperbolically unstable. In particular, for A, < A1 we do
not observe any case where both branching processes are subcritical since this would
mean n} < x3 < 713, which would contradict Proposition 2.2. The only case where
both branching processes are supercritical is when (2.1) and (2.3) both hold, and here
we expect stable coexistence (cf. Conjectures 4.1,4.2, and 4.3). Again, it is remarkable
that this is the only case where the coexistence equilibrium (x4, ..., x3) exists (for
X2 < A1). In any other case, (1.1) has no coordinatewise positive equilibrium, and we
expect fixation of one of the two host types while in coexistence with type 3.

However, rephrasing the observations of Section 2.3, it follows that for A, > Aj,
the two branching processes can be simultaneously subcritical, and in that case, X is
also coordinatewise positive (and we conjecture that it is unstable).

5.4 Perpectives for future work

On the technical side, we do not know whether there are parameter regimes where
the six-dimensional dynamical system (1.1) exhibits periodic or chaotic behaviour
with all the six types being persistent, and we defer the study of such questions to
future work. It seems that in case the sub-systems (1.4) and (1.6) both have limit
cycles, the numerical behaviour of the six-dimensional system behaves unstable and
naive simulation methods are not sufficient. Moreover, even in the case when (1.4)
and (1.6) do not behave periodically, the conjectured global stability of equilibria and
convergence of solutions to (1.1) towards the stable equilibria started from distant
initial conditions are open.

More generally, our model provides a first step to include contact-mediated dor-
mancy into models from stochastic adaptive dynamics. Many other forms of dormancy
are possible (e.g. virus latency). The model can thus be seen as a further stepping stone
for the systematic inclusion of dormancy mechanisms into eco-evolutionary and epi-
demiological models.
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A Proof of Propositions 2.2 and 2.3

In this section we provide the proofs of our two propositions concerned with the
existence of a coordinatewise positive equilibrium of (1.1).

Proof of Proposition 2.2 Assume that (1.1) has a nonzero equilibrium x = (x14, X1;,
X245 X2ds X2i, X3). Dividing the last equation of (1.1) by x3 # 0 and substituting the
expressions for ny; and ny; from the second and fifth equation, we obtain

mv
—Dx14 — (1 — q)Dx2q + H-_U(Dxm + (1 —¢q)Dx2q) — 3 =0,

which yields that

u3(r +v)

- (A1)
D(mv — (r 4+ v))

Xia + (1 —q)x2q =
i.e. equation (2.6), in case mv # r + v. From this it follows that the existence of a
coordinatewise positive X implies that mv > r + v, which we henceforth assume for
the rest of the proof. Now, considering the first equation of (1.1) divided by x1, and
substituting the expressions for n; from the second equation, we find that

A — 1 — C(x1g + x1; + X2 + X240 + X2;) = Dx3 (A2)

r+v’

Similarly, from the third equation of (1.1) divided by x>, and substituting the expres-
sions for ny; and ny4 from the fourth and fifth equation, we obtain

-
ra—pu1—C(X1a+x1i+X20+ %24 +%2i) = DX3(1_F+_U(1_CI)_ q). (A3)

kKpy+o
This implies, by subtracting (A.2) from (A.3), for rk 1 # vo and g > 0, that

_h— A (kpr+0)(r+v)
~ ¢D rkpy —vo

X3

which is (2.5). Moreover, from the second and fifth equation of (1.1), and (A.1), we

get
M3x3

X1i +x2i = m,

which is (2.7). Thus, a coordinatewise nonzero equilibrium x exists whenever A, —
M#A#0,g>0,mv—(r+v)#0andrcpu; —vo #0.

The positivity of x3 additionally requires that rk 1 — vo and A, — A have the
same sign. Since (x4, X17, X3), (M24, 24, N2, 13), and x are coordinatewise nonzero
equilibria of (1.4), (1.6), and (1.1) respectively, we have

xii _ Dx3 x2i _ (1—¢)Dx3 X2d _ qDx3

(A4)

3

k) _—9
Xla r+v X2a r+v X2a K+ o
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and thus it follows that whenever x3 > 0, x1, has the same (nonzero) sign as x1;, and
X24, X24, X2; all have equal (nonzero) signs.

We see that x3 is uniquely determined by the parameters. Thanks to (2.6), (2.7),
and (A.4), given the value of x3, the values of x1,4, X1;, X24, X24, X2; are determined
uniquely via a system of linear equations on x14, X1;, X24, X24, X2; Whose matrix is full
rank. It follows that there is a unique coordinatewise nonzero equilibrium x (under the
aforementioned conditions under which there exists such an equilibrium).

Now, let us assume that (n},, n};, n3) is a coordinatewise positive equilibrium
of (1.4). Then, from the first equation of (1.4) we obtain

v
Al — M1 —C(nTa-f-i’lTl-):Dn;r_l_v. (A.S5)

Hence by (2.6) and the characterization in the coexistence condition (Coex; 3) of n} P
in (1.5), if x is coordinatewise positive, then we have

*
X1g + X204 = X14 + (1 — @) X204 + qx24 > 17,
and since x4 is assumed positive and we have

ny U3 _ Xt
n3 mv — (r + v) X3

(A.6)

(cf.also (2.7)), (A.2) and (A.5) can only hold simultaneously if x3 < n§ This argument
also implies that if x3 > nz, then x5, x24, and x; must be negative.

Similarly, if (124, 24, N2i, 13) is a coordinatewise positive equilibrium of (1.6),
then from the first equation of (1.6) we obtain

~ ~ ~ ~ ~ r
by = 11 = C g g + iy +i13) = Dis (1= —— (1 =) - 9)- (A7)

Kuy +o

Now, by (2.6) and the characterization in the coexistence condition (Coexz 3) of 712,
from (1.7), if x is coordinatewise positive, then

Xlg + X200 = X1a + (1 — @)x2q + gx20 = (1 — ‘Z)EZa + gx24 < N2,

where in the last step we used that xp, < 7, must be satisfied because otherwise we
would have

(1 = @)x2a + x1a > (1 = g)x20 = (1 — @)i2q,

a contradiction with (2.6) and the definition of n{, (cf. (1.5)). Now, since

1 ©3 X1+

i omv—(r4+v) x3

(A.8)
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(where we also used (2.7)) and

M _ X2 q(r +v)

2d _ X2d _ , (A.9)
ny  x2i  (1—q)kp +o)

(A.7) and (A.3) can only hold simultaneously if x3 > 73. From this argument, it
also follows that if x3 < 73, then x|, and x|; must be negative. We conclude that if
0 < n’{ < x3 < 13, then all coordinates of (xiq4, ..., x3) but x3 must be negative.
However, this contradicts (2.6), and thus implies assertion (2) of the proposition.
Now, similar arguments yield that the converse is also true: If x3, n’3‘ and 713 are all
well-defined and positive, and 73 < x3 < nﬁ, then x is coordinatewise positive. Indeed,
if xp, were non-positive, then x4 +(1—¢g)x24 = nj, wouldimply that x1,+x24 < nj,.
Now, since (A.6) still holds and x4 has the same sign as x», (and xp;), arguing
analogously to the case when we assumed that x is coordinatewise positive, we could
derive that x3 > n§ contradicting our assumption. Also, if x1, were non-positive, then
X2, would have to be positive, and hence x1, + (1 — g)x24 = (1 — ¢)R2, would imply
that xo, > 7o,. Butfrom this, it would follow that x1,+x2, = (1—g)i24+qx2q > M2g.
From this, using (A.8), (A.9), and the fact that 77p; > 0 (since 71, > 0), we could
conclude that x3 < 713 and thus we would obtain another contradiction. Hence, the
proof of (1) is finished. O

Based on this proof, we now also complete the proof of Proposition 2.3.

Proof of Proposition 2.3 Assume that the coexistence condition (1.5) is not satisfied
but X = (x14, X1i, X24, X2d, X2i, X3) is still coordinatewise positive. This is clearly
impossible when mv < r 4 v because then e.g. (2.6) cannot hold. Let us now assume
for the rest of the proof that mv > r 4 v. Then,

Al — 1
nlazT

<nj, = Xig + x2.

It follows that the left-hand side of (A.2) is negative, so that since (A.2) must hold, x3
cannot be positive. We conclude that in this case, (1.1) has no coordinatewise positive
equilibrium, as we claimed in (1).

Assume now that rkpy; # vo. When (2.10) holds, we need x3 < ﬁ; in order to
obtain coordinatewise positivity of x analogously to the case when (1.7) holds (cf. the
proof of Proposition 2.2). Since (124, fi24, H2i, 113) does not exist as a coordinatewise
positive equilibrium, the fourth or fifth equation of (1.1) yield no additional condition,
apart from the trivial condition that x3 must be positive. This completes the proof of
2). m]

B Proof of Theorem 3.1

To carry out the program sketched in Section 3.3, for Step i) we define, for each ¢ > 0,
the stopping time

R =inf {r > 0: max{IN{5(t) — ni |, INf () — n};|, INF (1) — n}|} > e},
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i.e. the first time when the rescaled population size of some of the resident types 1a, 1i,
and 3 leaves an e-neighbourhood of the corresponding coordinate of the equilibrium
(155, 13).

Recalling the initial condition M} from (3.1), the stopping time 73 from Equation
(3.2) (for B > 0), the time To2 of extinction of type 2 (i.e. of sub-types 2a, 2d, and 2i
altogether), and the time TE2 when type 2 reaches a total population size of |¢K | (cf.
Equation (3.3)), the first step of the sketch of the proof of the theorem (as presented
in Section 3.3) is verified by the following lemma.

Lemma B.1 Under the assumptions of Theorem 3.1, there exist g > 0 and b > 0 such
that for all € € (0, gg) we have

hm SUp]P’(Rbg < T£2 A T02 | NK(O) = M*K) = O

K—oo -

The proof of this lemma, which involves standard Freidlin—Wentzell type large-
deviation arguments for stochastic processes exiting from a domain, originates from
Champagnat (2006); Coron et al. (2021). Now we provide the proof.

Proof of Lemma B.1 The structure of the proof of Lemma B.1 is entirely analogous to
the one of the proof of (Coron et al., 2021, Lemma 3.2). However, the construction of
the coupling of the rescaled resident population size with a simpler process and the
proof of certain claims within the proof of the lemma have to be adapted to our model.

We verify the lemma via coupling the rescaled population size
(N 112 ), N 111( (1), N3K (1)) coordinatewise with two three-type continuous-time Markov
chains, (Y, (1), Y;;~ (1), Yy~ (1)) and (Y{:" (1), Y;; 7 (), Y3 (1)), on time scales
where the mutant population is still small compared to K. More precisely, the cou-
pling relation will be

Yo~ ) < NK()y <v8T(r), as. Vi <T¢AT? Vue({la, li,3},(B.1)

with initial condition (Y, (1), Y;;' (), Y3 (1)) = (NK(0), NK(©0), NK(©0) =
(MT, g MY; g, M3 ) fori € {+, —}.

The latter processes will also depend on K, but we omit the notation K from their
nomenclature for simplicity. In the original proof in Coron et al. (2021), the processes
involved in the coupling are birth-and-death processes; this will not be the case in
our situation anymore because the death of infected individuals by lysis gives rise to
m virus particles. However, the jump sizes in each coordinate will still be bounded
between —1 and m. In order to satisfy (B.1), these processes can be chosen with the
following birth and death rates:

(Y1 (@0, Y[ (1), Y5 (1):

T o
(i,i,—)—>(’Jr ,i,—) at rate A0, (B.2)
K'K'K K "K' K

Pk 1 41 k=1 ik
(Ls Lv _) - (l ) J + ) ) at rate Dl_, (B.3)
K'K'K K K K K
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ok 1 i1k
(%’%’E)_)(; ’]T?> atraterj, (B.4)
ik =1 k
(%’%’E)_)<IE’]T¥> atrate vj, (B.5)
i j ok i ok—1 . (B
?,E,E — ?, E, T) atrate“?& ’ ( )
(2 J k) (i_l J k) trate (w1 + C= + Ce)i, (B.7)
KK — X KK atrate (g X e)i, .
i j ok i—1 o d k=1 | Dei. (BR
KK e X vV KR atrate (1 — g)Dei, (B.8)
i ok i—m ik
<?’?,E>_>< e \/0,?,?) atrate ve. (B.9)
and
<Y”(t) Yot @), Y5t @):
j 1 k
(l_ < E)_> (l; IJ( K) atrate Aqi,
j k -1 1 k-1 'k
(%’%’E)_)(lK ,]Z TR ) atrateD%,
i j ok i+1 j—1 k ,
G0~
i j ok i j—1 k+m .
(%) &% %) arate v,
. X Sk
(b5 (45
(i J k) (i—l Jj k) trate ( —{—Ci)' (B.10)
—, =, =)= , =, = at rate —)i, )
KKK K "K'K Tty
j k j 1 k
(ZE%E)_’(%%E) atrate (1 — q)Dei,  (B.11)
L1k . K
K K K K K K

Let us explain why these processes satisfy (B.1). It is clear that the transition rates
written in (B.2)—(B.6) (as well as between (B.9) and (B.10)) do not involve the param-
eters ¢ and are equal to the corresponding rates of NX (¢) projected to the type 1a, 1i,
and 3 coordinates. The transitions in (B.7) and (B.10) only involve type 1a among the
resident types. Here, for Yf ;1+ (t) we only take death by competition within type la
into account, ignoring the death of type la by competition with type 2a individuals,
thus making the type la population larger, whereas for Y’ f .~ (t) we add an additional
killing term due to competition with type 2a at rate Cei > C NZIZ (#)i, thus making the
type la population smaller.

The remaining transitions are somewhat more involved. (B.8) and (B.11) account
for successful virus attacks against type 2a, while (B.9) and (B.12) for death of type 2i
individuals by lysis. However, in all the four cases, transitions happen at e-dependent
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rates and they are artificial in the sense that they do not correspond to any transition
type of N¥. In (B.8) and (B.11), in the case of (Y], (1), Y{;™ (), Y;'~ (1)) we remove
a virus particle due to a successful virus attack against a type 2a individual, but since
this “surviving” virus particle could potentially infect another type 1a individual, we
artificially also remove a type 1a individual in order to make sure that Yf (@) <N 1[2 (1)
also holds for all # under consideration. (The case when there is no type la individual
to remove will not be relevant in the end since we are considering the case where
Yf[’; (t) ~ n7, with high probability.) The factor of i in the rate of such transitions is
(1 — g) De, which is an upper bound for (1 — q)DNzlfz (1) on the time interval under
consideration. Similarly, in the case of (Y, (r), Y{;* (1), Y{"" (), at the same rate
we do not remove the virus particle, but we artificially add a type la individual that
this non-removed virus could potentially infect in addition to the infections of type
la individuals in NX, in order to ensure that N 1151 <Y 18 l’l+ (t) holds for all relevant
values of 7. Moreover, regarding (B.9) and (B.12), for (Y{, ™ (1), Y};~ (1), Y5~ (1)) we
introduce artificial transitions where type 3 individuals are not created by death by
lysis events of type 2i individuals but we remove m type la individuals, which is
the number of type la individuals that m new viruses could otherwise potentially
infect in the worst case. (The case when there are less than m type la individuals to
remove will again not be relevant.) The rate ve here is an upper bound on vNZIf. ).
For (Y15 (1), Y{;7 (1), Y5* (1)), the death by lysis events of type 2i individuals are
replaced by transitions where m new viruses are created but also m type 1a individuals
are added, so that the creation of the additional viruses cannot reduce the type la
population in the end.

Let us estimate the time until which the processes (Y, (), Y{; (1), Y3~ (¢)) and
(Yf[’l'|r (D), Y]sl.’+(t), Y;’+(t)) stay close to the value (n],, n};, n3). We define the stop-
ping times

RL:=inf{r = 0: (Vi (1), Vi, (1), YI(0) ¢ [n%, — e, n%, + €] x [n}; — &, n%; + €] x [n} — e, n} + ]}

fori € {+,—}and e > 0.

For large K, according to (Ethier and Kurtz, 1986, Theorem 2.1, p. 456), the
dynamics of (Y™ (r), Y};” (), Y3~ (1)) is close to the one of the unique solution
(n1a, 11, n3) = ((n14(2), n1; (1), n3(t))=0 to

ng =n1g(A — 1 — C(nig + &) — Dnz — (1 — g)De) — mve +rny;,
ny; = Dnygnz — (r +v)ny;, (B.13)
n3 = —Dnygnz — (1 — q)Dnze + mony; — usns

*

with initial condition (n7,,

MTi,K’M;K))'
The equilibria of this system of ODEs are (0,0,0), (ﬁ(lfj,o, 0), and

(nT’a(s),nT;(s),ni’(s)), where limg o ﬁisa) = N1, and limgw(nﬁ(s),nT;(s),nz’(s)) =

(n%,, n%;,n%). In particular, for all ¢ > 0 small enough, ﬁ(lfl), n’lkl’l(s), n’lkl’.(s), n?(s) are

all positive. Moreover, since we have assumed that (n} P n”[i, nﬁ) is a coordinatewise

nj;,n3) (since this quantity equals limK%oo(Mfa’K,
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positive and locally asymptotically stable equilibrium of (1.4), which implies that
(n14, 0, 0) is unstable (cf. Section 1.3.2), for ¢ > 0 sufficiently small the equilibrium

(fz%’fl), 0, 0) is unstable whereas (nT;l(s), nT;(s), nz’(s)) is locally asymptotically stable.

These also imply that there exists b > 0 and &9 > 0 such that for all 0 < ¢ < &,

Vo € {la, 1i,3): [n—n}©| < be and 0 ¢ [n%—be, n+bel; and ') ¢ [n},—be, n%, +bel.

a

Now, using a result about exit of jump processes from a domain by Freidlin and
Wentzell (Freidlin and Wentzell, 1984, Chapter 5), there exists a family (over K) of
Markov jump processes (?f[’; (1), ?fi’*(t), f/if’*(t)) whose transition rates are posi-
tive, bounded, Lipschitz continuous, and uniformly bounded away from O such that
fori € {+, —} and

R:=inf {r = 0: (5 ). V5 ). V5 (1) ¢ [nf, — e.nf, +e] x [nf; — e.n; + el x [n} — e.n} + el

there exists V > 0 such that R
P(R,, > k") =P(R,, > ") — 1. (B.14)
K—o0
Usi .. e+ ve,+ ve+ :
sing similar arguments for (Y|;" (¢), Y;;" (), Y5"" (¢)), we derive that for ¢ > 0,
V > 0 small enough, we have that

P(R}, > XYy — 1. (B.15)

K—oo

Now, on the event {Rp, < TO2 A ng} we have Rye > R, A R;;. Using (B.14) and
(B.15), we derive that

lim supIP’(Rbs <ekV Ry < TO2 A Tsz) =0.

K—oo

Furthermore, by Markov’s inequality,

P(Rps < T§ AT?) < P(Rpe <XV, Ry < T§ AT2) +P(Rpe ATg AT2 > eXY)
<P(Rps <XV, Roe < T§ AT2) + e KVERps A T3 ATY).

Since we have
Rpe ATEAT?
E[Rpes A T8 A Tf] < ]E[/ KNK (t)dt],
0

recalling that Ny (1) = Ny, () + N1 (t), Na(t) = Nog(t) + Nog (1) + No; (¢) and writing
NlK (1) = %Nl (1), NZK (t) = %Nz(t), it suffices to show that there exists C > 0 such
that

Ry ANTZAT?
E[/ Nz(t)dz] < CeK. (B.16)
0
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This can be done analogously to (Coron et al., 2021, Section 3.1.2). Indeed, let £
denote the infinitesimal generator of (N K (t))r>0. We want to show that there exists a
function g : (%No)f‘ — R defined as

8(n1q, nij, Nog, N24, N2i, N3) = Y2aN2q + Y2aN2d + V2inoi (B.17)

such that
Lg(NF) = NE,. (B.18)

If (B.18) holds, then (B.16) follows because using Dynkin’s formula,

Ry ANTZAT? Rpe ANTZAT?
E[/ KNz’f,dt] < E[/ KEg(N,K)dt]
0 0

= E[Kg(Ngbg/\TOZATEZ) - Kg(N(I)()]

< (V2a Vv vV 2i)eK — (Vaa A vaa A v2i),

which implies (B.16), independently of the signs of y»4, 24, and y»;. Let us apply the
infinitesimal generator £ to the function g defined in (B.17). We obtain

Lg(NK) = Noy ([ (A2 — 1 = CINE 1) + NE (1)) — DNE(1))y20 + ¢DNE (1) 24
+ (1 = @)DNE®)yai] + Naa ([0 y2a — (k1 + 0)y2d]
+ Noi (O[ry2a — (r + v)y2i]-

Hence, according to (B.18), it sufficies to show that there exist y24, Y24, ¥2i € R such
that the following system of inequalities is satisfied:

(2 — w1 — C(NK(@0) + NX 1))

— DN¥(1)y2a + ¢DNE () y2a + (1 — @) DNE )y > 1, (B.19)
0V — (K1 +0)y2q > 1, (B.20)
rya — (r +v)y2 > L. (B.21)

Since NIK O+ N2K (t) and N3K (t) vary in t, the system (B.19)—(B.21) of inequalities is
not easy to handle. However, for ¢ € [0, Rp: A TO2 A TEZ], we have C(NIK (1) ~|—N2K 1)+
DNX(t) < C(n%, +n%; +be+¢e)+ D(n}+be) and DN (1) > D(n} — be). Hence,

(A2 — 1 — CINE, + NE@©) — gDNE O NE, + NE )24
+gDNE ()y2a + (1 — @) DNL (1) i

> (A2 — p1 — C(n}, +nj; + be +¢) — D(n3 + be))yr
+ gD} — be)yra + (1 — @)D} — be)ya,
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which implies that (B.19) is satisfied as soon as

(A2 — 1 — C(ni, +n}; +be +¢€) — D(n3 + be))yrq + qD(n5 — be)yrg
+ (1 —q)D(n3 — be)ys > 1. (B.22)

Let us verify the existence of y»,, 124, ¥ satisfying (B.22), (B.20), and (B.21). First
of all, we can rewrite (B.20) as

—1
g < Y2 (B.23)
kuyr+o
and 1
vy < Y2 2 (B.24)
r+v

Hence, let us first consider the inequality

o —1
(g — 1 — C(nt, +n%; + be + &) — Dk + be))ya + gD — be) 722~
K1 +o
—1
+(1—q)D(nt —be) 22—~ 5 1. (B.25)
r+v

The (Inv,_, 1 3)-invasion condition (2.1) is satisfied by assumption, and hence there
exists & > 0 such that

o
A — 1 — Cn +nt. +be+¢e)— Dmi + be)) +gD(ns — be) ——
(A2 — w1 ( la 1i ) ( 3 ) +gD( 3 )KMI iy

+ (1 — @)Dk — be)—— > 0, (B.26)
r+v

Indeed, this is true for the following reason. For ¢ = 0 we have

o
(A2 — u1 — C(n}, +n};) — Dn3 + angK—o + (1 —q)Dn}

m1 4+
=2 — A1)+ A —u1 — C(nTa —l—n’fi) — Dl’l%< + Dn§

r

r+v
— Dn3 -l—an*L + ({1 —q)Dn}
Sr4v 3Ku1+a Sr4v
— o= =Dt —— 4 gDt —% 4 (1 — q)Dnt (B.27)
Srtv Skl +o 3r '
Vo — rk
= Ay — Ay +qDn? ad (B.28)

>
(r+v)kpr +o)

where (B.27) is true thanks to (A.5) and the strict inequality in (B.28) thanks to (2.1).
By continuity, there exists ¢ > 0 such that (B.26) holds. Hence,

o
(2 — 1 — C(n¥, +n%; + be + &) — D + be))ysa + gD — be) — 20—
K1 +o
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r'Y2a
r+v

+ (1 — ¢)D(n3 — be)

tends to infinity as y», — o0, and therefore for all sufficiently large y», the
inequalilty (B.25) is satisfied. By continuity of the function x +— D(n3 — be)x,
this implies that for any y», satisfying (B.25) there exists y»4 satisfying (B.23) and
y2i satisfying (B.24) such that (B.22) holds. We conclude the lemma. O

In view of Lemma B.1, we can proceed with Step ii), which will be covered by the
following proposition.

Proposition B.1 Under the assumptions of Theorem 3.1, there exists a constant b > 0
and a function f*: (0, 00) — (0, o) such that limg o f*(¢) = 0 and

2
. 2 2 K
1211::5 P(Ts < Ty A Rpe, @ IR (&) N%(0) ZMZ) — (I =524)| = 0&(1)
(B.29)
and
lim sup P(Tg < T2 A Rye| NK(0) = M};) — 54| = 00 (1), ( B.30)

K—oo

where 0.(1) tends to O as ¢ |, 0.

The proof of Proposition B.1 is essentially analogous to the one of (Blath and Tébids,
2020, Proposition 4.1), but the precise coupling arguments require some care. We
present the proof now.

Proof of Proposition B.1 In what follows, we consider our population process on the
event
Ae = {T§ AT? < Rpe)

for sufficiently small ¢ > 0. On this event, the invasion or extinction of the mutant
(i.e. type 2) population will happen before the rescaled resident (i.e. type 1 plus 3)
population substantially deviates from its equilibrium size (n7,, n};, n3). We now
show how the (Inva_, 1 3)-branching process approximates (No,(2), Nog(t), Noi (1))
fort € [0, Rpe A Te2 A TOZ] via an explicit sandwich coupling between two enveloping
processes. To this end, one constructs (N(¢));>0 and the (Inv,_, 3)-branching pro-
cess (Zaq(t), Z24(t), Z2i(1)):>0 (Whose transition rates were defined in Section 3.2.1)
from an identical set of driving Poisson processes (see e.g. (Blath and Tébias, 2023,
Appendix B) for details in a similar setup). Further, using the same Poisson pro-
cesses, one constructs the enveloping processes (Z5,, (1), Z3; (1), Z5; (1));=0 and
(Z5:7(0), Z5;7(0), Z5:F (1)):>0 (which again depend on K, but we omit that from the
notation for readability) such that for all v € {2a, 2d, 2i} we have the “sandwich
couplings”

Z5m(1) < Zy() < Z5T(1) and  Z5T(1) < No(1) < Z5H(0), (B.31)
almost surely for all # € [0, Rpe A ng A TOZ] on the event A,.

@ Springer



Emergence of microbial host dormancy... Page 49 of 60 60

Concretely, this can be achieved as follows. For (k, [, m) € N3, the rates of the
dominated process (Z5, (1), Z5; (1), Z5:” (t));>0 are given as

(k+1,1,n) at rate kX, (birth of type 2a individuals),

(k—1,1,n) atrate k(uy + C(n], + nj; + 2be + ¢)) (death of type 2a individuals),
(k—1,1,n+1) atrate (1 — q)Dk(n; — be) (virus contact of type 2 leading to infection),
(k—1,1+1,n) atrate g Dk(n} — be) (virus contact of type 2 leading to dormancy),
(k,l,n) —> {(k—1,1,n) at rate Dk - 2be (artificial auxiliary transition a), see below),

(k+ 1,1 —1,n) atrate ol (resuscitation of type 2d individuals),

(k,l —1,n) at rate k¢! (death of type 2d individuals),

(k+1,1,n—1) atrate rn (recovery of type 2i individuals),

(k,l,n—1) at rate vn (death of type 2i individuals via lysis),

while the rates of the dominating process (Z;;;r @, Z;;r @, Z;;-Jr (1))s>0 are defined
as

(k+1,1,n) at rate kX, (birth of type 2a individuals),

(k—1,1,n) atrate k(u1 + C(n}, + n}; — 2be)) (death of type 2a individuals),
(k—1,1,n+1) atrate (1 — q)Dk(n3 — be) (virus contact of type 2 leading to infection),
(k—1,1+1,n) atrate g Dk(n} — be) (virus contact of type 2 leading to dormancy),

G lim) — (k,l,n+1) at rate (1 — q) Dk - 2be (artificial auxiliary transition b), see below),
(k,1+1,n) at rate g Dk - 2be (artificial auxiliary transition c), see below),
(k+1,1 —1,n) atrate ol (resuscitation of type 2d individuals),

(k,1—1,n) at rate 411 (death of type 2d individuals),

(k+1,1,n—1) atrate rn (recovery of type 2i individuals),

(k,l,n—1) at rate vn (death of type 2i individuals via lysis).

The auxiliary transition a) corresponds to the successful or unsuccessful virus contacts
of type 2, but now only the affected active individual dies and no infected or dormant
individual is created (and also no virus particle gets removed, since type 3 is not
included in the branching processes under consideration). Further, auxiliary transition
b) is similar to the successful virus contacts of type 2, but now only an infected
individual is born, while the affected active individual does not get removed, and the
same holds for the auxiliary transition c) with the infected individual being replaced
by a dormant individual.

The rationale behind the choice of rates that guarantees ( B.31) for all sufficiently
large K and small enough ¢, b > 0 is the following. Let t € [0, Rp: A TS2 A Toz],
then we have Nllg (t) € [n}, — be,n], + be], N1]§ (t) e [nTl. — be, n’{‘i + be],
NE(1) € [n} — be, n} + be], and NX (1) + N£ (1) + NX (1) € [0, &]. Now, the rates
of (N(#));>0 that are linear and affect only types 2a, 2d, 2i and 3 remain unchanged in
(Z57 (1), Z555 (1), Z57(1))1=0. All the other rates of (25, (1), Z5; (1), Z57 (1))i0
resp. (Z;:r 1), Zi’j ), Z;f (1));>0 are chosen in such a way that the sizes of the type
2a, 2d, and 2i sub-populations are always smaller / larger than those for the coupled
processes under these bounds on the type 1a, 1i, 3, and 2a+2d+2i population sizes.

Indeed, the rate of death by competition experienced by a type 2a individual, given
by Cw, is dominated from above by C(n}, + nj; +2be + ¢). Regarding the
virus contacts, here the situation is slightly more complicated because these remove
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but also create individuals of the types that we aim to bound from below by the
branching process. Here, we observe that the smallest per capita rate of loss of
type 2a individuals due to successful virus contacts is (1 — g)D(n} — be) and the
one due to unsuccessful ones is g D(n3 — be), and with these rates we carry out the
corresponding classical transitions. To accommodate further events, we incorporate
an additional rate of successful virus contacts of (1 — g)D - 2be and an additional
rate of unsuccessful virus contacts of g D - 2be per type 2a individual, but for these
events we only allow the death of the involved active individual without creating new
a dormant or infected individual, thus again guaranteeing smaller population size of
types 2a, 2d, and 2i for the dominated branching process than in the original individual-
based model. This ensures that the first inequality in the second chain of inequalities
in ( B.31) holds (given a properly chosen Poissonian construction, in the almost sure
sense). Comparing the obtained rates with those of (Z2,(¢), Z24(t), Z2i(t)) defined
in Section 3.2.1, we conclude that the first inequality of the first chain of inequalities
in ( B.31) is also satisfied.

Similarly, for (Z5 (), Z;;;r @), Z;;Jr(t))tzo, the per capita rate of successful resp.
unsuccessful virus contacts are reduced to (1 — g) D(n; — be) and g D(n — be), but
at the additional rate of (1 —q) D - 2be resp. g D - 2be per active individual, an infected
resp. dormant individual is created. The per capita death-by-competition rate of type
2a individuals is reduced to C(n} P n’fl. — 2be) for this process (in particular, the
competitive pressure felt by type 2a from any form of type 2 individual is entirely
ignored). This yields the second inequality in both chains of inequalities of ( B.31).

The rest of the proof of Proposition B.l is now entirely analogous to the corre-
sponding part of the proof of (Blath and Tébids, 2020, Proposition 4.1), which in turn
originates from the proof of (Coron et al., 2021, Proposition 3.1).

For ¢ € {+, -}, let séZ’o) denote the extinction probability of the process
(Zg;:[, Z;Zt, ngt) started from (1, 0, 0). The extinction probability of a supercrit-
ical branching process is continuous with respect to all kinds of transitions that the
mutant population in our model has. Using arguments analogous to the ones in (Coron
et al., 2021, Appendix A.3) and the first chain of inequalities in ( B.31), we have
séff) < §9q < sé‘fl’_) for fixed ¢ > 0 and

0 < liminf |55 — s2,| < limsup [s55 — 55,
el0 £l0

<limsup|s” =P =0,  Voe (4, -}, (B.32)
el0
where we recall the extinction probability s, defined in (3.10).
Next, we prove that the probabilities of extinction and invasion of the actual process
(Nog (1), Nog(t), Naji(t)) alsotendto sp, and 1 —s7,, respectively, with high probability
as K — oo. We define the stopping times

T2 =inf{t > 0: Z5° (1) + 25 () + Z5°(1) = |Kx]},  oe{+ —}LxeR.

Thanks to the coupling in the second chain of inequalities in ( B.31), which is valid
on A., we have
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(T2 < T 72 A) < B(T7 < Tg, Ac) < B(TD? < 17702 4,)
(B.33)
Indeed, if a process reaches the size K ¢ before dying out, then the same holds for a
larger process. However, the event A, is independent of (Z5° Z;;Zt, Z;;i) for both
¢ = + and ¢ = —, and hence

2a,t>

liminf P(T* )% < To(e'i)’z, Ag) = hm lan(As)P( T

K—o0

<7 = (1 s >>(1_0(1)) (B.34)
and

limsup P(75 02 < 752 A,) = lim sup P(A,)P(T. &)

K—o0 K—o0

< T35 < (=81 + 05 (1)) (B.35)
Letting K — oo in ( B.33) and applying ( B.34) and ( B.35) yields that

limsup [P(T2 < 7§, Ae) — (1 — 520)| = 04(1),

K—o0

as wanted. Equation ( B.30) can be derived similarly.

It remains to show that in the case of invasion, the time before the total type 2
population size reaches K¢ is of order log K /A*, where A* was defined as the largest
eigenvalue of the matrix J* defined in (3.9), which is positive under our assumptions.

Let %) o e {+, —}, denote the maximal eigenvalue of the mean matrix of the
process (22 0t Z;;Zt, Z;ft). This eigenvalue is positive for all small enough ¢ > 0
and converges to A* as ¢ | 0. Hence, there exists a function f: (0, c0) — (0, 00)
with limg o f(¢) = O such that for all & > 0 sufficiently small,

*,(&,0)
~ _ 1( PO} (B.36)

)\’*

Let us fix ¢ small enough such that ( B.36) holds. Then from the second chain of
inequalities in ( B.31) we deduce that

]P)(Tg(gaf)s T(‘€ 7) 2

) <]P’(T2 <T¢ A

+ f ). Ac).

Using this together with the independence between A, and (22a R Z; dot, 2%, [) and

employing (Athreya and Ney, 1972, Section 7.5), we obtain for ¢ > 0 small enough
(in particular such that f(¢) < 1)

limianP’<T£(£’ )2 < e, g K 14 fey. A ) > (1= s 7)1 = 0g(1)).

K—oo
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This inequality follows from computations that are analogous to (Coron et al., 2021,
Section 3.1.3, first display below (3.41)). Similarly, using the second chain of inequal-
ities in ( B.31), we conclude that for all sufficiently small ¢ > 0

log K
limianP’(Ts(S’Jr)’z <7ED2 e > B2 (1 pey, Ag)
K —00 A*
> (1= s = 0 (1)), (B.37)
These together imply ( B.29), hence the proof of the proposition is finished. O

We now derive the following result, which constitutes Step iii).

Proposition B.3 Under the same assumptions as in Proposition B.I and the additional
assumption that the (Inva_, 1 3) invasion condition (2.1) holds, there exists a constant
B > 0 (independent of €) such that for any function f* for which the assertion of
Proposition B.1 holds,

1}<mianP>(T82 <Tp < T2+ f*(e)log K|T? < T§ A Rpe) = 1 — 0s(1).
—00

Proof First, it is clear that for any b > 0 and for all sufficiently small &, if ng <
T¢ A Rpe, then Ty > T2. Hence, it suffices to show that

liminf P(Tp < T2 + f*(e)log K|T? < T§ A Rpe) = 1 — 05(1),

K—oo

which we will do now. Consider the system of linear differential equations
(fi2a (), 1124 (1), 112 (1)) = (n2q (), n2a(t), n2i (1)) J*. (B.38)

Since J* is irreducible, by the Perron—Frobenius theorem it has a coordinatewise
positive left eigenvector (a4, 724, 72;) associated with the positive eigenvalue A*
satisfying 7o, + 24 +m2; = 1, and there are no other coordinatewise non-negative left
eigenvectors whose sum of entries equals 1. The general solution to the system ( B.38)
of equations satisfies

n24(t) = cmaae® ' (1 4 0(1)),
naa(t) = cmaqge® (1 4 o(1)), (B.39)
nai (t) = cmaie* (14 0(1)),

ast — oo, for a suitably chosen ¢ > 0 depending only on the initial condition but not
ont.

Indeed, as already discussed in Section 3.2.1, due to the Perron—Frobenius theorem
and the irreducibility of J*, under the condition (2.1), A* is the unique eigenvalue of J*
with the largest real part, and it is a single root of the characteristic equation (thus with
a one-dimensional eigensubspace). Now, it is classical that if the other two eigenvalues
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A/, A" are distinct real numbers with left eigenvector (024, 024, 02i) associated with
A" and left eigenvector (vag, Vag, v2;) associated with A”, then the form of the general
solution to ( B.38) is

(24 (1), n2a (1), 12 (1)) = ¢(T2a Taq, T2)€* " + ¢ (024, 024- 021)e*" (B.40)
+¢" (v2a, vaa, van)et ! (B.41)

forc, ¢/, ¢” € R, whichsatisfies (B.39).If A" and A" are equal with geometric multiplic-
ity 2, then the form of the solution is analogous to ( B.41) (with A’ = A”). Next, if they
are equal with geometric multiplicity 1, then denoting the unique left eigenvector of
J* associated with A’ by (024, 024, 02:) and the corresponding generalized left eigen-
vector (Vaq, Vag, V2i) satisfying (Vaq, vag, v2i)J* = X' (V2q, V2a, v2i) + (024, 024, 02i)-
then the form of the general solution is

(124 (1), n2a(t), n2i (1)) = (720, 720, W21)* ' + ¢ (020> 024 02i) €™

+ ¢ (t(024> 024, 02i) + (V2g, V2a, v2i))e™"

for ¢,c’,¢” € R. Finally, if A’ and A" are complex and conjugate, i.e. for some
o, B e Rwehave ' =o' +iB and A" = o’ —ip’, with associated left eigenvectors
(u1,uz,u3) = (a1 +iby,ax + ib, a3 + ib3) resp. (vy, v2,v3) = (a1 — iby,az —
iby, a3 — ib3), then the form of the general solution is

(24 (), n2a (1), n2; (1)) = (7024, T2, T21)E" "
+ /e (cos(B't)(ar, az, az) — sin(B'1) (b1, by, b3))
+ C//ea/t(Sin(ﬂ/l)(al ,az, az) + cos(B't)(by, ba, b3))

for ¢, ¢/, ¢” € R. In all cases, the solution still satisfies ( B.39).

If we replace n1,(t) by nj,, n1;(t) by n};, and n3(t) by n3, each time they occur
on the right-hand side of any equation of the six-dimensional system (1.1), then the
right-hand sides corresponding to rip, (), 124 (1), n2; (t) agree with the right-hand sides
of ( B.39). Let us now fix n € (0, A*). By continuity, we can choose A > 0 such
that as long as |n1,(¢) — nj,| < A,|ny;(t) —nj;| < A, and |n3(¢) — nj3| < A,
noq (1), no4(t), na;i (¢) then all grow exponentially at rate at least . Moreover, any solu-
tion to (1.1) with a coordinate-wise non-negative initial condition is clearly bounded.
Thus, since the right-hand sides are locally Lipschitz, each coordinate of the solution
can decay at most exponentially.

Let now ¢ > 0, b > 0 corresponding to Proposition B.1, y € (0, ¢) arbitrary, and
consider the following assumptions on the initial condition (1214(0), . .., n3(0)) of the
system (1.1):

|n,(0) — n})| < be, Yu e {la, 1i, 3},

(B.42)
e —y <n2,(0) +n24(0) +n2(0) <e+vy.
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It follows from ( B.39) and the irreducibility of J* that for any §; > Oand y > 0
small enough, there exists a deterministic time s, € (0, oo) depending on ¢ such that
for any initial condition (1214(0), . .., n3(0)), satisfying ( B.42), there exists t € (0, s;)
such that ny, (t), naq(t), noi (t) > Bi. Here we also used that for such initial condition,
¢ from ( B.39) must be positive because it is easy to see that the non-negative orthant
is positively invariant under the system ( B.38). Let now S, be the infimum of all
the values of min{n,(¢), n1;(t), n3(¢t)} over all such ¢ and all such initial conditions
(n14(0), ..., n3(0)), then B > 0. Now, let f := £ min{By, B2}.

Finally, when ¢ is small enough, NK (Tsz) satisfies ( B.42) on the event {ng <
To2 A Rpe}, which has probability 1 — 5o, & 0.(1) thanks to Proposition B.1. Then,
using the strong Markov property and applying (Ethier and Kurtz, 1986, Theorem
11.2.1, p456) on the time interval [Tsz, ng + 2s.], it follows that with conditional
probability 1 — o, (1) (on the same event {7, 32 < ng A Rpe}, in the limit K — o0) there
exists 7 € [0, s¢] such that NX (¢) satisfies NX(T> + 1) > B forall v € 7. Of course,
s may tend to infinity as € | O, but s/ log K tends to zero as K — oo for fixed small
€. Thus, conditional on the event {Tf < TO2 A Rpe} as K — oo, Tg/log K stays in
[ng /log K, TE2 /log K + f*(e)] with (conditional) probability 1 — o.(1). Thus, the
assertion of Proposition B.3 follows. O

Now, based on Propositions B.1 and B.3, we can complete the proof of Theorem 3.1
very similarly to (Blath and Tébids, 2023, Section 4.4). The main difference between
our proof here and the one in Blath and Tébids (2023) is that we know less about
the qualitative behaviour of the corresponding dynamical system (in our case (1.1)),
which will be made up for by the additional Proposition B.3.

Proof of Theorem 3.1 Our proof strongly relies on the coupling ( B.31). To be more
precise, we define a Bernoulli random variable B as the indicator of non-extinction

B:= ]l{v;>0, Z2a(0)+Z2a (1) +22: (1) >0

of the approximating (Inva_, 1 3)-branching process ((Z24(t), Z2q(t), Z2i(t)))r>0
defined in Section 3.2.1, which is initially coupled between the same two branch-
ing processes (Z5, (1), Z5; (1), Z5; (1))1=0 and (Z;j(t), Z;;;r(t), Z;;.Jr(t))tzo as
((N24(t), N2a (1), N2i(1)))1>0, according to ( B.31).

Let f* be a function such that Proposition B.1 and B.3 hold for f*/3 (and hence
also for f*). Throughout the rest of the proof, we will assume that ¢ > 0 is so small
that f*(¢) < 1. Further, we fix » > 2 such that Proposition B.1 holds for b.

We define the “quick extinction event for type 2” by

2

T
E(K, &) = {logOK < fHe). T2 < Ty, B = 0},

where we recall the stopping times TO2 and Tg from Section 3.1.1. During the rest of
the proof, we will assume that NX () = M} (which is assumed in Theorem 3.1), and
we will omit this from the notation whenever this does not lead to confusion. We aim
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to show that
liminf P(E(K, &) = 524 — 04(1). (B.43)
K—o0

Further, we define the “invasion event for type 2" by

TsAT¢ 1 . 5
- — < , T T,B:l}.
log K A* =/©. T <Tg

I(K,¢) ::”

for which we aim to show that in case sy, < 1,

lkrninf IP’(I(K, s)) > 1 =524 —0s(1). (B.44)
—>00

Throughout the proof, 8 > 0 is understood to be sufficiently small; later we will
explain what conditions precisely it has to satisfy (in accordance with Proposition B.3).
The assertions ( B.43) and ( B.44) together will imply Theorem 3.1.

Let us start with the case of extinction of the type 2 population in the first phase of
the invasion and verify ( B.43). Clearly, we have

2

T
0 2 2 2 2
P(E(K, €)) > P(logK < fHe)T¢ < T}, B=0,T3 < T2 A Rb€>.

Now, considering our initial conditions, one can choose 8 > 0 sufficiently small (far
enough away from nj,, nJ;, and n3) such that for all sufficiently small ¢ > 0 we have

T2 A Rpe < T,

almost surely. We now assume for the whole section that § satisfies this condition.
Then,

2

7,
P(E(K, 8)) > P(log‘)K <[5, B =0T < T A R ). (B.45)

Moreover, similar to the proof of Proposition B.1 (cf. the proof of (Blath and Tébids,
2020, Proposition 4.1)), we obtain

limsup P({B = 0} A {Ty < T2 A Rpe}) = 0. (1), ( B.46)

K—oo

where A stands for the symmetric difference, and

limsup P({B = 0} A {TyF < 00}) = 0,(1),

K—oo

where
Ty =inf{r > 0: Z5 () + 25,7 (1) + 257 (1) = 0}
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is the extinction time of the dominating branching process
(t) Z (t) Z (t)),zo. Together with ( B.45) and the coupling ( B.31), it
follows that

T2

lim inf P((K , £)) > lim inf IP’(—O

K—o0 K—o0 10gK

.. T(f’Jr " 2 2

zhmmf[?’(l = < [ B=0.T =T /\Rbs) (B.47)
(0]

K—oo

<[5, B=0.T§ < T A Ry )

Ty
> liminf]P’(l SO < o) +0:(1),
(¢]

K—o00

Thus, for ¢ € {+, —}, employing the chain of inequalities ( B.32), we obtain ( B.43),
which implies (3.6).

Let us continue with the case of “invasion of type 2” and verify ( B.44). Arguing
analogously to ( B.46), we obtain

limsup P({B = 1} A{T? < T§ A Rpe}) = 0s(1).

K—oo

Thus,

lim inf P(Z(K, &)) = lim inf ]P’(‘

< U@ Ty < T3 T2 < T3 A Roc) + 0c (1),

logK 2x
5 I <e> Tg —T7| _ [*) 22 _ 2
>1}<r11;10fP(‘10gK == ‘ ek | STy T < T < T /\R;,g>+05(1).
(B.43)
Hence, recalling that Rps A TE2 < Tg, for K > 0, defining
MK = {nelo, 00)%: |71, — n¥| < be, ¥t € {la, 1i, 3}, Mg + T2q + 12i = lefj},
the strong Markov property applied at time Tf implies
T2
liminf P(Z(K, £)) > liminf [IP’(‘ C <O 2 g2, R,,g)
K—o0 K—o00 log K )»* 2
T k
x inf ]P’(‘ 2 ‘ <t (8) < T (N’((O) - n)]
aemX \log K
(B.49)

It remains to show that the right-hand side of ( B.49) is close to 1 —sp, as K — 00
if & is small. The fact that the limes inferior of the first factor on the right-hand side of
(B.49)is atleast 1 —s2, — 0, (1) follows analogously to ( B.48) (since Propositions B.1
and B.3 hold not only for f* but also for f*/2). The fact that the limes inferior of
the second factor on the right-hand side of ( B.49) is at least 1 — o.(1) is a direct
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consequence of Proposition B.3. Hence, we have obtained

liminf P(Z(K, &) > 1 — s34 — 0¢(1),
K—oo

which implies (3.4) and (3.5). It was already shown in Section 3.2.1 that if (1.5) holds

and
qDn3(rkcpy — vo)

(r+v)kpi+o)’

then sp, = 1 is equivalent to (2.2) and so, < 1 to (2.1), and thus the proof of the
theorem is finished. O

Ay — A1 #

C Invasion regimes for rkji, > vo

For rkpn) > vo, dormancy has no advantage because type 2 can never invade if
A2 < A1 (which was already the case in absence of dormancy), and for A, > A
it is also possible that type 1 achieves founder control or even fixates. This can be
observed in Figure 7, which is the analogue of Figure 1 in the case when rku; > vo.
Here, the two regimes of stable coexistence get replaced by two regimes of founder
control (cf. Section 2.3), which are the only regimes where x is coordinatewise positive
(and presumably unstable). In the dark green regime of founder control, each host type
coexists with the virus in absence of the other host type, and the asymptotic probability
of a successful invasion of either host type is 0. In the light green regime we also have
founder control, but there only type 1 coexists with type 3 in absence of the other host.

For A = 3.2 > A1 and g = 0.6 (belonging to the dark green regime in Figure 7)
and for A = 3.2 and ¢ = 0.8 (light green regime) we checked numerically that x is
indeed unstable. In both cases, the Jacobi matrix of (1.1) at x has a pair of complex
conjugate eigenvalues with negative real parts, while the remaining four eigenvalues
are real, three negative and one positive. In the regimes of founder control, a conjecture
analogoue to parts (C)—(D) of Conjecture 4.1 would be difficult to formulate. Indeed,
simulations of solutions to (1.1) indicate that here, both the domain of attraction of
(n},,n3;,0,0,0,n%) and the one of (0, 0, 7124, M2q, M2;, 13) have a nonempty interior.
We have no clear idea what the separatrix between these two domains of attraction
looks like.

D Hopf bifurcations in the three- and the four-dimensional
dynamical system

Fixing all parameters of the three-dimensional system (1.4) but m and considering
m as a bifurcation parameter, let m* denote the (unique) value of m such that nj, =
ii1q- Then, at m* the system undergoes a transcritical bifurcation, i.e. here we have
formally (1114, 0,0) = (n],, n};, n3), and at this point (1114, 0, 0) loses its stability,
while (n7],, n};, n}) becomes coordinatewise positive and, atleast initially (form > m*

close to m™*), asymptotically stable.
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Fig.7 Here, the parameters are the same as in Figure 1, apart from r, which is increased to 3, and «, which is
increased to 1, so that rk 1 > vo. Compared to Figure 1, only the following colours have a new meaning.

Light green (top mid/right): founder control (type 2 is not able to coexist with type 3 in absence of type
1), i dark green (bottom mid/right): founder control (type 2 is able to coexist with type 3). The meaning
of the following colours is unchanged. M red (left): fixation of type 1 (coex. with 3), Il orange (top right):
fixation of type 2a (without 3), . purple (bottom mid): fixation of type 1 (and 3), M blue (bottom right):
fixation of type 2 (and 3). The dark green regime reaches the black line Ap = Ay at the Ay axis with a
vanishing width.

As shown in Beretta and Kuang (1998), when r = 0, the coordinatewise positive
equilibrium (n7,, n};, n3) of (1.4)loses its stability via a supercritical Hopf bifurcation
for some m** > m*. For m > m**, this equilibrium is unstable and the asymptotic
behaviour of the system (1.4) started from coordinatewise positive equilibria is peri-
odic. By continuity, the same holds when r is small compared to v. This loss of stability
and emergence of cyclic behaviour is reminiscent of the paradox of enrichment known
from predator—prey systems (first observed by Rosenzweig (1971), see also the related
discussion in (Blath and Tébias, 2023, Section 3.3) and the references therein). On the
other hand, we showed in Blath and T6bids (2023) that (], nJ;, n3) is also asymptot-
ically stable for all sufficiently large m if r > v, which indicates that there should be
no Hopf bifurcation in this case and the equilibrium should be stable for all m > m™.

By continuity, for g sufficiently small, if r is small enough compared to v (for
example if r = 0), the equilibrium (7124, 724, 712;, 13) of (1.6) may also lose its stabil-
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ity for large m via a supercritical Hopf bifurcation. Simulation results of (Blath and
Tobids, 2023, Section 3.2) however indicate that for all ¢ < 1 sufficiently close to
1, (24, 24, N2i, N3) stays asymptotically stable for all values of m above the corre-
sponding transcritical bifurcation point.

Numerical results suggest (cf. (Blath and Tébids, 2023, Sections 3.1 and 3.2)) that
for m > m™* very close to m*, the convergence of (1.4) and (1.6) to the corresponding
coordinatewise positive equilibrium is eventually coordinatewise monotone, and for
somewhat larger values of m the convergence becomes oscillatory and stays like that
until the Hopf bifurcation point (which may be infinite).

We note that if we choose the parameters but Ay, g, m as in Figure 1 and in the
corresponding simulations, then for the three-dimensional system (1.4) we are in
the regime of oscillatory convergence, and the same holds for the four-dimensional
system (1.6) for relatively large values of A, and relatively small values of ¢, but close
to the regime where there is no coexistence between types 2 and 3, the convergence
becomes monotone again. Fixing these parameters, we expect no Hopf bifurcation
in (1.4) because r is relatively large compared to v. Still, for choices of parameters
where the Hopf bifurcation is present in (1.4) (and thus also in (1.6) if Ay is close
to A1 and g to 0), for moderately large values of m (within the range of oscillatory
convergence for (1.4)) we obtain a qualitatively rather similar figure.
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