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ABSTRACT
Systems of interacting trajectories were recently studied in Hermann et al. (2025). Such a system of [0, 1]-valued piece-
wise linear trajectories arises as a scaling limit of the system of logarithmic subpopulation sizes in a population-genetic
model (more precisely, a Moran model) with mutation and selection. By definition, the resident fitness is initially 0
and afterward it increases by the ultimate slope of each trajectory that reaches height 1. We show that although the
interaction of 𝑛 trajectories may yield Ω(𝑛2) slope changes in total, the resident fitness function can be computed algo-
rithmically in𝑂(𝑛) time. Our algorithm uses the so-called continued lines representation of the system of interacting
trajectories. In the special case of Poissonian interacting trajectories (PIT), where the birth times of the trajectories
form a Poisson process, and the initial slopes are random and i.i.d., we provide a linear bound on the expected total
number of slope changes.

1 | Introduction

The concept of a system of interacting trajectories has been recently introduced in (Hermann et al. 2025). Such a system
consists of continuous and piecewise linear trajectories in a 2D coordinate system, where the 𝑥 axis represents time and
the 𝑦 axis represents a magnitude that corresponds to the size of subpopulations of a large population of constant total
size on a logarithmic scale. The realization of the trajectories is in [0, 1] at each time. Each trajectory has a birth time
and an initial slope. Until the birth time, the trajectory is constant zero, then it starts growing linearly with its initial
slope. When a trajectory reaches height 1, it becomes constant 1, while the slope of all other trajectories currently at a
positive height is reduced by the ultimate slope of this trajectory before reaching height 1. The slope of each trajectory
is nonincreasing, and trajectories that reach height 0 again stay constant 0 forever. This interactive dynamics models the
exponential growth/decay of mutant subpopulations in a certain stochastic population-genetic model, more precisely a
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Moran model, with mutation and selection, under a logarithmic scaling. Here, selection is strong and the mutation rate
is in the so-called Gerrish–Lenski regime (dating back to (Gerrish and Lenski 1998)), see Section 5.5.

A special case is the system of Poissonian interacting trajectories (PIT), where birth times are random, forming a Poisson
process, and the positive initial slopes are random and i.i.d. (i.e., independent and identically distributed) and independent
of the birth times. Under a suitable scaling of parameters, the family of logarithmic subpopulation sizes indeed converges
to the PIT in distribution (in a suitable space with a suitable topology, see (Hermann et al. 2025, Theorem 2.7)). In the
PIT, the resident fitness 𝐹 (𝑡) is defined as the sum of the ultimate slope of trajectories reaching height 1 up to time 𝑡. If the
distribution of initial slopes has a finite first moment, 𝐹 (𝑡)∕𝑡 converges almost surely to a finite deterministic number 𝑣
called the speed of adaptation, and it tends to infinity otherwise (cf. (Hermann et al. 2025, Theorem 2.8)). Moreover, if the
initial slopes have a finite second moment, then the resident fitness process satisfies a functional central limit theorem
(see (Hermann et al. 2025, Theorem 2.12)). The proofs of the latter two assertions are based on a renewal argument.

A closed formula for 𝑣 is only known in the case when the initial slopes are deterministic and constant. In that case, the
speed was already computed in (Baake et al. 2019); this result was put into the context of the PIT by (Hermann et al. 2025,
Proposition 2.10). On the other hand, one can clearly see the computation of the realization of 𝐹 (𝑡)∕𝑡 for a large 𝑡 as a
Monte Carlo simulation for the value of 𝑣. In the case when the fitness advantages have finite variance, we also know
from the functional central limit theorem that typical fluctuations of 𝐹 (𝑡)∕𝑡 around 𝑣 are of order 1∕

√
𝑡. Thus, in order to

approximate 𝑣, it is useful to find an efficient algorithm for the simulation of the resident fitness of (Poissonian) interacting
trajectories.

The main result of the present article, Theorem 3.3, states that there is a deterministic algorithm that computes the resident
fitness for all times in the case of a system of 𝑛 interacting trajectories (with deterministic birth times and initial slopes,
where the birth times have been sorted in advance) in 𝑂(𝑛) time. The existence of such a linear-time algorithm is a
priori not obvious because, as we will show in Proposition 3.1 below, the interactions between the trajectories may yield
Ω(𝑛2) slope changes in total. Our general conclusion is that computing the resident fitness at all times is, in general,
substantially easier than determining the slopes of all piecewise linear trajectories in all pieces. Our algorithm is described
in terms of the so-called continued lines representation, a process introduced in (Hermann et al. 2025) that is in one-to-one
correspondence with the PIT but consists of half-lines instead of piecewise linear broken lines. As Corollary 3.4 asserts,
in case all initial slopes are in {1, 2,… , 𝑘} for some 𝑘 ∈ ℕ, the piecewise constant slope functions of all trajectories can
be computed in 𝑂(𝑘𝑛) time based on our main algorithm.

Moreover, our Proposition 3.5 below states that in the case of the Poissonian interacting trajectories, the expected number
of slope changes up to time 𝑡 is 𝑂(𝑡) as 𝑡 → ∞. The proof of the latter assertion is based on a modified version of the
aforementioned renewal argument of (Hermann et al. 2025) combined with classical large-deviation estimates. This proof
clearly shows that although the worst-case interaction between 𝑛 trajectories may provide Ω(𝑛2) slope changes in total,
scenarios where there are more than a sufficiently large constant times 𝑡 slope changes up to time 𝑡 are exponentially
unlikely in the Poissonian case. Based on this proof and additional arguments from (Hermann et al. 2025), we derive
Corollary 3.7, a strong law of large numbers for the number of slope changes up to time 𝑡 in the large-𝑡 limit.

Let us note that apart from the PIT, there are many other recent examples of piecewise linear limiting processes arising in
stochastic population-genetic (Durrett and Mayberry 2011) and population-dynamic (Blath et al. 2023; Bovier et al. 2019;
Brouard 2025; Coquille et al. 2021; Champagnat et al. 2021; Esser and Kraut 2025; Esser and Kraut 2024; Paul 2023;
Smadi 2017) models under a logarithmic scaling. These processes originate from models with higher mutation rates than
the one of (Hermann et al. 2025). The limiting processes are typically deterministic and their dynamics are also a bit
different from that of the interacting trajectories, thanks to multiple mutations between two given types of individuals
and also due to other biological phenomena depending on the model (e.g., horizontal gene transfer, asymmetric compe-
tition, dormancy etc.). It is possible that variants or extensions of our algorithm can be used for simulating these limiting
processes efficiently; we defer such questions to future work.

The rest of this article is organized as follows. In Section 2 we recall the definition of a system of (Poissonian) interacting
trajectories from (Hermann et al. 2025) and we provide a short summary of its biological motivation. In Section 3 we
present our results and in Section 4 we prove them. Finally, in Section 5 we briefly discuss some consequences of our
assertions and proofs. More concretely, in Section 5.1 we explain some applications of our algorithm in determining
ancestral relations and fixation events of trajectories. In Section 5.2 we discuss how to determine height functions of
the trajectories and fixed-time values of the resident fitness efficiently using our algorithm and data structure, and in
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Section 5.3 we comment on the case when the input of the algorithm is initially not sorted by the birth times of trajectories.
Finally, in Section 5.4 we explain that our algorithm extends to a certain variant of the system of interacting trajectories
exhibiting jumps, and in Section 5.5 we mention that this variant has been conjectured to arise as a scaling limit of a
Moran model in a parameter regime where biological selection is weaker than in our original model, which is called the
case of moderate selection.

2 | Setting

The definition of a system of (Poissonian) interacting trajectories that we will use in this article is a somewhat simplified
version of the definition appearing in (Hermann et al. 2025, Sections 2.1 and 3.1) (see Remark 2.6 below for the differences
between the two definitions). It is given as follows.

Writingℕ = {1, 2,…} and ℕ0 = {0, 1, 2,…}, for 𝑛 ∈ ℕ0 we define [𝑛] = {1, 2,… , 𝑛}, moreover we put [∞] = ℕ. We denote
the space of continuous and piecewise linear trajectories ℎ from [0,∞) to [0, 1] such that ℎ(𝑡) ∈ [0, 1] for all 𝑡 ≥ 0 by PL.
Each ℎ ∈ PL has at time 𝑡 a height ℎ(𝑡) and a (right) slope

𝑣ℎ(𝑡) ∶= lim
𝛿↓0

1
𝛿
(ℎ(𝑡 + 𝛿) − ℎ(𝑡)). (1)

Assume that for some 𝑛 ∈ ℕ0 ∪ {∞} we are given a configuration of pairs (𝑡𝑖, 𝑎𝑖) consisting of a birth time 𝑡𝑖 and an initial
slope 𝑎𝑖

ℶ = ((𝑡𝑖, 𝑎𝑖))1≤𝑖<𝑛+1 ∈ ([0,∞) × (0,∞))[𝑛], (2)

with 0 ≤ 𝑡1 < 𝑡2 · · · < 𝑡𝑛 if 𝑛 <∞ and with 0 ≤ 𝑡1 < 𝑡2 <… and lim𝑛→∞ 𝑡𝑛 = ∞ if 𝑛 = ∞ (where we use the convention
∞+ 1 = ∞). ℶ (beth) specifies that the trajectory ℎ𝑖, 1 ≤ 𝑖 < 𝑛 + 1, has height 0 for 𝑡 ∈ [0, 𝑡𝑖] and right slope 𝑎𝑖 at its birth
time 𝑡𝑖.

Definition 2.1 (System of interacting trajectories, (Hermann et al. 2025)). For ℶ as in (2), let

ℍ = (ℎ𝑖)0≤𝑖<𝑛+1 ∈
(PL

)[𝑛]∪{0} (3)

result from the following deterministic interactive dynamics on (PL)[𝑛]∪{0}, where we write 𝑣𝑖 ∶= 𝑣ℎ𝑖 for 0 ≤ 𝑖 < 𝑛 + 1 in
order to simplify notation:

• One initial trajectory ℎ0 ∈ PL starts at height ℎ0(0) = 1 with slope 𝑣0(0) = 0. All other trajectories ℎ𝑖, 1 ≤ 𝑖 < 𝑛 + 1
start at height ℎ𝑖(0) = 0 with slope 𝑣𝑖(0) = 0.

• Trajectories continue with constant slope until the next birth time is reached or one of the trajectories reaches either
1 from below or 0 from above.

• For 𝑖 ≥ 1, at the birth time 𝑡𝑖 the slope 𝑣𝑖 of trajectory ℎ𝑖 jumps from 0 to 𝑎𝑖.

• Whenever at some time 𝑡 at least one trajectory reaches height 1 from below, the slopes of all trajectories whose height
is in (0, 1] at time 𝑡 are simultaneously reduced by

𝑣∗ ∶= max{𝑣𝑖(𝑡−)|0 ≤ 𝑖 < 𝑛 + 1 such that ℎ𝑖(𝑡) = 1},

that is, for all 0 ≤ 𝑖 < 𝑛 + 1 with ℎ𝑖(𝑡) > 0
𝑣𝑖(𝑡) ∶= 𝑣𝑖(𝑡−) − 𝑣∗. (4)

• Whenever a trajectory at some time 𝑡 reaches height 0 from above, its slope is instantly set to 0, and this trajectory
then stays at height 0 forever.
Let 𝑒𝑖 denote the time when this happens to the 𝑖-th trajectory during the sequential application of the heuristics
(where we set 𝑒𝑖 = ∞ if it never happens) where 0 ≤ 𝑖 < 𝑛 + 1. For 𝑡 ≥ 0 we say that the 𝑖-th trajectory is alive at time
𝑡 if 𝑡𝑖 ≤ 𝑡 < 𝑒𝑖.

Random Structures & Algorithms, 2026 3 of 20
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We call this ℍ the system of interacting trajectories initiated by ℶ, and denote it by ℍ(ℶ). An alternative, equivalent repre-
sentation of the system of interacting trajectories is the so-called continued lines representation, which plays an important
role in the proof of Theorem 3.3 and will be introduced in Section 2.1 below. Instead of broken lines, this representation
consists of nondecreasing half-lines starting at the birth times of the corresponding trajectories, which makes it more
amenable to algorithmic investigations.

Definition 2.2 (Resident change times, resident type, and resident fitness, (Hermann et al. 2025)). Let ℍ be
as in (3), following the dynamics specified in Definition 2.1:

• The times at which one of the trajectories ℎ𝑖, 𝑖 > 0, reaches height 1 from below will be called the resident change
times.

• For 𝑡 > 0 we call
𝜚(𝑡) = 𝜚(ℶ)(𝑡) ∶= arg max

𝑖
{𝑣𝑖(𝑡−)|0 ≤ 𝑖 < 𝑛 + 1, ℎ𝑖(𝑡) = 1}, (5)

the resident type at time 𝑡, and we put 𝜚(0) = 𝜚(ℶ)(0) = 0.

• With the definition 𝑓 (0) = 0, we define the resident fitness 𝑓 (𝑡), 𝑡 ≥ 0, by decreeing that 𝑓 at any resident change
time 𝑟 has an upward jump with

𝑓 (𝑟) − 𝑓 (𝑟−) = max{𝑣𝑖(𝑟−)|0 ≤ 𝑖 < 𝑛 + 1, ℎ𝑖(𝑟) = 1} (6)

and remains constant between any two subsequent resident change times.

See the top image of Figure 1 for an illustration of Definitions 2.1 and 2.2. The following remark is an adaptation of
(Hermann et al. 2025, Equations (3.5) and (3.6)) to our situation.

Remark 2.3 (Hermann et al. 2025).

1. The resident fitness 𝑓 obeys

𝑓 (𝑡) = 𝑎𝜚(𝑡) + 𝑓 (𝑡𝜚(𝑡)), 𝑡 ≥ 0 (7)

with 𝑎0 ∶= 0.

2. If 𝑡 ≥ 0 is not a resident change time, then 𝜚(𝑡) is the unique 𝑖 > 0 for which ℎ𝑖(𝑡) = 1. If 𝑡 is a resident change time
and ℎ𝑖 is the only trajectory that reaches height 1 from below at time 𝑡, then 𝜚(𝑡) = 𝑖. More generally, 𝜚(𝑡) in (5) is the
fittest of all types that are at height 1 at time 𝑡.

An important special case is when ℶ is random, 𝑛 = ∞, and

• the role of (𝑡𝑖)𝑖∈ℕ is played by the sequence of arrival times (𝑇𝑖)𝑖∈ℕ of a Poisson process (𝑇𝑖)𝑖∈ℕ with intensity 𝜆 > 0
(i.e., putting 𝑇0 = 0, 𝑇𝑖 − 𝑇𝑖−1, 𝑖 = 1, 2,… are i.i.d. exponentially distributed random variables with parameter 𝜆),

• whereas the role of (𝑎𝑖)𝑖∈ℕ is played by a sequence (𝐴𝑖)𝑖∈ℕ of i.i.d. strictly positive random variables that is independent
of the Poisson process (𝑇𝑖)𝑖∈ℕ, where the common distribution of each 𝐴𝑖 on (0,∞) is denoted by 𝛾 (i.e., 𝛾 is a Borel
probability measure on (0,∞) such that for any 𝑥 ∈ ℝ, 𝛾((−∞, 𝑥]) = ℙ(𝐴1 ≤ 𝑥)).

In this case, we call ℍ(ℶ) the system of Poissonian interacting trajectories (or PIT for short) with parameters (𝜆, 𝛾), or
briefly as the PIT(𝜆, 𝛾). This system arises naturally as the large population scaling limit of Moran models with recurrent
beneficial mutations, see (Hermann et al. 2025, Theorem 2.7). The corresponding trajectories and their (right) slopes will
also be denoted by capital letters𝐻𝑖 resp. 𝑉𝑖 (note that they are deterministic functions of the random input ((𝑇𝑗, 𝐴𝑗))𝑗∈ℕ).
The resident fitness 𝐹 that we mentioned in the introduction corresponds to 𝑓 from Definition 2.2 in the case of the PIT.
The resident type at time 𝑡 ≥ 0 in this context will still be denoted by 𝜚(𝑡). We will generally exclude initial conditions that
are degenerate according to the following definition:

Definition 2.4. Let ℶ be as in (2). We say that ℶ is degenerate if the corresponding (ℎ𝑖)𝑖∈[𝑛]∪{0} defined according to
Definition 2.1 satisfies at least one of the following conditions:

4 of 20 Random Structures & Algorithms, 2026
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FIGURE 1 | Top: This is an example of a system of interacting trajectories with 𝑛 = 3, (𝑡1, 𝑡2, 𝑡3) = (1, 1.8, 2.35) and (𝑎1, 𝑎2, 𝑎3) =
(1, 1.5, 1.5). We see that except the yellow (smooth) 0-th trajectory born at height 1 at time 0 with initial slope 0, each trajectory ℎ𝑖
is born at time 𝑡𝑖 with initial slope 𝑎𝑖 and that at each resident change, the slope of each trajectory drops by the ultimate slope of
the new resident before the resident change. In particular, the orange (dash-dotted) trajectory ℎ2 never becomes resident; at time 𝑡′ it
becomes extinct and the green (dotted) trajectory remains the only trajectory at positive height. The numbers between heights 0 and 1
describe the piecewise values of the (right) slopes 𝑣𝑖(𝑡). The numbers above height 1 correspond to the piecewise constant values of the
resident fitness 𝑡 ↦ 𝑓 (𝑡) in the given time intervals. Until the blue (dashed) trajectory ℎ1 reaches height 1 at time 𝑡1 +

1
𝑎1

, the resident
fitness equals its initial value 0. Then it takes two consecutive jumps whose sizes equal the ultimate slopes of the two new residents,
respectively: First at time 𝑡1 +

1
𝑎1

when the blue (dashed) trajectory ℎ1 becomes resident, it increases by 1 (and 𝜚(𝑡) changes from 0 to

1), and then at time 𝑡3 +
1
𝑎3

when the green (dotted) trajectory becomes resident, it increases by 1.5 (and 𝜚(𝑡) changes to 2.5). Bottom:
The corresponding continued lines representation (see Section 2.1). The slope of each half-line is presented next to the half-line with
the same color and line style.

• There exists 𝑡 > 0 and three pairwise distinct indices 𝑖, 𝑗, 𝑘 ∈ [𝑛] ∪ {0} such that ℎ𝑖(𝑡) = ℎ𝑗(𝑡) = ℎ𝑘(𝑡) = 1.

• There exists 𝑗 ∈ [𝑛] ∪ {0} such that the extinction time of ℎ𝑗 , that is, inf{𝑡 > 𝑡𝑗|ℎ𝑗(𝑡) = 0}, is a resident change time
or equals 𝑡𝑖 for some 𝑖 ∈ [𝑛].

• There exists 𝑖 ∈ [𝑛] such that 𝑡𝑖 is a resident change time.

Elementary properties of the Poisson process imply the following fact (see also the proof of (Hermann et al. 2025,
Lemma 2.3)).

Fact 2.5. Let ℶ = ((𝑇𝑖, 𝐴𝑖))𝑖∈ℕ as above. Then we have that ℙ(ℶ is nondegenerate) = 1.

Remark 2.6. Apart from often considering only finitely many trajectories instead of countably many, the main changes
in the above definitions compared to their analogues in (Hermann et al. 2025) are the following:

• We ignore general initial conditions with multiple trajectories at positive heights at time 0, used in the proof of the
large population limit result. (This way, our ℍ(ℶ) corresponds to ℍ(ℵ, ℶ) in (Hermann et al. 2025, Section 3.1) with
the special choice ℵ = (1, 0).) For simplicity we allow 𝑡1 = 0 (and not only 𝑡1 > 0).

Random Structures & Algorithms, 2026 5 of 20
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• (Hermann et al. 2025) uses a parametrisation for the PIT which is different from the one used in this article. Specifi-
cally, the random input for the PIT in (Hermann et al. 2025) is a Poisson process with intensity measure 𝜆∗d𝑡 ⋅ 𝛾∗(d𝑎)
(with (𝜆∗, 𝛾∗) specified in (Hermann et al. 2025, Remark 2.2)), while the input of the PIT in this article is a Poisson
point process with intensity measure 𝜆d𝑡 ⋅ 𝛾(d𝑎). The reason is that the original definition of the PIT includes trajecto-
ries whose slope and height stays zero forever. These describe mutant families going extinct rapidly by chance shortly
after the mutation. This possibility is biologically relevant but algorithmically uninteresting, and in the present article,
we ignore it in order to ease notation.

2.1 | The Continued Lines Representation

An alternative, equivalent representation of the PIT, called the continued lines representation, was provided in (Hermann
et al. 2025, Section 5.3). This representation can be generated in a recursive way without any calculations involving already
decaying height functions, which turns out to be useful for algorithmic investigations. We describe this representation for
a general system of interacting trajectories as follows.

Given a nondegenerate input ℶ = (𝑡𝑖, 𝑎𝑖)0≤𝑖<𝑛+1, construct recursively a sequence of straight half-lines 𝓁0,𝓁1,…, where

• 𝓁0 starts from the point (0, 1) (toward the right) with slope 0,

• 𝓁1 starts from the point (𝑡1, 0) with slope 𝑎1,

• … and with 𝓁𝑟
𝑘
∶= the pointwise maximum of 𝓁0,𝓁1 …𝓁𝑘,

• 𝓁𝑘+1 starts from the point (𝑡𝑘+1,𝓁
𝑟
𝑘
(𝑡𝑘+1) − 1) with slope (𝓁𝑟

𝑘
)′(𝑡𝑘+1) + 𝑎𝑘+1,

and so forth. In this way, the sequence 𝓁𝑟𝑛, 𝑛 = 0, 1, 2,… increases pointwise to a piecewise linear, convex function 𝓁𝑟 (the
upper envelope of the sequence (𝓁𝑘)). It follows from the construction that each of the linear pieces of 𝓁𝑟 is identical to a
piece of 𝓁𝑖 for some (uniquely determined) 𝑖. See the left image of Figure 2 for an illustration.

There is a bijection between the system of interacting trajectories and the continued lines representation with the same
input. This is stated in the following lemma, whose proof is elementary and therefore omitted. See Figure 1 for an
illustration.

Lemma 2.7. For a nondegenerate input ℶ = (𝑡𝑖, 𝑎𝑖)0≤𝑖<𝑛+1, with the above notation, trajectory ℎ𝑖, 0 ≤ 𝑖 < 𝑛 + 1, of the
system ℍ(ℶ) of interacting trajectories is given as ℎ𝑖(𝑠) = 𝓁𝑖(𝑠) − 𝓁𝑟(𝑠) + 1 for times 𝑠 between 𝑡𝑖 and min{𝑡 > 𝑡𝑖 ∶ 𝓁𝑖(𝑡) −
𝓁𝑟(𝑡) + 1 = 0}, and as ℎ𝑖(𝑠) = 0 for 𝑠 outside of this time interval. This identifies the resident change times as the times where
the slope of 𝓁𝑟 changes, as well as the resident fitness between two subsequent such times as 𝑓 (𝑡) = (𝓁𝑟)′(𝑡).

Conversely, given ℍ(ℶ) with 𝑓 defined as in Definition 2.2, half-line 𝓁𝑖 of the corresponding continued representation can be
expressed as 𝓁𝑖(𝑡) = ∫ 𝑡𝑖0 𝑓 (𝑠)d𝑠 + (𝑓 (𝑡𝑖) + 𝑎𝑖)(𝑡 − 𝑡𝑖) for 𝑡 ≥ 𝑡𝑖.
In other words, half-line 𝓁𝑖 starts from height 𝓁𝑟(𝑡𝑖) = ∫ 𝑡𝑖0 𝑓 (𝑠)d𝑠 with slope 𝑓 (𝑡𝑖) + 𝑎𝑖.

In this case, for 𝑘 ≥ 0, if 𝑗 ∈ {0, 1,… , 𝑘} satisfies 𝓁𝑟(𝑡𝑘+1) = 𝓁𝑗(𝑡𝑘+1), we say that 𝑗 is the parent of 𝑘 + 1 (note that there is
a unique such 𝑗 that is well-defined under the assumption of nondegeneracy) and 𝑘 + 1 is a child of 𝑗.

3 | Results

For a sequence (ℶ(𝑛))𝑛∈ℕ of nondegenerate initial dataℶ(𝑛) = ((𝑡(𝑛)𝑖 , 𝑎
(𝑛)
𝑖 ))1≤𝑖<𝑛+1, writingℍ(ℶ(𝑛)) = (ℎ(𝑛)𝑖 )0≤𝑖<𝑛+1, we denote by

𝑘𝑛(ℶ(𝑛)) =
∑

𝑡≥0∶𝑡 resident change time of ℍ(ℶ(𝑛))

𝑛∑
𝑖=0

1{𝑣(𝑛)𝑖 (𝑡−)≠𝑣(𝑛)𝑖 (𝑡+)}∩{ℎ(𝑛)𝑖 (𝑡)>0}

=
∑

𝑡≥0∶𝑡 resident change time of ℍ(ℶ(𝑛))

||{𝑖 ∈ {0, 1,… , 𝑛} ∶ ℎ𝑖 is alive at time 𝑡}|| (8)

6 of 20 Random Structures & Algorithms, 2026
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FIGURE 2 | Left: Continued lines representation of a system of 5 interacting trajectories, with half-lines labelled 𝓁0 through 𝓁4 in
order of birth (see legend). The increasing and convex broken line of the resident half-line (i.e., always the currently highest half-line)
is depicted in smooth red (“resident”), with the dots representing the resident changes. 𝓁0 (the horizontal half-line at height 1) is the
initial resident trajectory. 𝓁1, 𝓁2, 𝓁3 are born while 𝓁0 is resident, while the last-born 𝓁4 is born when 𝓁2 is resident (middle segment of
the resident envelope). Note that each half-line starts at the height of the current resident half-line minus one. Right: Illustration of one
of the induction steps of our algorithm in the proof of Theorem 3.3. The forward linear search identifies the initial height and slope of
the last-born 𝓁5 (resuming from the previous birth time of 𝓁4). This trajectory is again born at height 1 below the current height of the
resident half-line. Afterward, the backward linear search finds the intersection point of 𝓁5 and the resident half-line, and replaces the
part of the resident half-line after this intersection point by 𝓁5. In particular, while 𝓁4 became resident some time after this intersection
point in the old system (left image), in the new system it will never become resident since 𝓁5 intersects it already before it crosses the
resident half-line.

the total number of kinks (slope changes) due to resident changes in the system of interacting trajectories ℍ(ℶ(𝑛)). See, for
example, the top image of Figure 1, at time 𝑡 = 𝑡3 +

1
𝑎3

, all trajectories alive (dotted green, dashed blue and dash-dotted
orange) change slope. From this definition, we have the following result.

Proposition 3.1. There exists a sequence (ℶ(𝑛))𝑛∈ℕ as above such that 𝑘𝑛(ℶ(𝑛)) = Ω(𝑛2).

The proof of Proposition 3.1 can be found in Section 4.1.

Remark 3.2. Apart from the slope changes corresponding to the definition of 𝑘𝑛 in (8), at each time 𝑡𝑖, 𝑖 = 1,… , 𝑛, there
is an additional slope change where the slope of the 𝑖-th trajectory switches from 0 to 𝑎𝑖. Moreover, at most 𝑛 trajectories
eventually hit 0 again and then their slope drops to 0. Altogether, these are at most 2𝑛 additional slope changes, and
precisely 2𝑛 unless there are multiple indices 𝑗 with the same value of 𝑓 (𝑡𝑗) + 𝑎𝑗 as the ultimate resident. (In the case of
the PIT, the latter is only possible if ℙ(𝐴1 = 𝑐) > 0 holds for some 𝑐 > 0.) Hence, given Proposition 3.1, ignoring these
𝑂(𝑛) additional slope changes will not yield substantial changes in the worst-case estimates of the number of kinks.

Given Proposition 3.1, computing the slopes of all trajectories in a system of 𝑛 interacting trajectories clearly takes Ω(𝑛2)
time in the worst case: Even the size of any data structure representing the trajectories requires Ω(𝑛2) space in the worst
case. One might think that even computing only 𝑡↦ 𝜚(ℶ)(𝑡), the current resident type for all times, takes a time that is
quadratic in the size of ℶ. However, the following theorem shows that this important function of the system of interacting
trajectories can be found much more efficiently. Here, by computing 𝑡↦ 𝜚(ℶ)(𝑡), a piecewise constant function, we mean
producing an ordered array of its breakpoints together with the associated values. This representation allows evaluating
the function at any 𝑡 via binary search in𝑂(log 𝑛). We assume ℶ is ordered, that is, the corresponding 𝑡𝑖’s are sorted in the
input. See Section 5.3 for a discussion on the unordered case.

Theorem 3.3. The algorithmic complexity of finding 𝑡↦ 𝜚(ℶ)(𝑡), 𝑡 ≥ 0, for any finite, nondegenerate, ordered ℶ of size 𝑛
is Θ(𝑛).

Random Structures & Algorithms, 2026 7 of 20
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The proof of this theorem will be provided in Section 4.2. The proof of the upper bound is constructive: we present an
algorithm that computes the array describing the function in 𝑂(𝑛) time. The key idea is to use the continued lines rep-
resentation of the system, which makes it possible to provide such an algorithm using a simple data structure, despite
the possibly large number of kinks. As a byproduct, the algorithm also computes the half-lines in the continued lines
representation of the system. From these outputs, the resident fitness function 𝑡↦ 𝑓 (𝑡) is also easily computable, since it
corresponds to the slopes of the trajectories of the residents, compare Lemma 2.7.

Given this output, in Section 5.1 we explain how to determine the set of trajectories that reach fixation and the ancestral
relations between these trajectories (the notion of fixation will also be explained there), and in Section 5.2 below, we
summarize how to efficiently compute ℎ𝑖(𝑡): first for a fixed 𝑡 ≥ 0 and fixed 𝑖, then for all 𝑡 ≥ 0 with a fixed 𝑖, and finally
for all 𝑖 and 𝑡 ≥ 0. In Section 5.3 we discuss the case of an unordered ℶ and finally, in Section 5.4 we explain that our
algorithm extends to a variant of the PIT (and the continued lines representation) which, as we will recall in Section 5.5,
was conjectured in (Hermann et al. 2025) to arise as a scaling limit of the system of logarithmic frequencies of a Moran
model in a different selection regime.

In the special case when we additionally know that each 𝑎𝑖 is contained in the set [𝑘] for some 𝑘 ≥ 1, the algorithm
appearing in the proof of Theorem 3.3 can easily be modified so that it also computes the piecewise slopes of all interacting
trajectories (not only the resident fitness or the slopes of the half-lines of the continued lines representation) in𝑂(𝑘𝑛) time.
This fact is reflected by the following corollary.

Corollary 3.4. Let 𝑘 ∈ ℕ. For any finite, nondegenerate, ordered ℶ of size 𝑛 such that each initial slope 𝑎𝑖 lies in [𝑘], the
family of piecewise constant slopes (𝑡↦ 𝑣𝑖(𝑡))𝑖∈[𝑛] can be computed via a deterministic algorithm of runtime 𝑂(𝑘𝑛).

The proof of Corollary 3.4 can be found in Section 4.3.

Our next proposition shows that if one considers the PIT where the birth times of trajectories form a Poisson process,
then even the expected number of kinks (due to resident changes) will only grow linearly in time. Here we use a notion
of kinks (9) that is slightly different from the one in (8) above and more convenient to work with; see Remark 3.6 below
for a related discussion.

Let 𝜆, 𝛾 as in Section 2 and let us consider the PIT(𝜆, 𝛾). For 𝑡 ≥ 0 we write𝑁𝑡 = |{𝑖 ≥ 1 ∶ 𝑇𝑖 ≤ 𝑡}|where 𝑇𝑖 is the birth time
of the 𝑖-th trajectory (with the aforementioned convention that 𝑇0 = 0). Define the total number of kinks due to resident
changes up to 𝑡 as

𝐾𝑡 =
∑

0<𝑠≤𝑡∶𝑠 resident change time

∑
𝑖∈ℕ0

1{𝐻 ′
𝑖 (𝑡−)≠𝐻 ′

𝑖 (𝑡+)}∩{𝐻𝑖(𝑡)>0}. (9)

Proposition 3.5. We have 𝔼(𝐾𝑡) = 𝑂(𝑡).

The proof of Proposition 3.5 will be carried out in Section 4.4. This proof is based on an extension of the aforementioned
renewal argument of (Hermann et al. 2025), combined with classical large-deviation inequalities. The main message
of this proof is that the clustering of trajectories that leads to many kinks (like in the construction in the proof of
Proposition 3.1) is exponentially unlikely in the number of participating trajectories if these trajectories follow each other
directly in the PIT according to their birth times.

Remark 3.6 (Relation between Propositions 3.1 and 3.5). 𝐾𝑡 is the number of resident changes up to time 𝑡 counted
with multiplicity, that is, with the number of trajectories that change their slopes due to this resident change. Note that
putting ℶ(𝑛) = ((𝑇𝑖, 𝐴𝑖))𝑖∈[𝑛], the total number of kinks at resident change times due to the interactions of the first 𝑁𝑡

trajectories is in general an upper bound for 𝐾𝑡, that is,

𝐾𝑡 ≤ 𝑘𝑁𝑡
(ℶ(𝑁𝑡)),

the difference 𝑘𝑁𝑡
(ℶ(𝑁𝑡)) −𝐾𝑡 being the number of those kinks in ℍ(ℶ(𝑁𝑡)) that happen after time 𝑡. However, it will be

apparent from the proof of Proposition 3.5 that following time 0, after a stopping time with finite expectation, a state will
be reached where 𝐻𝑖(𝑡) = 0 for all but one 𝑖. Hence, by the strong Markov property, this state will be visited infinitely
often, with i.i.d. waiting times of finite expectation in between. Since a trajectory can only have kinks before its height
ultimately reaches 0, it follows that the difference between 𝐾𝑡 and 𝑘𝑁𝑡

(ℶ(𝑁𝑡)) is of finite order. This way, Proposition 3.5
can indeed be seen as complementary to Proposition 3.1 in the Poissonian case.

8 of 20 Random Structures & Algorithms, 2026
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Based on the proof of Proposition 3.5 and the one of (Hermann et al. 2025, Theorem 2.8), in Section 4.4 we will also derive
the following corollary, which can be seen as a strong law of large numbers for the total number of kinks due to resident
changes.

Corollary 3.7. Let 𝐸0 = 0 < 𝐸1 < 𝐸2 <… be the renewal extinction times, defined via

𝐸𝑖 = inf{𝑡 ≥ 𝐸𝑖−1|𝜚(𝑡) ≠ 𝜚(𝐸𝑖−1) and only the resident type at time 𝑡 has a positive height} (10)

for 𝑖 ≥ 1. We have

lim
𝑡→∞

𝐾𝑡
𝑡

=
𝔼(𝐾𝐸1

)
𝔼(𝐸1)

, (11)

almost surely. The limit on the right-hand side is in (0,∞) for any choice of 𝛾 .

Remark 3.8. Corollary 3.7 is formally analogous to (Hermann et al. 2025, Theorem 2.8) on the speed of adaptation:
There, under the additional assumption that 𝔼(𝐴1) < ∞, using the solitary resident change times 𝐿0 = 0 < 𝐿1 < 𝐿2 <…
defined as

𝐿𝑖 = inf{𝑡 ≥ 𝐿𝑖−1| 𝑡 is a resident change time and 𝑉𝑗(𝑡) ≤ 0 for all 𝑗 ≥ 1}, 𝑖 ≥ 1,

it was shown that the resident fitness 𝑡↦ 𝐹 (𝑡) satisfies

lim
𝑡→∞

𝐹 (𝑡)
𝑡

=
𝔼(𝐹 (𝐿1))
𝔼(𝐿1)

∈ (0,∞), (12)

almost surely. We will explain this analogy in more detail and exploit it in the proof of Corollary 3.7 below. Note how-
ever that a substantial difference between the two results is that if 𝔼(𝐴1) = ∞, then lim𝑡→∞ 𝐹 (𝑡)∕𝑡 = ∞ a.s., while in
Corollary 3.7 the limit is always finite.

Remark 3.9. As an example, assuming that the system of interacting trajectories depicted in Figure 1 is a realization
of the 0-th, first, second, and third trajectory of the PIT, the realization of the first solitary resident change time 𝐿1 corre-
sponds to the time 𝑡3 +

1
𝑎3

when the third (dotted green) trajectory becomes resident, given that the realization 𝑡4 of the
next birth time is larger than this time. Moreover, the realization of the first renewal extinction time 𝐸1 corresponds to
the time 𝑡′ when the second (dash-dotted orange) trajectory ℎ2 becomes extinct (i.e., hits zero from above), given that
𝑡4 is even larger than 𝑡′. In general, each renewal extinction time is preceded by a solitary resident change time with no
resident changes in between, but between two consecutive solitary resident change times there need not be a renewal
extinction time.

Remark 3.10. Let us consider the special case when 𝐴1 (and each 𝐴𝑖, 𝑖 ≥ 1) is constant and equal to 𝑐. Then, in the
corresponding Moran model each mutation has the same selective advantage compared to the current resident population
(cf. Section 5.5).

This case seems to be the most amenable to explicit computations in general. For example, we can easily show that the
limit in (11) is 2𝜆 in this case. To see this, note that if all 𝐴𝑖’s are equal to 𝑐, then any trajectory born after time 0 will
start with slope 𝑐 at height 0, reach slope 0 at the first resident change following its birth and reach slope −𝑐 at the next
resident change. This slope will be preserved until the trajectory reaches height 0 (see also Lemma 4.1). This accounts
for 2 slope changes due to resident changes per trajectory, apart from the 0-th trajectory, which starts from height 1 with
slope 0 and suffers only one slope change due to a resident change. Thus, at time 𝑡, 𝐾𝑡 equals 2𝑁𝑡 + 1 minus the current
number of trajectories at a positive height with zero slope, minus twice the current number of trajectories at a positive
height with positive slope (necessarily equal to 𝑐). The trajectories at a positive height with zero slope are precisely the
current resident and its siblings (i.e., the trajectories that were born when the parent of the current resident was resident),
and hence their number is not greater than a Poisson distributed random variable with parameter 𝜆

𝑐
. The same bound

applies to the trajectories at a positive height with a positive slope, who are exactly the children of the current resident
that have already been born by time 𝑡. It follows that 𝐾𝑡∕(2𝑁𝑡) tends to 1 in probability, and since 𝑁𝑡∕𝑡 tends to 𝜆 almost
surely (and thus also in probability) due to the Poisson Law of Large Numbers (Kingman 1993, 42), it follows that 𝐾𝑡∕𝑡
tends to 2𝜆 in probability, and hence also almost surely along a subsequence. But we know from Corollary 3.7that 𝐾𝑡∕𝑡
tends to 𝔼(𝐾𝐸1

)∕𝔼(𝐸1) almost surely, and therefore the almost sure subsequential limit 2𝜆 is actually the almost sure limit
of 𝐾𝑡∕𝑡 as 𝑡 → ∞.

Random Structures & Algorithms, 2026 9 of 20
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This simple case already shows that (11) is in general not true with𝐸1 replaced by𝐿1 everywhere. Indeed, 𝔼(𝐿1) =
1
𝜆
+ 1

𝑐
,

since 𝐿1 is almost surely equal to the time 𝑡1 +
1
𝑐

when the first-born trajectory ℎ1 becomes resident. Moreover, 𝔼(𝐾𝐿1
) =

𝜆

𝑐
+ 1, since before time 𝐿1 there is no resident change and thus no slope change that corresponds to the definition of

𝑡 ↦ 𝐾𝑡, and at time 𝐿1 the slope of ℎ1 and all the other Poisson(𝜆∕𝑐) trajectories born between time 𝑡1 and 𝑡1 +
1
𝑐
= 𝐿1

changes. This implies that 𝔼(𝐾𝐿1
)∕𝔼(𝐿1) = 𝜆, while we just showed that 𝔼(𝐾𝐸1

)∕𝔼(𝐸1) = 2𝜆.

As we already anticipated in Remark 2.6, (Hermann et al. 2025) studied a variant of the PIT where trajectories have a
chance to stay constant equal to zero, which corresponds to rapid extinction of the given mutant subpopulation in the
Moran model. There, in the constant-𝑐 case, trajectories arrive at rate 𝜆 but independently with probability 1

1+𝑐
they stay

constant 0 and only with probability 𝜆 ∶= 𝜆𝑐

1+𝑐
they follow the dynamics described in Section 1. In that setting, lim𝑡→∞𝐾𝑡∕𝑡

would be 2𝜆 = 2𝜆𝑐
1+𝑐

almost surely, while the speed of adaptation is lim𝑡→∞ 𝐹 (𝑡)∕𝑡 =
𝜆𝑐2

1+𝑐+𝜆
almost surely according to (Her-

mann et al. 2025, Theorem 2.10), a result which in turn originates from (Baake et al. 2019, Section 3.1).

4 | Proofs

4.1 | Lower Bound Construction for the Number of Kinks: Proof of Proposition 3.1

Proof. A sequence (ℍ(ℶ(𝑛))𝑛∈ℕ corresponding to the statement of the proposition is given as follows. For simplicity, we
use the continued lines representation introduced in Section 2.1 (which is in bijection with the representation as a system
of interacting trajectories; as an illustration we depict the corresponding interacting trajectories for 𝑛 = 10 in Figure 3).

For 𝑛 ∈ ℕ and 𝑘 ∈ {0, 1,… , 𝑛}, we define the 𝑘-th half-line 𝓁𝑘 corresponding to the continued lines representation of
ℍ(ℶ(𝑛)) via the equations 𝓁0(𝑡) = 1, 𝑡 ≥ 0, and for 𝑘 ≥ 1,

𝓁𝑘(𝑡) = 𝑘
(
𝑡 − (1 − 1

𝑘
+ 𝑘 − 1

𝑛2 )
)
, 𝑡 ≥ 1 − 1

𝑘
+ 𝑘 − 1

𝑛2 .

First we claim that 𝓁𝑘 and 𝓁𝑘+1 intersect at time 1 + 2𝑘
𝑛2 . Indeed, this is clear for 𝓁0(𝑡) = 1 and 𝓁1(𝑡) = 𝑡. Moreover, for 𝑘 ≥ 1,

𝑡 is the time when 𝓁𝑘 and 𝓁𝑘+1 intersect if and only if

𝑘
(
𝑡 − 1 + 1

𝑘
− 𝑘 − 1

𝑛2

)
= (𝑘 + 1)

(
𝑡 − 1 + 1

𝑘 + 1
− 𝑘

𝑛2

)
,

which is satisfied if and only if 𝑡 = 1 + 2𝑘
𝑛2 . Since 𝓁𝑘+1 is steeper than 𝓁𝑘, this implies that

𝓁𝑘+1(𝑡) > 𝓁𝑘(𝑡) ⇔ 𝑡 > 1 + 2𝑘
𝑛2 .

FIGURE 3 | The interacting trajectories corresponding to the half-lines 𝓁𝑖 in the proof of Proposition 3.1 for 𝑛 = 10. We see that the
trajectories ℎ1,… , ℎ10 are all born during the time of residency of the initial resident, in an increasing order w.r.t. their initial slopes.
Each trajectory becomes resident, and thus the order of time intervals of residencies is the same as the order of their birth times, that
is, the reverse of the order of their initial slopes.

10 of 20 Random Structures & Algorithms, 2026
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We now claim that it is even true that

𝓁0 is resident on [0, 1) and for 𝑘 ≥ 1,𝓁𝑘 is resident on
[

1 + 2(𝑘 − 1)
𝑛2 , 1 + 2𝑘

𝑛2

]
. (13)

Indeed, recall that at a given time 𝑡, the index of the resident is the index of the half-line that is at the highest position
among all half-lines at time 𝑡 (which implies that the half-line has already been started by time 𝑡, and in the case of a draw,
the index with the higher slope is the index of the resident). Now, (13) follows inductively from the fact that 0 is obviously
resident at time 0, type 𝑘 cannot be resident at time 𝑡 < 1 + 2(𝑘−1)

𝑛2 because then 𝓁𝑘−1(𝑡) > 𝓁𝑘(𝑡), and it cannot be resident
at time 𝑡 > 1 + 2𝑘

𝑛2 either because then 𝓁𝑘+1(𝑡) > 𝓁𝑘(𝑡), but at any time there must be a resident type, so 𝓁𝑘 must be resident
for 2(𝑘−1)

𝑛2 < 𝑡 < 2𝑘
𝑛2 and thus by construction also for 𝑡 = 2(𝑘−1)

𝑛2 .

Now we claim that the 0-th trajectory ofℍ(ℶ(𝑛)) is still alive at time 1 + 2(𝑛−1)
𝑛2 , equivalently, 𝓁0(1 + 2(𝑛−1)

𝑛2 ) > 𝓁𝑟(1 + 2(𝑛−1)
𝑛2 ) −

1 = 𝓁𝑛(1 + 2(𝑛−1)
𝑛2 ) − 1, where we recall from Section 2.1 that 𝓁𝑟(𝑡) is the height of the current resident half-line at time 𝑡.

Indeed, we have that

𝓁0(𝑡) = 1, 𝓁𝑛(1 + 2(𝑛 − 1)
𝑛2 ) = 𝑛

(
1 + 2(𝑛 − 1)

𝑛2 − 1 + 1
𝑛
− 𝑛 − 1

𝑛2

)
= 𝑛

(2𝑛 − 1
𝑛2

)
= 2 − 1

𝑛
.

By construction, for 𝑡 > 1 + 2(𝑛−1)
𝑛2 , 𝓁0(𝑡) is definitely the smallest one among all values 𝓁𝑖(𝑡), 𝑖 ∈ {0, 1,… , 𝑛}. This

implies that all other trajectories of ℍ(ℶ(𝑛)) are also alive at time 1 + 2(𝑛−1)
𝑛2 . Since they are all already born (i.e., the

corresponding half-lines of the continued lines representation are already started) before time 1, it follows that at
all resident change times all trajectories of ℍ(ℶ(𝑛)) are alive and thus they change their slopes. This yields 𝑘𝑛(ℶ(𝑛)) =
𝑛(𝑛 + 1) = Ω(𝑛2). ◽

4.2 | Proof of Theorem 3.3

Recall from Definition 2.1 that the continued lines representation consists of half-lines with nondecreasing slope, meaning
that the segments of half-lines corresponding to the residencies form a convex broken line. The following algorithm is a
modified version of the well-known Graham scan (see Algorithm 1 below for pseudocode).

The algorithm processes births one at a time, in increasing order, while maintaining an ordered list of residents. For
half-line 𝑖, the parent is found by linear search from the start of the resident list forwards, and whether it becomes resident
is determined by linear search from the end of the resident list backwards.

Recall from Section 2.1 that in the continued lines representation, the birth of each half-line is represented by a pair (𝑡𝑖, 𝑎𝑖),
where 𝑡𝑖 is the birth time and 𝑎𝑖 is the slope relative to its parent.

A half-line is represented by a tuple (𝑡𝑖, 𝑝𝑖, 𝑏𝑖, 𝑦𝑖), where 𝑡𝑖 is the birth time, 𝑝𝑖 is the index of the half-line of the parent,
who is the resident at time 𝑡𝑖, 𝑏𝑖 = 𝑏𝑝𝑖 + 𝑎𝑖 is the slope, and 𝑦𝑖 is the initial height, which is one less than the height of the
parent at time 𝑡𝑖. This tuple corresponds to a half-line starting at point (𝑡𝑖, 𝑦𝑖) with slope 𝑏𝑖. A residency of a half-line is
represented by a pair (𝑠𝑗 , 𝑚𝑗), where 𝑠𝑗 is the residency start time and 𝑚𝑗 is the half-line index. A residency starts when
its half-line intersects the half-line of the current resident from below, so the residencies form a convex broken line. The
𝑗-th residency starts at point (𝑠𝑗 , 𝑦𝑚𝑗 + 𝑏𝑚𝑗 (𝑠𝑗 − 𝑡𝑚𝑗 )).

Initially, there is one half-line in the system, represented by (𝑡0 = 0, 𝑝0 = −1, 𝑏0 = 0, 𝑦0 = 1), which is the current resident,
represented by (𝑠0 = 0, 𝑚0 = 0). When processing the 𝑖-th birth, the forward linear search finds the parent of half-line 𝑖
in the list of residents, which is the last resident 𝑗 with 𝑠𝑗 ≤ 𝑡𝑖. The 𝑖-th half-line is represented by (𝑡𝑖, 𝑝𝑖 = 𝑚𝑗, 𝑏𝑖 = (𝑏𝑝𝑖 +
𝑎𝑖), 𝑦𝑖 = (𝑦𝑝𝑖 + 𝑏𝑝𝑖 (𝑡𝑖 − 𝑡𝑝𝑖) − 1)). Since the input is ordered by 𝑡𝑖, the search for the parent can start from the parent of the
previous half-line.

If half-line 𝑖 is below the convex broken line of residents, it does not become a resident. Otherwise, there is an intersection
point, which is found by backward linear search. Starting from the last resident in the list, it discards all residency segments
from the previous solution below the new half-line until the intersection point (𝑥, 𝑦) is found and in that case the new
residency represented by (𝑥, 𝑖) is added to the end.

Random Structures & Algorithms, 2026 11 of 20
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ALGORITHM 1 | Computation of the residency sequence 𝑡 ↦ 𝜚(ℶ)(𝑡).

Input: Nondegenerate, ordered ℶ = ((𝑡𝑖, 𝑎𝑖))𝑛𝑖=1
Output: Array  = ((𝑠𝑗 , 𝑚𝑗))𝑗 representing the residencies;

Array  = ((𝑡𝑖, 𝑝𝑖, 𝑏𝑖, 𝑦𝑖))𝑛𝑖=0 representing the half-lines
1: [0] ← (𝑡0 = 0, 𝑝0 = −1, 𝑏0=0, 𝑦0=1)
2: [0] ← (𝑠0=0, 𝑚0=0) ⊳ half-line 0 is the initial resident starting at 𝑡 = 0
3: 𝑗 ← 0 ⊳ forward index: last residency with start time ≤ 𝑡𝑖
4: 𝑘 ← 0 ⊳ end index: last valid entry in 
5: for 𝑖 ← 1 to 𝑛 do
6: (𝑡𝑖, 𝑎𝑖) ← ℶ[𝑖]
7: while 𝑗 < 𝑘 and 𝑠𝑗+1 ≤ 𝑡𝑖 do ⊳ Forward search: last residency before 𝑡𝑖
8: 𝑗 ← 𝑗 + 1
9: end while

10: 𝑝𝑖 ← 𝑚𝑗 ⊳ half-line 𝑝𝑖 is the resident at time 𝑡𝑖, that is, the parent of half-line 𝑖
11: 𝑏𝑖 ← 𝑏𝑝𝑖 + 𝑎𝑖 ⊳ absolute slope of half-line 𝑖
12: 𝑦𝑖 ← 𝑦𝑝𝑖 + 𝑏𝑝𝑖 (𝑡𝑖 − 𝑡𝑝𝑖 ) − 1 ⊳ initial height: one below parent at 𝑡𝑖
13: [𝑖] ← (𝑡𝑖, 𝑝𝑖, 𝑏𝑖, 𝑦𝑖)
14: while 𝑘 ≥ 0 and 𝑏𝑖 > 𝑏𝑚𝑘 do ⊳ Backward search: insert half-line 𝑖 into 
15: 𝑥←

(
(𝑦𝑚𝑘 − 𝑏𝑚𝑘𝑡𝑚𝑘) − (𝑦𝑖 − 𝑏𝑖𝑡𝑖)

)
∕ (𝑏𝑖 − 𝑏𝑚𝑘) ⊳ intersection time

16: if 𝑥<𝑠𝑘 then
17: 𝑘 ← 𝑘 − 1 ⊳ half-line 𝑚𝑘 is dominated by half-line 𝑖 and does not become a resident
18: continue
19: end if
20: 𝑘← 𝑘 + 1
21: [𝑘] ← (𝑥, 𝑖) ⊳ half-line 𝑖 becomes resident at time 𝑥
22: break
23: end while
24: end for
25: return , 

Since both linear searches pass each half-line at most once, the algorithm has runtime𝑂(𝑛). Note here that as a byproduct,
this algorithm also computed the half-lines represented by the (𝑡𝑖, 𝑝𝑖, 𝑏𝑖, 𝑦𝑖) tuples in the continued lines representation of
the system.

The lower bound construction appearing in the proof of Proposition 3.1 (see Section 4.1) shows that for all 𝑛 ∈ ℕ there
exists ℶ(𝑛) such that ℍ(ℶ(𝑛)) exhibits 𝑛 resident changes. Therefore, the size of the output of any algorithm computing
𝑡 ↦ 𝜚(𝑛)(𝑡) is Ω(𝑛) in the worst case, and hence the runtime of any such algorithm is also Ω(𝑛).

We conclude that the runtime complexity is indeed Θ(𝑛), which completes the proof of Theorem 3.3.

4.3 | Proof of Corollary 3.4

The key step of the proof of Corollary 3.4 is the following lemma.

Lemma 4.1. Let 𝑘 > 0. For any nondegenerate, ordered (and not necessarily finite)ℶ of size 𝑛 such that each initial slope
𝑎𝑖 lies in (0, 𝑘], for all 𝑡 ≥ 0 and 𝑖 ≥ 0 we have 𝑣𝑖(𝑡) ∈ (−2𝑘, 𝑘].

Proof. Throughout the proof, we will use the following slightly generalized version of (Hermann et al. 2025, Lemma
2.5) (whose proof is analogous to the one of the original lemma). For all 𝑖 ≠ 𝑗, recalling that

𝑒𝑖 = inf{𝑡 > 𝑡𝑖 ∶ ℎ𝑖(𝑡) = 0},

that is, 𝑒𝑖 is the first time when the trajectory ℎ𝑖 hits 0 again after its birth time 𝑡𝑖, we have that

𝑡↦ 𝑣𝑖(𝑡) − 𝑣𝑗(𝑡) is constant on [max{𝑡𝑖, 𝑡𝑗},min{𝑒𝑖, 𝑒𝑗}). (14)
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FIGURE 4 | Illustration of the proof of Lemma 4.1. Since 𝑣𝑖(𝜏) ≤ −2𝑘 and 𝑣𝑗 decreases from 𝑎𝑗 ≤ 𝑘 to 0 between time 𝑡𝑗 and 𝜏, 𝑣𝑖(𝑡𝑗)
cannot be larger than −𝑘 (this holds thanks to (14)). But this implies that it takes ℎ𝑖 at most as much time to get from height at most 1
to height 0 as it takes ℎ𝑗 to get from height 0 to 1, which implies ℎ𝑖(𝜏) ≤ 0, a contradiction from which it follows that 𝜏 must be infinite.

Now assume for a contradiction that for some 𝑡 ≥ 0 and 𝑖 ≥ 0 we have 𝑣𝑖(𝑡) ≤ −2𝑘. Put

𝜏 = inf{𝑠 ≥ 0 ∶ 𝑣𝑖(𝑠) ≤ −2𝑘}.

It is clear that our assumption is equivalent to the assumption that 𝜏 <∞. Recall that ℎ𝑖 is continuous and piecewise
linear and hence its right derivative 𝑣𝑖 is right-continuous. Thus, if 𝜏 < ∞, then 𝑣𝑖(𝜏) ≤ −2𝑘 holds, and thanks to the
non-degeneracy assumption, there is a unique 𝑗 ∈ ℕ0 such that the 𝑗-th trajectory becomes resident at time 𝜏 (see Figure 4
for an illustration of the proof from this point on).

Using that 𝑣𝑗(𝑠) ≤ 𝑘 for all 𝑠 and that the 𝑗-th trajectory becomes resident at time 𝜏, it follows that

𝜏 ≥ 𝑡𝑗 + 1
𝑘
. (15)

Moreover, by construction, under the assumption 𝜏 <∞, 𝑣𝑖(𝑡𝑗) − 𝑣𝑖(𝜏) equals the increment of the resident fitness between
times 𝑡𝑗 and 𝜏 (see (14) or also (Hermann et al. 2025, Lemma 2.5)), which is precisely equal to 𝑎𝑗 ≤ 𝑘. It follows that
𝑣𝑖(𝑡𝑗) ≤ −𝑘. Thus, if 𝜏 < ∞, then 𝑣𝑖(𝑠) ≤ −𝑘 for all 𝑠 ∈ [𝑡𝑗 , 𝜏). Therefore, using (15) we have

ℎ𝑖(𝜏) = ℎ𝑖(𝑡𝑗) + ∫
𝜏

𝑡𝑗

𝑣𝑖(𝑠)d𝑠 ≤ 1 − 𝑘(𝜏 − 𝑡𝑗) ≤ 1 − 𝑘 ⋅ 1
𝑘
= 0.

This is a contradiction because if 𝜏 < ∞, then ℎ𝑖(𝜏) must be positive so that the slope 𝑣𝑖 can become −2𝑘 or less at time 𝜏.
Hence, it follows that 𝜏 = ∞. This finishes the proof of the lemma. ◽

Now we can carry out the proof of Corollary 3.4.

Proof of Corollary 3.4. Note that if each 𝑎𝑖 is integer-valued, then so is 𝑣𝑖(𝑡) for all 0 ≤ 𝑖 < 𝑛 + 1 and 𝑡 ≥ 0. Since at any
resident change time, the slope of any trajectory that is currently at a positive height decreases by at least one and, thanks
to Lemma 4.1, the slope of any trajectory at any time ranges between −(2𝑘 − 1) and 𝑘, it follows that the slope of any
trajectory can change at most 3𝑘 − 1 times while the trajectory is at a strictly positive height. In Section 5.2 we describe
how to compute the height functions 𝑡↦ ℎ𝑖(𝑡) for all trajectories in 𝑂(𝑘𝑛) time, assuming each trajectory undergoes at
most 𝑂(𝑘) kinks, which completes the proof of this corollary. ◽

Remark 4.2.

1. If the initial slopes 𝑎𝑖 can take all values in [𝑘], then there exists a nondegenerate ℶ such that the corresponding
(ℎ𝑖)𝑖 exhibits some 𝑖 ≥ 0 and 𝑡 ≥ 0 such that 𝑣𝑖(𝑡) = −(2𝑘 − 1), which is the smallest possible slope value according
to Lemma 4.1. We claim that this holds for 𝑖 = 0 if 𝑎1 = 𝑘 − 1, 𝑎2 = 𝑘, 𝑡1 +

1
𝑘−1

< 𝑡2 < 𝑡1 +
2
𝑘−1

− 1
𝑘

, and 𝑡3 > 𝑡2 +
1
𝑘

.
Indeed, in this case, at time 𝑡1 +

1
𝑘−1

, the first trajectory becomes resident and the slope of the 0-th trajectory drops by
𝑣1(𝑡1 +

1
𝑘−1

−) = 1
𝑘−1

from 0, that is, it becomes−(𝑘 − 1), and this slope stays−(𝑘 − 1) until either the second trajectory
becomes resident, which happens at time 𝑡2 +

1
𝑘

(since the third trajectory is only born after this time), or until the

0-th trajectory hits zero again, which happens at time 𝑡1 +
2
𝑘−1

=
(
𝑡1 +

1
𝑘−1

)
+ 1

𝑘−1
. Now, since

Random Structures & Algorithms, 2026 13 of 20

 10982418, 2026, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rsa.70087 by M

T
A

 A
lfred R

enyi Institute of, W
iley O

nline L
ibrary on [31/08/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



𝑡2 +
1
𝑘
< 𝑡1 +

2
𝑘 − 1

− 1
𝑘
+ 1
𝑘
= 𝑡1 +

2
𝑘 − 1

,

until time 𝑡2 +
1
𝑘

the 0-th trajectory does not yet reach height zero again. Consequently, at this time, its slope drops
by 𝑣2(𝑡2 +

1
𝑘
−) = 𝑘, that is, it becomes −(2𝑘 − 1).

2. In the case of the PIT, if 𝜆 > 0 and the support of the measure 𝛾 contains both 𝑘 and 𝑘 − 1 (i.e., ℙ(𝐴𝑖 = 𝑘) and
ℙ(𝐴𝑖 = 𝑘 − 1) are both positive), the event that the scenario described in the previous paragraph occurs with
(𝑡𝑖, 𝑎𝑖) = (𝑇𝑖, 𝐴𝑖) and ℎ𝑖 = 𝐻𝑖, 𝑖 = 1, 2, 3, has positive probability. Using a restart argument based on, for example,
the renewal extinction times defined below in Section 4.4, it follows that for such 𝛾 , the PIT(𝜆, 𝛾) exhibits infinitely
many trajectories whose slope reaches −(2𝑘 − 1), almost surely. The same is clearly false, for example, if 𝑘 is even
and the support of 𝛾 is contained in {2, 4,… , 𝑘}.

3. While Lemma 4.1 guarantees that trajectories can never have slopes less than or equal to −2𝑘when all initial slopes
𝑎𝑖 are in (0, 𝑘], slopes in (−(2𝑘 − 1),−2𝑘) can be obtained for certain choices of the possible values of 𝑎𝑖 (using an
analog of the construction in the first paragraph of the present remark). Moreover, since the slope decrement due to
one kink can be arbitrarily small, having a finite lower bound on the minimal slope does not imply in general that
the number of kinks of a given trajectory is bounded by a constant times the absolute value of the minimum possible
slope. This is an obstacle to generalizing Corollary 3.4 to this case.

4. An analogue of Corollary 3.4 holds whenever the possible initial slopes 𝑎𝑖 are in {𝛼, 2𝛼,… , 𝑘𝛼} for some 𝛼 > 0.

4.4 | Proof of Proposition 3.5 and Corollary 3.7

Proof of Proposition 3.5. Recall the renewal extinction times 𝐸𝑖 from (10). Note that for 𝑖 ≥ 1, on the time interval
(𝐸𝑖−1, 𝐸𝑖] only trajectories born in (𝐸𝑖−1, 𝐸𝑖] can become resident, and only the height functions of the same trajectories
plus the one of the trajectory that was resident at time 𝐸𝑖−1 can suffer any kinks on this time interval due to resident
changes. Indeed, any other trajectory born on [0, 𝐸𝑖−1] goes extinct by the time 𝐸𝑖−1. Hence, we have

𝐾𝐸𝑖 −𝐾𝐸𝑖−1
≤ (𝑁𝐸𝑖

−𝑁𝐸𝑖−1
)(𝑁𝐸𝑖

−𝑁𝐸𝑖−1
+ 1), (16)

and for 𝑡 ≥ 0, putting 𝜂𝑡 = |{𝑖 ≥ 1 ∶ 𝐸𝑖 ≤ 𝑡}| = sup{𝑖 ≥ 0 ∶ 𝐸𝑖 ≤ 𝑡}, we have 𝐸𝜂𝑡 ≤ 𝑡 < 𝐸𝜂𝑡+1. Note also that 𝜂𝑡 ≤ 𝑁𝑡 for all
𝑡 because at each 𝐸𝑖 a trajectory born before 𝐸𝑖 becomes resident (and one trajectory can only become resident at most
once).

It can be proven analogously to the proof of (Hermann et al. 2025, Lemma 5.2) that 𝐸𝑖 − 𝐸𝑖−1 is stochastically domi-
nated by constant times a geometric random variable (see Appendix A for more details). Moreover, the random variables
(𝐸𝑖 − 𝐸𝑖−1)𝑖≥1 are i.i.d. (in other words, (𝐸𝑛)𝑛∈ℕ is a renewal process). They have a finite first moment 𝑚1 ∶= 𝔼(𝐸1). This
implies that

𝔼(𝐾𝐸𝑖 −𝐾𝐸𝑖−1
) ≤ 𝔼((𝑁𝐸𝑖

−𝑁𝐸𝑖−1
)(𝑁𝐸𝑖

−𝑁𝐸𝑖−1
+ 1)) =∶ 𝔪. (17)

It is clear that𝔪 > 0 because𝑁𝐸𝑖
−𝑁𝐸𝑖−1

≥ 1 for any 𝑖. The fact that𝔪 < ∞ is an immediate consequence of the following
assertion.

Lemma 4.3. For any 𝛾 , it holds that 𝔼(𝑁2
𝐸1
) < ∞.

The proof of this lemma follows using an argument analogous to (Hermann et al. 2025, Section 5). In Appendix A, we
will sketch this argument. Given Lemma 4.3, for 𝑛 ≥ 1 we have

𝔼(𝐾𝐸𝑛) =
𝑛∑
𝑖=1

𝔼(𝐾𝐸𝑖 −𝐾𝐸𝑖−1
) ≤ 𝑛𝔪. (18)

The same arguments that lead to (16) also yield the (much less tight) bound

𝐾𝑡 ≤ 𝑁𝑡(𝑁𝑡 + 1) (19)

14 of 20 Random Structures & Algorithms, 2026
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almost surely for all 𝑡 ≥ 0. Since (𝐸𝑛)𝑛∈ℕ is a renewal process with increments having finite mean 𝑚1, we have

lim
𝑛→∞

𝐸𝑛
𝑛

= 𝑚1

almost surely thanks to the strong law of large numbers, and

lim
𝑡→∞

𝜂𝑡
𝑡
= 1
𝑚1

almost surely (cf. (Embrechts et al. 1997, Theorem 2.5.10) for the latter assertion). Using Hölder’s inequality, (18) and
(19), we conclude that for 𝛿 > 0, for all 𝑡 sufficiently large

𝔼(𝐾𝑡) ≤ 𝔼(𝐾𝐸𝜂𝑡+1
1{𝜂𝑡+1≤( 1

𝑚1
+𝛿)𝑡}) + 𝔼(𝐾𝑡1{𝜂𝑡+1>( 1

𝑚1
+𝛿)𝑡})

≤ 𝔼(𝐾𝐸⌈( 1
𝑚1

+𝛿)𝑡⌉) +
√

𝔼(𝐾2
𝑡 )
√

𝔼
(
(1{𝜂𝑡+1>( 1

𝑚1
+𝛿)𝑡})2

)
≤ ( 1
𝑚1

+ 𝛿 + 1)𝑡𝔪 +
√

𝔼(𝐾2
𝑡 )

√
ℙ
(
𝜂𝑡 + 1 > ( 1

𝑚1
+ 𝛿)𝑡

)

≤ ( 1
𝑚1

+ 𝛿 + 1)𝑡𝔪 +
√√√√𝔼(𝑁4

𝑡 + 2𝑁3
𝑡 +𝑁

2
𝑡 )

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∈𝑂(𝑡4)

√
ℙ
(
𝜂𝑡 > ( 1

𝑚1
+ 𝛿)𝑡 − 1

)

≤ ( 1
𝑚1

+ 𝛿 + 1)𝑡𝔪 + 𝑂(𝑡2)

√
ℙ
(
𝜂𝑡 > ( 1

𝑚1
+ 𝛿)𝑡 − 1

)
. (20)

Here, the assertion that 𝔼(𝑁4
𝑡 + 2𝑁3

𝑡 +𝑁
2
𝑡 ) ∈ 𝑂(𝑡

4) follows from the well-known fact that a Poisson distributed random
variable 𝑋 with parameter 𝜆 satisfies 𝔼(𝑋(𝑋 − 1)… (𝑋 − 𝑘 + 1)) = 𝜆𝑘 for any 𝑘 ≥ 1, from which one can easily derive
that 𝔼(𝑋4) = (1 + 𝑜(1))𝜆4 as 𝜆 → ∞.

To treat the last term on the right-hand side of (20), we use standard large-deviation estimates. First note that there exists
𝛿′ > 0 not depending on 𝑡 such that{

𝜂𝑡 >

(
1
𝑚1

+ 𝛿
)
𝑡 − 1

}
=
{
𝐸⌈( 1

𝑚1
+𝛿)𝑡⌉−1 ≤ 𝑡} ⊆ {

𝐸⌈( 1
𝑚1

+𝛿)𝑡⌉−1 ≤ (1 − 𝛿′)𝑚1

(⌈( 1
𝑚1

+ 𝛿)𝑡⌉ − 1
)}

.

Since Λ(𝛼) ∶= log𝔼(e𝛼𝐸1) < ∞ for 𝛼 > 0 small (which also follows from the stochastic domination by constant times a
geometric random variable), Cramér’s theorem (Dembo and Zeitouni 1998, Section 2.2) implies that if 𝛿′ is sufficiently
small, then

lim sup
𝑛→∞

1
𝑛

logℙ
(
𝐸𝑛 ≤ (1 − 𝛿′)𝑚1𝑛

) ≤ − inf
𝑡≤(1−𝛿′)𝑚1

Λ∗(𝑡) =∶ −𝐼0 < 0, (21)

where the rate function Λ∗ ∶ ℝ → [0,∞] is given as

Λ∗(𝑎) = sup
𝛼∈ℝ

(𝛼𝑎 − Λ(𝛼)),

and together with the fact thatΛ′(0) = 𝑚1 andΛ∗(𝑚1) = 0, the strict negativity in (21) follows from the assertion of (Dembo
and Zeitouni 1998, Exercise 2.2.24) for 𝛿′ > 0 small enough. We conclude that for all sufficiently large 𝑡,√

ℙ
(
𝜂𝑡 > ( 1

𝑚1
+ 𝛿)𝑡

)
≤ e−

1
2
𝐼0(⌈( 1

𝑚1
+𝛿)𝑡⌉−1) ≤ e−

1
2
𝐼0(

1
𝑚1

+𝛿∕2)𝑡
.

Thus, the right-hand side of (20) is bounded from above by

( 1
𝑚1

+ 𝛿 + 1)𝑡𝔪 + 𝑂(𝑡2)e−
1
2
𝐼0(

1
𝑚1

+𝛿∕2)𝑡 ∈ 𝑂(𝑡),

as wanted. ◽
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Proof of Corollary 3.7. This proof is analogous to the one of (Hermann et al. 2025, Theorem 2.8). We note that

𝐾𝑡 =
∑

𝑖≥0∶𝐸𝑖≤𝑡
𝐾𝐸𝑖 −𝐾𝐸𝑖−1

=
∑
𝑖≥0
𝐾𝐸𝑖1[𝐸𝑖,𝐸𝑖+1)(𝑡)

is a renewal reward process with renewal times𝐸𝑖, that is, it has i.i.d. increments at the renewal times𝐸𝑖 that are indepen-
dent of the 𝐸𝑖’s, and thus the corollary is a quick consequence of the law of large numbers. For the reader’s convenience,
we recall the argument. For 𝑡 ≥ 0 let 𝑚(𝑡) be such that 𝐸𝑚(𝑡) ≤ 𝑡 < 𝐸𝑚(𝑡)+1. Then we have

𝐾𝐸𝑚(𝑡)∕𝑚(𝑡)

𝐸𝑚(𝑡)+1∕𝑚(𝑡)
≤ 𝐾𝑡

𝑡
≤ 𝐾𝐸𝑚(𝑡)+1

∕𝑚(𝑡)

𝐸𝑚(𝑡)∕𝑚(𝑡)
, (22)

analogously to (Hermann et al. 2025, Equation (5.9)). Since

• 𝑚(𝑡) → ∞ as 𝑡 → ∞,

• 𝐸𝑚 is a sum of 𝑚 i.i.d. copies of 𝐸1 which have finite (and clearly strictly positive) expectation (cf. the proof of
Proposition 3.5),

• and 𝐾𝐸𝑚 = 𝐾𝐸𝑚 is a sum of 𝑚 i.i.d. copies of 𝐾𝐸1
,

both the left- and the right-hand side of (22) converge almost surely to 𝔼(𝐾𝐸1
)∕𝔼(𝐸1). Hence, in order to finish the proof of

the corollary, it suffices to show that 𝔼(𝐾𝐸1
) ∈ (0,∞). The fact that 𝔼(𝐾𝐸1

) < ∞ follows from (17) for 𝑖 = 1. Finally, 𝔼(𝐾𝐸1
)

is positive because 𝐾𝐸1
is almost surely at least 2. Indeed, if the input of the PIT is nondegenerate, then between times 0

and 𝐸1, the slope of the initial resident trajectory must become negative, while the slope of the resident at time 𝐸1 must
become zero. ◽

5 | Discussion

5.1 | Ancestral Relations and Fixations

According to (Hermann et al. 2025, Section 6.1), for 𝑖 ≥ 0 we say that ℎ𝑖 fixes (or reaches fixation) if there exists 𝑡0 > 0
such that for all 𝑡 > 𝑡0, the trajectory ℎ𝑖 is an ancestor (i.e., parent, or parent of parent etc.) of all trajectories ℎ𝑗 such that
ℎ𝑗(𝑡) > 0. If the 𝑖-th trajectory is alone in the system with its parent, ℎ𝑖 reaches height 1 at time 𝑡𝑖 +

1
𝑎𝑖

and immediately
fixes. But when other trajectories are present, due to clonal interference with them, this is not always the case: The slope
of the 𝑖-th trajectory may change due to resident changes after time 𝑡𝑖.

Given our algorithm in the proof of Theorem 3.3 for the residents, for finite 𝑛we can now determine in linear time which
trajectories fix. Indeed, the trajectories that fix are precisely the ultimate resident and its ancestors, and this ancestral line
can be found in𝑂(𝑛) time using linear search. We can search for the parent of the ultimate resident starting from the end
of the list in the output of the algorithm, and then we can search for the parent of this parent, continuing backward, and
so forth.

5.2 | Computing the Height Function

Recall that 𝑡↦ 𝜚(ℶ)(𝑡) specifies the resident type at time 𝑡 ≥ 0, and its array representation can be computed in a runtime
of𝑂(𝑛) as in Section 4.2. This algorithm also produces all trajectories in the continued lines representation, each given by
a tuple (𝑡𝑖, 𝑝𝑖, 𝑏𝑖, 𝑦𝑖) with birth time 𝑡𝑖, parent index 𝑝𝑖, slope 𝑏𝑖, and initial height 𝑦𝑖. Using the output of this algorithm,
the following computations can be made.

The 𝑖-th half-line in the continued lines representation is 𝓁𝑖(𝑡) = 𝑦𝑖 + 𝑏𝑖(𝑡 − 𝑡𝑖) for 𝑡 ≥ 𝑡𝑖. From this, in the original system
of interacting trajectories, we have ℎ𝑖(𝑡) = 𝓁𝑖(𝑡) − (𝓁𝑝𝑖 (𝑡) − 1) if this quantity is positive and ℎ𝑖(𝑡) = 0 otherwise. This can
be evaluated at any given 𝑡 ≥ 0 in 𝑂(1).

Moreover, the entire piecewise linear trajectory 𝑡↦ ℎ𝑖(𝑡) can be determined in 𝑂(𝑛) time as follows: at time 𝑡𝑖 it starts
with slope 𝑎𝑖, and afterward at each resident change time 𝑠𝑗 , its right slope 𝑣𝑖(⋅) is reduced by the slope increment of the
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resident at this time. This way, ℎ𝑖(𝑠𝑗) can be computed iteratively from the residency array for all 𝑠𝑗 > 𝑡𝑖; when we first
obtain a negative number, we check when precisely between 𝑠𝑗−1 and 𝑠𝑗 the trajectory ℎ𝑖 hits zero, and from that time on
we let ℎ𝑖 be identically zero.

Finally, to compute ℎ𝑖(𝑡) for all 𝑖, one may apply the previous procedure independently for each 𝑖, resulting in an 𝑂(𝑛2)
algorithm. If it is known in advance that each trajectory undergoes at most 𝑂(𝑘) kinks, a more efficient approach is to
merge the residency array (keyed by residency start time) with the trajectory array (keyed by birth time) and, at each
residency change, keep track of and update only the trajectories currently alive. As each trajectory experiences at most
𝑂(𝑘) kinks, this yields an algorithm of runtime 𝑂(𝑘𝑛).

5.3 | Notes on the Case of an Unordered ℶ

In the case of an unordered ℶ, the algorithm from Section 4.2 can be preceded by a sorting step, yielding an 𝑂(𝑛 log 𝑛)
construction.

For a lower bound, consider an unordered list of pairwise distinct integers {𝑥1,… , 𝑥𝑛}. For ℶ = {(𝑥1, 2),… , (𝑥𝑛, 2)}, all
trajectories become resident in increasing order of 𝑥𝑖. Thus, any algorithm that computes the array representation of
the piecewise constant functions 𝑡 ↦ 𝜚(ℶ)(𝑡) or 𝑡↦ 𝑓 (𝑡) implicitly sorts the 𝑥𝑖, which in the comparison model requires
Ω(𝑛 log 𝑛) time.

Furthermore, the parent of each trajectory (𝑥𝑖, 2) is the one immediately preceding it in the sorted order of the 𝑥𝑖. Selecting
the maximum 𝑥𝑖 and repeatedly taking the parent recovers the entire parent-child chain, yielding the sorted sequence in
strictly decreasing order of the 𝑥𝑖. This means that computing the parent-child relationships between the trajectories is at
least as hard as sorting. In the comparison model, this establishes a lower bound of Ω(𝑛 log 𝑛).

These lower bounds match the upper bound obtained by first sorting ℶ and then applying the algorithm from Section 4.2.

5.4 | Extension of the Algorithm to Interacting Trajectories With Jumps

Consider a variant of the system of interacting trajectories where trajectories start from a fixed height 𝑏 ∈ (0, 1) instead of
0 upon birth and jump to zero after reaching height 𝑏 from above again (and otherwise they follow the dynamics described
in Section 2). At the end of Section 5.5, we will put this variant into a population-genetic context.

In the continued lines representation of this variant of the system of interacting trajectories, half-lines are born 1 − 𝑏
(instead of 1) below the current height of the resident half-line, and reaching the current resident height minus (1 − 𝑏)
again corresponds to becoming 0 again. It is clear that our algorithm for determining the resident fitness remains valid
for this variant of the continued lines representation, still with linear runtime and with the height of newborn trajectories
being computed accordingly.

5.5 | Background From Population Genetics

It was shown in (Hermann et al. 2025) that the system of PITs arises as a scaling limit of a Moran model with mutation
and selection. This model is a continuous-time Markov chain with fixed total population size 𝑁 . Assume that at time 0,
all𝑁 individuals belong to the initial resident population and have the same fitness value 0. Beneficial mutations occur in
a randomly chosen individual at time 𝑇𝑖 log𝑁 (with 𝑇𝑖 corresponding to the PIT), with a positive fitness advantage equal
to𝐴𝑖, for all 1 ≤ 𝑖 < 𝑛 + 1. Since𝐴𝑖 does not depend on𝑁 , one speaks about strong selection. Mutant subpopulations tend
to either go extinct rapidly or they grow approximately exponentially. In the latter case, the base-𝑁 logarithm of their
population size grows approximately linearly and takes Θ(log𝑁) time to reach the vicinity of 1.

The per generation mutation rate is Θ(1∕ log𝑁), which corresponds precisely to the so-called Gerrish–Lenski mutation
regime. Speeding up time by a factor of log𝑁 , we obtain approximately the system ℍ(ℶ); the corresponding conver-
gence result is (Hermann et al. 2025, Theorem 2.7). Here, in the limit, the height ℎ𝑖(𝑡) of a given trajectory at a given
time 𝑡 represents the 𝑁-base logarithm of the size of a subpopulation of genetically identical individuals in the Moran
model.

Random Structures & Algorithms, 2026 17 of 20
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Consider now a variant of the Moran model where for some 𝑏 ∈ (0, 1) fixed, the random fitness advantages 𝐴𝑖 are multi-
plied by the vanishing factor 𝑁−𝑏 depending on the total population size 𝑁 . This is called the case of moderate selection,
where mutants typically survive initial fluctuations with probability of order 𝑁−𝑏, compare (Boenkost et al. 2021; 2021).
It was conjectured in (Hermann et al. 2025, Section 7.2) that if one still chooses the per generation mutation rate as
Θ(1∕ log𝑁) and speeds up time by a factor of 𝑁𝑏 log𝑁 , the system of rescaled logarithmic frequencies of mutants sur-
viving the initial fluctuations converges to the variant of the system of (Poissonian) interacting trajectories with 𝑏-jumps
that was sketched in Section 5.4.
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Appendix A

Sketch of Proof of Lemma 4.3

First, we already anticipated in Section 4.3 that 𝐸1 is stochastically dominated by constant times a geometrically distributed random
variable. Let us now provide some details of the proof of this assertion, which are necessary in order to explain why 𝑁𝐸1

has a finite
second moment. We claim that if 𝑖 ∈ ℕ is such that for all 𝑖′ ≠ 𝑖we have 𝑇𝑖′ ∉ [𝑇𝑖 −

2
𝐴𝑖
, 𝑇𝑖 +

4
𝐴𝑖
], then there is a renewal extinction time

in [𝑇𝑖 −
2
𝐴𝑖
, 𝑇𝑖 +

4
𝐴𝑖
]. If 𝑖 has this property, then we will call 𝑖 favorable.

Indeed, it was shown in (Hermann et al. 2025, Section 5.2) that if 𝑖 ∈ ℕ is such that for all ℕ0 ∋ 𝑖′ ≠ 𝑖 we have 𝑇𝑖′ ∉ [𝑇𝑖 −
2
𝐴𝑖
, 𝑇𝑖 +

2
𝐴𝑖
],

then the 𝑖-th trajectory 𝐻𝑖 becomes resident (i.e., it reaches height 1) at some time 𝑅 that is not larger than 𝑇𝑖 +
2
𝐴𝑖

, and this resident
change is solitary (cf. Remark 3.8), that is, all trajectories but the 𝑖-th one have a nonpositive slope right after this resident change.
Moreover, it was also shown there that 𝑉𝑖(𝑅−) = 𝐻 ′

𝑖 (𝑅−) ≥ 𝐴𝑖∕2 and that 𝑉𝑖′ (𝑇𝑖) ≤ 𝐴𝑖∕2 for any 𝑖′ < 𝑖. (In words, the ultimate slope of
the 𝑖-th trajectory before this resident change is at least 𝐴𝑖∕2, and any trajectory𝐻𝑖′ born before time 𝑇𝑖 has slope at most 𝐴𝑖∕2 at time
𝑇𝑖.) Hence, it follows from (14) that

𝑉𝑖(𝑅−) − 𝑉𝑖′ (𝑅−) = 𝑉𝑖(𝑇𝑖) − 𝑉𝑖′ (𝑇𝑖) ≥ 𝐴𝑖 − 𝐴𝑖
2

=
𝐴𝑖
2
.

Now, let us note that according to Definition 2.1 this implies that for all such 𝑖′ we have

𝑉𝑖′ (𝑅) ≤ 𝑉𝑖(𝑅) − 𝐴𝑖
2

= 0 −
𝐴𝑖
2

= −
𝐴𝑖
2
.

There exists at least one such index 𝑖′, namely the previous resident before the 𝑖-th trajectory. Moreover, since the slope of any trajectory
of the PIT is nonincreasing between the birth time and the extinction time of the trajectory, it follows that these trajectories hit zero at
time not later than 𝑇𝑖 +

4
𝐴𝑖

. We conclude that if there is no trajectory born in [𝑇𝑖 +
2
𝐴𝑖
, 𝑇𝑖 +

4
𝐴𝑖
] either, then all of these trajectories hit

zero by time 𝑇𝑖 +
4
𝐴𝑖

and the time when the last one hits zero is a renewal extinction time. This implies the claim.

Next, choose 𝑎0 > 0 such that 𝑞 ∶= 𝛾([𝑎0,∞)) = ℙ(𝐴1 ≥ 𝑎0) > 0. For 𝓁 ∈ ℕ, let us call 𝓁 good if there exists precisely one 𝑖 ∈ ℕ such that
𝑇𝑖 ∈ [ 7(𝓁−1)+2

𝑎0
, 7(𝓁−1)+3

𝑎0
], it satisfies 𝐴𝑖 ≥ 𝑎0, and there exists no 𝑖′ ∈ ℕ ⧵ {𝑖} such that 𝑇𝑖′ ∈ [ 7(𝓁−1)

𝑎0
, 7𝓁
𝑎0
], and let us call 𝓁 bad otherwise.

Note that if 𝓁 is good, then the corresponding 𝑖 is fav able. For fixed 𝓁, 𝓁 being good is equivalent to a Poisson process of intensity 𝜆
having exactly one arrival in a time interval of length 1∕𝑎0 and no arrival in two disjoint intervals of length 2∕𝑎0 resp. 4∕𝑎0 that are also
disjoint from the first interval. Hence, any fixed𝓁 is good with probability 𝜆𝑞

𝑎0
𝑒−7𝜆∕𝑎0 , and the events {𝓁 is good},𝓁 ∈ ℕ, are independent.

Therefore, if we put
𝑆 ∶= inf{𝓁 ∈ ℕ ∶ 𝓁 is good},

then 𝑆 is a geometric random variable with parameter (success probability) 𝜆𝑞

𝑎0
𝑒−7𝜆∕𝑎0 . In particular, since 𝐸1 ≤ 7𝑆

𝑎0
almost surely, it

follows that 𝔼(𝑒𝛼𝐸1 ) < ∞ for all 𝛼 > 0 sufficiently small, as we claimed in Section 4.3.

In order to conclude that 𝔼(𝑁2
𝐸1
) < ∞, it now suffices to prove that 𝔼(𝑁2

7𝑆
𝑎0

) < ∞. Conditional on 𝑆, in the time interval [ 7(𝑆−1)
𝑎0

, 7𝑆
𝑎0
]

precisely one trajectory is born, and thus 𝑁 7𝑆
𝑎0

is equal to one plus the sum of 𝑆 − 1 independent random variables 𝑋1,… , 𝑋𝑆−1, with

𝑋𝓁 describing the number of trajectories born in the respective bad time interval [ 7(𝓁−1)
𝑎0

, 7𝓁
𝑎0
]. Here, using inclusion–exclusion for the

reasons of badness of the individual time intervals,𝑋𝓁 is at most one plus the sum of three independent random variables:
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1. a Poisson (2𝜆∕𝑎0)-distributed one conditioned to be positive (corresponding to the number of trajectories born in [ 7(𝓁−1)
𝑎0

, 7(𝓁−1)+2
𝑎0

]),

2. the sum of a Poisson (𝜆𝑞∕𝑎0)-distributed one conditioned to be unequal to 1 (describing the number of trajectories of initial
slope at least 𝑎0 born in [ 7(𝓁−1)+2

𝑎0
, 7(𝓁−1)+3

𝑎0
]) and an independent Poisson (𝜆(1 − 𝑞)∕𝑎0)-distributed one conditioned to be positive

(describing the number of trajectories of initial slope less than 𝑎0 born in the same time interval),

3. and a Poisson (4𝜆∕𝑎0)-distributed one also conditioned to be positive (and equal to the number of trajectories born in [ 7(𝓁−1)+3
𝑎0

, 7𝓁
𝑎0
]),

where we note that the independence of the number of trajectories with slope less than 𝑎0 and the ones with slope at least 𝑎0 born within
a given time interval follows from the Coloring Theorem (Kingman 1993, 53). The proof of the fact that the sum

∑𝑆−1
𝓁=1𝑋𝓁 + 1 has a

finite second moment follows from elementary properties of the Poisson distribution and can be carried out analogously to (Hermann
et al. 2025, Section 5.5, part 1.), therefore we omit the details. The lemma follows.
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