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Perturbations of Cauchy differences
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Abstract. This paper investigates functional equations arising from perturbations of Cauchy
differences. We study equations of the form

flx+y) = f(z) = f(y) = B(z,y) or f(zy)— f(z)f(y) = B(z,y)

where B is a biadditive mapping, and also more general cases where the inhomogeneity
depends on unknown functions

flz+y) — f(z) — fly) = azy
fx+y) = f(z) = f(y) = a(zy)
fx+y) = f(z) = fy) = a(z)aly).

Our results extend previous work on the bilinearity of the Cauchy exponential difference
by Alzer and Matkowski. We characterize solutions under various structural and regularity
assumptions, including additive and exponential Cauchy differences, and show that solu-
tions often reduce to additive functions, exponential polynomials, or combinations thereof.
For Levi-Civita type equations, we provide explicit representations of solutions in terms of
additive and exponential components. Furthermore, we determine conditions under which
real-valued solutions exist and describe their forms. The paper concludes with open prob-
lems concerning generalized equations that cannot be solved by the methods presented here,
suggesting directions for future research.
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1. Introduction

The recent paper [1] investigates a functional equation that represents a bi-
linear perturbation of Cauchy’s classical exponential equation. The authors
consider a modified form where the Cauchy difference equals a bilinear term

f@)fly) — flz+y) =azy

for the function f: R — R, where « is a given nonzero real number.

The paper characterizes all solutions of this equation under mild regularity
assumptions. If f: R — R satisfies the above equation and is differentiable at
least at one point, then the only solutions are functions of the form

flx) =1+ auz,

where a > 0. The authors also formulate a conjecture stating that every solu-
tion of the equation must have a zero. Further, [1] examines related functional
equations such as

fx)+ f(y) — flz +y) = axy,

and shows that these can be reduced to additive or Pexider-type equations.
Continuous solutions are described using additive functions. The methods em-
ployed include classical techniques from the theory of functional equations,
differentiation, and reduction to simpler forms.

The paper [6] addresses a conjecture recently posed by Horst Alzer and
Janusz Matkowski in [1] concerning a bilinearity property of the Cauchy expo-
nential difference. In [1] it was formulated as an open question whether every
solution f: R — R of the above equation has a zero.

The authors of the paper [6] provide an affirmative answer to this conjec-
ture: every solution indeed has a zero. Furthermore, they extend the problem
to a more general setting by considering mappings on a linear space X over
K € {R,C} and a biadditive functional ¢: X x X — K. The generalized
equation takes the form

flx+y)=f@)fly) —elz,y), z,y€X.

The paper characterizes solutions under various assumptions on ¢, proving
that the structure of solutions depends on the behavior of the biadditive func-
tional. In particular, they show that if ©(z0,209) # 0 for some zg € X, then
solutions are of the form

f(z) = ap(z, z0) +1,

where a satisfies certain quadratic conditions involving . The authors also
provide corollaries describing when no solutions exist, depending on sign con-
ditions on ¢.
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This work not only resolves the original conjecture but also opens new
directions by generalizing the problem to linear spaces and biadditive pertur-
bations. It contributes to the theory of functional equations, particularly those
involving bilinear modifications of exponential-type equations.

Several classical papers provide the foundation for the study of Cauchy dif-
ferences and their generalizations. [4] revisited van der Corput’s theorem in the
context of functional equations, focusing on additive and modular structures.
Their work established conditions for solutions of Cauchy-type equations and
inspired later research on bilinear perturbations. The paper [2] studied the
Cauchy differences and characterized solutions under various constraints. In
[3] Karol Baron and Zygfryd Kominek studied functionals where the Cauchy
difference is bounded by a homogeneous functional. Their results highlight
structural restrictions on solutions, which parallels our approach of imposing
biadditivity conditions on the perturbation term. Finally, in the paper [5], the
authors examined Cauchy differences depending on the product of arguments.
This idea anticipates the multiplicative and Levi-Civita type equations treated
in our manuscript, where the inhomogeneity involves products or exponential
components.

The recent manuscipt [9] investigates when real Cauchy differences can be
expressed as biadditive functions, that is, as products of two single-variable
additive functions. The paper considers four types of Cauchy differences: ex-
ponential, additive, logarithmic, and multiplicative, and examines conditions
under which such representations exist. For the exponential Cauchy difference,
the authors improve earlier results by removing differentiability assumptions.
In the case of additive Cauchy differences, they provide explicit formulas for
solutions, which involve additive functions and quadratic terms in «(z). For
logarithmic Cauchy differences, the paper proves that no solutions exist either
on the real line or on the positive half-line. The most subtle case of Cauchy’s
multiplicative difference was solved with the help of B. Segre [10] result on the
existence of nowhere discontinuous automorphism in C, which had been put
forward as a hypothesis fifty years earlier (C. Segre [11,12]; see also Lebesgue
[8], Kestelman [7]).

In this paper, we aim to contribute to the abovementioned topics under
more general conditions compared to previous works. In the results presented
in the second chapter, the domain of definition is a group, in some cases a
semigroup, while the range is a field, in certain cases the field of complex
numbers or the field of real numbers.

At first we consider functions f: S — F that fulfill

flz+y) = f(x) - fly) = B(x,y)
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for all z,y € S, where B: S x S — F is a given biadditive function, and also
the related equations

flz+y) = f(x) = fly) = axy
flx+y) = f@) — f(y) = a(zy)
flz+y) = flx) = fly) = a(z)(y),

respectively. In the case of the latter two equations, both the functions f
and « are unknown functions. Further, not only ’additive’ Cauchy differences,
but also ’exponential’ Cauchy differences as well as the related equations are
studied.

Prerequisites related to the Levi-Civita equation

In this subsection, we recall the most important concepts and results related to
exponential polynomials, with particular attention to the Levi-Civita equation
and its solutions. In presenting these concepts and results, we will follow Laszlo
Székelyhidi’s monograph [13].

In what follows, (G, -) is assumed to be a commutative group (written
multiplicatively). Further, N wil denote the set of positive integers, C will
stand for the set of complex numbers, and R denotes the set of real numbers.

Definition 1.1. The function a: G — C is called additive if

a(z-y) = a(x) + aly)
holds for all z,y € G.

Definition 1.2. Polynomials are elements of the algebra generated by additive
functions over G. More exactly, if n is a positive integer, P: C* — C is a
(classical) complex polynomial in n variables and a;: G — C (k =1,...,n)
are additive functions, then the function

x+— P(ayi(z),...,a,(x))

is a polynomial and, also conversely, every polynomial can be represented in
such a form.

Remark 1.3. We recall that the elements of N™ for any positive integer n
are called (n-dimensional) multi-indices. Addition, multiplication and inequal-
ities between multi-indices of the same dimension are defined component-
wise. Further, we define x® for any n-dimensional multi-index « and for any
x = (z1,...,2,) in C" by
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where we always adopt the convention 0° = 0. We also use the notation |o| =
a1 + -+ 4+ a,. With these notations any polynomial of degree at most N on
the commutative semigroup G has the form

p(z) = Z coa(x)® (x € @),
la| <N
where ¢, € C and a = (ay,...,a,): G — C" is an additive function. Further-
more, the homogeneous term of degree k of p is

Z caa(z)®.

lee| =k

Lemma 1.4. (Lemma 2.7 of [13]) Let G be a commutative group, n be a positive
integer and let

a=(ay,...,an),
where ay,...,a, are linearly independent complex-valued additive functions
defined on G. Then the monomials {a®} for different multi-indices are linearly
independent.

Definition 1.5. A function m: G — C is called an exponential function if it
satisfies

m(x-y) =m(z)m(y)  (z,y €q).
Furthermore, on an exponential polynomial we mean a linear combination of
functions of the form p - m, where p is a polynomial and m is an exponential
function.

Definition 1.6. Let G’ be an Abelian group and V C C& a set of complex-
valued functions defined on G. We say that V is translation-invariant if for
every f € V and for all g € G, we also have 7,f € V, where

Tgf(h) = f(hg)  (h€G)
as it is used later in this form.
By a variety we mean a closed, translation-invariant linear subspace of the
function space ¢ (G). For a function f: G — C, the set {r,f|g € G} is a
variety, which is called the variety of the function f.

In view of Theorem 10.1 of Székelyhidi [13], any finite dimensional translation-
invariant linear space of complex-valued functions on a commutative group
consists of exponential polynomials. This implies that if G is a commutative
group, then any function f: G — C, satisfying the functional equation

fl@-y) =Y g(@)hily)  (v,y€q)
=1

for some positive integer n and functions g;,h;: G — C (i = 1,...,n), is an
exponential polynomial of degree at most n.
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If the functions hq, ..., h, are linearly independent, then ¢;,..., g, are lin-
ear combinations of translates of f, hence they are exponential polynomials
of order at most n, too. Moreover, they are built up from the same addi-

tive and exponential functions, as f. If either the functions g1, ..., g,, or the
functions hq, ..., h, are linearly dependent, then the number n in the above
representation can be reduced. We will call this case degenerate.

Summing up, in the nondegenerate case, all the functions f, g1,..., g, and
h1,...,h, are exponential polynomials, that is, we have

k
f@) =" Piaja(x),...,a5n,-1(x)m;(x) (r €G)
j=1

k
gi(z) = ZQi,j(aj,l(x), ey -1 (2))m () (reGi=1,...,n)

k
hl(aﬁ) = ZRi’j(aj’1($>7 . ,ajmj,l(x))mj(x) (.’L‘ eGi=1,... ,n) s

where k,nq,...,n, are positive integers, my,...,my are different complex-
valued exponentials, {a;1,...,a;n; 1} are sets of linearly independent addi-
tive functions for j = 1,...,k, P;,Q;;, R; j: C"~! — C are complex polyno-
mials for ¢ = 1,...,n and j = 1,...,k such that we have ny + --- +ny = n.
Of course, the polynomials Pj, Q); ;, R; j must satisfy a lot of extra conditions
in order to form a solution for the equation in question.

2. Results
2.1. Additive Cauchy differences

Proposition 2.1. Let (S,+) be a semigroup, (F,+,-) be a field, and B: Sx S —
F be a symmetric and biadditive function. If a function f: S — F satisfies
equation

flz+y) = f(x) - fly) = B(x,y) (2.1)

for all x,y € S, then exists an additive function a: S — F i.e., a function for
which

a(z +y) = a(z) + a(y)
holds for all x,y € S such that

forallxz € S.
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Proof. Since the mapping B: S x S — F is symmetric and biadditive, we have
1
B(a,y) = 5 [B +y,2+y) ~ B(x,x) ~ Bly,y)

for all z,y € S. Using this, equation (2.1) can be rewritten as

1
f@+y) = fl@) = fly) = 5 [Bz +y,z +y) - B(z,2) = Bly,y)] (2,9 €5).
Define the function a: S — F as

a(w) = f@) — 3Bw)  (wES),

to deduce that
a(z +y) = a(z) + a(y)
holds for all z,y € S. So the function «a is additive. Thus the function f can
be written as
fa)= 3 Blaa) fal)  (eS)
with the aid of an additive function a: S — F. O

Corollary 2.2. Let (F,+,-) be a field such that (S,+) is a subsemigroup of the
group (F,+) and let « € F be arbitrarily fived. If a function f: S — F satisfies
equation
flet+y) = @) - fly) = axy (2.2)
for all x,y € S, then there exists an additive function a: S — F such that
f(@) = Ga + a(x)
holds for all x € S.

Corollary 2.3. Let (F,+,-) be a field such that (S,-) is a subsemigroup of the
semigroup (F,-) and let o € F be arbitrarily fixed. If a function f: S — F
satisfies equation

f(zy) — f(z) — f(y) = azy (2.3)
for all x,y € S, then necessarily « = 0 and the function f: S — F is additive,
i.e.,

flzy) = f(@) + fy)

holds for all x,y € S.

Proof. Under the assumptions, let us consider the function ¢¢: S x S — F
defined by

Cr(w,y) = flay) — flo) = fly)  (z,yel).
As €} is a Cauchy difference generated by the function f, it fulfills the cocycle
equation on S x S, i.e., we have

Cr(w,y) + Cp(wy, 2) = Cr(x,y2) + € (y, 2) (z,y,2€5).

@ Springer



52 Page 8 of 27 E GSELMANN ET AL. AEM

Due to equation (2.3), we obtain that the function #: S x S — F, defined by
HB(x,y)=azy  (z,y€S)
also satisfies the cocycle equation, since we have ¢y = . This however means
that
ary + aryz = aryz + ayz
should hold for all z,y, z € S. From which we get that
ay(zr—z)=0

for all x,y,z € S. As S C F, we obtain that the above identity can hold for all
z,y,z € S only if a = 0. O

Remark 2.4. Note that in Proposition 2.1 and also in Lemma 2.3, it is sufficient
for S to be merely a semigroup; S does not necessarily have to be a group.
For example, if we choose S =]0,4+o00[ and the semigroup operation is either
addition or multiplication, we can similarly obtain the solutions to the above
equations. Moreover, it immediately follows that every solution can be uniquely
extended to the entire real line.

Taking (5,4) = (R,+) and (F,+,-) = (R, +, -), the corollary below follows
immediately.

Corollary 2.5. Let a € R be fized. If a function f: R — R satisfies equation
fe+y)—f@) - fly) =azy  (z,y €R), (2.4)
then there exists an additive function a: R — R i.e., a function a for which
a(z +y) = a(z) + a(y)
holds for all x,y € R such that

for all x € R.

Let R* denote the set of nonzero real numbers, i.e., R* = {z € R|z # 0}.
Similarly, if D € {R*,]0,+o0o[} and (S,-) = (D,-) and (F,+,-) = (R, +,-),
the corollary below follows immediately.

Corollary 2.6. Let D € {R*,]0,+oc[} and o« € R be fized. If a function
f: D — R satisfies equation

flzy) — f(x) = fly) =axy  (z,y € D), (2.5)

then a« = 0 and f is a logarithmic function on D, i.e.,

flay) = f(x) + f(y)
holds for all z,y € D.
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Note that we can also consider functions f: R — R and assume that equa-
tion (2.5) to hold for all z,y € R. In this case, however, the set of solutions is
significantly narrower. More precisely, only the identically zero function will be
a solution to this equation. The reason is that if a function f: R — R satisfies
equation

Flzy) = f(2) + ()
for all z,y € R, then f must necessarily be identically zero. Therefore, whether
0 is included (or not) in the domain of the involved function, plays an important
role.

Corollary 2.7. Let a € R be fized. If a function f: R — R satisfies equation
fley) = f(x) = fy) =azy  (z,y €R), (2.6)

then o = 0 and f is identically zero on R.
As a generalization of equation (2.2), we can obtain the following statement

with a completely similar proof. However, here it is important that S is not
just a semigroup, but a group and F* denotes the nonzero elements of F, i.e.,

F* ={xz eF|z #0}.
Proposition 2.8. Let (F,+,-) be a field and (S,-) be a subgroup of (F* ). If
the functions f,a: S — F satisfy equation

fl@-y) = fz) = fly) = alzy) (2.7)
forallx,y € S, then there exists an additive function a: S — F, i.e., a function
for which we have

a(z-y) = a(x) + a(y)
for all x,y € S such that
a(@)=—f(1) and  flz)=alz)+f(1) (z€S9).
Proof. Assume that the functions f, «, : S — F satisfy equation (2.7). Setting
y=1in (2.7),
a(z) = —f(1)

follows for all x € S. So « is a constant function. In view of this, equation
(2.7) reads as

fl@-y) = fla) = fly) =—f1)  (z,yel).

This shows that for the function a: S — F defined by

a(z) = f(z) - f(1)  (z€S9),
we have

a(z-y) =a(x)+taly) (r,yel).

So the function a is additive on S, and we have

flx)=alz)+ f(1) (z€85).

O
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Below we study the ’additive’ counterpart of the previously studied equa-
tion.

Proposition 2.9. Let (F,+,) be a field. If the functions f,a: F — T satisfy
f@+y) = fz) = fy) = a(zy) (2.8)

for all x,y € F, then there exist a constant v € F, and there are additive
functions a, A: F — T, i.e., functions for which

alzx+y)=a(r)+aly) and Alx+y)=A(z)+ Ay) (z,y € F)
such that

o) =a@)+7 and [(x) = Jala) + Al) +7
holds for all x € TF.

Proof. Let us consider the function €;: F x F — F defined by

Cr(x,y) = flx+y) — flx) - f(y) (z,y €F).

As €y is a Cauchy difference generated by the function f, it fulfills the cocycle
equation on F x [F, i.e., we have

Cp(o,y) +Cp(r+y,2) =Cp(r,y+2) + €y, 2)  (v,9,2€F).

Further, due to our equation, we have 6% (z,y) = a(zy) for all z,y € F.
Therefore

a(zy) +ol(z +y)z) = alz(y +2)) +alyz)  (z,y,2€F),
or after some rearrangement
a(zy) + a(zz +yz) = alzy + 22) + a(yz).
In other words, we have
a(u) + a(v+w) = a(u+v) + a(w) (u,v,w e F).

Therefore, there exists a constant v € F and an additive function a: F — F
such that
a(z) =a(z) +v (z eF).
Define the function B: F x F — F through
B(z,y) = a(zy)  (z,y €F).

Due to the additivity of the function a, the mapping B is symmetric and
biadditive. Consider now the function f defined on F by

fla)=fl@)=7  (z€F)

to deduce that we have

fla+y)— fx)— fy) = B(z,y)  (z,y€F).
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Observe that Proposition 2.1 can be applied with the choice S = FF to obtain
that there exists an additive function A: F — I such that

o) = %B(x,x) +A®) = %a(ﬁ) +A@) (@cT).

From this however we conclude that

f(a) = fla) +7 = ga(e?) + A@) +
for all x € F. O
Remark 2.10. Interestingly, if we replace the inhomogeneity a(zy) in equation
(2.8) with a(z)a(y), the above results are no longer as effectively applicable.

However, even in this case (by applying the above reasoning based on the
cocyle equation), we can state that

a(@)aly) + ale + alz) = a@)aly + 2) + a(y)a(z)
holds for all z,y, z € F. From this, with y = 0 it follows that
a(0) - [a(z) —a(z)] =0 (r,z€TF).
That is, «(0) = 0 or « is constant on F.

In what follows, we study the functional equation

flay) = f(@) = f(y) = a(z)a(y).
Let us observe that the 'natural’ domain of the functions f and « appearing in
this equation is a commutative group, while their range is a field. However, the
operation defined on the group does not necessarily have to coincide with any
of the operations defined on the field. This observation is particularly useful
because, when considering real functions, the two equations

flay) = f(x) = f(y) = al@)aly)
and
fle+y) = flx) = fly) = a(x)aly)

can be treated as instances of the same case. Indeed, in the first case we take
(G,-) = (R*,+), while in the second case we put (G, ) = (R, +). Accordingly,
being an additive function on the group (R*,-) means

a(xy):a(m)+a(y) (.’ﬁ,yGRX),
while being an additive function on the group (R, +) means that we have

a(r+y) =a(z)+aly)  (z,y€R).

As we will see, in the case of the inhomogeneity a(x)a(y), it is worth
exploiting the fact that in such cases, the equation in question is a Levi-Civita
equation. There is extensive literature on equations of this type; however,
these functional equations can only be treated as part of a unified theory if
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the unknown functions in the equation are complex-valued. Therefore, from
this point on, we will only deal with complex-valued functions.

Lemma 2.11. Let (G,-) be a group and f,a: G — C be functions for which
fa-y) = f@) = fly) = alz) - ay)

holds for all x,y € G. Then the function f is an exponential polynomial of
degree at most 3. If, in addition, the system {f,1,a} is linearly independent,
then the function « is also an exponential polynomial of degree at most three.

Proof. The equation appearing in the lemma, after some rearrangement, is the
following

flz-y) = flz)+ fly) + a(z) - aly) (z,y € G),

or, in a more detalied form

fle-y)=fx) - 1+1-fly) +alz)-aly) (zyeq).
Observe that this already expresses that for all y € G we have

T, f €lin({f,1,a}),

that is, all the translates of the function f belong to the linear space spanned
by the functions f,1 and «a. So f is an exponential polynomial of degree at
most 3. If, moreover the system {f, 1, a} is linearly independent, then the same
holds true for the function «, as well. O

Theorem 2.12. Let (G,-) be a group and f,a: G — C be functions for which

flx-y) = flz) = f(y) = a(z) - ay) (2.9)

holds for all x,y € G. Then there exist an additive function a: G — C, an
exponential function m: G — C and complex constants o and v such that

a(r) = a-(m(x) - 1)

flz) =7-a(z) +a® (m(z) - 1)
hold for all x € G. And also conversely, if we define the functions f,a: G — C
through (2.10), then they solve equation (2.9), provided that a: G — C is an

additive, m: G — C is an exponential function and o and ~ are complex
constants.

(2.10)

Proof. Depending on the rank of the system {f,1,a}, we need to distinguish
between several cases. Clearly rank({f,1,a}) € {1,2,3}.

If rank({f,1, o}) = 3, then we have three subcases, depending on whether
the variety of the function f contains one, two, or three linearly independent
exponential functions. Note that condition 7,f € lin({f,1,a}) for all y € G
guarantees that the identically one function (considered as an exponential) is
always present in the variety of f.
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Subcase (i) In the first subcase, we examine the situation when there is only
a single exponential in the variety of the function f. Because of
the above, this exponential must necessarily be the identically one
function. Therefore,

2
Z apap(z) +a and  f(z Z dpeqap(x)aq(z) + vaap(x) +v
p=1

pq=1

holds for all x € G with some constants ay, dp,ep, Vp, @, 7y, and
with some linearly independent additive functions a,: G — C for
p € {1,2}. Substituting these forms back into our equation,
0=—7—a®—ayas(y)a — ara;(y)a — azaz(z)a — ara; (z)a
+ 0ge2a3(x)az(y)® — bae2a2(y)* + dre2az(x)ar (y)az(y)
+ €162a1(z)ar(y)az(y) — dre2a1(y)az(y) — €1d2a1(y)az(y)
(z)2az(y) + dre2a1 (x)az(x)az(y) — abas(x)az(y)

2)

+ da€san
— araar (z)as(y) — 12a2(y) + drerar ()ai (y)? — drera (y)?
+ e162a1(2)as(x)ar(y) — arasas(x)ay(y) + dre1ar(x)?ar(y)
—a?ay(z)ar (y) — y1a1(y) — Saeaaa(x)? — S1e0a1 (x)as(x)

— 16201 (2)as(x) — d1erar(z)?

follows for all z,y € G. As a; and as are linearly independent
additive functions, this is possible only if all the coefficients vanish
in the above identity. Especially, the coefficients of a1 (2)a;(y) and
az(z)az(y), that is, —a? and —a3 should equal zero. In this case
however, oy = 0, @g = 0 and thus a(z) = « follows for all z € G,
but then rank({f, 1, a}) = 2, which is a contradiction. This means
that the equation has no solution for which the rank condition
would be satisfied. This means that the equation has no solution
for which the functions f and « are of the above form.

Subcase (ii) The second subcase is when there are exactly two exponentials in
the variety of f, one of which is the identically one function.

a(z) = agm(z) +ag and  f(z) = na(z) +y2m(z) + 73

holds for all x € G with some complex constants as, asz, v1,72,73,
with an additive function a: G — C and with an exponential
m: G — C. Using these representations and our equation,

(y2 — a3) - m(z)m(y) + (—azas —72) - m(y)
+ (—ozag —y2)m(z) 4+ (—y3 —a3) =0
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follows for all x,y € G. In view of Lemma 1.4, this is possible only

if
Yo — a3 =0
azaz +72 =0
73+a§:0

holds. Using the first two equations we get that either ap = 0 or
as + as = 0. If ag = 0, then necessarily 75 = 0 and by the third
equation v3 = —a3. Thus

a(r) =az and f(z) =ya(z) — a3 (x €@).

In this case however rank ({1, a}) = 1, so rank({ f, 1, a}) < 3 which
is not possible by our assumptions.

The other possibility is that as + az = 0, and then 75 = a3
and 3 = —a3. Thus

a(r) = agm(z) —as and  f(z) = y1a(z) + a%m(x) - ag

holds for all z € G. An easy computation shows that these func-
tions indeed solve our equation.

Subcase (iii) The third case would be that the variety of the function f contains
three linearly independent exponential functions, but according to
Székelyhidi [13, page 92], this is impossible.

The second possibility is that rank({f,1,a}) = 2.

In this case, our equation says that all the translates of the function f be-
long to the two-dimensional linear space lin{f, 1, a}. Thus f is an exponential
polynomial of degree at most two. Again, depending on whether the variety
of the function f contains one, or two linearly independent exponential func-
tions, we have to distinguish subcases. Note that condition 7, f € lin({f, 1, a})
for all y € G guarantees that the identically one function (considered as an
exponential) is always present in the variety of f.

Further, the assumption that rank({f,1,a}) = 2 yields that the system
{f,1, a} is linearly dependent. So there exist complex numbers A1, Ay and A3
that are not simoultaneously zero, such that

)\1f(l‘) + /\20&(.13) +X3=0

holds for all x € G. Observe that if A\a = 0 would hold, then the function
f would be constant. Then from the functional equation o = const. would
follow. At the same time, this would imply that rank({f, 1, a}) = 1, which is
not possible in this case. So A2 # 0. In this case however,

A1

ofz) = -, f@) -5 (@eC)
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follows. Thus the function « is a linear combination of the functions f and 1,

ie.,

a(x) = Af(x) + .

Since the function f is an exponential polynomial of degree at most two, we
need to distinguish two cases, depending on whether the variety of the function
f contains one, or two linearly independent exponential functions.

Subcase (i)

Subcase (ii)

The first possibility is that
f(x) = (a1a(z) + az)m(z) (v €q),
where a: G — C is an additive function, m: G — C is an ex-

ponential, and a1, as are complex constants. Accordingly, for the
function «,

a(z) = Af(z) +p
= Maqa(z) + ag)m(z) + p (xe@).
Inserting these forms back to the functional equation, and us-
ing the linear independence of the involved functions, we obtain
a?\? = 0. If oy = 0 would hold, then, again, from the functional
equation itself, © = 0 and as = 0 would follow. This would how-
ever mean that f = 0, which is impossible. The other possibility is
that A = 0, so a(z) = p (z € G). Inserting this into the functional
equation,
flay) = f(@)+ fly) +1*  (z,y€q).

Therefore, the function f + p? is additive. So we have
f@) =a@) - (@eG).

Let us observe that this form is consistent with the above repre-
sentation, if we choose the exponential m = 1.

The other possibility is that there exist linearly independent expo-
nentials my, mg: G — C and complex constants aq, ap such that

f(z) = army(z) + aema(x) (x €@).

Let us observe that one of the two exponential functions must be
the identically one function, since otherwise

rank(f, , 1) > rank(mq, mo, 1) = 3,

which is impossible because rank(f, «, 1) = 2. Therefore, without
the loss of generality mo = 1 can be assumed. This means that

f(z) = armi(z) +
alx) =Af(z) + p = AMaimi(z) + a2) (xr e G).
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Inserting these representations back to our functional equation,
the system of equations

) = i\
0=o1 + Oq)\,u + 011042/\2
0=oay+ u2 + 200\ + a%)\Q

follows, as the involved functions are linearly independent. This
system of equations has two different types of solutions. In the
first case, @y = 0. However, this would mean that the function f
is constant, which is impossible due to the rank condition. In the

1 1
second case, a; = 2 az = ——, A is arbitrary, and p = 0. For
the functions f, « this yields that

flz) = ﬁ(m(aj) -1 and alz) = %(m(x) -1 (re@).

An easy computation shows that these functions indeed solve the
functional equation.

Finally, the last case is that rank({f,1,a}) = 1. In this case, both the
functions f and « are constant functions. In other words, there exist complex
constants o and v such that

alz)=a and f(z)=1 (x e @).

Substituting back into our equation, we conclude that these constants should

fulfill

—y =a?.

Thus
afr)=a and f(z)=—a? (x € G)
with a complex constant a. O

If we take (G,-) = (R, +) in Theorem 2.12, then the corollary below follows
immediately.

Corollary 2.13. (Solutions of the ’additive’ equation on R) The functions f, «:
R — C satisfy functional equation

fl@+y) = f@) = fly) = a(x)aly) (2.11)

for all x,y € R, if and only if there exist an additive function a: R — C, an
exponential function m: R — C and complex constants o and v such that

a(z) = a(m(z) - 1)

f(z) = va(z) + a2(m(z) — 1) (2.12)

hold for all x € R.
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Corollary 2.14. (Regular solutions of the 'additive’ equation on R) Let us as-
sume that the functions f,a: R — R fulfill at one of the following conditions:

(i) f and « are continuous on R,

(i) f and a are continuous at a point ry € R,
(i4i) f and o are measurable on a set of positive measure;
(i) f and « are bounded on a nonempty open subset of R.

Then f and « satisfy the functional equation

flx+y) = flx) - fly) = alz)aly) (2.13)
for all x,y € R, if and only if, there exist real constants o,y and A such that
alz) = a- (exp(Az) — 1)
F(z) = 72 + 02 - (exp(Az) — 1)
hold for all x € R, or
a(z) = —«
f(@) =~z —a®
for all x € R.

Proof. Using Theorem 2.12, we immediately get that the function « is of the
form

alz) =a- (m(z) —1) (x €R).
If « = 0, then the function « is the identically zero function. In this case , f

is an additive function that fulfills at least one of the conditions (i)—(iv). So
f: R — R is a regular additive function, i.e.,

flz) =~z

holds for all z € R with some real constant ~.
If a # 0, then we have

m(x) =

As the function « fulfills at least one of the conditions (i)—(iv) appearing in
the statement, the same holds for the exponential m. Thus m: R — R is a
regular exponential function, i.e., either m is identically zero, or there exists a
real number A such that m(z) = exp(Az) (z € R). O

?—i—l (z €R).

Remark 2.15. (One-sided boundedness) Let us observe that the fact that the
functions f and « are bounded from below on R does not necessarily imply
that they can be represented as described in the previous corollary. Indeed,
any exponential function m: R — R is bounded below on R. Accordingly, if
take a nonnegative real number « and consider the functions

a(z) = a(m(z) — 1)

f(@) =7z +o2(mlz)-1) @R
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then they solve the functional equation, but they are not necessarily of the
form as presented in Corollary 2.14.

The same holds for those solutions f, a: R — R that are bounded only from
above. In such cases, the above reasoning must be applied with nonpositive a.

In what follows let D € {R*,]0,+oc[}. As (D,-) is a commutative group,
in view of Theorem 2.12, we obtain the following.

Corollary 2.16. (Solutions of the 'multiplicative’ equation on D) Let us assume
that for the f,a: D — C

flay) = f(@) = f(y) = a(z) - a(y) (2.14)
holds for all x,y € D. Then there exist a logarithmic function ¢: D — C, a
multiplicative function m: R — C and complex constants a and -~y such that

a(r) = a(m(r) - 1)

f(x) =7b(z) + a? - (m(z) — 1)
hold for all x € D. And also conversely, if we define the functions f,a: D — C
through the formulas (2.15), then they solve the functional equation above,

provided that £: R* — C is a logarithmic, m: R* — C is a multiplicative
function and « and v are complex constants.

(2.15)

Corollary 2.17. (Regular solutions of the 'multiplicative’ equation on D) Let
fya: D — R be functions for which

flay) = f(z) = fly) = a(z) - a(y) (2.16)
holds for all x,y € D. Let us further assume that at least one of the following
conditions is satisfied.

(i) [ and « are continuous on D,

(ii) f and o are continuous at a point xg € D,
(iii) f and o are measurable on a set D C D of positive measure;
(i) f and « are bounded on a nonempty open subset of D.

Then there exist real numbers o and v such that

a(r) = a- (m(x) —1)

f(@) =~ -In(|z]) + a* - (m(z) — 1)
hold for all x € D, where the function m: D — R has one of the following
forms

(2.17)

m(z) =0 (x € D)
m(z) = [z (x € D)
m(x) = sign(z)|z|" (x € D)

with an appropriate real number p. And also conversely, if we define the func-
tions f,a: D — C through the formulas (2.17), then they solve the functional
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equation above, provided that m: D — C is one of the above functions, and o
and vy are real constants.

The functional equation under investigation also makes sense for functions
f and o whose domain includes 0. As we will demonstrate below, in such
cases the functional equation has significantly fewer solutions. Accordingly, let
D* € {R, [0, +oo[}. If D* =R, then D*\{0} = R*. Similarly, if D* = [0, +o0],
then D* \ {0} =]0, +o0].

Corollary 2.18. (Solutions of the 'multiplicative’ equation on D*) Suppose that
f,a: D* — C are functions for which

flay) = f(z) = fly) = a(z) - aly)
holds for all x,y € D*. Then there exist a multiplicative function m: R — C
and complex constants o and v such that
a(r) = a(m(x) —1)
f(@) = a?(m(z) — 1)
hold for all x € D. And also conversely, if we define the functions f,a: G —
C through the above formulas, then they solve the functional equation above,

provided that m: R — C is a multiplicative function and o and v are complex
constants.

Proof. As D*\ {0} € {R*,]0,4o00[}, with the application of Corollary 2.16,
we obtain that there exist a logarithmic function £: R — C, a multiplicative
function m: R — C and complex constants o and 7 such that
a(r) = a- (m(x) - 1)
fl@) =7-lz) + o (m(z) - 1)
hold for all z € D. Let now = € D be arbitrary and y = 0 in our functional
equation, to get that

(2.18)

f(@) = —a(0)a()
should hold for all z € D. This however means that
yl(z) +a* - (m(z) — 1) = —a(0)a - (m(z) - 1),
that is,
v(x) + (a* + aa(0))(m(z) — 1) =0
holds for all x € D. From which v = 0 follows. O

With the aid of the previous corollary, the regular solutions can be deter-
mined easily.

Corollary 2.19. (Regular solutions of the 'multiplicative’ equation on D*) Let
f,a: D* — C be functions for which

flzy) = f(x) = f(y) = al@)aly)
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holds for all x,y € D*. Then there exist a multiplicative function m: R — C
and complex constants o and v such that

a(z) =a- (m(z) —1)

f(z) = a?- (m(z) - 1)
hold for all x € D*, where the function m: D* — R has one of the following
forms

m(z) =0 (xe D)
m(z) = Jal* (we D)
m(x) = sign(x)|z|" (x € D)

with an appropriate nonnegative real number p. And also conversely, if we
define the functions f,a: G — C through the above formulas, then they solve
the functional equation above, provided that m: R — C has one of the above
forms, and « is a real constant.

2.2. Exponential Cauchy differences

Proposition 2.20. Let (G,-) be a semigroup and (F,+,-) be a field. If the func-
tions f,a: G — F satisfy

flzy) = f(2) f(y) = a(zy) (2.19)
for all x,y € G, then there exists an exponential function m: G — F such that
fl@) = f(1)-m(x) and a(r) = f1)(1 = (1)) m(z)

forallxz € G.

Proof. Consider the function f: G — F defined by
fl@)=f(z) —alz) (x€q)

to deduce that equation (2.19) can be written as

fzy) = f(2)f(y) (z,y € G)
With y =1,

follows for all € G. Therefore

ff(xy) = f(x)f(y)
holds for all z,y € G. If f(1) =0, then

f@)fly) =0
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should hold for all z,y € G. So f is identically zero. If however, f(1) # 0, then
the above identity implies that

ey) _ I @)
fa @ fQ@)

holds for all z,y € G. In other words, there exists an exponential function

m: G — F such that

fl@)=fMm(z)  (req).
Note that this representation is also valid when f(1) = 0.
Further, from one hand

f@) = f()f(@) = FA)(fMm(2)) = f(1)*m(z)  (x€q).
On the other hand
@) = f@@) - a@) = fOm(@) —al@) (@),
Therefore
FOm(z) — a(z) = f(1)*m(z)
should hold for all z € G, from which
a(z) = (f(1) = f(1)*)m(x)
follows for all = € G. g
In the corollaries below let K € {R,C}.
Corollary 2.21. If the functions f,a: K* — K satisfy
flazy) = f(2)f(y) = afzy) (2.20)

for all x,y € K*, then there exists an exponential function m: K* — F, i.e.,
a function for which we have m(xy) = m(x)m(y) for all x,y € K* such that

@)= f1) -m() and ale) = FL)(1- f(1)-m(z)
for all x € K*.
Corollary 2.22. If the functions f,a: K — K satisfy
fl@+y) = f2)f(y) = oz +y) (2.21)

for all xz,y € K, then there exists an exponential function m: K — F, i.e., a
function for which we have m(x +y) = m(x)m(y) for all x,y € K such that

fl@) = f(1)-m(x) and a(r) = f1)(1 = (1)) m(z)
for all x € K.

Remark 2.23. If K = R then with the help of the above two corollaries, we can
immediately determine the regular solutions of equations (2.20) and (2.21) as
well.
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Finally, in this part of the manuscipt, we intend to study the equation

f(x-y) = f(x)fly) = a(z)aly)

for functions f,a: G — C defined on a commutative group. In this case, it
is again worth taking advantage of the fact that, after rearrangement, the
equation can be transformed into a Levi-Civita type equation of the form

f@-y) = f@)f(y) + alz)a(y).
Theorem 2.24. Let (G,-) be a group and f,a: G — C be functions for which

flz-y) = f(2)f(y) + alz)aly) (2.22)

holds for all x,y € G. Then there exist and additive function a: G — C,
exponential functions m,mi,mo: G — C such that the system {mi,ma} is
linearly independent, further, there are complex constants ai,a9,7v1,v2 and
v # 0, such that the pair (f,a) has one of the following forms.

(1)
f(x) = (na(z) +72) - m(z)
a(z) = (ara(z) + ag) - m(x) (z € @),
where the constants o, o,y and yo satisfy the system of equation
wf + a% =0
Vs + a5 ="
Y1ve + oo = 1.
(ii)
f(@) =y -ma(z) + 72 - ma(z)
a(x) = a1 -my(x) + ag - ma(x) (x € G),
where the constants oy, o,y and yo satisfy the system of equation
"l =m
Vs +ah =
MY2 + aaag = 0.

(iii) either f and « are identically zero, or
flz) =~ -m(z)
o() = VA7) - m(z) (€ G).

Proof. Observe that equation (2.22) expresses that all the translates of the
function f: G — C are contained in the linear space lin({f, a}).
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If rank({f, «}) = 2, then this yields that f and « are exponential polyno-
mials of degree one. Thus they are either of the form

f(x) = (ma(z) +72) - m(x)

a(z) = (ara(z) + ag) - m(x) (r e @),
or they are of the form

f(@) = yima () + yame ()

a(z) = army(z) + agme(z) (x € G),

where a: G — Cis an additive function, m, mi, my: G — C are exponentials so
that {m1, ma} is linearly independent and a1, aa, 1,72 are complex constants.
Inserting these representations back to equation (2.22) we obtain in the first
case

Wf + a% =0
7+ ah =
Y1v2 + oo = 71,
and the system of equations
Ytai=m
7+ a3 =72
’71’72 —+ 10 = O

follows in the second case. These are cases (i) and (ii) of the statement.
Finally, if rank({f, a}) < 2, then we have

f(x) = ~ym(z)
a(z) = am(x) (x € G),

with an appropriate exponential m: G — C and complex constants « and ~.
Using these forms, equation (2.22) implies that

v=7"+a
So a =/~ —7). O
Remark 2.25. Tt is sufficient to determine those solutions of the systems of
equations appearing in the previous theorem for which there correspond non-
degenerate pairs of solutions (f,a). Indeed, if for example the coefficients a;
and ~y; were zero in (i) or in (ii), then the degree of the corresponding expo-
nential polynomials f and a would be one. The nontrivial solutions of the first
system, i.e.,
" +ai=0
i +aj ="
Y17Y2 o =7
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are
aq is arbitrary as =0 1 = +aqi 72 = 1.
Accordingly, the solutions in case (i) are of the form
f(z) = (aqia(z) + 1) - m(z)
alz) = aqalx) - m(x)

Similarly, the nontrivial solutions of the second system, i.e.,

HAoai=m
7+ a3 =72
M2 + arag = 0.
are
«y is arbitrary
g = —(1
1++/1—4a?
Nn=—5—"
1F /1 —4a?
e

Here we apply the convention that if we choose the + sign for -y, then we must
choose the — sign for 9, and vice versa. Accordingly, in case (ii) the solutions

are
17 +/1—4a?

2

1+/1—4a}
fla) = V51

a(z) = aymy(x) — aymeo(x

ml(

)
)

Remark 2.26. (Real-valued solutions of equation (2.22)) With the help of The-
orem 2.24, we can easily obtain the real-valued solutions of equation (2.22) as
well. Note that these may be significantly fewer than the complex-valued so-
lutions. Indeed, the functions

f(z) = (aqia(z) + 1) - m(x)

a(z) = aqa(z) - m(x)

1+ (mi(z) —me(x

can both be real-valued only if ay = 0, that is, if « is identically zero and f is
exponential. Similarly, the functions

1+ +/1—4a? 1F+/1—4a?
f@) = =5 (@) + = my(a)

a(z) = ai(mi(z) —ma(z))

are real-valued if and only if a; € [f%, %}
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Finally, the functions
f(x) =~-m(z)
a(r) =+l =v)-m(x)  (z€q)

are real-valued if and only if v € [0, 1].
Summing up, if the functions f,«: G — R solve equation (2.22), then they
are one of the following form

(a)

_ 2 _ 2
f(x):li\/; 4o ml(x)—i-lq:\/; 4o

a(r) = a(mi(z) —ma(z)) (2 €q),

ma(x)

where my, mo: G — R are exponentials and o € [f%, %],

(b)

a(r) =£y/y(1=v)-m(x)  (z€q)
where v € [0, 1].

Open Problem. IfF and K are fields, and f,a: F — K are functions, then the
equation

fle+y) = f(0)f(y) = alzy)  (z,y €F)
as well as

flay) = f(0)f(y) =z +y)  (z,y€F)
also makes sense, however, we cannot solve them using the methods presented

in the manuscript. Their investigation may be addressed in the future, in a
separate manuscript, likely employing entirely different methods.

For easier overview, we summarize the results of our paper in the table

below.

[ Function(s) [ Equation [ Statement |
f:S—F B: SxS — Fsymmetric flx+vy)— f(z) — f(y) = B(z,y) Proposition 2.1
and biadditive
f:S—F flz+vy) — flz) — fly) = azy Corollary 2.2
f:S—F flzy) — f(z) — f(y) = azy Corollary 2.3
fR—=R flz+y) — flz) — fly) = axy Corollary 2.5
f:D—R flzy) — f(z) — f(y) = azy Corollary 2.6
fiR—R flzy) — f(z) — f(y) = azy Corollary 2.7
foa: S —F, (S,-) < (F*,.) flzy) — f(z) — f(y) = a(zy) Proposition 2.8
fia:F—TF flx+vy) — flz) — f(y) = a(zy) Proposition 2.9
f,a:G—C flz-y) — f(z) — fly) = a(z)a(y) Theorem 2.12
fia: G —C flzy) — f(z)f(y) = alzy) Proposition 2.20
fia: KX - K flzy) — f(2)f(y) = a(zy) Corollary 2.21
f,a: K — K flz+vy) — f(2)f(y) = alz + y) Corollary 2.22
f,a: G —C flz-y) — fz)f(y) = a(z)a(y) Theorem 2.24
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