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ABSTRACT

This paper investigates the impact of Digital-to-Analog Converters (DACs) on the generation of
multicarrier signals, with a focus on Orthogonal Frequency Division Multiplexing (OFDM). A
mathematical framework is developed to model DAC behavior in this context, and its performance
is analytically evaluated. First, a closed-form expression is derived for the optimal clipping threshold
under uniform quantization, expressed as a function of DAC bit resolution. Then, an improved
optimization strategy is introduced for allocating non-uniform quantization levels to maximize the
Signal-to-Distortion and Quantization Ratio (SDQR) at the DAC output. An upper bound on SDQR
is further established using the Lloyd—Max quantization method. The influence of these quantization
schemes on overall system performance—including bit error rate and spectral characteristics—is
also assessed. The results apply to multicarrier systems with Gaussian-distributed signals and can

be extended to related communication and signal-processing scenarios.

1. Introduction

Complex-valued multisine signals play a pivotal role
in the implementation of modern multicarrier modulation
schemes, most notably in Orthogonal Frequency Division
Multiplexing (OFDM) systems [1]. These signals are fun-
damental to a broad class of communication technolo-
gies that fall under the umbrella of OFDM-based systems,
such as Filter Bank MultiCarrier (FBMC) [2], Generalized
Frequency Division Multiplexing (GFDM) [3], and the
more recently introduced Orthogonal Time Frequency Space
(OTFS) modulation techniques [4]. In these systems, both
the real and imaginary components of the complex baseband
signal can be interpreted as independent multicarrier signals,
each comprising numerous subcarriers modulated in parallel
across the frequency spectrum.

The discrete-time domain representation of these mul-
ticarrier signals can be generated efficiently through the
use of the Inverse Fast Fourier Transform (IFFT), which
synthesizes the time-domain waveform from its frequency-
domain subcarrier components. Conversely, signal analysis
and demodulation at the receiver side are typically per-
formed using the Fast Fourier Transform (FFT), which en-
ables the extraction of individual subcarriers and facilitates
signal processing tasks such as channel equalization and
symbol detection.

Different OFDM variants often incorporate additional
filtering stages or transformation techniques to address spe-
cific performance requirements or limitations. For example,
FBMC utilizes filter banks to enhance spectral localization
and minimize intercarrier interference, whereas GFDM in-
troduces flexibility in time-frequency resource allocation.
OTEFS, on the other hand, aims to provide robustness in
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highly dispersive wireless channels by modulating informa-
tion in the delay-Doppler domain.

One inherent property of multicarrier signals is that
they are composed of a large number of sinusoidal com-
ponents, whose amplitudes and phases vary independently.
Due to the central limit theorem [5], the resulting composite
time-domain signal tends to exhibit a Gaussian-like ampli-
tude distribution. This statistical characteristic implies that,
with high probability, occasional large signal peaks may
appear—significantly exceeding the average signal power.
Such peaks give rise to a high Peak-to-Average Power Ratio
(PAPR), which presents a major challenge in practical trans-
mitter implementations. High PAPR forces power amplifiers
to operate with a large back-off from their saturation point to
maintain linearity, leading to substantial reductions in power
efficiency. Alternatively, operating the amplifier near or in
the nonlinear region introduces signal distortions and un-
wanted spectral regrowth, resulting in Out-Of-Band (OOB)
emissions that can interfere with adjacent channels.

To mitigate the negative effects of high PAPR, various
signal processing techniques have been proposed, including
clipping, tone reservation, selective mapping, and active
constellation extension, among others. These methods aim to
reduce the dynamic range of the signal while minimizing the
degradation in Bit Error Rate (BER) and spectral efficiency.

An additional and equally critical step in the transmitter
chain of a multicarrier system is the conversion of the digi-
tally generated time-domain samples into an analog wave-
form suitable for radio-frequency transmission. This task
is performed by the Digital-to-Analog Converter (DAC),
whose performance significantly influences the quality and
fidelity of the transmitted signal. However, DACs are inher-
ently constrained by factors such as limited input range (due
to voltage swing restrictions) and finite resolution (deter-
mined by the number of quantization bits). When high PAPR
signals are fed into such DACs, clipping and quantization
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effects can introduce distortion and noise, which degrade
system performance.

The impact of Digital-to-Analog Converters (DACs)
with uniform quantization on multicarrier signals has been
previously discussed in the literature [1]. A non-uniform
quantization scheme for DACs applied to multisine signals
was introduced in [6], with simulation results demonstrating
that the Signal-to-Distortion-Quality-Ratio (SDQR) can be
significantly enhanced by employing such DACs. In [7],
a low-bit resolution DAC with non-uniform quantization
levels was utilized, leveraging the statistical distribution
of the multisine signal to improve the SDQR. Further, [8]
presents both analytical and simulation results examining
the influence of DACs on the performance of complex
multisines, along with a novel technique for mitigating the
impact of the DAC on the SDQR. Additionally, optimization
strategies for Analog-to-Digital Converters (ADCs) in the
context of Gaussian input signals were explored in [9],
where bit resolution and clipping levels were optimized
using numerical methods. This paper extends these inves-
tigations by focusing on optimizing both the clipping level
and quantization levels to maximize the SDQR at the DAC
output, utilizing a combination of analytical methods and
simulations.

This paper investigates how the limitations of Digital-to-
Analog Converters (DACs) affect the quality of multicarrier
waveforms, focusing on the combined impact of finite ampli-
tude range and quantization resolution on the time-domain
Signal-to-Distortion and Quantization Ratio (SDQR). Be-
cause OFDM-based signals exhibit a near-Gaussian am-
plitude distribution, their high-PAPR nature makes them
especially sensitive to clipping and quantization effects.
Using a two-stage DAC model -—comprising amplitude
clipping followed by uniform quantization -— an analytical
expression is derived for the attenuation factor, clipping
noise, and quantization error, enabling a closed-form charac-
terization of SDQR as a function of the clipping ratio and bit-
resolution. This framework reveals an inherent trade-off be-
tween clipping distortion and quantization noise, from which
an optimal clipping ratio is obtained for any given number
of bits. The analysis is further extended to non-uniform
quantization. An upper performance bound is established via
Lloyd-Max optimization, and a practical exponential quan-
tizer is evaluated as a hardware-feasible alternative. Both
approaches outperform uniform quantization by allocating
finer resolution to the statistically dense central region of the
Gaussian signal. Overall, the results demonstrate that DAC
performance in multicarrier systems can be significantly
enhanced by tailoring clipping thresholds and quantization
levels to the signal’s amplitude distribution, thereby reduc-
ing distortion and improving signal integrity in practical
OFDM and related waveforms.

The generation of digital baseband multicarrier signals
is detailed in Section 2. Section 3 provides an overview of
the Digital-to-Analog Converter (DAC) model, addressing
constraints related to the limited input range and resolution.
In addition, an optimal selection of parameters for uniform
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Figure 1: The value of the kurtosis for the real and imaginary
parts (xg[n] and x4[n]) of the OFDM signal as a function of
N, N,=N/2.

quantization is derived. The potential application of non-
uniform quantization is explored in Section 4. The effects of
the discussed quantizers on the overall system performance
are investigated in Section 5. Finally, Section 6 synthesizes
the findings and presents the conclusions.

2. OFDM-based signals

The complex baseband time-domain samples — with nor-
malized sampling time — of a periodic complex multicarrier
signal with a period of N samples is defined as

NC
s[nl = syl + sgln] = Y Cye/2m/en, (1)
k=1
0<n<N-1,N.<N,

where N, is the number of modulated frequencies and
Quadrature Amplitude Modulation (QAM) value C, =
|C |e/#x where @, = £C, is the phase of the k" tone. With
the choice of f;, = k/N, the frequencies are spaced equidis-
tantly, and the generation of the signal can be performed via
IFFT.

As the OFDM signal is a multicarrier waveform, the
central limit theorem implies that the amplitude distribution
of its real and imaginary components can be approximated
as Gaussian. To verify this assumption, the kurtosis of the
real and imaginary parts of the OFDM signal was analyzed.
Kurtosis indicates the shape of a signal distribution; for a
normal distribution, the kurtosis equals 3. Figure 1 shows the
kurtosis of the real and imaginary parts of the OFDM signal
as a function of N, where N, = N /2 denotes the number of
used subcarriers. It can be observed that the kurtosis values
approach 3 for both components [10]. Hence, when using
more than 128 subcarriers, the real and imaginary parts of
the OFDM signal can be regarded as Gaussian. This fact will
be crucial in modeling the DAC for OFDM signals.

A real-valued multicarrier signal is a special case of (1)
when the following holds:

Co=Cxyo )
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Table 1
Simulation parameters for OFDM signal.
Parameter Value
Modulation type 64-QAM
Number of carriers (N) 512

Number of subcarriers (N,) 256

10000

Number of symbols

where C* denotes the complex conjugate of C. The result-
ing real-valued multicarrier signal with period N can be
expressed as

NC
s[n] = A cosQrfin+ @), 3)
k=1
0<n<N-1,N,<N/2,

where A; = 2|C,|, f; and ¢, are the amplitude, frequency
and initial phase of the k' frequency.

Other OFDM-based modulations such as FBMC, OTFS,
and GFDM, use preprocessing or transformations on the
modulation symbols C, or further filtering on the time
domain signal, but this still leads to a Gaussian distribution
of the time domain signal.

In all simulation experiments discussed in this paper, the
parameters listed in Table 1 were applied. For the Monte-
Carlo simulations, the OFDM signal was generated as fol-
lows: 10,000 OFDM symbols were produced, with 128 out
of 256 subcarriers in each symbol modulated using 64-QAM
(6 bits per symbol). This corresponds to a total binary data
length of 6 x 128 x 10,000 = 7,680,000 bits.

3. Modeling the DAC

In this section, the model of the DAC is presented using
clipping and quantization steps. Considering the input signal
s[n], the SDQR is given at the output. The investigated
multicarrier signal generation is depicted in Fig. 2 with the
multicarrier modulation and the DACs. The model of the
DAC can also be observed: the limited input range can
be considered as clipping, and the finite bit resolution is
modeled as quantization. In case of complex multicarrier
signals, the real and imaginary parts are treated separately,
thus using 2 DACs.

3.1. Clipping

The clipped signal for the real component of the complex
baseband signal can be expressed based on the clipping level
Ay of the DAC as

F+Apao i syl > +A0
s‘;{[n] =3 sglnl, if —Ap <sglnl < +Ap @G
_Amax’ if SR [n] < _Amax'

DAC 1Q modulator

Multicarrier

modulator

Figure 2: Block diagram of a multicarrier transmitter.

The clipping ratio is defined as

A
y=—", &)

O
where o, is the square root of the average power Py of
the input signal prior to clipping. According to the Bussgang
theorem, as long as the input signal is considered Gaussian

distributed, the clipped signal can be given as [11]
silnl = asg(n] +d[n], 6)

where the attenuation factor @ can be expressed with the
error function as

Y
a=crf| — |, @)
()

and d[n] is the clipping noise uncorrelated with the input
signal. According to [11], the power of the clipped signal
can be calculated with the aid of the complementary error
function as

Pe = 1—\/§ye‘§—(1—y2)erfc ) )p . ®
S; P \/5 SR

Furthermore, the power of the clipping noise using (6) and
(8) can be expressed as

P, =Ps;{—a2P =

= (1 - \/gye_é - (1_y2)erf0<é>
)

The value of « and P, as a function of the CR are shown
in Fig. 3. It can be seen that above 12 dB, the value of
a approaches 1, and P, approaches zero; thus, no clipping
occurs from the signal.

Finally, the Signal-to-Distortion Ratio (SDR) after am-
plitude limitation can be expressed using (6) and (9) as

a’P,
2 o
) erf <\/§>
1—\/gye_§—(l—y2)erfc <%> —erf? <%>

d

. (10)
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Figure 4: Theoretical SDQR (solid lines) and simulated SDQR
(markers) as a function of y for different number of quantiza-
tion bits.

3.2. Uniform quantization

The clipped signal is quantized in the second step of
modeling the DAC. The resolution of the quantizer de-
termines the dynamic range and the transition levels. The
output voltage can be expressed based on the digital code D
and the Full Scale Range (FSR) of the DAC output:

Apsr
A, = sign(D)——D, 11
ou = sign(D) 72 an
where D = =D ..,.... Dy — 1, with D € Z, D, =

2/+=1 where f, being the number of bits used in the quan-
tization and Aggg = 2A,,.- The quantization noise power
assuming uniform quantization is given by [12]

¢
Py =—, 12
Q=13 (12)
where
Afsr
= — 13
7 (13)

is the ideal quantization step. The quantization noise power
can be determined as a function of the power of the input
signal Py using y and (12) as

4Ar2nax 2P

22/b L
Py = 14
QT 12 T 3020 (14

The resulting SDQR based on (9) and (14) is given by

2
SR

P+ Py

2 (
erf (%)
= y2 :
1—\/§ye_7—(l—yz)erf0 <%> —erf? <%> +3-§§_fb
as)

The simulated and theoretical SDQR as a function of y
for different bit resolutions f, are presented in Fig. 4. It is
observed that at lower values of y, clipping noise dominates
the system’s behavior. However, beyond a certain optimal
y, quantization error becomes the predominant factor. Ad-
ditionally, the data indicate that there exists an optimal y
value for each bit resolution, where the SDQR reaches its
maximum. As the number of bits increases, this optimal
y value shifts toward higher clipping ratios, suggesting a
relationship between bit resolution and the optimal balance
between clipping noise and quantization error.

As the statistical characteristics of the signals sg and
sy are similar, the same calculations presented through
equations (4)-(15) apply for sg as well.

SDQR(y, f}) =

3.3. Optimal y for uniform quantization

Observing Fig. 4, it can be stated that for a given bit-
resolution, an optimal clipping y,, can be determined for
which the output SDQR can be maximized. To find the
optimal value of y which maximizes the SDQR for a given
bit resolution f:

Yopr = F (f3) » (16)

the SDQR must be differentiated with respect to y and solved
for the value 0:

ISDQR(r. f;) _

5 0. (17)

The analytical derivative is expressed in (18). A graphi-
cal visualization of the formula is given in Fig. 5. As can be
seen, the zero crossing of the function shifts towards higher y
with enlarged f;,. Although the function seems to be smooth,
it exhibits extremely large values with higher f, values.
Furthermore, as the expression is not directly solvable for y,
a different approach is suggested: the equation is rearranged,
and instead of y, it is solved for 22/5, Thus, the inverse
function f, = f _l(yopt) is expressed as shown in (19). This
function is depicted in Fig 6. Numerical analysis revealed
that the relationship between y,, and f} is approximately a
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Figure 6: The value of f, = f’l(yopt) expressed by Equation
(19).

power function — with logarithmic scaling, the map of the
relation is very close to a straight line — thus, the searched
expression can be given as

log;o Yopt ® log g a+ clog;g fp (20)

thatis, between log v, and logy f, there is approximately
a linear relation. The task is to express the constants a and
c. For this, log; f} is expressed as a function of 1og;( 7oy
then log; 7o i8 linearized by Taylor-series expansion, and
finally, this linear relation is inverted to express 10g; 7, as
a function of log, f;,. To perform this, the logarithm of both
sides of (19) needs to be taken twice (in this way, on the left-
hand side, log f, appears). Then, the series expansion of

Figure 7: The value of the optimal clipping ratio (left axis) and
the corresponding maximum SDQR (right axis) as a function
of f, for uniform quantizers.

the right side with respect to log,, y is differentiated around a
suitable value of y in the investigated range. After linearizing
(taking the first two terms in the series expansion of) the
right-hand side of the equation around the value of y = 4.5 =
13dB . Finally the expression for y, is obtained as follows

201080 Yop & 0.979 + 12.07410g,¢ - @1

Furthermore, the theoretically achievable maximum SDQR
for a given bit resolution at y,, can be calculated by
evaluating (15) using (21). After linearization, the maximum
SDQR in the function of f} can be expressed:

SDQR,, [dB] = 101og;, SDQR,,, ~ 5.45f,—3.008. (22)

It can be observed in Fig. 7 that the derived theoretical
curves closely approximate the results obtained by numeri-
cal simulations. Furthermore, due to the Gaussian nature of
the input signal and clipping effects, a gain of approximately
5.5 dB/bit can be achieved compared to DACs, where a
6 dB/bit increase in signal-to-quantization noise can be
expected.
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4. Applying non-uniform quantization

The possible application of non-uniform quantization
to improve the SDQR is investigated in this section. The
objective is to minimize the following expression with p(x)
being the Probability Density Function (PDF) [13]:

2 1
min Y [ (x —xq)zp(x)dx, st Xgp > x, (23)
Xq =11,

Thus, the optimal placement of the quantized values x, must
be found within the decision interval [7,-1, tq).

The Lloyd-Max algorithm is an iterative procedure for
minimizing the SDQR of a signal with a given PDF and
a specified number of decision intervals and levels. Such
an optimal quantizer is referred to as a Lloyd-Max quan-
tizer [13]. Although the Max-Lloyd algorithm provides
the theoretically optimal non-uniform quantizer for a given
source probability distribution, its direct implementation as
a non-uniform analog DAC is not practical. The resulting
design would require custom, irregular threshold networks
and precisely spaced, non-uniform output levels, which are
highly sensitive to process variations and temperature fluc-
tuations. Consequently, contemporary systems implement
Max-Lloyd quantization entirely in the digital domain, using
look-up tables or arithmetic mappings, and rely on a conven-
tional uniform DAC for the analog reconstruction.

An exponential quantizer is a non-uniform scalar quan-
tizer whose decision thresholds and output levels grow expo-
nentially with the index. It is a simpler, closed-form alterna-
tive to Max—Lloyd quantizers when the source statistics are
strongly peaked near zero and have long tails (e.g., Gaussian-
like, Laplacian, or exponential distributions). Thus, a subop-
timal solution uses an exponential quantizer, for which val-
ues near zero are quantized with finer resolution than values
near the FSR. Such quantizers are often used in acoustic-
, bio-, radio frequency- signal-processing [13, 14, 15]. For
the evaluation, — in contrast to the uniform quantizer given
in (11) —, the following transfer function was selected for the
DAC output:

AFSR __ 0.5(0-1). 24)

AOUI - Slgn(D) 2@0'5(Dmax_l)

The transfer function of the Lloyd-Max and the expo-
nential DAC is depicted in Fig. 8 for fj, = 7 bits. It can be
observed that both quantizers have a high resolution for low
values and a larger resolution for higher values. The resulting
SDQR in the function of y with different bit resolutions
can be seen in Fig. 9, and it can be observed that both
non-uniform quantizers outperform the uniform one, the gap
between them becomes more dominant with larger f.

In Fig. 11, the SDQR gain using non-uniform quantizers
over the uniform one in the function of f} is visualized,
where the superiority of the Lloyd-Max quantizer becomes
even more dominant. In case of higher bit resolutions further
optimization of the exponential quantizer is required to
better approximate the results of the Lloyd-Max quantizer.
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Figure 8: Transfer function for uniform and non-uniform
quantizers with f, =7 bits and y =y,
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Figure 9: Simulated SDQR as a function of y for different
numbers of quantization bits and different types of quantizers.

5. System performance

In this section, the impact of the previously discussed
quantization effects on the overall system performance,
specifically in terms of BER and Power Spectrum Density
(PSD), is evaluated. In addition to the simulation parameters
listed in Table 1, the following settings are applied: for
OFDM, a cyclic prefix (Ncp) of 32 samples is used; for
FBMC, the Phydyas prototype filter [ 16] with an overlapping
factor of 4 is employed. All other system components,
including the receiver and demodulation algorithms, are
assumed to be ideal.

The theoretical BER [17] in function of the system
parameters for M-QAM modified with the SDQR model is
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expressed as

BER =

2 - 1 ]
logy M M

" 3log, M N, ak
erfc ,
2(M —1) N+ Ncp No+ Py + Py

(25)

where M is the QAM order and N, denotes the noise power.

Fig. 12 shows the BER performance over an Additive
White Gaussian Noise (AWGN) channel for 64-, 256-, and
1024-QAM using uniform quantizer. As expected, the im-
pact of quantization error is relatively small for low-order

e
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Figure 12: Bit-error rate curves with different quantization bits
for uniformly quantized OFDM signal over AWGN channel in
function of E,/N,. for 64-, 256- and 1024-QAM.
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Figure 13: Bit-error rate curves with different quantization
bits using uniform and non-uniform (Lloyd-Max) quantizer for
OFDM signal over AWGN channel in function of E,/N, for
256- and 1024-QAM.

constellations, whereas for high-order QAM the quantiza-
tion noise becomes dominant, leading to error floors.

To evaluate the benefits of non-uniform quantizers, the
BER performance of 256- and 1024-QAM over an AWGN
channel is compared with that of uniform quantizers in
Fig. 13. The results indicate that the BER improvement is
minimal at low resolutions, becomes slightly more notice-
able at 7 bits, and for 10 bits, the BER achieved with non-
uniform quantizers matches the ideal performance curve.

Fig. 14 shows the PSD of the OFDM and FBMC signals
under different quantization bit resolutions. The distortions
introduced by quantization increase the OOB emissions. For
OFDM, 7 bit quantization is sufficient to reach the OOB
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Figure 14: Power spectrum density function of the

FBMC/OFDM signal with different quantization bits and
optimal clipping ratio in case of uniform and non-uniform
(Lloyd-Max) quantizers.

level of the ideal, unquantized OFDM signal; using 10 bits
provides no additional benefit, since the OOB emissions
are limited by the OFDM sidelobes caused by the rectan-
gular pulse shaping. In contrast, the FBMC signal exhibits
inherently lower OOB emissions, so applying 7 bit or 10
bit quantization still results in improved OOB performance
compared to OFDM. Furthermore, using a non-uniform
quantizer for FBMC can reduce the OOB emissions even
more compared to the uniform quantization case.

6. Conclusion

This paper investigates how DAC parameters influence
OFDM-based signals that exhibit a Gaussian distribution. It
explores the trade-off between clipping distortion and quan-
tization noise, from which an optimal uniform quantization
strategy that maximizes the SDQR is derived. Further im-
provements to the SDQR are demonstrated through the use
of non-uniform quantization. An upper bound is determined
using the Lloyd—-Max quantizer, and a practical suboptimal
approach is introduced via an exponential quantizer.

The impact of these quantizers on overall system per-
formance is evaluated through simulation. The results show
that low-resolution quantizers can lead to BER saturation
and substantially degrade the PSD, thereby increasing OOB
emissions. For smaller QAM constellations, quantization
effects are less severe on the BER performance; moreover,
for OFDM, the spectral shape can be largely preserved even
with 7-bit quantizers. However, in advanced communication
systems employing high-order QAM and requiring low OOB
emissions, higher-resolution DACs become necessary. The
analytical expressions developed in this work provide a
basis for defining system requirements and offer valuable
guidance for DAC design in multicarrier systems, including
OFDM, FBMC, GFDM, and OTFS.
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