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Shape optimization of spline-based
punches for enhanced dry adhesion via
a narrow neural network surrogate

Norbert Agócs1 and Attila Kossa1

Abstract
The adhesion between a rigid substrate and spline-defined elastic punches is investigated with focus on the asymptotic
normal stress near the contact edge. Interfacial stress distributions are obtained from automated finite element simula-
tions in Abaqus using Python scripting. Based on these results, a surrogate-based optimization framework is developed
in which a narrow feedforward neural network predicts the characteristics of the asymptotic normal stress solution
from the punch geometry. The asymptotic normal stress solution allows for the semi-analytical determination of the
energy release rate for edge-initiated interfacial defects, which is a primary governing factor of adhesion strength. The
optimization aims to minimize the asymptotic normal stress. The results show that the proposed approach accurately
captures the highly nonlinear geometry-stress relationship and identifies spline-based punch geometries with improved
adhesion performance compared to a straight cylindrical punch. This framework can be used to design new geometries
with improved adhesion characteristics. The data and code will be provided in the Supplemental Material for reproduci-
bility and further exploration.
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Introduction

Gecko-inspired fibrillar structures have been exten-
sively investigated in recent years because of their
potential applications in engineering areas including
robotic handling and climbing, adhesion technologies
and micro transfer printing.1–8 The design and fabrica-
tion of these nano- and microfibrillar structures require
a solid understanding of the mechanics that govern
adhesion phenomena.9 Among the many factors that
affect adhesive performance, the stress distribution
along the interface between the substrate and the fibrils
is fundamental. Previous studies have shown that the
geometry of the fibril profoundly influences the local
stress state at the contact interface, which in turn deter-
mines the overall adhesion strength and stability.10–13

Consequently, a primary objective in the design of
fibrillar adhesive systems is to optimize the interfacial
stress distribution by adjusting the geometry of the
fibril.

A widely adopted strategy to reduce the magnitude
of the normal stress component in the singularity

domain is to modify the fibril tip geometry from a
straight punch to a mushroom-shaped design.14–18 This
geometry redistributes the interfacial stresses, effec-
tively reducing the concentration at the edge by altering
the order of the singularity.19 Both experimental and
numerical studies have shown that this geometric modi-
fication can improve adhesion performance, particu-
larly in cases where detachment initiates at the edge.
Another approach to tuning the stress distribution
involves using composite pillar structures with a soft
tip and a stiff stalk.20,21 The presence of a stiffer stalk
can reduce the normal stress magnitudes near the edge
singularity, while preserving the overall geometry of a
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straight punch. However, it should be noted that reduc-
ing the normal stresses near the edge singularity leads
in both concepts to higher stresses toward the center of
the punch, as the total normal force for a given applied
load must remain constant to satisfy equilibrium. A
further strategy to reduce the normal stresses in the sin-
gularity domain is the use of radially graded elastic
modulus, which decreases toward the contact peri-
meter. Numerical investigations have demonstrated
that such grading can significantly reduce the stress
intensity near the edge, and for sufficiently strong gra-
dients even eliminate the stress singularity altogether,
leading to enhanced adhesion performance.20,22

Despite extensive research on the stress distributions
in adhesive fibrillar systems, several challenges remain.
Closed-form analytical solutions for the interfacial stress
distribution have not been reported in the literature and
are not expected to exist, even for the simplest straight
cylindrical punch, due to its complexity. However,
asymptotic approaches have been proposed to charac-
terize the stress solution in the singularity.23–27 The
stress solution admits as a power-law representation in
terms of the distance (r) from the perimeter. The stress
distribution is governed by the leading, most singular
term of this expansion, while higher-order terms become
negligible. As a result, the asymptotic normal stress can
be approximated by

s‘ rð Þ=C � s � r

D

� �b

, ð1Þ

where r is the radial coordinate along the interface
from the perimeter toward the center, D is the punch
diameter, and s is the average normal stress over the
contact area, as indicited in Figure 1. The parameters C
and b are geometry-dependent, dimensionless constants
that characterize the intercept and slope of the asymp-
totic stress solution, respectively. The asymptotic stress
expression in equation (1) can be rewritten in logarith-
mic form by substituting D=2a, taking the base-10
logarithm of both sides, and rearranging the terms
according to the standard properties of logarithms:
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Here, a is a dimensionless parameter that characterizes
the asymptotic stress ratio at the center (r= a) of the
punch. The relationship between the constant C and the
a, b parameters is given by

a=log10C� blog10
1

2
= log10C+0:301b, ð3Þ

C=10a�0:301b: ð4Þ

The logarithmic representation of the asymptotic stress
solution is useful for fitting numerical or experimental
data in the singularity domain, as it enables a straight-
forward determination of the parameter a and b

through linear regression in log–log space.
Note that the slope b of the asymptotic stress

solution can be approximated analytically.25 For a
straight cylindrical punch, b=� 0:406, while for other
geometries b varies with the punch shape. Therefore,
equation (2) can be used to describe the asymptotic
stress characteristics in all cases.

To relate the interfacial stress distribution to adhe-
sion strength, denoted by S, the detachment process is
commonly analyzed by considering a small crack
located in the singularity domain along the perimeter.
The crack results in a singular stress solution at its tip,
and the associated energy release rate can be evaluated
using classical fracture mechanics. Thus, two different
punch configurations can be compared based on their
energy release rates to determine their adhesion
strengths. This approach has been adopted in previous
studies.20,21 Here, the adhesion strength is inversely
proportional to the parameter C:

S}
1

C
: ð5Þ

The smaller the parameter C the higher the adhesion
strength. The asymptotic stress solution allows for
the semi-analytical determination of the energy release
rate associated with small interfacial defects near the
contact perimeter.25 By minimizing the dimensionless
parameter C, the energy release rate for a given load is
reduced, which directly enhances the resistance of
the punch against edge-initiated detachment.
Consequently, during the design of the punch geome-
tries, we try to reduce the value of C in order to achieve
stronger adhesion. The straight cylindrical punch
serves as the reference configuration, for which
CSHP=0:278.20 Note that the asymptotic stress solu-
tion primarily indicates the initiation of detachment,
but does not fully characterize the complete separation
process. Previous research has shown that detachment
stability and the pull-off force involve complex crack
propagation stages influenced by material and geo-
metric constraints.28,29 While these stability criteria are
important, their investigation is outside the scope of
this study.

Recent studies have increasingly employed deep
learning to optimize the geometry of fibrillar adhesive
structures, as no analytical solutions exist to directly
relate geometry to interfacial stress distribution.
Traditional simulations are limited by high computa-
tional cost, whereas data-driven approaches can effi-
ciently capture the nonlinear relationships between
fibril shape and interfacial stress response. Early appli-
cations of deep learning demonstrated that neural
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networks could predict and optimize the shape of
single-material adhesive pillars, revealing designs that
suppressed edge singularities and improved pull-off
strength.30,31 Neural networks trained on finite element
data have since been applied to predict and optimize
fibril geometries, achieving nearly uniform stress fields
and enhanced adhesion.32–34 Other approaches have
utilized deep neural networks as inverse design tools,
capable of directly generating fibril geometries or com-
pliance distributions that maximize adhesive perfor-
mance while maintaining structural robustness.35 More
advanced implementations have adopted reinforcement
learning, where an artificial agent iteratively modifies
the fibril geometry based on feedback from finite ele-
ment environments, autonomously discovering shapes
with optimal concave-convex profiles and minimal
interfacial stress gradients.36

In this study, a deep learning-based shape optimiza-
tion framework is developed, with finite element simu-
lations serving as the primary data source. Unlike
previous approaches that rely on Bézier-based geome-
tries, the proposed method employs spline-defined
shapes characterized by a small number of control
points. This representation is motivated by its integra-
tion in modern CAD and finite element environments,
such as the sketch module of Abaqus, which supports
direct implementation. The spline-based approach
ensures the continuity of the contour while maintaining
high flexibility for shape exploration. A key contribu-
tion of this work is the use of a narrow feedforward
neural network—rather than neural networks with
large numbers of parameters adopted in earlier
studies—trained on the asymptotic stress distribution
in the vicinity of the contact edge. The optimization
objective is to enhance the adhesion strength under
normal loading conditions using the asymptotic solu-
tion, while interfacial sliding and material defects are
neglected. The mechanical model of the adhesive punch
is introduced in Mechanical model. The finite element
simulations, the dataset preparation, the neural net-
work surrogate model, and the optimization approach

are detailed in Methods. Results and discussion presents
the optimization results and compares the optimized
spline-based punches with the reference straight cylind-
rical punch. Finally, Conclusions summarizes the main
findings and outlines directions for future work. The
appendices provide Supplemental Information and fur-
ther support the main findings of the study.

Mechanical model

The investigated problem is depicted in Figure 2. Two
types of punches are considered: a straight cylindrical
punch with diameter D and length L, which serves as
the reference configuration, and a spline-based punch
with used for shape optimization studies. The spline-
based punch is defined by the diameter D, the stalk dia-
meter d, and the length L, while its contour is generated
by a spline fitted through the control points C1-C4. The
number of control points is selected based on prelimi-
nary simulations. Four control points provides suffi-
cient flexibility to explore a wide range of shapes.

Both punches are attached ideally to a flat rigid sub-
strate. The loading consists of a vertical tensile force F
applied to the punch’s free end, yielding a uniform ten-
sile stress s0. The axisymmetric section is described in
polar coordinates r and z. The material of the punch is
considered linear elastic, characterized by a homoge-
neous elastic modulus E and Poisson’s ratio n. The geo-
metric, material, and loading parameters of the punch
are summarized in Table 1. Note that the punch radius
is defined as a= D

2 and the stalk radius as b= d
2. The

punch material is represented by polydimethylsiloxane
(PDMS) with the given elastic properties.37,38 However,
the specific value of the elastic modulus E does not
affect the form of the stress solution, but only scales

Figure 1. Schematic illustration of the straight cylindrical punch
under uniform normal loading and the definition of the relevant
geometric and stress-related quantities.

Figure 2. Geometry of the investigated punch models.
Left: schematic of the straight cylindrical punch with diameter D and

length L. Right: schematic of the arbitrary spline-based punch defined by

the diameter D, stalk diameter d, and length L, with the spline-contour

through the control points C1–C4.
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the stress magnitude, which is not relevant when com-
paring different geometries to the straight punch.

The non-zero stress components in the cylindrical
coordinate system are sr, su, sz, and trz, resulting in
the following stress tensor:

s=

sr 0 trz

0 su 0

trz 0 sz

2
66664

3
77775: ð6Þ

Our analysis focuses exclusively on the normal stress
component sz acting perpendicular to the interface, as
it is the primary driver of edge-initiated detachment in
dry adhesion. For the sake of briefness, this component
is denoted simply by s, and the term asymptotic stress
refers specifically to this asymptotic normal stress com-
ponent sz throughout the remainder of this paper. Our
objective is to evaluate the distribution of the s stress
component along the interface. Due to the complexity
of the problem, no closed-form analytical stress solu-
tions are available. Therefore, the stress solutions are
determined numerically using the finite element
method.

The analysis is performed within the framework of
the small-strain formulation under quasi-static condi-
tions, assuming purely normal loading. The punch
material is treated as linear elastic, as PDMS behaves
nearly linear-elastically in the relevant deformation
range, and detachment typically occurs before the mate-
rial reaches the nonlinear elastic region.39 Furthermore,
the interface is modeled with a perfect bonding condi-
tion, meaning that partial slip, sliding, or separation
during the loading process are not considered. While
these assumptions simplify the complexity of real adhe-
sive systems, they allow for a focused investigation on
how geometry alone influences the initial stress distribu-
tion and the resulting adhesion strength.

Methods

The methodology of this study follows a structured
four-step procedure, as illustrated in Figure 3. The pro-
cess initiates with automated finite element models are
generated, executed, and post-processed in Abaqus

using Python scripting.40–42 Subsequently, a dataset is
assembled that links punch geometries to their corre-
sponding asymptotic interfacial stress distributions.
This dataset enables the training of a neural network
acting as a surrogate model, which predicts the asymp-
totic normal stress solution based on the punch geome-
try. In the final stage, the neural network is embedded
into an optimization framework to identify the optimal
punch profiles that minimizes the asymptotic normal
stress s‘ at the interface (see Figure 1). The following
subsections describe the finite element workflow, data-
set preparation, neural network model, and optimiza-
tion procedure in detail.

Finite element simulation

The finite element simulations are performed in the
commercial FEA software Abaqus with Python script-
ing for automation.43 The punches are modeled as a
two-dimensional axisymmetric problem with the geo-
metric dimensions D, d, and L summarized in Table 1.
The punch contour is defined by a cubic spline curve
interpolated through four control points C1.C4,
implemented using the available Sketch toolbox in
Abaqus. The coordinates of the control points are
expressed in the polar coordinate system r, zð Þ. While
C1 and C4 are fixed, the positions of C2 and C3 are
variable within an admissible design domain. The con-
trol point C4 is placed at the contact interface at the
punch perimeter, whereas C1 is located at the stalk
perimeter at half the punch length (Figure 2), since the
upper half of the punch has a negligible effect on the
interfacial stress distribution for L=aø 4.20 In all simu-
lations, the fixed control points are assigned the follow-
ing coordinates:

C1r = b,C1z =
L

2
,

C4r = a,C4z =0,
ð7Þ

while the remaining control point coordinates C2r, C2z,
C3r, and C3z are the design variables selected within the
admissible design domain C. The admissible design
domain C is defined by geometric bounds that ensure
the resulting spline contours remain well-defined, do
not have self-intersections, and stay within the overall
punch geometry. In particular, the design variables are
constrained as follows:

C= C2r 2 0:5ba
� �

, C3r 2 0:75ba
� �

,
C2z 2 0:25L0:35L

� �
, C3z 2 0:1L0:2L

� �
�

:

ð8Þ

Simulations are performed for a wide range of
punch geometries by systematically varying the posi-
tions of the control points C2 and C3 within the
domain C. The punch shape is varied only over its
lower as the geometric influence of the upper stalk

Table 1. Geometric, material and load parameters of the
punch.

Parameter Symbol Value

Punch diameter D 2 mm
Stalk diameter d 1.4 mm
Punch length L 5 mm
Young’s modulus E 1 MPa
Poisson’s ratio n 0.495
Applied tensile stress s0 1 MPa
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region on the singularity is negligible. A grid-based
sampling of the domain yields a total of 10, 000 distinct
punch configurations. Several examples are shown in
Figure 4 with the coordinates listed in Table 2 for illus-
tration purposes.

The axisymmetric section of the punch models is dis-
cretized using four-node bilinear axisymmetric quadri-
lateral elements with hybrid formulation (CAX4H) and
full termed Gaussian integration. Each simulation
employs approximately 100,000–120,000 elements. To
resolve the sharp stress gradients near the contact edge,
mesh refinement is applied in the vicinity of the interface

and within the singularity domain to accurately capture
the stress distribution. The adequacy of the discretization
was confirmed via a mesh convergence study. An example
of the finite element mesh for a spline-based punch is illu-
strated in Figure 5. The punch is fixed at its bottom edge
to model adhesion to the rigid substrate, while the top
edge is loaded uniformly with the tensile stress s0 and no
shear traction. The stress results are normalized by the
applied tensile stress s0.

For each configuration, the finite element simulation
is carried out to determine the normal stress distribu-
tion s along the interface. Note that although the other
stress components are also available from the simula-
tions, the normal stress in the z-direction has the most
significant influence on adhesion strength.26

Dataset preparation

The present work aims to quantify the relationship
between the punch geometry and the resulting asymp-
totic stress distribution at the interface. This is achieved
by constructing a dataset that couples specific punch
configurations with their respective asymptotic stress
characteristics derived from automated finite element
simulations. The punch geometry is parameterized
using the design variables corresponding to the control
points C2 and C3, as defined in equation (7), together
with the calculated angle u of the spline’s tangent at
C4. While u is geometrically dependent on the control
point positions, its inclusion as an explicit input feature
provides the surrogate model with direct information
regarding the local contact edge geometry, thereby
enhancing the learning process. Let c= C2r,C2z,ð
C3r,C3zÞ2 C denote the vector of design variables
within the admissible design domain C. The resulting
dataset is:

f ci,ui,ai,bið ÞgNi=1, ð9Þ

Figure 3. Schematic illustration of the overall workflow for the shape optimization framework of spline-based punches.

Figure 4. Examples of the shapes generated by varying the
control points C2 and C3 within the admissible design domain.
The fixed control points C1 and C4 are also shown.
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where N is the total number of simulated punch config-
urations, ui is the tangent angle at C4, and ai and bi are
the regression parameters characterizing the asymptotic
normal stress distribution for the i-th configuration.

The normal stress distributions are nearly linear in
the log–log domain over the interval r=a410�2,
which enables a linear regression of the corresponding
asymptotic stress parameters.25 The radial coordinate
is defined as r=a=1� r=a, measuring the inward dis-
tance from the punch perimeter toward its center, as
shown in Figure 2. This linear regime allows for a
determination of the asymptotic stress solution a and
b by performing a linear regression to the interfacial
stress distribution in the log–log domain (see
Figure 1). Within this framework, both the slope b

and the intercept a of the logarithmic relation are
identified directly from the numerical data. The para-
meters are computed using the Ordinary Least
Squares (OLS) method44 applied to the finite element
results, based on the logarithmic form of the asymp-
totic stress expression given in equation (2). The
regression problem is written as

a

b

� �
= XTX
	 
�1

XTy,

X=

1 x1

1 x2

..

. ..
.

1 xN

2
6666664

3
7777775
, y=

y1

y2

..

.

yN

2
6666664

3
7777775
,

ð10Þ

where xi =log10 ri=að Þ and yi =log10 si=sð Þ for
i=1, 2, . . . ,N denote the numerical data points at the
interface.

The final dataset comprises N=9589 samples, each
containing the design variables ci, the tangent angle ui,
and the corresponding asymptotic stress parameters ai

and bi. This final sample count is slightly lower than
the total number of initially generated configurations,
as cases where the automated finite element simulations

failed to converge were excluded. The cleaned dataset is
stored in a structured CSV format for easy loading and
processing. In addition, all finite element simulation
results—including filename, design variables (all control
points and spline’s tangent angle), normal stress solu-
tion, and the calculated asymptotic stress solutions—
are archived in JSON format to ensure reproducibility.
See Appendix 1 for more details regarding the dataset
structure.

Neural network model

A narrow feedforward neural network is developed to
learn the mapping between the punch geometry and the
corresponding asymptotic normal stress solution.44–46

A narrow neural network refers to a network architec-
ture with a small number of neurons per hidden layer,
resulting in a limited number of trainable parameters
while retaining sufficient depth to capture the nonli-
nearity of the mapping. The choice of a narrow archi-
tecture is motivated by the desire to reduce the number
of trainable parameters aiming to achieve high predic-
tive accuracy with minimal complexity, in contrast to
the deep neural networks with large parameter counts
commonly used in previous studies.30,32,36

The applied narrow network architecture, as shown
in Figure 6, consists of an input layer, q hidden layers

Table 2. The numerical coordinates of all control points C1–
C4 associated with each configuration reported in Figure 4.

# C2r=a C2z=L C3r=a C3z=L

1 0.856 0.339 0.578 0.111
2 0.711 0.317 0.894 0.111
3 0.711 0.272 0.631 0.133
4 0.494 0.350 0.631 0.144
5 0.711 0.350 1.000 0.144
6 0.783 0.339 0.525 0.167
7 1.000 0.306 0.789 0.167
8 0.928 0.339 0.578 0.189
9 0.422 0.328 0.631 0.200

The coordinates are normalized with respect to the punch radius a

and length L, respectively.

Figure 5. Finite element mesh of a spline-based punch.
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with pi neurons each and ReLU activation functions,
and an output layer with a linear activation function.

The input layer receives the five-dimensional vec-
tor comprising the design variables c and the tangent
angle u. By explicitly including u as an input, the net-
work is relieved from the task of internalizing this
nonlinear geometric relationship, which significantly
streamlines the training process. The output layer
produces the two-dimensional vector containing the
asymptotic stress parameters a and b. The mapping
established by the neural network can be expressed
mathematically as

N : R5 ! R
2N c,uð Þ= a,bð Þ, ð11Þ

where N denotes the neural network operator.47 The
neural network is implemented in Python using the
open-source Keras library.40

The dataset is partitioned into training (80%), vali-
dation (10%), and test (10%) subsets. To ensure numer-
ical stability and accelerate convergence, all input
features are standardized to have zero mean and unit
variance. Note that the output targets are not standar-
dized. Such a training-validation-test split, together
with input feature standardization, follows standard
practice in supervised learning to ensure reliable train-
ing.48,49 The neural network is trained using the Adam
optimizer with a mean squared error (MSE) loss func-
tion.44,45,49 Training is performed for up to 500 epochs
with a batch size of 64, and early stopping based on the
validation loss is employed to prevent overfitting.50,51

The learning rate is set to 10�3. These hyperparameters
are determined empirically through preliminary numer-
ical experiments, as no universally optimal or closed-
form choices exist for these settings. Hyperparameter
optimization is carried out via a grid search over the

number of hidden layers q and the number of neurons
pi in each layer. The best-performing configurations are
summarized in Table 3 and their training and validation
loss curves are shown in Figure 7.

The final model architecture is selected according to
the lowest MSE achieved on the test set. Accordingly,
the selected architecture consists of q=3 hidden layers
with pi = 11, 11, 5ð Þ neurons, respectively. This model
is subsequently employed as a surrogate model for car-
rying out the shape optimization procedure.

Figure 6. Schematic illustration of the narrow feedforward
neural network (FNN) mapping the input vector
C2r , C2z, C3r , C3z, uð Þ to the asymptotic stress parameters a, bð Þ

using q hidden layers with pi neurons each.

Table 3. Best-performing neural networks obtained through
hyperparameter tuning, including the total number of trainable
parameters (npar), the number of training epochs (nep), and the
corresponding test set performance metrics. RMSE, and MAE
denoting the root mean squared error, and mean absolute error,
respectively.

qj pið Þ npar nep RMSEtest MAEtest

3j 11, 11, 5ð Þ 270 500 0.0027 0.0019
3j 11, 10, 6ð Þ 266 270 0.0029 0.0021
3j 12, 8, 8ð Þ 266 398 0.0031 0.0022
3j 12, 12, 7ð Þ 335 228 0.0031 0.0023
3j 11, 11, 7ð Þ 298 248 0.0033 0.0025
3j 12, 8, 3ð Þ 211 307 0.0036 0.0027
3j 9, 10, 6ð Þ 234 237 0.0038 0.0028
3j 12, 6, 7ð Þ 215 279 0.0039 0.0029

Figure 7. Training (top) and validation (bottom) loss curves
(MSE) for the best-performing FNNs obtained from the
hyperparameter tuning, plotted on a log10 scale along the
vertical axis.
The results demonstrate stable convergence across architectures, with

early stopping terminating training once the validation loss ceases to

improve.
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Shape optimization

The adhesion performance of the punch is primarily
governed by the interfacial normal stress distribution,
in particular by the stress singularity developing near
the punch edge.10,20,21 Note that the calculations are
performed only for cases having a stress singularity,
which depends on the tangent angle u. From a fracture
mechanics perspective, adhesion failure is treated as the
initiation of a small interfacial crack within the singu-
larity zone. The adhesion strength scales inversely pro-
portional with the dimensionless parameter C as shown
in equation (5). Consequently, for configurations with
identical material properties, a reduction of the para-
meter C leads to an increase in the attainable adhesion
strength. The straight punch (CSTP=0:278) provides a
reference benchmark to quantify the performance gain
achieved through shape optimization. Based on this
relation, the objective of the shape optimization is to
minimize the value of the dimensionless parameter C,
thereby maximizing the adhesion strength of the punch.
Using the trained neural network as a surrogate model,
the optimization problem is formulated as:

c�=arg min
c2C

C a,bð Þ=arg min
c2C

C N c,uð Þð Þ, ð12Þ

where c� denotes the optimal design variable vector and
N c,uð Þ represents the neural network prediction of the
asymptotic stress parameters for a given punch geome-
try defined by c and u. The use of the surrogate model
reduces the computational cost associated with objec-
tive function evaluations, compared to direct finite ele-
ment simulations achieving a speed-up on the order of
105, thereby enabling an efficient exploration of the
design space.

For numerical convenience, the optimization is car-
ried out using an equivalent objective function derived
from the dimensionless parameter C. Given that
C=10a�0:301b, minimizing C is equivalent to minimiz-
ing the exponent

Q cð Þ=a c,uð Þ � 0:301b c,uð Þ, ð13Þ

which is monotonically related to original expression.
Accordingly, the optimal punch geometry is obtained
by minimizing Q cð Þ over the admissible design domain
C. Note that the tangent angle u is not independent but
is computed directly from the design variables c. The
resulting optimal design c� corresponds to the punch
geometry with the lowest predicted C, and thus the
highest attainable adhesion strength within the consid-
ered design space.

The optimization problem is solved using the
Differential Evolution (DE) algorithm,52 a global,
population-based optimization strategy. The DE is par-
ticularly well suited for the present application, as the
surrogate-based objective function is generally noncon-
vex and may exhibit multiple local minima. DE

operates on a population of candidate solutions and
iteratively improves them through mutation, crossover,
and selection, allowing for exploration of the design
space and identification of near-global optima. The
optimization is performed with respect to the design
variable vector c. The fitness function minimized by the
DE algorithm is given by Q cð Þ. The population size is
chosen proportional to the number of design variables,
and the optimization is initialized with random candi-
date solutions within the C domain. The algorithm is
executed for a fixed maximum number of generations
or until convergence is reached. Convergence is reached
when no further improvement in the objective function
is observed, as shown in Figure 8.

Note that the DE algorithm was implemented using
the SciPy library, which relies on well-established inter-
nal parameters to ensure reliable convergence.53 While
specific alternative algorithms might offer faster con-
vergence in certain cases, the DE method was selected
for its known robustness in navigating complex, non-
convex design spaces.

Results and discussion

Results of finite element simulations and dataset
preparation

The results of the finite element simulations provide the
normal stress distributions along the interface for all
investigated punch configurations. The asymptotic
stress parameters a and b are extracted from these dis-
tributions through linear regression in the log–log
domain. The quality of the regressions is characterized
using the coefficient of determination, R2. The average
R2 value across all fits is 0:9996, demonstrating a high
degree of correlation between the models and the mea-
sured data. Based on this, the asymptotic stress solu-
tions can be considered reliable. Examples of the
normal stress distributions along with the fitted asymp-
totic stress solutions are illustrated in Figure 9, along

Figure 8. Convergence of the objective function Q cð Þ during
the differential evolution optimization.
The dashed line denotes the optimal value Q� .
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with the corresponding numerical parameters listed in
the accompanying Table 4. Additionally, the influence
of the Poisson’s ratio was evaluated within the nearly
incompressible range. As detailed in Appendix 2, the
stress solutions have negligible sensitivity to this para-
meter, with a mean relative difference of only 0.42%.

The calculated values of b, which represent the slope
of the asymptotic stress solution, indicate that the
punch geometry significantly influences the stress sin-
gularity order at the contact perimeter. As illustrated in
Figure 9, the change in the slope of the stress solutions
clearly demonstrates the modification of the singular-
ity’s nature. Specifically, varying the tangent angle u
leads to a shift in b, suggesting that the edge geometry
can alter the characteristics of stress solutions. This is
consistent with findings for mushroom-like geome-
tries,19 where the edge angle u determines whether the
stress remains finite or a singularity is present. In cer-
tain configurations, the stress solutions tend toward
mitigating or eliminating the singularity depending on
the local tangent, although a more comprehensive anal-
ysis of this phenomenon remains beyond the scope of
the present work.

Predictive capability of the neural network

The predictive performance of the neural network on
the test dataset is evaluated using parity plots that com-
pare the predicted and reference values of the asympto-
tic stress parameters, as shown in Figure 10.44,45 For
both parameters, a and b, the predictions correlate
closely with the corresponding reference values, as indi-
cated by the clustering of the data points around the
ideal parity line y= x. This correlation is quantitatively
supported by high coefficients of determination, with
R2 =0:9990 for a and R2 =0:9995 for b. No

systematic bias is observed over the investigated para-
meter range, and deviations from the parity line remain
small even for extreme values of the parameters. The
color-coded absolute deviation from the parity line fur-
ther confirms that larger errors are sparse and do not
accumulate in specific regions of the parameter space.
Overall, these results demonstrate that the trained
neural network captures the nonlinear relationship
between the punch geometry and the asymptotic stress
parameters.

The asymptotic normal stress distributions recon-
structed from the neural network predictions are

Figure 9. The normal stress distributions log10 s=s0ð Þ as a
function of the normalized radial coordinate log10 r=að Þ for the
selected spline-based punch configurations.
Solid lines denote the finite element solutions, while dashed lines

indicate the corresponding asymptotic fits. The reference solution for

the cylindrical straight punch (STP) is shown for comparison.

Table 4. Numerical parameters of the asymptotic stress
solutions (a, b ) and the corresponding coefficients of
determination (R2) for the representative spline-based punch
configurations shown in Figure 9.

# u ½–� a ½1� b ½1� R2

1 30.6 20.5180 0.0368 0.9996
2 80.2 20.7105 20.3545 0.9998
3 54.3 20.5833 20.1113 0.9997
4 56.7 20.6250 20.2022 0.9998
5 81.3 20.7543 20.4205 0.9998
6 49.9 20.5644 20.0627 0.9997
7 68.1 20.6604 20.2616 0.9998
8 56.3 20.5903 20.1175 0.9997
9 71.1 20.6762 20.3021 0.9998

Figure 10. Parity plots comparing the predicted and reference
values of the asymptotic stress parameters: (top) a and
(bottom) b evaluated on the test dataset.
The dashed line indicates the ideal parity relation y = x. The color of the

markers represents the absolute deviation from the parity line, defined

as the perpendicular distance from y = x.
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compared with the corresponding finite element results
for representative test samples in Figure 11. The
straight punch (STP) response is included as a bench-
mark for reference.

The neural network accurately captures the charac-
teristic asymptotic behavior of the normal stress solu-
tion and provides predicted stress curves consistent
with the finite element results over the entire range of
the normalized radial coordinate r=a. Notably, this
agreement remains robust in the vicinity of the punch
edge (r! 0), where the stress singularity dominates
the adhesion behavior. These results demonstrate that
the surrogate model preserves the physically relevant
features of the asymptotic stress field.

The statistical characteristics of the prediction errors
are further examined by evaluating the mean relative
error for each test sample, defined as

erel =
1

N

XN
j=1

sFNN
‘ rj

	 

� sFEA

‘ rj

	 

sFEA

‘ rj

	 

�����

�����, ð14Þ

where sFNN
‘ rj

� �
and sFEA

‘ rj

� �
denote the neural net-

work prediction and the corresponding finite element
reference value of the asymptotic normal stress at the j-
th radial coordinate rj, respectively, and N is the total

number of evaluation points along the interface. The
distribution of the mean relative error erel across the test
dataset is shown in Figure 12 and provides a compre-
hensive measure of the accuracy and reliability of the

surrogate model. The relative error values range from
0:01% to 2:89%, with a mean of 0:365% and a stan-
dard deviation of 0:31%. The median relative error is
0:298%.

Overall, the neural network surrogate model demon-
strates strong generalization capability for previously
unseen punch geometries within the admissible design
domain. The model reliably maps the geometric design
variables to the asymptotic stress parameters, enabling
accurate reconstruction of the interfacial asymptotic
normal stress distributions.

Optimized spline-based punch geometry

The shape optimization based on the trained neural
network surrogate model leads to a significant reduc-
tion of the dimensionless parameter C compared to the
straight punch (STP) reference. For the straight punch,
the benchmark value is CSTP=0:278, whereas the best-
performing optimized spline-based punch achieves a
minimum value of Cmin’0:207. This corresponds to an
absolute reduction of DC=0:071, which represents a
relative decrease of approximately 25:5% with respect
to the straight punch. Since the adhesion strength scales
inversely with C, this reduction directly translates into
a substantial improvement in the attainable adhesion
performance. Note that the identified optimal para-
meters, while positioned at varying distances from the
center of the admissible design domain C, remain dis-
tinct interior points. Specifically, the variables r3 and z3

Figure 11. Comparison of the predicted and reference asymptotic normal stress distributions for representative test samples.
Blue solid lines denote the finite element results, red dashed lines the FNN predictions, the black solid line the straight punch (STP) reference. The

corresponding spline-punch geometries are also shown.
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converge to values representing approximately 96%
of their respective allowed ranges, approaching the
upper boundaries. Conversely, r2 and z2 are in the
lower portion of the design space, at approximately
5% and 26% of their permitted intervals, respec-
tively. This confirms that the optimization identified
a numerical minimum within the prescribed bounds,
and the optimization process was not truncated by
the geometric constraints.

The geometries corresponding to the best-
performing optimized designs are shown in Figure 13.

As the value of C decreases, a geometric trend can
be observed: the optimized spline-based punch shapes
increasingly resemble the characteristic profile of a
mushroom punch. However, due to the imposed admis-
sible design domain, the optimization process cannot
fully recover the classical mushroom punch geometry.
Instead, the algorithm converges to spline-based shapes
that represent the closest admissible approximation of
the optimal shape within the prescribed design space.

The corresponding asymptotic normal stress distri-
butions of the optimized spline-based punches are pre-
sented in Figure 14, together with their associated

Figure 12. Distribution of the mean relative prediction error
erel over the test dataset.
The red vertical line indicates the median error value.

Figure 13. Best-performing optimized spline-based punch
geometries ranked by the dimensionless parameter C.
The spline control points C1–C4 and the corresponding C values are

indicated for each configuration.

Figure 14. Asymptotic normal stress distributions for the optimized spline-based punch geometries (SPP, red dashed line), shown
in comparison with the straight punch (STP, black solid line) references.
The corresponding punch geometries are also displayed.
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geometries. For reference, the asymptotic stress distri-
butions of both the straight punch (STP) is also
included.

The figure clearly demonstrates that the optimized
spline-based punch geometries achieve a noticeable
reduction of the asymptotic normal stress level com-
pared to the straight punch over the entire range of the
normalized radial coordinate. In particular, the stress
singularity near the punch edge is mitigated relative to
the straight punch case, which explains the observed
decrease in the parameter C. The comparison with the
straight punch reveals that, the optimized spline-based
punches significantly outperform the straight punch.
Overall, the results demonstrate that the proposed
surrogate-based optimization framework successfully
identifies geometries with improved adhesion charac-
teristics. The accuracy of the framework for the best-
performing geometries is further confirmed by finite
element validation in Appendix 3.

Efficiency of the surrogate model compared to finite
element analysis

The trained neural network surrogate model offers a
significant computational advantage over the tradi-
tional finite element analysis. While a single
high-resolution finite element simulation—including
automated meshing and post-processing—requires
approximately 15 s, the neural network provides the
same prediction in 4:97310�5 s. This represents a
speed-up factor of more than 33105.

The performance gain is further illustrated by evalu-
ating large datasets, as summarized in Table 5. For a
batch of 10000 evaluations, which is typical for global
optimization tasks, the direct finite element analysis
would need over 41 h of continuous computation. In
contrast, the neural network completes the same task
in less than 0:5 s. Notably, by replacing the computa-
tionally expensive finite element analysis with this near-
instantaneous surrogate model, the optimization pro-
cess allows for a more extensive exploration of the
spline-based design space.

Modeling assumptions and limitations

The surrogate-based optimization framework presented
in this study is built upon the modeling assumptions
and simplifications detailed in Section. The material is
treated as linear elastic, and the interface is modeled
under quasi-static, normal loading with perfect bond-
ing conditions.

The present study adopts a simplified mechanical
description with linear elastic material behavior and
purely normal loading. Such assumptions are com-
monly used in the analysis of fibrillar adhesive contacts
and allow the influence of geometry on the interfacial
stress distribution to be examined in a clear manner.
Viscoelastic effects may become relevant in dynamic or
rate-dependent adhesion processes. However, previous
studies on fibrillar structures have shown that, under
quasi-static conditions or in defect-free contacts, the
pull-off response can often be well approximated by an
elastic framework.54,55 Extensions toward viscoelastic
material models could therefore be considered in future
work when explicitly addressing dynamic detachment
phenomena.

In the present model the interface is assumed to
remain perfectly bonded, that is, slip is not considered.
Partial slip could be incorporated through appropriate
interfacial contact or cohesive laws; however, signifi-
cant sliding is typically accompanied by geometric non-
linearity and larger deformations. The proposed
modeling and optimization framework can be readily
extended to such cases, including the use of hyper elas-
tic material models when large deformations become
relevant.

Despite these restrictions, the linear elastic approach
remains valid as the investigated adhesion phenomena
are primarily governed by the elastic response of the
structure. Furthermore, the modular nature of this
approach allows for such future extensions to account
for non-homogeneous material distributions, material
damage (e.g. Mullins effect), or environmental factors
like temperature and humidity. By integrating advanced
material models into the automated simulation pipeline,
the neural network can be retrained to provide a more
comprehensive tool for adhesive design.

Conclusions

In this study, a surrogate-based shape optimization
framework was developed that couples automated finite
element simulations with a narrow feedforward neural
network to predict adhesion-relevant asymptotic stress
parameters. It was demonstrated that the relationship
between spline-based punch geometry and the corre-
sponding asymptotic stress characteristics can be cap-
tured with high accuracy using a neural network with a

Table 5. Computational time comparison between the finite
element analysis (FEA) and the neural network (NN) for
different numbers of samples (n).

n FEA time NN time

1 15 s 4:97310�5 s
10 150 s (2.5 min) 4:97310�4 s
100 1,500 s (25 min) 4:97310�3 s
1000 15,000 s (’4:17 h) 0.0497 s
10,000 150,000 s (’41:67 h) 0.497 s
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small number of trainable parameters, achieving reli-
able predictive performance without relying on deep or
overparameterized neural network architectures.

For spline-defined punch geometries characterized
by four control points, the framework enables the iden-
tification of an optimal shape that minimizes the
asymptotic normal stress in the edge singularity domain
under purely normal loading conditions. The optimized
spline-based punches achieve a reduction of the asymp-
totic stress distribution by approximately 25:5% com-
pared to the straight punch benchmark, indicating a
substantial improvement in the attainable adhesion per-
formance. This optimization is made possible by the
significant computational efficiency of the surrogate
model, which provides a speed-up factor of more than
33105 compared to traditional finite element analysis.
While direct simulations would require over 41 h for
10, 000 configurations, the neural network completes
the same task in less than half a second. This perfor-
mance gain enables a comprehensive exploration of the
spline-based design space. Beyond the identification of
optimal shapes, this approach provides quantitative
insight into how local geometric variations influence
the asymptotic stress solution in the vicinity of the con-
tact edge.

The study further introduced a fully automated
finite element workflow implemented using Abaqus
and Python scripting, allowing for large-scale para-
metric investigations and reproducible dataset genera-
tion with minimal manual intervention. All simulation
data, regression results, and trained surrogate models
are stored in structured and reusable formats, ensuring
reproducibility and enabling the framework to be
applied to other adhesion-related geometry optimiza-
tion problems. Owing to its modular design, the pro-
posed methodology can be extended to account for
non-homogeneous material distributions, composite
pillar architectures, alternative loading conditions, or
more advanced interfacial models.

Furthermore, the results demonstrate that the punch
perimeter geometry directly influences the slope of the
asymptotic stress solution, b. By modifying the local tan-
gent angle, the nature of the stress singularity is altered rela-
tive to the reference straight cylindrical punch. A more
comprehensive analytical investigation into the relationship
between the spline-based tangent angle and the singularity
exponent remains a subject for future research.
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Appendix 1

Dataset structure

This appendix describes the structure of the dataset
generated by the automated finite element simulations
and subsequently postprocessed using Python. The
dataset is provided in two complementary formats: a
CSV file (Listing 1) summarizing the key parameters for
each punch configuration, and a JSON (Listing 2) file
containing detailed metadata together with the com-
plete interfacial stress distribution and its asymptotic
approximation. This format provides a simple way to
store heterogeneous data in single file.

Each row of the CSV file corresponds to a single
simulation that successfully converged. The recorded
columns include the geometric design variables, the

spline tangent angle u, the asymptotic stress regression
parameters a,bð Þ, and the coefficient of determination
R2 characterizing the quality of the asymptotic fit. This
file is used for training the neural network model.

Listing 1: Example entry of the CSV dataset

C2_r,C2_z,C3_r,C3_z,phi,beta,alpha,R2
0.78,1.25,0.52,0.5,33.94,0.249,-0.431,0.999

The JSON files store the complete output of the
finite element simulations together with the results of
the regression analysis for each individual configura-
tion. In addition to the geometric metadata (C2r, C2z,
C3r, C3z, u), the files contain the asymptotic regression
parameters a and b, the R2, the full interfacial normal
stress distribution s rð Þ, and its asymptotic counterpart
s‘ rð Þ.

Listing 2: Example of a JSON dataset

{
’’metadata’’:{

’’C2_r’’: 0.783,
’’C2_z’’: 1.250,
’’C3_r’’: 0.525,
’’C3_z’’: 0.500,
’’phi’’: 33.94,
’’beta’’: 0.2495,
’’alpha’’: -0.4315,
’’R2: 0.9996

},
’’sigma.z’’:{

’’rho’’: [.],
’’sigma_z’’: [.]
},

’’sigma_inf’’:{
’’rho’’: [.],
’’sigma_z’’: [.]
}

}

The arrays rho and sigma_z contain between 120
and 150 entries, refined in the vicinity of the stress
singularity.

Appendix 2

Influence of the Poisson’s ratio

The influence of the Poisson’s ratio on the stress distri-
bution in fibrillar structures is discussed in several pre-
vious studies.28,38,56 In the present work, a value of
n=0:495 was adopted to represent the typical beha-
vior of PDMS material.38 To evaluate the sensitivity of
the results to this material parameter, additional finite
element simulations were performed for two additional
values of n within the nearly incompressible range,
including the incompressible limit (n=0:5).
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The graphical comparison presented in Appendix
Figure 15 shows the stress distributions obtained for
the considered values of n. A numerical comparison
indicates that the stress solutions have a mean relative
difference of 0:42% with respect to the reference case
n=0:495. The Poisson’s ratio typically has a more sig-
nificant influence in cases where material deformation
is highly constrained, such as in thin films (poker chip
geometry) or composite fibrils, as demonstrated in the
literature.28,56 In the present study, the investigated
punch geometry does not represent such a critical con-
figuration, resulting in the observed low sensitivity.

Note that this analysis was carried out using only
direct finite element simulations. The neural network
was trained using a fixed value of the Poisson’s ratio,
and therefore the surrogate model in its present form is
not intended to predict the effect of varying material
parameters.

Appendix 3

Validation of the prediction for the optimized punch
geometry

This appendix presents a validation of the neural net-
work predictions for the optimized punch geometries
using direct finite element simulations. The aim of this

comparison is to verify that the asymptotic stress solu-
tion predicted by the neural network is consistent with
the solution obtained from finite element analyses for
the optimized geometries. The validation is performed
for the three best-performing optimized punch geome-
tries identified through the surrogate-based optimiza-
tion process, which correspond to the lowest predicted
values of the dimensionless parameter C.

Figure 15. Comparison of the stress distribution obtained
from finite element simulations for different values of the
Poisson’s ratio: n = 0:495 (red), n = 0:5 (blue), and n = 0:49
(green).
The differences are within the displayed line thickness, confirming the

high degree of correlation (with R2 ø 0:9998).

Figure 16. Comparison of the asymptotic stress solution for
the optimized punch geometries obtained from finite element
simulations and the neural network predictions.
The shown cases are referred later as #1, #2, and #3, corresponding to

the three optimized geometries with the best performance.

Table 6. Numerical comparison between the finite element
simulations and the neural network predictions for the three
investigated optimized geometries.

Parameter #1 #2 #3

aFEA 20.8102 20.7956 20.8213
apred 20.8215 20.8104 20.8129
erel, a 1.4% 1.86% 1.02%
bFEA 20.4543 20.4371 20.4612
bpred 20.4591 20.4444 20.4587
erel, b 1.07% 1.65% 0.54%
CFEA 0.2121 0.2168 0.2077
Cpred 0.2073 0.2105 0.2114
erel, C 2.24% 2.87% 1.77%

The subscripts ‘‘FEA’’ and ‘‘pred’’ denote the values obtained from the

finite element analysis and the neural network surrogate model,

respectively.
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As shown in Appendix Figure 16, the asymptotic
stress solution predicted by the neural network shows
good agreement with the asymptotic stress solution
obtained from the direct finite element simulations.
The differences between the results obtained from the
two computational methods are within the displayed
line thickness. The corresponding R2 values are indi-
cated, reaching a minimum of 0:9998, which confirms
the high degree of correlation.

A quantitative comparison between the finite ele-
ment validation simulations and the predicted para-
meters is provided in Appendix Table 6. The results

indicate that the relative deviation between the neural
network predictions and the finite element results
remains below 2% for the parameters a and b in all
examined cases. The relative error associated with the
parameter C is slightly higher, which can be attributed
to the accumulation of numerical errors. Nevertheless,
the deviation remains within the range of approxi-
mately 2%–3%.

These results indicate that the trained neural net-
work is capable of predicting the asymptotic stress solu-
tion with good accuracy also for the optimized punch
geometries within the investigated parameter range.
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