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Abstract

Stability analysis is a crucial tool for studying dynamical systems in mathematics, physics, and engineering. Lyapunov func-
tions provide a framework for determining the stability of these systems, but constructing them is often challenging for
non-linear systems. This paper focuses on using sum-of-squares (SOS) methods to construct quadratic Lyapunov functions
for proving the local stability of finite-dimensional systems. These systems are designed to share certain properties of shear
flows and are therefore described by second-order polynomials. Additionally, the system matrix of the linear part is non-
normal, which presents challenges in constructing a Lyapunov function. Two established SOS-based algorithms from the
literature (SOS1 and SOS2) are compared based on the size of the provable region of attraction (ROA), computational time,
and the maximum allowable degrees of freedom of the system. Furthermore, this paper introduces a novel modification to
the SOS2 algorithm, termed SOS2m, which aims to provide a larger ROA than the original SOS2 method with minimal
additional computational cost. This new SOS2m method is shown to strike an effective balance between accuracy and com-
putational efficiency. The presented methods, while demonstrated on shear flow models, are extendable to other dynamical
systems described by polynomial functions. A further motivation for this research is to advance analysis methods for inves-
tigating subcritical laminar-turbulent transition and to develop methodologies for estimating permissible perturbation levels.
To demonstrate their effectiveness, the three algorithms (SOS1, SOS2, and SOS2m) are applied to a simplified model of
laminar-turbulent transition and truncated finite-dimensional reduced-order models of Poiseuille and Couette flows.

Keywords Sum of squares method - Conditional Lyapunov function - Semidefinite programming - Conditional stability -
Non-linear stability - Non-normal system

1 Introduction scenario in fluid dynamics and various other physical and

engineering applications — it is often practical to assume that

The investigation of stability in dynamical systems, or their
controlled counterparts, is a fundamental pursuit in mathe-
matics, physics, and engineering. One approach to proving
stability is through the construction of a Lyapunov func-
tion. For finite-dimensional linear dynamical systems, this
process is straightforward, involving the calculation of the
eigenvalues of the system matrix. However, for non-linear
systems, constructing a Lyapunov function becomes sig-
nificantly more challenging. When focusing on dynamical
systems described by polynomial functions — a common
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the Lyapunov function is also polynomial. The challenge then
lies in proving that certain polynomials are positive or neg-
ative definite. Unfortunately, verifying the non-negativity of
a polynomial is generally NP-hard [1]. A more tractable suf-
ficient condition is to represent the polynomial as a sum of
squares (SOS) of other polynomials, a computational tech-
nique introduced over two decades ago [2—4].

In fluid dynamics, Goulart and Chernyshenko [5] pio-
neered the application of the SOS method for construct-
ing Lyapunov functions to prove the global stability of
shear flows. Constructing Lyapunov functionals for such
infinite-dimensional dynamical systems described by par-
tial differential equations is extremely challenging. One
possible way to simplify the problem is by projecting the
dynamics onto a certain set of modes and constructing a
finite-dimensional reduced-order model. However, the com-
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putational demand of SOS methods scales significantly with
increased degrees of freedom, often preventing the inclusion
of a sufficient number of modes for engineering accuracy.
To address this issue, Goulart and Chernyshenko [5] pro-
posed an "infinite-dimensional" model that incorporates the
effect of otherwise truncated modes — termed "tails" — into
the stability investigation. Utilizing linear eigenvalue prob-
lems, the worst-case effect of the tail can be estimated on the
stability of the infinite-dimensional system. This approach
was later applied to an infinite-dimensional contrived ver-
sion of rotating Couette flow by Huang et al. [6], yielding
improved results compared to the well-known energy method
[7]. More recently, Fuentes et al. [8] provided sharper
bounds on tail influences and applied the method to two-
dimensional Poiseuille flow, improving the known threshold
for global stability by constructing infinite-dimensional high-
order Lyapunov functionals with SOS methods.

In addition to determining global stability, assessing the
local stability of the laminar state equilibrium point in shear
flows is an equally important scientific challenge. The thresh-
old amplitude of the smallest perturbation that can trigger
transition to turbulence is a direct measure of the stability’s
strength. In pipe flow, the laminar state is linearly stable for
all Reynolds numbers (Re). However, it is known to be non-
linearly unstable for Re = 2000. The paradox of subcritical
transition is that while the laminar flow is stable to infinites-
imal perturbations, the threshold amplitude of perturbations
rapidly decreases towards zero as Re increases, making the
laminar state virtually impossible to observe in real-world
experiments at high Re. In the context of controlled systems,
this threshold amplitude serves as a quantitative metric to
evaluate the efficacy and robustness of the controller.

Galdi and Straughan [9] showed possible analytical ways
to construct an energy function to prove global or local
stability and they demonstrated conditional stability in the
case of a basic model for the motion of microorganisms.
Unfortunately, the general application of that method is
challenging. The infinite-dimensional model of Goulart and
Chernyshenko [5] is arguably a more promising way to also
describe the local stability of the laminar state in a shear flow.
It can be expected that such methods better approximate the
region of attraction (ROA) if the number of modes, and thus
the degrees of freedom, is increased. This paper investigates
the applicability of SOS programs to non-normal systems,
focusing mainly on accuracy and determining the largest sys-
tem size that can still be investigated. However, this study is
confined to finite-dimensional models; the effect of the tail
has not been investigated yet.

In the literature, many algorithms have been developed
to estimate the ROA of an equilibrium solution. Here, some
of the most known methods are presented. Jarvis-Wloszek
[10] proposed such a calculation using SOS methods through
the "expanding D algorithm" and "expanding interior algo-

@ Springer

rithm". While Tan et al. [11] introduced a similar algorithm
solved by the PENBMI solver, it was found that converting
the problem into a series of semidefinite programs (SDP)
is more convenient due to advancements in SDP solvers.
This approach, along with similar SOS programs solved as a
sequence of SDP optimizations, has been utilized for simple
dynamical systems in several studies [11-15].

An alternative SOS program (referred to as SOS2 in
this paper) was proposed by Liu et al. [16], building on
the theoretical work of Anderson and Papachristodoulou
[17] for investigating the conditional stability of flows. This
approach, which focuses only on quadratic Lyapunov func-
tions, simplifies the calculation of the ROA by solving an
eigenvalue problem instead of relying on an additional SOS
constraint. This method substantially reduces computational
costs and enhances robustness.

There is also a convex formulation for inner-approximating
a basin of attraction without constructing a Lyapunov func-
tion, introduced by Henrion and Korda [18], which avoids
the necessary iteration steps of the previously mentioned
SOS programs. However, in their equations, time appears
as an explicit variable in the polynomials, unlike in the pre-
vious cases. Additionally, this method requires four SOS
constraints, resulting in a significantly larger optimization
problem. Furthermore, it requires the explicit specification
of a time horizon and a target domain, parameters that play
a critical role in shaping the results. It can be assumed that
this method is applicable only to relatively small systems;
therefore, this formulation is excluded from the comparison
in this study.

Other methods also exist for calculating the ROA in
dynamical systems. Without aiming for completeness, a few
relevant methods applied in fluid dynamics related problems
are mentioned. For instance, bounding the non-linear terms of
the dynamical system with linear matrix inequalities allows
for faster calculations than SOS methods, albeit with signif-
icantly lower accuracy in predicting threshold amplitudes.
Two groups, Kalur et al. [15] and Liu et al. [16], developed a
quadratic constrained (QC) method, modeling the non-linear
term as a bounded excitation of the linear system and apply-
ing it to simple models of laminar-turbulent transition. While
computationally efficient, the predicted threshold amplitude
significantly underperforms, usually by at least one order
of magnitude, compared to SOS methods. Toso et al. [19]
applied another bounding method to low-dimensional flow
models, calculating an approximately 30% higher threshold
amplitude than the QC method. Additionally, Nerli et al.
[20] proposed a method that employs quadratic Lyapunov
functions to verify stability via non-linear optimization.
Recently, Nagy [21] conducted a comprehensive analysis
of this method, extending its application to significantly
higher-dimensional dynamical systems. Focusing on com-
putational speed and engineering robustness, Habib [22]



Construction of quadratic, conditional Lyapunov functions using SOS method...

Page3of12 313

proposed a rapid iterative algorithm that estimates the Local
Integrity Measure (LIM) defined as the radius of the largest
hypersphere entirely contained within the basin of attrac-
tion. Alternatively, with proper interpretation and necessary
caveats, even neural networks can be utilized to construct
Lyapunov functions [23].

This paper focuses on the conditional stability of finite-
dimensional systems sharing certain properties of real fluid
dynamical systems. Two established SOS algorithms (SOS1
and SOS2) are compared based on the size of the prov-
able ROA, computational time, and the maximum allowable
degrees of freedom of the system. Crucially, this study also
proposes anovel enhancement to the SOS2 algorithm, termed
SOS2m. This modification involves algorithmically updating
the shape of the region where the Lyapunov derivative is neg-
ative to better align with the ROA, which, as will be shown,
can significantly improve the provable ROA with minimal
additional computational cost compared to SOSI1.

Section 2 outlines the original SOS programs and the pro-
posed SOS2m improvement. Section 3.1 demonstrates the
application of these methods to a simple four-DoF transition
model. In Section Appendix A, the construction of finite-
dimensional models of Couette and Poiseuille flows with
varying degrees of freedom is presented to create models
with an increased number of degrees of freedom while still
retaining a few important properties of shear flows. The three
algorithms are compared for these systems in Section 3.2.
Finally, concluding remarks are provided in Section 4.

2 Construction of quadratic Lyapunov
functions

The dynamical system under investigation is described by
dg;
o @ ey

an autonomous, non-linear ordinary differential equation sys-
tem, where ¢g; represents the dependent variables of the
dynamical system forming the vector ¢, and i ranges from
1 to n, the degrees of freedom of the system. The functions
fi describing the system are polynomials of the g; variables.
Here, only second-order polynomial f; functions are con-
sidered; however, the presented methods are applicable to
higher-order polynomials. Additionally, the origin is consid-
ered as the equilibrium point under investigation, implying
that f;(0) = O for any i.

2.1 First Sum-of-Squares Program - SOS1

The first SOS program [10-13, 15], employed to calculate
the ROA for conditionally stable systems, is formulated as

follows:

V-lLeZ, )
—[(/3—17)S1 +(V—)/)] € X, 3)
—((y =V)s2o+Vsz+h) e x. )

The notation "€ X" requires that the left-hand side of the
equations be expressible as a sum-of-squares (SOS) form,
ensuring positive semi-definiteness. Here, V is a polynomial
in g; representing the conditional Lyapunov function. Equa-
tion (2) ensures that V is positive definite, as /1 is a predefined
positive polynomial, set to /; = 10710 Tq in this study.
Equation (4) mandates the decrease of the Lyapunov func-
tion (i.e., V < 0) within a region where V < y. This region
defines a particular level set of V that is aimed to be an ROA
of the origin. s1, s> and s3 are positive semi-definite poly-
nomials (SOS multipliers) determined through optimization.
Additionally, [, is a predefined positive definite polynomial,
set similarly to /; as [, = 1070 Tq. Equation (3) character-
izes the ROA, where p is a predefined polynomial describing
a shape and $ determines its size. This constraint ensures that
the region defined by p < B is contained within the ROA
candidate V < y. The standard choice for p is p = q7q,
describing a hypersphere. In this case, /B represents its
radius, also referred to as the perturbation threshold ampli-
tude. The graphical representation of these regions is shown
in Fig. 1a. The main objective is to find the largest such
hypersphere, achieved by maximizing 8 while ensuring the
constraints in Equations (2)—(4) are satisfied. This SOS algo-
rithm is designated as SOSI in this study.

A sum-of-squares decomposition allows for a polyno-
mial of degree up to 2d to be represented as mT(q)Mm(q),
where m(q) includes all monomials up to order d and M is
a positive semidefinite matrix. This leads to matrix inequal-
ity constraints during optimization. While the problem could
be reformulated into a semidefinite program (SDP) solvable
efficiently if all constraints were linear, Equations (3) and (4)
include bilinear terms in polynomial decision variables (e.g.,
V2, Bs1). Such a problem can be solved by methods like
PENBMI [11]; however, due to significant developments in
SDP solvers, it is often desirable to decompose the optimiza-
tion into a series of SDPs [12, 13].

Initially, the optimization process begins with the y-step,
wherein y is considered a parameter rather than a decision
variable in the SDP optimization. Additionally, the Lyapunov
function (V) remains fixed throughout this step while s
and s3 (positive semidefinite polynomials) are updated by
the optimizer. During the y-steps, y is iteratively increased
using a bisection algorithm until Equation (4) is feasible,
signifying that the left-hand side can be represented as a sum-
of-squares expression. The bisection algorithm stops if the
relative change of y is below an initial threshold level (e.g.,
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10™%). The aim of the y-step is to determine the largest y
for a given Lyapunov function V such that V < 0if V < y.
Before the first y-step, the Lyapunov function must be ini-
tialized usually based on the linearized system.

Following the y optimization, the process transitions to
the B-step. Here, S is treated as a parameter, and a bisection
algorithm is employed to maximize it. The aim of this step
is to find the largest hypersphere (defined by p = ¢Tq <
B) inside the ROA candidate defined by V < y. Initially,
the stopping criterion for the bisection algorithm is that the
relative change of 8 is smaller than 10~#. This optimization
continues until Equation (3) is satisfied. In the B-step, the
Lyapunov function V and y are kept static, while 8 and s;
are updated.

The final phase involves the V-step, where Equations
(2) to (4) are subjected to SDP conversion. Unlike previ-
ous steps, here, the decision variables previously determined
(B, v, s1, 2, §3) are maintained constant, except for the Lya-
punov function V (or its coefficients if V is parameterized,
e.g., as a quadratic form), which is now allowed to vary.

This iterative sequence of y-step, S-step, and V-step is
repeated until /B — the threshold amplitude — reaches its
maximal value, and the relative change of /B between iter-
ations falls below a predefined tolerance level (e.g., 1073 in
this study). Furthermore, the relative tolerance for y and B
during their respective steps may be reduced by a factor (e.g.,
1.4) after each full iteration.

In this study, the dynamical system functions (f;) and
the Lyapunov function V are restricted to be second-order
polynomials. Consequently, the SOS multiplier polynomials
S1, $2, 3 are also defined to be second-order polynomials. If
higher-order f; functions or Lyapunov functions were used,
the order of these multiplier polynomials would need to be
set appropriately (typically such that the products like Vs3
match the required overall polynomial degree for the SOS
condition). It is noted that if only the order of s1, 52, 53 poly-
nomials is increased without increasing the order of V, the
outcome does not improve.

2.2 Second sum-of-squares program - SOS2

An alternative methodology was proposed by Anderson and
Papachristodoulou [17] for investigating local stability. This
method, focusing on quadratic Lyapunov functions, was fur-
ther developed by Liu et al. [16], leading to the following
SOS program:

V-l ex, (5)
_ (V (82— qTq)s +l2) €x. (6)

In this study, we refer to this approach as SOS2. The first
equation (5) ensures the positive definiteness of the Lya-
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punov function V, akin to the requirement in Equation (2).
The terms /1 and [, are the same predefined positive definite
polynomials as in SOS1, and s; is a positive semidefinite
polynomial (SOS multiplier) determined by the optimization.
The second equation (6) ensures that the derivative of V, V,
remains negative within a hypersphere defined by gTg < §2.
However, this region g Tq < 82 where V < 0is not necessar-
ily the provable ROA itself. The ROAisalevel set V < y that
must be contained within this region. For quadratic Lyapunov
functions, V = ¢TP q (where P is a positive definite matrix,
as required by Eq. (5)), the largest such level set V < y that
is guaranteed to be within gTq < 6 (where V < 0) can
be determined. The value of y is found by identifying the
largest y such that the ellipsoid TP ¢ < y is contained in
the sphere g Tg < 82. This is given by y = 8%Amin(P), where
Amin (P) is the smallest eigenvalue of P. This subset, where
V <y (and thus V < 0), forms a superellipsoidal region in
the state space, which is the provable ROA. In practice, this
ROA is often characterized by the radius /B of the largest
inscribed hypersphere g Tg < B. This can be computed as:

«/7 -5 Amin (P) (7)

v Amax(P) \ Amax (P)”
The different regions are illustrated in Fig. 1b. The orange
dashed curve represents the boundary of the regiongTqg < &°
where the Lyapunov function’s derivative is negative (V <
0). The blue curve represents the provable ROA (the level set
V < y). The yellow curve represents the largest hypersphere
qTq < B inside this ROA.

A key distinction between SOS1 and SOS2 (as formulated
here) is that SOS2 inherently uses quadratic Lyapunov func-
tions (for the eigenvalue-based y calculation), resulting in a
superellipsoidal ROA. SOS1 could, in principle, use higher-
order Lyapunov functions for more complex ROA shapes,
but this study confines SOS1 to quadratic polynomials as
well for a fair comparison of the underlying SOS program
structures for quadratic V.

The objective in SOS2 is also to maximize +/B. Since
B depends on § and P, the optimization typically aims to
maximize § subject to the SOS constraints (5)—(6) being fea-
sible. Similar to SOS1, Equation (6) introduces a non-linear
constraint due to the §2s| term (bilinearity in 82 and the coef-
ficients of s1). To address this, 82 is treated as a parameter
that is iteratively maximized using a bisection algorithm until
Equation (6) (and (5)) is feasible for V (i.e., P) and s;. In this
study, s1 is assumed to be of second order, consistent with
the quadratic V and second-order f;. Unlike SOS1, which
involves multiple nested iteration loops and step types, the
SOS2 program as described here typically requires a simpler
iterative search for § (and optimization for V and 51 ateach §).
This eigenvalue-based method for determining y simplifies

JB =
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V<yand V<0

(a)

Fig. 1 Graphical representation of the state space regions for the three
SOS methods. The blue curve represents the boundary of the ROA of
the equilibrium point (origin). The dashed orange curve indicates the
boundary of the region where the Lyapunov function derivative V is

the optimization process and can enhance robustness. How-
ever, SOS2 is specifically tailored for quadratic Lyapunov
functions and, due to its structural simplification (one SOS
condition for V related to a fixed shape ¢Tq < §2), theoreti-
cally might predict a smaller provable ROA compared to the
more flexible SOS1 framework.

2.3 The improved second sum-of-squares program -
SOS2m

The main drawback of the SOS2 algorithm is that the region
where V is negative (i.e., gTg < 82) is assumed to be a
hypersphere, while the ROA itself (V = ¢TPq < y)is a
hyperellipsoid for quadratic Lyapunov functions. We hypoth-
esize that if the shape of the region where V is constrained
to be negative aligns more closely with the actual shape of
the Lyapunov level sets (the ROA), the provable ROA could
be enlarged. This concept is visualized in Fig. 1c, where
the region for V < 0 is defined by gTMpg < & instead
of gTq < 82 (as in Fig. 1b). Here, Mp is a positive defi-
nite matrix chosen to be similar to the Lyapunov matrix P,
potentially leading to a larger provable ROA. Achieving this
alignment involves modifying Equation (6) while retaining
Equation (5):

V-LeX,
—(V+ @~ a™™Meq)s) +12) € 3.

(®)
©))

This modified approach is termed SOS2m. In Equation (9),
the matrix Mp is ideally chosen to be similar to the matrix
P that defines the Lyapunov function V = ¢TPgq. Directly
setting Mp = P would introduce a more complex bilinear (or
rather, polynomial matrix inequality) optimization problem
that cannot be converted directly to a SDP. To circumvent

(b)

/
7

V<y
q'Pq<y

negative according to the SOS2 and SOS2m methods. The yellow cir-
cle (orellipse in the general case, depicted as a circle here for simplicity)
denotes the largest inscribed hypersphere p < B within the ROA. (a)
SOS1 method, (b) SOS2 method, (¢) SOS2m method

this issue, a straightforward iterative algorithm is proposed
to progressively refine Mp:

. Initialize Mp = I (identity matrix), making the first iter-
ation of SOS2m equivalent to the SOS2 program.

Solve the SOS program defined by (8) and (9) by max-
imizing § (using bisection) to find the optimal V
q"Pyewq and s1.

Update Mp < Ppey.

Repeat steps 2 and 3. The iterations aim for the conver-
gence of the resulting ROA size (e.g., /B calculated via
Eq. (12)) towards its maximum value or until it stabilizes.

bt

The iteration process is terminated when the relative change
in /B (calculated using the generalized formulation below)
falls below a threshold (e.g., 10’3).

The inclusion of Mp in Equation (9) necessitates a modi-
fied approach to calculating y, which defines the ROA level
set V < y. Now, y is expressed as:

Y = 8% hmin(P, Mp) (10)

with Amin (P, Mp) representing the smallest eigenvalue of the
generalized eigenvalue problem:

Pg =1 Mpg. (1)

This modification influences the computation of the threshold
amplitude /B (the radius of the largest inscribed hypersphere
in the ROA V < y) as follows:

Amin (P, MP)
Amax(P)

JB =

omax(P) (12)
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In scenarios where Mp is the identity matrix (i.e., the first
iteration, or if SOS2 is used), this calculation aligns with
Equation (7). However, as Mp iteratively approximates P,
Amin (P, Mp) is expected to increase (approaching 1 if Mp &
P and P is scaled appropriately), thereby potentially expand-
ing the provable ROA. This enhancement is visualized by
comparing Fig. 1bwith Fig. lc, illustrating the potentially
expanded bounds of the ROA achieved through the iterative
modification of Mp.

To ensure reproducibility, the source code for all three
algorithms (SOS1, SOS2, and SOS2m) has been released and
isavailable at https://github.com/pnagyhds/SOS_conditional _
Lyapunov.

3 Comparison of the methods
3.1 Simple model of laminar-turbulent transition

First, the three SOS algorithms are compared using a low-
order model of transition proposed by Waleffe [24]. To adapt
the model for analysis around the origin of the state space, and
because the laminar equilibrium point in the original model
was non-zero, the last state variable was shifted as g4 =
m — 1 (assuming m was the original variable), following the
adjustments made by Kalur et al. [15] and Henningson [25].
Consequently, the modified dynamical system is expressed
as:

—Aw Re 0 0 _)’w6132 + 4244

dg _ 1| 0 —puy 0 0 bwq3
dt  Re| 0 0 —vy O Ywq193 — Swq293
0 0 0 —oy —q294

(13)

The parameters Ay, [Ly, Vi, Oy represent the decay rates
due to viscosity, while y,, , §,, describe the non-linear interac-
tion between rolls (g2 ) and streaks (¢ ), as detailed in Waleffe
[24]. The system parameters are set as Ay, = Ly = Oy =
10, vy, =15, 8, = 1,and y, = 0.1 or y, = 0.5, asin [15,
24]. A further parameter in the model is the Reynolds num-
ber, Re, which represents the ratio of inertial to viscous terms
in the Navier-Stokes equation. For small Reynolds num-
bers, dissipative terms dominate, and the origin is a global
attractor. As the Reynolds number increases, the behavior of
the system significantly changes and becomes complex. The
non-normality of the system matrix, associated with a large
condition number of the corresponding eigenvector matrix,
increases as the Reynolds number increases.

A fundamental characteristic of fluid dynamics systems,
including this simplified transition model, is the energy con-
servation of the non-linear terms, in accordance with the
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Reynolds-Orr identity [7]. This model exhibits such a charac-
teristic, enabling the assessment of energy stability through
the eigenvalues of the symmetric part of the system matrix.
When all eigenvalues of the symmetric part of the system
matrix are negative, the system is deemed globally stable
since the kinetic energy function serves as an unconditional
Lyapunov function. The energy stability limit Reg is analyt-
ically derived in [24] as:

Rep = 2\/ Ay tw,

resulting in Reg = 20 for the specified parameter sets.
Below this value, there is no necessity for calculating an
alternative Lyapunov function to kinetic energy for global
stability. Beyond this threshold, global stability may either
be established with Lyapunov functions of order higher than
quadratic or, as pursued in this study, the ROA can be deter-
mined using quadratic Lyapunov functions. The upper limit
above which the ROA calculation becomes impractical (or
yields a vanishing ROA) is when the system becomes linearly
unstable, typically denoted by Re > Rey. In the case of a
linearly unstable system, the ROA (around the stable origin,
if it were) vanishes. The calculation of the ROA is meaning-
ful within these two limits, Reg < Re < Rej. However, the
linear component of (13) always has negative eigenvalues,
so it is linearly stable for all Reynolds numbers. The investi-
gation is carried out for 30 < Re < 100 with a step size of
10, similarly to [15].

All SOS programs were implemented in Matlab, utiliz-
ing the SOSTOOLS library [26] to convert the problems into
SDPs, which were solved by a state-of-the-art SDP solver,
MOSEK 10.1. The calculations were performed on a com-
puter equipped with an Intel i5-4590S processor running at
3.0 GHz and 8 GB of RAM at 1600 MHz.

The radius of the ROA, /B, calculated by the algorithms
is depicted in Figs. 2a and 2b. Typically, SOS2 predicts a
smaller threshold amplitude than SOS1, except at Re = 30
and y,, = 0.1, where it unexpectedly surpasses SOS1. This
anomaly suggests a potential sensitivity of the SOS1 method
to specific parameters or its iterative optimization proce-
dure. The findings of Kalur et al. [15], who applied the
SOS1 algorithm to the same problem, are also illustrated in
Fig. 2a (labeled “SOS1-K”), closely aligning with our SOS1
results, including the behavior in the low Reynolds num-
ber region. This consistency suggests that the discrepancy
is likely inherent to the algorithmic approach rather than a
specific implementation error.

The newly developed SOS2m method demonstrates supe-
rior performance, particularly for y,, = 0.1, where it matches
or exceeds the SOS1 method and significantly outperforms
SOS2. At y,, = 0.5, while still surpassing SOS2, SOS2m
slightly lags behind SOS1, with the gap widening as the
Reynolds number increases.

(14)
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Fig.2 Threshold amplitude /B X T T T T
as a function of Reynolds \ . — SOSH — SOS1
number for different SOS 10" —— 8082 100 — 8082
algorithms: (a) y,, = 0.1, (b) — — —80S82m — — —80S2m
yw = 0.5. Computational time % x  SOS1-K %
as a function of Reynolds
number: (c) y,, = 0.1, (d)
yw = 0.5. The curve labeled 101 ~
"SOS1-K" corresponds to 100 3 T~
solutions obtained using the | | ] 1 I |
SOSI1 algorithm, as calculated 20 40 60 80 100 20 40 60 80 100
by Kalur et al. [15] Re Re
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In terms of computational efficiency (Figs. 2c¢ and 2d),
SOS2 emerges as the fastest, displaying minimal sensitiv-
ity to parameter variations. This speed is attributed to the
algorithm’s simpler structure, which typically requires a sin-
gle main optimization loop for § (with V and s; optimized
within), in contrast to the more complex iterative nature of the
SOS1 (multiple nested loops for y, 8, V) and SOS2m (itera-
tive updates for Mp) methods. These latter algorithms exhibit
higher computational times that vary with system parame-
ters, largely dependent on the number of iterations required
for convergence. Specifically, for the SOS1 algorithm with
yw = 0.1, computational time escalates with increasing
Reynolds numbers, whereas for y,, = 0.5, it decreases, aver-
aging about half the time required for y,, = 0.1. The SOS2m
method, generally faster than SOS1, does not show a dis-
cernible trend relative to Reynolds number in these tests and,
like SOS2, its computation time remains relatively stable
across different y,, values, though higher than SOS2 due to
its iterative nature.

3.2 Comparison of SOS algorithms for
finite-dimensional models of Couette and
Poiseuille flow

In order to compare the algorithms (SOS1, SOS2, SOS2m)
for dynamical systems with higher degrees of freedom,
reduced-order models of two-dimensional Couette and
Poiseuille flows are constructed using the Galerkin projection

(d)

method. It is important to clarify that the models investi-
gated do not describe the full dynamics of these flows but are
designed to retain some key properties of shear flows. Specif-
ically, these simple dynamical models are subcritical, their
non-linear terms conserve kinetic energy (by construction of
the Galerkin projection from the Navier-Stokes equations),
and the matrix describing the linear part of the dynamics
becomes increasingly non-normal as the Reynolds num-
ber increases. The construction method is detailed in the
Appendix A.

To generate systems of increasing size, the number of
streamwise modes N, is set to 1 (i.e., fundamental mode
jm = %1 and mean j, = 0), while the number of wall-
normal modes N, is incremented from 4 upwards. This
results in real-valued systems with degrees of freedom n =
(14+2N,) x Ny, leading to the series n = 12, 15, 18, 21, 24,
and so forth.

First, the threshold amplitude levels /B are compared
among the different models and are illustrated in Figs. 3a and
3b. Since the main aim is comparison, the threshold ampli-
tudes are normalized by the result of the best-performing
algorithm for each case, making the results more readable.
For reproducibility, the threshold kinetic energy (propor-
tional to B = > in at the edge of the ROA hypersphere),
normalized by the kinetic energy of the base flow, is also
presented in Figs. 3e and 3f.

For these models, the new SOS2m algorithm generally
outperforms the others in terms of the size of the provable

@ Springer



313 Page8of12 P.T.Nagy
Fig.3 Comparison of SOS 1 1 %
algorithms for %o _ /
finite-dimensional models of ) T~ — — — % - // =
Poiseuille and Couette flows. T~ -7
(a,b) Relative threshold Praid
amplitude /B/ max(y/B) as a R,
function of the number of *~ _
degrees of freedom n. (c,d) Tx T
Computational time (in 02 —* ~S081 02 —* ~S081
seconds). (e,f) Threshold kinetic : —*-8082 ) —*-808s2
energy e = % quz (normalized 0 SOS2m 0 SOS2m
by base ﬂoW kinetic energy E) 10 15 20 10 15 0
corresponding to S (a,c.e) n n
Models based on Poiseuille flow.
(b,d,f) Models based on Couette (a) (b)
flow. All results at Re = 200 5 5
10 10
X
-
= =, -7
o 10 -7 o 10 <
7~
E - = E -
= e e - e
x x
=} 3 x -7 = 3 -7
2 10 T 2 10 -
= ~ = L.
% 7 - % -7 -
= 102 - — % —S0S1 2 102 e — % —S0S1
© g — % -50S2 © e — % -50S2
SOS2m SOS2m
10 10
10 15 20 10 15 20
n n
(c) (d)
150 ‘ ‘ ‘ ‘
— % -80St ; — % —S0St
— % —8082 107 f X — % —8082
N sos2m P sOS2m
100 1 \\ 1 L /=~ T\
7 \\
S N \ S AN
() N\ N ) \\\
50 f e S o \
~o 107 | ¥
~ Y— — — — — X \ \ e X
~ - - \x _ -
o ‘ Me—— ‘ \h s
12 14 16 18 20 22 12 14 16 18 20 22
n n

ROA, except for one case at n = 18 for the Couette flow.
However, as the number of degrees of freedom increased
from 15 to 18 for Couette flow, a significant reduction in the
threshold amplitude is observed in Fig. 3f for all methods,
which is attributed to a substantial change in the behavior of
the underlying dynamical system itself as more modes are
included, rather than a failing of one particular algorithm.
When comparing the original SOS1 and SOS2 algorithms,
the SOS2 algorithm often demonstrates comparable or even
better performance for Poiseuille flow models as n increases,
while for Couette flow models, the relative performance
varies. This result can be surprising because, theoretically, the
SOS1 algorithm, with its more flexible formulation, should
predict larger (or equal) ROAs. The observed discrepancy

@ Springer

where SOS2 might outperform or be more robust for larger
n might arise because the SDP problem associated with the
SOSI1 algorithm involves more decision variables and more
complex bilinear constraints that are handled iteratively. This
increases the complexity of each SDP step and the overall
iteration, potentially leading to premature termination, local
optima in the iterative search, or numerical difficulties (infea-
sibility reported by the solver not due to true mathematical
infeasibility but due to solver tolerances or problem scaling)
for larger systems. This indicates that advancements in SDP
solvers or more sophisticated techniques for handling the
bilinearities in SOS1 might enable it to consistently predict
larger ROAs in the future. However, it was also noted that
in one case involving the four-dimensional Waleffe model
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(Section 3.1), the SOST1 algorithm predicted a smaller ROA
than SOS2m and even SOS2 at Re = 30, y,, = 0.1.

Additionally, for n > 18 in the case of SOS1, and n > 21
for SOS2 and SOS2m algorithms, the solver failed to find
feasible solutions even for very small parameters (y, §, or
B). This issue is related to the rapid growth in the number
of decision variables (coefficients of V and s; polynomials)
and constraints in the SDP. For quadratic V and quadratic sy
with n variables, the number of monomial terms in the result-
ing SOS conditions (which are quartic in g;) scales roughly
as n?, and the size of the Gram matrices in the SDP formu-
lation scales accordingly. The SDP might become so large
that even state-of-the-art solvers like MOSEK cannot han-
dle it efficiently or run into memory/time limitations. Since
SOS2 and SOS2m involve fewer SOS constraints than SOS1,
they appear applicable to slightly larger dynamical systems
in practice.

Next, the necessary computational time for these mod-
els was evaluated (Figs. 3c and 3d). For this comparison, a
computer with an Intel Core i7-7700 processor at 3.6 GHz
and 32 GB of RAM at 2400 MHz was used. The trends
in computational time are similar to those observed in the
four-dimensional Waleffe model. The SOS2 algorithm is the
fastest. SOS2m is slower due to its additional iterative loop
for Mp. SOS1 is generally the slowest due to its three nested
iterative loops for y, B, and V. The computational time scales
roughly as the seventh power of the number of degrees of
freedom (O (n”)) in all cases. This scaling behavior is consis-
tent with theoretical expectations for interior-point methods
applied to SDPs arising from SOS problems.

For a fourth-order polynomial, appearing in the SOS con-
straints in the case of quadratic V, with n distinct variables,
the number of monomials is proportional to D o n2. In
solving a semidefinite program (SDP) using the primal—dual
interior point method [5, 27], the number of computations
per iteration scales as O(D3). Additionally, the number of
iterations required scales as O(\/B). Combining these fac-
tors, the total computational time scales approximately as
O(D3?). Since D  n?, the computational time scales as
O(n’), indicating that as the number of degrees of freedom
increases, the computational effort required grows signifi-
cantly. The results are presented for Re = 200 in all cases,
but similar conclusions regarding relative performance and
scaling apply at other Reynolds numbers investigated.

4 Conclusion

The computation of regions of attraction for dynamical
systems using SOS methods has been the focus of this
study, with comparisons made between two established algo-
rithms (SOS1 and SOS2) and a newly proposed modification
(SOS2m). The analysis covered finite-dimensional dynami-

cal models with up to n = 21 degrees of freedom, designed
to mimic key characteristics of shear flows.

This study serves as a crucial intermediate step toward
understanding and predicting subcritical transition in shear
flows by exploring state-of-the-art methods for constructing
conditional Lyapunov functions. The proposed algorithms
are applied to finite-dimensional dynamical models that
exhibit key characteristics of shear flows, such as energy
conservation in the nonlinear components (for inviscid
dynamics, or specific structure for viscous Galerkin mod-
els) and increasing non-normality of the linearized dynamics
at higher Reynolds numbers. Additionally, the findings may
have broader applicability to other dynamical systems that
can be described using polynomial representations.

The comparison of the three algorithms revealed that
the widely used SOS1 algorithm, often expected to pre-
dict the largest ROA, can underperform or face numerical
challenges when the number of degrees of freedom exceeds
approximately 10. Specifically, while SOS1 predicts a ROA
comparable to the SOS2 algorithm for Couette flow-based
dynamical systems, it often estimates a significantly smaller
ROA for Poiseuille flow-based models in our tests, partic-
ularly as n grows. Furthermore, SOS2 generally requires
an order of magnitude less computational time. This unex-
pected finding regarding ROA size for SOS1 can be attributed
to SOS2’s simpler structure with fewer constraints, which
reduces the complexity of the SDP problem, potentially mak-
ing it easier to solve and less prone to getting stuck in poor
local optima of the iterative search procedure that SOS1
employs.

Based on these results, the SOS1 algorithm might be
preferred for very low-dimensional systems where compu-
tational time is not a primary limitation and the order of the
Lyapunov function polynomial can be increased (as SOSI is
more readily adaptable to higher-order V, while SOS2 and
SOS2m, as formulated with eigenvalue calculations for y,
are intrinsically tied to quadratic V). For higher-dimensional
systems (e.g.,n > 10), the SOS2 algorithm offers a practical
and more robust alternative due to its reduced computational
demand and simpler implementation.

The SOS2 algorithm can be further enhanced with the
proposed new variant, SOS2m, introduced in this paper
(Section 2.3). Although this modification requires additional
computational time compared to SOS2 (due to the iterative
refinement of Mp), it generally predicts a ROA comparable to
or larger than SOS1 for small systems and consistently larger
ROAs than SOS?2 for larger systems, while still being signif-
icantly less computationally intensive than SOS1. Moreover,
implementing the SOS2 and SOS2m algorithms is arguably
simpler compared to the multi-loop structure of SOSI.

In summary, for investigating the conditional stability of
shear flows (and other polynomial systems) with moderately
higher degrees of freedom using quadratic Lyapunov func-
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tions, the SOS2 and particularly the new SOS2m algorithms
appear preferable. If accuracy in estimating the ROA is a pri-
ority and computational costis a concern, the SOS2m method
is recommended as it often provides the best balance. Oth-
erwise, the original SOS2 algorithm provides a faster and
efficient alternative for estimating the ROA when its inher-
ent approximations are acceptable.

Appendix A Construction of finite-dimensional
models of Couette and Poiseuille flow

Here, the Stokes modes will form the basis for the reduced-
order models. The Stokes equations are similar to the Navier-
Stokes equations for an incompressible fluid but with the
non-linear convection term neglected. The Stokes equations
in non-dimensional form are given by:

dui _ _0p 1 0w Al
at 0x; Redx;ox;

and the incompressibility condition:

a .

i _ (A2)
3)6,'

where u; represents the non-dimensional velocity compo-
nents, p is the non-dimensional pressure, and x; are the
spatial coordinates, with x; as the streamwise and x» as
the wall-normal coordinate. In both flow configurations, the
geometry is arectangle where x1 € [0, Ly]and x> € [—1, 1].
In this case, Stokes eigenfunctions can be calculated by
assuming a temporal ansatz of the form:

ui(x, 1) = iy (x)e*’ (A3)
and solving the eigenvalue problem:
ap 1 9%y
piig =L g — S (A4)
0x; Redx;ox;
subject to:
ou;
_o (A5)
ax,-

for A. The eigenvalues A are negative real numbers rep-
resenting the dissipation rate of the corresponding mode.
Furthermore, the eigenvectors (Stokes modes) are orthog-
onal, which is advantageous for the Galerkin projection.
Given the linearity of the eigenvalue problem and assum-
ing periodicity in the x; direction, the problem can be
decomposed using a complex Fourier series in space. The
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u; velocity field can be expressed as a sum of modes of the
form:

aoX]
)

iii j, (x2)e"m (A6)
where «g = 27 /L, is the fundamental wavenumber associ-
ated with the periodicity length L in the x-direction, and j,
represents the streamwise mode index. While theoretically
Jm ranges from —oo to 0o, in practice, it is truncated to finite
limits —N, < j, < N, for numerical computations. Sub-
stituting the complex wave form (A6) into Equations (A4)
and (A5) leads to the following one-dimensional eigenvalue
problem for each j,, mode (parameterized by @ = j,,cp):

Ly 0 —ix Uy 100 uj
0 Ly —Dy, u | =A21010 7 (AT)
ie Dy, O p 000 D

where Ly = (D)%2 —a?) is the Laplace operator and Dy, isthe
differentiation operator with respect to x. The problem (A7)
can be discretized using the Chebyshev collocation method.
The required boundary conditions involve stationary walls at
xp = %1, implying #; (1) = 0 for all velocity components
i. These conditions are enforced by modifying the discretized
matrix system by removing rows and columns. In this study,
100 Chebyshev collocation points are employed, a choice
deemed sufficiently accurate based on prior research [28]. For
each streamwise wavenumber jy, o, the first N, wall-normal
modes (eigenfunctions ii; ;, «(x2) with corresponding eigen-
values A j, i) with the largest eigenvalues (least negative, i.e.,
least dissipative) are considered as a basis for the Galerkin
projection. This results in a total of n ~ (2N, + 1) Ny modes.

The actual velocity field is approximated as a linear com-
bination of these selected Stokes modes #y,, (x):

w(x, )=y g, (O, (), (A8)

km=1

where k;, is a global index for the modes, and gy, (t) are

the time-dependent complex amplitudes (modal coefficients)

that describe the state of the resulting dynamical system.
The ordinary differential equations for ¢, are obtained

by applying the Galerkin projection method to the perturbed
Navier-Stokes equation:

314,' +U au,- n 8U,' + aui ap n 1 azui

iy gy O O 0 0P ‘

ar - lax; T ax; T Y axg dx;  Redx;ox;
(A9)

where U; represents the i-th velocity component of the lam-
inar base flow and u; is the perturbation velocity field. The
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Fig. 4 The streamwise velocity component Uj (x2) of the base flows.
Orange: Couette flow, blue: Poiseuille flow

Galerkin projection yields a right-hand side for the evolution
of ¢;» (using i’ as generic index for f;/) in the form:
fi/ = Ai’j/CIj/ + Qi’j/k/ q;j' qr’» (AIO)

where the coefficients A; ;s (linear terms) and Q- j/ (quadratic

terms) are computed from inner products involving the base
flow U; and the basis modes i; x,, . Specifically:

~(j") 240"
ou in oU; 1 0% y
Avio=(—U—— 2L — Z 71 50
< k X " X + Re 0x;0x "
(A11)

(A12)

where (-, -) denotes the appropriate inner product over the
domain 2, ﬁl(j g is the [-th component of the j’-th basis mode,
and summation over repeated spatial indices k, / is implied.
In both flow configurations, only the streamwise component
U, of the base velocity field is non-zero. For Poiseuille flow,

this component is:

Ui(xa) =1-1x3, (A13)
while for Couette flow, it is:
Ui (x2) = x2. (Al4)

The base flow velocity profiles are illustrated in Fig. 4.

The modes are substituted in the form (A6), and the
integrals over xp are evaluated numerically (e.g., using
Chebyshev collocation points and associated quadrature
rules), while integrals over x; (for periodic directions) are
often evaluated analytically due to the Fourier basis. Since
the Stokes eigenfunctions #; j, for j, # 0 are complex,
the resulting A;/;; matrix and Q; ;4 tensor are also com-
plex. These cannot be directly handled by the SOSTOOLS

implementation used, which expects real-valued polynomial
systems. The issue is resolved by transforming the system
of complex gy, into a real-valued one. Let iy represent the
indices of the real-valued modes (j,, = 0), i the complex-
valued modes (for j, > 0), and i.. their corresponding
complex conjugates (for j,, < 0).Byrelatingg;,, <0 = q;n>o
and defining real variables like greal, j,, = (¢), + 47, /2
and Gimag, j,, = (qj,, — q;‘.m )/ (i\/z), a transformation matrix
T can be constructed to map the complex amplitudes to real
ones. The specific transformation matrix is:
Ingxng  Ongx i, Oy x N,
T=|On.xnp %IN(.XM, %@INCxNC (A15)

1 i
O, x N i\_fZINCxNC —i\_fZINCxNC

where Ny is the number of real-valued modes (e.g., j,, = 0
modes) and N, is the number of unique complex-valued
modes (e.g., for j,, > 0, so the total number of complex
modes is 2N¢). Let g ompiex be the vector of original com-
plex modal coefficients and ¢, = Tq complex (OF § complex =
T_lqreal). Applying this transformation to the coefficient
matrix and tensor results in real-valued A,- ; and Qi jk for
the dynamics of g, :

A=TAT !
Oiik = Tim Omot (T~ 1oj (T M.

(A16)
(A17)

It is noted that this transformation could be avoided by
decomposing the complex modes into two real-valued basis
functions (e.g., sine and cosine streamwise dependence)
before calculating the Galerkin integrals; however, this
approach can complicate the evaluation of the integrals com-
pared to using complex exponentials.
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