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Rational Gaussian Wavelets and Corresponding
Model Driven Neural Networks

Attila Miklós Ámon , Kristian Fenech , Péter Kovács , and Tamás Dózsa

Abstract—In this paper we introduce a highly adaptive contin-
uous wavelet transform using Gaussian wavelets multiplied by an
appropriate rational term. The zeros and poles of this rational
modifier act as free parameters and their choice highly influences
the shape of the mother wavelet. This allows the proposed
construction to approximate signals with complex morphology
using only a few wavelet coefficients. We show that the proposed
rational Gaussian wavelets are admissible and provide numer-
ical approximations of the wavelet coefficients using variable
projection operators. In addition, we show how the proposed
variable projection based rational Gaussian wavelet transform
can be used in neural networks to obtain a highly interpretable
feature learning layer. We demonstrate the effectiveness of the
proposed scheme through a number of numerical experiments
including biomedical applications, and the detection of abnormal
road surface based on tire sensor signals.

Index Terms—Gaussian wavelets, continuous wavelet trans-
form, rational functions, variable projection, variable projection
networks, ECG.
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I. INTRODUCTION

REPRESENTING signals using wavelet coefficients has
proved beneficial in a variety of fields. Even though

the modern notion of the wavelet transform is usually dated
from [1] written by Alex Grossmann and Jean Morlet, his-
torical accuracy requires that previous works now included
in broader wavelet theory are also mentioned. These include
results achieved by Haar, Franklin, Littlewood and Paley and
others (we recommend [2] for a thorough overview).

The widespread use of wavelets in various signal and im-
age processing applications is no coincidence. In addition to
important mathematical properties, the wavelet transform pro-
vides the so-called time-scale representation of signals, which
is closely associated with time-frequency representations. In
other words, the wavelet transform allows us to study the
frequency profile of signals in certain time windows. In this
way, representing signals using wavelet transforms inherently
provides interpretable information about their behavior. This
property has been widely exploited in fields related to signal
processing such as fault detection, where sudden changes in
the frequency profile of signals can indicate the appearance of
faults [3]. Contrary to classical time-frequency approaches such
as the Gábor transform (see, e.g. [4]), wavelet representations
allow for different time localization properties at different scales
(frequencies), which is also well exploited in applications. Fi-
nally, the introduction of multiresolution analysis (see [4] and
e.g. [5]) allowed for a practically realizable way to construct
orthogonal wavelets. In turn, quick algorithms realizing the
discrete wavelet transform were developed [6] allowing for
many applications in signal and image processing [3], [7], [8],
[9]. For a more comprehensive review of wavelets and their
history, the authors recommend [10].

In most applications, a fixed so-called mother (or analyzing)
wavelet is used to perform wavelet analysis of the signals. These
may have certain general beneficial properties such as a com-
pact support, symmetry or smoothness. In addition, a mother
wavelet may be selected due to its morphological similarity
to the signals to be analyzed, for example so-called Ricker
wavelets are frequently employed to represent ECG signals
[11], [12]. In practical applications however, signals are always
represented by a finite set of wavelet coefficients and fixing
a mother wavelet may not be able to capture the behavior of
the signal to a satisfactory degree. In order to overcome this
limitation, a variety of adaptive wavelet transforms have been
introduced (see e.g. [13], [14], [15]).
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Fig. 1. LEFT: A rational gaussian motherwavelet. Here n= 3 poles and
p= 10 zeros were used. RIGHT: Reconstruction of ECG signal using m= 8
wavelet coefficients.

Fig. 2. Approximation of QV signals with RGW coefficient based recon-
structions. LEFT: optimized RGW mother wavelet. RIGHT: approximation of
a ventricular ectopic heartbeat ECG (VEB) with m= 8 wavelet coefficients.
The number of poles and zeros of the RGW mother wavelet matched that of
the healthy case (see Fig. 1).

Fig. 3. Approximation of a signal obtained from force sensor implanted
into the tire of a passenger vehicle. For a single tire revolution, these are QV
signals with a main lobe centered around the point, where sensor is closest
to the ground (and thus tire deformation acting on the sensor is maximal).
to obtain this approximation, m= 10 wavelet coefficients were used, where
RGW wavelets defined by n= 1 poles and p= 3 zeros were considered.

In this work, we present a new class of mother wavelets
referred to as rational Gaussian wavelets (RGW). Instead of
previous approaches, where parameters of existing wavelets
were optimized (e.g. [15]), the proposed wavelet class has ar-
bitrary degrees of freedom. This allows for the construction of
highly unusual mother wavelet morphologies (see e.g. Figs. 1–
3), while guaranteeing smoothness and symmetry. Admissibil-
ity is proved for the RGW class. In addition, every parameter of
the proposed class of wavelets can be optimized using gradient
based methods which allows the proposed transform to be easily
included in modern machine learning (ML) architectures.

ML methods have become increasingly important in signal
processing [16], [17]. This is in large part due to their ability to
approximate highly nonlinear operators based solely on data.
Deep learning methods have achieved remarkable results in
image processing [18], natural language processing [19] and
biomedical signal processing [20], [21], [22] among other dis-
ciplines. One of the most cited limitations of ML methods,
however, is that well-performing models usually consist of a
large number of parameters, which are difficult to interpret by

humans. For example, the popular GPT-3 model contains ≈ 175
billion parameters [23]. These factors make the deployment of
such models expensive in the case of real-time, and especially
safety critical applications (such as autonomous driving and
biomedical signal processing).

To overcome this issue, several recent research directions
have been considered. The taxonomy of explainable artificial
intelligence methods proposed in [24] identifies several im-
portant, distinct ways to approach the question of explain-
ability. One of these, the construction of so-called transparent
ML methods, attempts to construct partially interpretable ML
models. Recent examples of transparent ML schemes include
physics informed neural networks [25], [26] which incorpo-
rate classical physical models with meaningful parameters into
ML models. It is important to mention that the use of the
wavelet transform has also been considered previously as a
means of achieving transparent ML models. In particular, the
recently introduced WaveletKernelNet [11] (WKN) exploits the
relationship between convolution and wavelet coefficients to
create a partially interpretable neural network relying on the
wavelet transform. Nevertheless in Section III-B we provide a
qualitative comparison between the chosen model architecture
and WKN.

In this work, of particular interest to us are so-called vari-
able projection (VP) based ML methods [20], [27], [28]. VP
operators implement adaptive orthogonal projections in Hilbert
spaces and can be used to obtain interpretable and sparse signal
representations. They have been successfully integrated into
various ML models including neural networks [20] and support
vector machines [21]. In our recent work [29], we proposed
the approximation of continuous wavelet coefficients using VP
operators. In fact, a VP-neural network architecture was con-
sidered, where the first layer was responsible for representing
the input using only a few wavelet coefficients. The learnable
parameters of the layer consisted of the scale and translation
parameters associated with the wavelet coefficients. The output
of the layer was the collection of wavelet coefficients defined
by these learned parameters. In this way, the proposed model
learned which time and scale parameters provided the most
crucial information for the classification of the input signals. In
the current study, this idea is expanded upon by introducing a
variable projection based continuous wavelet transform which
uses the rational Gaussian wavelet class that we introduce in
this paper. In this approach, not only translation and scale
parameters, but also parameters governing the morphology of
the mother wavelet can be learned. As shown in our experiments
in Section IV, this allows for sparser signal representations and
clearer explainability than similar alternative ML methods.

In summary, the main novel contributions of our paper are
the following:

1) The introduction of rational Gaussian wavelets (RGW).
Through an arbitrary number of parameters, these
wavelets allow for the manipulation of the mother
wavelet’s morphology.

2) We show that the RGW class is admissible, which allows
for signal reconstruction based on the continuous wavelet
coefficients (in L2(R) norm).
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3) We show that parameters of an RGW mother wavelet
can be optimized using gradient based methods. This
allows for simple inclusion into the variable projec-
tion framework and subsequently ML models utilizing
backpropagation.

4) We provide an upper bound on the error of wavelet
coefficient estimates acquired using variable projection
operators for signals with a compact support.

5) We provide four different experiments showcasing the
utility of the prosed RGW continuous wavelet trans-
form and the subsequent variable projection based RGW
ML schemes. In our first experiment, we show how the
adaptive nature of RGW can be leveraged to construct
meaningful time-scale representations of non-stationary
oscillating signals. Our second experiment verifies that
variable projection based RGW coefficients can be used
to effectively compress ECG signals. In this experiment
we also compare the performance of our method to var-
ious other adaptive wavelet transforms. Our third ex-
periment showcases a neural network with interpretable
RGW layers, which can be used to detect ventricular
ectopic beats (a common arrhytmia) in ECG. Finally, in
our last experiment we recognize abnormalities on the
road surface such as bumps and potholes using a similar,
RGW based neural network. The implementation of the
proposed methods and experiments in available in [30],
to ensure reproducibility.

II. MOTIVATION FOR ADAPTIVE CONTINUOUS

WAVELET TRANSFORMS

A. Wavelet Transforms

Consider the family of functions

ψλ,τ (t) =
1

√
|λ|

ψ(1/λ · (t− τ)), (t, λ, τ ∈ R, λ �= 0),

where the function ψ is referred to as the “mother” or “ana-
lyzing” wavelet. The wavelet transform of a function f with
respect to ψ is defined as a function of two variables

Wψf(λ, τ) :=

∫ ∞

−∞
f(t)ψλ,τ (t)dt, (1)

whenever the integral exists. In Eq. (1), ψ denotes the com-
plex conjugate of ψ. We note that the existence criteria is
fulfilled for example if f, ψ ∈ L2(R) by Hölder’s inequality. For
a fixed scale-translation pair (λ, τ) ∈ R \ {0} × R, the number
Wψf(λ, τ) will also be referred to as a wavelet coefficient
corresponding to (λ, τ).

The admissibility theorem (see e.g. [4]) describes a set of
conditions on ψ which allow for signal reconstruction in L2

norm.
Theorem 1 (Admissibility property): Suppose the wavelet

ψ ∈ L1(R) ∩ L2(R) satisfies

1)
∫ ∞
−∞

1
|ξ| ·

∣∣∣ψ̂(ξ)
∣∣∣
2

dξ =M <∞,

2) ‖ψ‖2 = 1,
where ψ̂ denotes the Fourier transform of ψ. Then, for any f ∈
L2(R) the following results hold:

1) Energy conservation:

1

M

∫ ∞

−∞

∫ ∞

−∞
|Wψf(λ, τ)|2

dλdτ

λ2
=

∫ ∞

−∞
|f(t)|2dt.

2) Define the function fε as

fε(t) :=
1

M

∫

|λ|≥ε

∫ ∞

−∞
Wψf(λ, τ)ψλ,τ (t)

dλdτ

λ2
.

Then, f can be reconstructed from the wavelet coeffi-
cients Wψf in the sense that fε → f in L2(R) as ε→ 0+.

In Section II we state a theorem that guarantees admissibility
for the proposed family of wavelets. For further discussion of
reconstruction formulas and a proof of theorem 1, we refer to
[4], [31].

In applications, wavelet coefficients are computed in a nu-
merical fashion. This means that the parameters (λ, τ) have to
be restricted to a (finite) subset of R\{0}×R. As mentioned
in the introduction, different strategies have been developed to
calculate the required wavelet coefficients Wψf(λj , τk).

A popular approach is to construct the family ψλn,τm so
that they form an orthogonal basis in L2(R) using multiresolu-
tion analysis. The so-called discrete wavelet transform (DWT)
algorithm uses such orthogonal wavelets and has the benefit,
that discrete wavelet coefficients can be used to achieve perfect
signal reconstruction.

Even though fast DWT methods [6] have been developed
relying on digital filtering, the use of orthogonal wavelets has
its disadvantages. One problem is that, for some signal analysis
tasks, a finer resolution of the coefficients is desirable [32].
In addition, DWT algorithms are not translation invariant by
default which makes their use difficult for some signal pro-
cessing tasks. It should be noted that certain translation in-
variant (and from the reconstruction point of view redundant)
variations, such as the stationary wavelet transform, [33] exist.
Finally, when constructing orthogonal wavelets there is a trade
off between “desirable” properties. For example, Daubechies’
wavelets are r times differentiable, however their support in-
creases with r meaning that smoother mother wavelets become
less well localised in time. Another example is that the often
desired symmetry property can only be approximated for or-
thogonal wavelets.

For the above reasons, continuous wavelet transform (CWT)
algorithms are also frequently used for signal analysis [32].
These approximate the wavelet coefficients (1) using numerical
quadrature formulas. CWT algorithms cannot achieve perfect
signal reconstruction. On the other hand, CWT algorithms re-
tain the important translation invariance property, and can be
used with mother wavelets which were not constructed using
multiresolution analysis. This allows for the use of wavelets
with desirable properties such as Gaussian wavelets [34], which
can be acquired by differentiating the Gaussian function. For
example, Ricker’s wavelet has enjoyed popularity for biological
signal processing and fault detection applications [11], [12].
The adaptive wavelet family proposed in Section III is also
closely connected to Gaussian wavelets.
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B. Adaptive Wavelet Transforms

Choosing the correct analyzing wavelet for the CWT algo-
rithm can be a challenging problem. Fig. 5 shows the scalo-
grams (absolute values of wavelet coefficients) computed by
MATLAB’s “cwt” method for a non-stationary signal consist-
ing of different sinusoids in different time intervals. Clearly, the
choice of mother wavelet has a great influence on the quality
of the time-scale representation.

Next, we consider some concrete adaptive wavelet transforms
in more detail. In [35], the so-called Empirical wavelet trans-
form (EWT) was introduced. EWT can be interpreted as an
adaptive discrete wavelet transform. The objective of EWT is
to develop a wavelet-like filter bank, where the supports of
individual filters are well separated in the frequency domain.
It should be noted, that the resulting filters usually cannot be
used to construct an orthogonal wavelet basis in L2(R) in the
classical sense. The EWT method first attempts to identify well
separated empirical frequency bands in the frequency domain
which characterize the signal. This is usually carried out by
applying various smoothing operations followed by a search for
local maxima in the signal spectrum. A set of bandpass filters
is then constructed that are sensitive in the identified empirical
frequency bands. In this way, they can be used to decompose
the input signal in a multiresolution analysis-like manner. EWT
was later modified using Bessel-Fourier expansions in [36]. In
particular, the frequency bands for which the adaptive filters are
to be constructed have been identified using the Bessel-Fourier
spectrum instead of the classical trigonometric approach in
[36]. Using this modification, better separation of the frequency
components can be achieved, which is especially useful when
dominant frequency components of the signal appear close to
each other.

Another adaptive wavelet transform relevant for comparison
with the results in this study is the tunable Q-factor wavelet
transform (TQWT) [37]. Similarly to EWT, the TQWT is a
DWT-like approach which constructs a redundant frame whose
so-called Q-factor defined by Q := ψ0

Δψ is a free parameter.
This parameter measures the ratio between the center frequency
ψ0 of the analyzing filter and the bandwidth Δψ. Selecting a
desired Q-factor influences the time-scale (or time-frquency)
tiling of the transformation. Once the Q factor is set, a DWT-like
algorithm is used to decompose the signal, that is, appropriate
low- and highpass filters are constructed to obtain approxima-
tion and detail coefficients. The filter passbands are heavily
influenced by the selected Q-factor. For a more thorough review
of TQWT, we refer to [37].

There are several key differences between the EWT, TQWT
and similar methods and the adaptive Rational Gaussian
wavelets presented in this study. From a theoretical point of
view, our proposed transformation is a wavelet transformation
in the classical sense, that is, we present a large class of func-
tions for which the admissibility property (see theorem 1) is
proved. In addition, RGW wavelets are smooth and symmetric.
Importantly, while adaptive DWT-like methods present a way
to decompose the signal into well-behaved components in the
frequency domain (e.g. separated supports for EWT, adaptive
time-scale tiling for TQWT, etc.), the construction proposed

in this article provides a way to obtain high quality signal
reconstruction using very few wavelet coefficients. Admittedly,
while DWT and DWT-like methods yield perfect signal recon-
struction, they achieve this by computing at least N wavelet
coefficients, where N denotes the sampling points of the signal.
In contrast, our proposed method aims to recover a high quality
reconstruction using only m<<N wavelet coefficients (i.e. it
can be used to extract significant features and compress the
signals). In addition, DWT based methods do not exhibit time
shift invariance, which makes analyzing groups of signals (e.g.
quasi periods of a phenomenon) difficult. In contrast, finding
an appropriate set of parameters for an RGW mother wavelet
can effectively describe groups of signals which makes RGW
features appropriate for various detection tasks as demonstrated
in Section IV.

III. RATIONAL GAUSSIAN WAVELETS

Gaussian wavelets are defined by

ψn(t) := Cn · dn

dtn
e−t2/2, (2)

where n ∈ N and the constant satisfies Cn = 1/
∥
∥∥ dn

dtn e
−t2/2

∥
∥∥
2
.

These types of wavelets are commonly used in signal and im-
age processing, especially since they exhibit good localisation
properties on both time and frequency space. In particular,
Ricker wavelets (the n= 2 case in Eq. (2)) have been suc-
cessfully applied for fault detection [11], and biological signal
processing [12].

In this paper, we consider the case n= 0 and multiply the
Gaussian e−t2/2 with an appropriate rational function, whose
poles and zeros will act as free parameters in our construction.
If the rational term satisfies the following criteria, the resulting
family of wavelets will satisfy the conditions of theorem 1.
Consider first, the polynomials

rz(t) := (t− z)(t+ z)(t− z̃)(t+ z̃)

(z ∈ C, 	(z) �= 0, t ∈ R), (3)

where 	(z) denotes the imaginary part of the complex parame-
ter z and z̃ =−
(z) + i	(z). We note that polynomials of the
form rz(x) = (x− z)(x− z) may also be used if 
z = 0 for
the proposed construction. We denote the class of polynomials
satisfying Eq. (3) by Pe. Clearly, the elements of Pe are real
valued even functions, who do not vanish on the real line. Using
the class Pe we can introduce the class of rational functions

V :=

{

v(t) =
1

∏n−1
k=0 qk(t)

: qk ∈ Pe, n ∈ N

}

. (4)

Then, the rational functions v ∈ V are also real and do not
vanish anywhere on R. Consider now the polynomial

P (t) := t ·
p∏

k=1

(t− tk)(t+ tk)

(tk ∈ C \ {0}, p ∈ N). (5)

With the conditions stated in Eq. (5), P is an odd polyno-
mial satisfyingP (t) =−P (−t) (t ∈ R). Now, it is possible to
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state the following definition. We note that for the experiments
and examples detailed in this work, we were particularly inter-
ested in real-valued wavelets (see Section IV). For this reason,
and for simplicity we assumed 	(tk) = 0 in our experiments.
It should also be noted, that complex variations of rational
Gaussian wavelets are possible, as long as P remains an odd
function and V contains even functions, who do not vanish on
the real line (see the proof of admissibility in the appendix).

Definition 1 (Rational Gaussian wavelet): The function Ψ ∈
L2(R) is called a rational Gaussian wavelet (RGW), if

ψη(t) := C(η)·Pη(t)·vη(t)·e−t2/2, (t ∈ R, η ∈ C
p+n)

(6)

where Pη is a polynomial satisfying Eq. (5), vη ∈ V and η con-
tains the poles z of vη and the non-zero roots of Pη . Moreover,
the constant C(η) ∈ R is chosen such that ‖ψη‖2 = 1 holds.

Mother wavelets defined according to Eq. (6) clearly belong
to L2(R), in fact the following theorem holds.

Theorem 2 (Admissibility of rational Gaussian wavelets):
Suppose ψ ∈ L2(R) is defined according to Eq. (6). Then, there
exists a number M ∈ R+, such that

∫ ∞

−∞

1

|ξ|

∣∣∣ψ̂(ξ)
∣∣∣
2

dξ =M

holds.
The proof of theorem 2 can be found in the appendix. The ad-

missibility property guarantees that the proposed RGW wavelet
transform can be inverted with respect to the L2 norm. It
should be noted, that theorem 2 also holds, if we replace the
set of possible rational terms V with the linear space W :={∑k

j=0 ck · vj(x) : vj ∈ V, k ∈ N

}
, however, for simplicity

we state the results using the definition above. As seen in the
appendix, the proof relies on two properties of the RGWs: sym-
metry (they are odd functions), and the fact that the denominator
of v in Eq. (6) does not dissappear anywhere. These properties
however are also satisfied if v is chosen from W instead of V .

RGW mother wavelets depend on a number of free param-
eters. The modification of these parameters greatly influences
the morphology of the analyzing wavelet. For example, moving
the poles of vη close to the real line leads to the appearance of
sharp peaks in the mother wavelet. This spike-like morphology
resembles a number of real life signals which appear in fault
detection and biomedical applications (see e.g. Figs. 1–3).

It is important to note, that despite the sharp oscillations
shown in Figs. 1–3, RGWs retain smoothness and symmetry.
This adaptive property of the proposed wavelets allows for the
capture of important signal behavior using only a few wavelet
coefficients. That is, a sparse wavelet coefficient representation
of a large class of signals may be obtained by optimizing the
poles of vη and the zeros of Pη with respect to an objective
function. This makes the continuous wavelet transform utilizing
RGWs a powerful trainable feature extractor. Since RGWs are
also differentiable with respect to the poles of vη and zeros
of Pη , gradient based methods (such as backpropagation algo-
rithms) may be used to optimize these parameters. This allows
for an easy integration of the scheme into existing machine
learning models such as neural networks.

A. Wavelet Transform Based Machine Learning Models

Feature extraction schemes relying on the wavelet transform
have been studied before (see e.g. [3], [11], [12], [29], [38]).
In many works, the wavelet transform (discrete or continuous)
is used as a static feature extractor [3], [12], [38]. That is, a
wavelet coefficient representation of the input signals is ob-
tained, which is then passed to a machine learning algorithm
to solve a regression or classification problem. The feature
extraction step in this case is conducted separately from the
training of the ML model. Since wavelet coefficients represent
information about the signals’ time-frequency profile, the mag-
nitude of coefficients corresponding to fixed scale and transla-
tion parameters conveys interpretable information about signal
behavior at given times and frequencies.

Notably, so-called Deep-Wavelet Neural Networks
(DWNNs) were successfully used for various medical
imaging problems, including the recognition of breast cancer
from thermographic images [39], [40], [41], [42]. The DWNN
method levarages Mallat’s discrete wavelet transformation
algorithm [43] of decomposing input signals and images
by iteratively applying low and high pass filters and down
sampling the filtered signals. Finally, in a DWNN, pooling-like
synthesis operators are employed to obtain a sparse feature
representation of the input images.

In most CWT based machine learning methods however,
a large number of wavelet coefficients is computed, then
passed to the underlying machine learning algorithms. A
more adaptive approach was proposed in [11], where the au-
thors computed wavelet coefficients using convolution with the
kernel ψλk,τk . The learnable parameters of these wavelet ker-
nel convolution layers were the scales λk and initial trans-
lation τk (k = 1, . . . ,M). Then, wavelet coefficients were
approximated by computing the (discrete) convolutions f ∗
ψλk,τk (k = 1, . . . ,M), where f ∈ R

N and ψλk,τk ∈ R
N

denote N -point equidistant samplings of f and ψλk,τk respec-
tively. This approach means, that the input signals are repre-
sented with a large number of wavelet coefficients, therefore, in
wavelet kernel net pooling layers are utilized to obtain a sparse
signal representation. We note that the proposed RGW wavelets
could easily be adapted for use with wavelet kernel net proposed
in [11] and may perform well for certain applications.

The main benefit of optimizing the zeros and poles of the
rational term Pη(x) · vη(x) in Eq. (6), is that mother wavelet
morphologies similar to the input signals may be obtained.
This is beneficial, because in this way, precise reconstruc-
tions of the input signals may be obtained using only a few
wavelet coefficients (see Section III-B and Figs. 1–3). This
property is better demonstrated when computing RGW coeffi-
cients with the proposed variable projection operators instead of
convolutions.

B. Variable Projection and Wavelet Coefficients

In practical applications, signals are usually only available
in a discretely sampled form. That is, instead of f ∈ L2(R), we
may only consider its (equidistant) sampling f ∈ R

N (N ∈ N).
Consider an m<<N dimensional subspace in R

N spanned
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by the linearly independent basis vectors u1, . . . ,um ∈ R
N .

Denote this subspace by U := span{u1, . . . ,um} ⊂ R
N and

by f̂ ∈ U the element which minimizes ‖f − u‖22 (u ∈ U).
It is well known that f̂ exists uniquely and may be ex-
pressed by the orthogonal projection f̂ = PU (f) := ΦΦ+f
where the columns of Φ ∈ R

N×m coincide with the basis vec-
tors uk (k = 1, . . . ,m) and Φ+ denotes the Moore-Penrose
pseudo inverse [27]. Suppose the basis vectors uk depend
on a real parameter vector η ∈ R

q (q ∈ N) and thus U(η) :=
span{u1(η), . . . ,um(η)}. Then, the projection operatorPU(η)

also depends on η and is referred to as a variable projec-
tion operator. Given a family of subspaces G(η) spanned by
uk(η) (k = 1, . . . ,m), the best possible approximation (if it
exists) of f ∈ R

N can be found by minimizing

E2(η) := ‖f − f̂(η)‖22 = ‖f − Φ(η)Φ(η)+f‖22 (7)

over η ∈ R
q . This nonlinear optimization problem is usually

referred to as a separable nonlinear least squares problem
(SNLLS), since for any fixed value of η, minimizing Eq. (7)
degrades to a least squares fitting task. SNLLS problems can
be solved using gradient based optimization schemes due to
the work of Golub and Pereyra, who in [27], [28] provided
an explicit formula for the derivatives ∂Φ(η)+

∂η . Using this for-
mula, the gradients of E2(η) may be calculated analytically.
It is important to note however, that the differentiability of E2

assumes that the partial derivatives ∂Φ(η)
∂η exist (see e.g. [27]).

In other words, the basis functions g1(η), . . . , gm(η) should be
differentiable with respect to the parameters η.

In [29] we proposed to approximate continuous wavelet co-
efficients using variable projections. More precisely, let m ∈ N

denote the number of wavelet coefficients used to represent the
signal f . Let η := [λ1, τ1, . . . , λm, τm] ∈ R

2·m and let ψ ∈ R
N

be an equidistantly sampled analyzing wavelet from L2(R).
Suppose the sampling was done over the effective support
(a subset of R over which ψ(x) significantly differs from 0)
of ψ. Define Ψ(η) ∈ R

N×m as the matrix, whose k-th col-
umn consists of the sampling of ψλk,τk (k = 1, . . . ,m). Then,
one has Wψf(λk, τk)≈ (Ψ(η)+f)k (k = 1, . . . ,m). We can
provide the following error estimate for the obtained approxi-
mation if the input signal f is smooth and compactly supported.
These properties can be assumed for a large class of signals
encountered in applications (see e.g. Section IV).

Theorem 3 (Error of variable projection based continu-
ous wavelet coefficients): Let ψ ∈ L2(R) be a fixed mother
wavelet and suppose f ∈ L2(R) is continuously differentiable
and compactly supported on [a, b]⊂ R. Let a=: t0 < t1 <
. . . < tN−1 := b be an equidistant sampling of [a, b] with h :=
t1 − t0. In addition, consider η = (λ1, τ1, . . . , λm, τm) ∈ R

2m

with λk > 0 (k = 1, . . . ,m). Finally, let fk := f(tk) (k =
0, . . . , N − 1). Then we have

∣∣Wψf(λk, τk)− h ·
(
Ψ(η)+f

)
k

∣∣ < h · M1(b− a)

2

+ h · ‖f‖∞‖Ψ∗(η)‖∞ ·
(

κ(G(η))

‖G(η)‖∞
+ 1

)
, (8)

where M1 := maxξ∈[a,b],k=1,...,m

∣∣f ′(ξ) · ψλk,τk(ξ)
∣∣,

the columns of Ψ(η) contain the samplings of

ψλk,τk (k = 1, . . . ,m) over tj (j = 0, . . . , N − 1) and
G(η) is the Gram-matrix constructed form the columns of
Ψ(η). In Eq. (8), κ(G(η)) denotes the condition number of
G(η) using the matrix infinity norm and Ψ∗(η) denotes the
adjungate of Ψ(η).

The proof of theorem 3 is provided in the appendix. A con-
sequence of this theorem, is that the proposed approximations
tend to the actual wavelet coefficients as the sampling frequency
of f increases.

There is a number of arguments which support the approxi-
mation of wavelet coefficients using the above-described vari-
able projection based methodology in ML models. Firstly, in
contrast to the Wavelet Kernel Net approach, there is no need
for pooling and dropout operations to obtain a sparse represen-
tation of the input. Furthermore, by minimizing (7), one ob-
tains wavelet coefficients which are optimal with respect to the
reconstruction error in the least squares sense. To demonstrate
the effectiveness of calculating wavelet coefficients in this way,
Figs. 1-3 illustrate the reconstruction of various QV signals us-
ing RGW wavelets with VP operators. Finally, since E2(η) may
be optimized using gradient based methods, variable projection
operators can be included into neural network architectures (and
other machine learning models [21]) as separate layers and
trained using backpropagation schemes. These types of neural
networks, often referred to as VP-Net, were introduced in [20]
and have been successfully used with a number of different
variable projection operators to solve environmental recogni-
tion [44], fault detection [21] and biomedical signal processing
problems [20], [21].

C. Considered Signal Class

The proposed RGW wavelets can be used to analyze any
signal for which the integral in Eq. (1) exists. This is satisfied
for example, when the signal f belongs to L2(R). However,
when the objective is to obtain a good approximation of f
using only a few wavelet coefficients, the method performs
best, when f belongs to a class of so-called quickly vanishing
(QV) signals. For a more formal definition, we refer to [21],
but for the purposes of this study, the set of QV signals can
be interpreted as a subset of L2(R) containing functions with
quasi-compact support. In other words, if f is QV, then |f(t)|
tends to 0 quickly as |t| increases. Many real-world signals
fall into this category, for example segmented ECG signals and
visually evoked potentials (VEPs) [45]. The relevance of QV
signals is well reflected by the fact that in addition to biomedical
applications, they appear in a wide range of problems such as
autonomous vehicle control [44] and fault detection [3], [21].

Some examples of QV signals approximated by various
RGW expansions are illustrated in Figs. 1–3. In these figures,
the parameters (zeros, poles, scales and translations) of the
RGW system were optimized by minimizing the functional
(Eq. (7)) with gradient descent. The required derivatives were
computed using the formulas given in Section III-D, while the
number of wavelets used m, the number of zeros p and poles n
are hyperparameters of the transform and should be set apriori.
We can observe, that a similar number of wavelet coefficients
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can be used to approximate QV signals with highly different
morphologies. For example in Figs. 1 and 2, a healthy and a
deformed ECG signal was approximated using m= 8 RGW
wavelet functions. The same number of poles and zeros were
used (n= 3 and p= 10 respectively) in both cases. The position
of these poles and zeros as well as the dilation-translation pa-
rameter pairs determining the considered 8 wavelet coefficients
were optimized separately for both signals. We can observe,
that the optimized mother wavelet mimics the behavior of the
approximated signal in both cases. Although signal morpholo-
gies differ significantly, the free positioning of the zeros and
poles in Eq. (6) allowed the method to yield high quality
reconstructions.

D. The RGW-VP Layer

Suppose we would like to solve a classification (or regres-
sion) problem using supervised learning. Consider the map-
pings PΨ(η) : R

N → R
N and CΨ(η) : R

N → R
m

PΨ(η)(f) := Ψ(η)
(
Ψ(η)+f

)
,

CΨ(η)(f) := Ψ(η)+f , (9)

where

η := [λ1, τ1, . . . , λm, τm, t1, . . . , tp, . . . , a1, b1, . . . , an, bn]
T

∈ R
2m+p+2·n, (m, p, n ∈ N) (10)

and the columns of Ψ(η) are samplings of rational Gaussian
wavelets defined according to Eq. (6). In Eq. (10), λk, τk denote
the learnable scales and translations, while tj stand for the zeros
of Pη and ai, bi determine the real and imaginary parts of the
poles of vη in Eq. (6). The mapping CΨ(η) in Eq. (9) will be
referred to as an “RGW-VP” layer henceforth.

We would like to optimize η together with the weights of
an underlying neural network. This would ensure that features
(wavelet coefficients) of the input signal are learned by the
RGW-VP layer which are ideal from the point of view of the
underlying classification or regression problem. In addition, this
would enable the model to learn the appropriate mother wavelet
to perform the transformation with by tuning the parameters
tj , ai and bi in η. In [20], so-called VP-NETs were proposed,
which consist of a variable projection layer (performing adap-
tive feature extraction), followed by a number of fully con-
nected linear layers (or any other layer type associated with
common neural network architectures). This is possible since
the partial derivatives satisfy

∂CΨ(η)

∂η = ∂Ψ(η)+

∂η f and ∂Ψ(η)+

∂η
can be expressed analytically [27]. The required formulas were
first obtained by Pereyra and Golub in [27] (see also [20], [21]
for their application in a machine learning context). Thus, it
suffices to calculate the partial derivatives ∂Ψ(η)

∂η in order to
supplement a neural network (or other ML model trained by
backpropagation) with an RGW-VP layer.

First, we consider the derivatives ∂ψη
λk,τk

/∂λk and
∂ψη

λk,τk
/∂τk. Regardless of the mother wavelet ψη , these are

given by

∂ψη
λk,τk

∂λk
=−1

2
· λ−3/2

k · ψη
λk,τk

(t)− t− τk
λ2
k

·
(
ψη
λk,τk

(t)
)′

∂ψη
λk,τk

∂τk
=−

(
ψη
λk,τk

(t)
)′

/λk, (11)

where
(
ψη
λk,τk

(t)
)′

denotes the derivative of ψη
λk,τk

with re-
spect to t.

In order to give the required derivatives with respect to the
zeros of Pη and the poles of vη , first consider that the ele-
mentary polynomials from Eq. (3) may be written as rz(t) =
t4 + t2 · 2(b2 − a2) + a4 + 2a2b2 + b4, where a := 
(z) and
: = 	(z). Recall, that in Section III, we required that b > 0. One
way to ensure this, is to introduce b̂ := b2 + ε, for some ε > 0
and modify the formulas presented here accordingly. Thus,
using the notation zk := ak + ibk, we obtain

∂rzk (t)

∂ak
=−4 ·

(
akt

2 − a3k − akb
2
k

)
and

∂rzk (t)

∂bk
= 4 ·

(
bkt

2 + b3k + a2kbk
)
. No-

tice that the vη can be written as the finite product of rzk(t)
−1

terms. The partial derivatives of these terms are given by
∂rzk (t)

−1

∂ak
=−rzk(t)

−2 · ∂rzk (t)

∂ak
and

∂rzk (t)
−1

∂bk
=−rzk(t)

−2 ·
∂rzk (t)

∂bk
. Using this, we obtain the following partial derivatives

for vη with respect to ak and bk:

∂vη(t)

∂ak
=

∂rzk(t)
−1

∂ak
·

n−1∏

j=0,j �=k

rzj (t)

∂vη(t)

∂bk
=

∂rzk(t)
−1

∂bk
·

n−1∏

j=0,j �=k

rzj (t). (12)

Finally, using Eq. (12) the formula for the partial derivatives of
the mother wavelet can be given as

∂ψη
λi,τi

(t)

∂ak
= Pη(t)

∂vη(t)

∂ak
e−t2/2

∂ψη
λi,τi

(t)

∂ak
= Pη(t)

∂vη(t)

∂bk
e−t2/2. (13)

Note that in Eq. (13), for the sake of simplicity, we abstained
from adding the effect of the normalizing factor C(η). The
partial derivatives also considering this factor can be easily
calculated using the theorem of parametric integration and the
above equations, however we found (see Section IV), that in
applications good results could be achieved without it. The
partial derivatives of ψη

λi,τi
with respect to the zeros of Pη can

also be easily calculated:

∂ψη
λi,τi

∂tk
(t) =−

p∏

j=1,j �=k

(t− tj)(t+ tj) · 2tk · vη(t) · e−t2/2.

(14)

Equations (13) and (14) can be used to implement the backprop-
agation step for the RGW-VP layer. Fig. 4 shows a schematic
of the proposed neural network architecture using the RGW-
VP layer for automatic feature extraction. The main benefit of
approximating wavelet coefficients using variable projection is
that for any fixed η parameter vector, the computed coefficients
minimize the error of the reconstructed signal in the least-
squares sense. In order to ensure high quality approximations
of the input signals and to avoid the problem of vanishing gra-
dients, in VP-based ML methods the following regularization
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Fig. 4. Schematic of the proposed, rational gaussian wavelet based neural network architecture. The first layer acts as an automatic feature learning block
passing the learned wavelet coefficients to an underlying fully connected network.

term is added to the loss function during training (see [20],
[29]):

JV P (η) :=
α

s

s∑

i=1

‖f i − PΨ(η)f i‖22
‖f i‖22

. (15)

Here PΨ(η)f is defined according to Eq. (9), α > 0 is a hyper-
parameter and s denotes the total number of input signals in the
training set.

Now we can show how ML models supplemented with RGW-
VP layer can be optimized with backpropagation. According
to the original VP-Net approach in [20], let us model a neural
network with RGW-VP layer as the composition of functions
FΘ(x) = gLθL(. . . g

1
θ1
(g0θ0(x)) . . . ), where g0θ0(x) denotes the

RGW-VP layer with its parameter vector θ0 = η, the remaining
functions denotes common neural network layers such as linear
layers or activation functions with its parameters.

Let us denote the cost function with J = JC + JV P , where
JC is a common loss function, in our experiments the Binary
Cross Entropy loss, and JV P is the regularization term of the
VP-layer Eq. (15). The backpropagation algorithm optimize its
layer parameters based on the chain rule as

θl = θl − α
∂J

∂θl
,

∂J

∂θl
=

∂J

∂gl
· ∂gl
∂θl

(16)

where α > 0 is the learning rate. We would like to high-
light that RGW-VP layers seamlessly can be substituted into
Eq. (16) without the modification of the optimization process.
For example if we want to compute ∂CΨ(η)/∂η in g0θ0 then
∂g0
∂θ0

= ∂Ψ(η)+

∂η · f . Therefore during training a low number of
parameters needs to be optimized in the feature extraction layer
compared to common convolution or feedforward layers. The
computational complexity of an inference step of RGW-VP lay-
ers matches that of a linear layer, that is, it is for a single f ∈ R

N

input signal we have O(m ·N), where m denotes the number
of computed wavelet coefficients. Indeed, once the training is
finished (i.e. η is fixed), T := Ψ(η)+ can be precomputed.
Hence the formalization of the trained layer will be Y0 = T · F ,
where F ∈ R

B×C×N , B is the batch size, C is the number of
channels and N is the length of the input signal. Y0 ∈ R

B×C×m

where m is the sparse number of computed CWT coefficients.

IV. EXPERIMENTS

We now detail several experiments which demonstrate the
utility of the proposed RGW wavelet family. We note that
all results discussed here are fully reproducible and publicly
available at [30].

A. Time-Scale Representations

We now examine how the proposed RGW wavelets can be
used to analyze non-QV (see Section III-C) signals through a
detailed example. In particular, let I := [0, 2], J := (0.9, 1.1)
and consider the signal

f(t) :=

{
cos(2π · 3t) t ∈ I \ J

cos(2π · 3t) + 2 cos(2π · 80t) t ∈ J.
(17)

This signal (depicted in Fig. 5) consists of a base oscillation
and a rapid burst in the middle of the interval. In our exper-
iments, the signal was sampled at 500 Hz for 2 seconds. We
are going to compare the scalograms produced by MATLAB’s
“cwt” routine when using different types of mother wavelets.
In particular, we are interested in demonstrating that the free
parameters (Eq. (6)) of RGW can be leveraged to capture signal
behavior in the time-scale domain. This is especially important
for problems, when wavelet coefficients with only a limited
number of scales may be computed (for example due to the
need for on-line evaluation). An ideal wavelet transformation
would produce a scalogram of the signal (17) which sepa-
rates the high and low frequency components well and pro-
vides acceptable time localization. Scalograms can be given as
the matrices W ∈ R

M×N , where Wj,k := |Wψf(λj , τk)| (j =
1, . . . ,M, k = 1, . . . , N). In this experiment, we fixed a total
of 80 scales chosen logarithmically between 10 and 102.5.
Although this choice is arbitrary, it serves to demonstrate the
power of constructing time-frequency representations of signals
with the proposed RGW class. Indeed, while usual continuous
wavelet transform implementations consider signal character-
istics and characteristics of the mother wavelet to determine
which scales to consider when computing wavelet coefficients
[32], the adaptive nature of RGW allows us to pose this problem
in a different manner. Namely, when using RGW, we can settle
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Fig. 5. An oscillating signal to be analyzed and corresponding scalograms
generated using different mother wavelets. Images of the mother wavelets
generating the above scalograms are available in our repository [30].

the question of which scales to use when computing the scalo-
gram in a reverse manner: RGW determines what the mother
wavelet should look like, if we want to obtain a meaningful
scalogram given a fixed set of scales.

In this experiment, we did not compute RGW wavelet
coefficients using the variable projection framework discussed
in Section III-B, rather we relied on MATLAB’s “cwt” function.
Accordingly, in contrast with the variable projection approach,
for analyzing the signal in (17) we tuned the RGW parameters
by minimizing an intuitive objective. Namely, for a signal
f ∈ R

N , denote by W (η) ∈ R
M×N the matrix which satisfies

W (η)jk :=Wψηf(λj , τk) (j = 1, . . . ,M, k = 1, . . . , N),
where Wψηf denotes the RGW wavelet coefficients (see
Eq. (1)) and for this experiment η ∈ R

p+2·n only defines the
zeros and poles of the RGW mother wavelet. Let λmin and
λmax be integers satisfying 1≤ λmin < λmax ≤M and denote
by W̃ (η)jk :=Wψηf(λj , τk) (j = λmin, . . . , λmax, k =

1, . . . , N). That is, W̃ (η) ∈ R
(M−(λmin+λmax))×N is the matrix

of “cropped” wavelet coefficients, where any scales below λmin

or above λmax have been disregarded. We can now consider
the objective

Eosc(η) :=
‖W̃ (η)‖F
‖W (η)‖F

, (18)

where ‖ · ‖F denotes the Frobenius matrix norm. The objective
functional in Eq. (18) describes what percentage of the total
energy of wavelet coefficients computed in W (η) falls into
W̃ (η). Minimizing Eq. (18) means finding a mother wavelet,
which collects meaningful (high in absolute value) wavelet
coefficients into scales below λmin or above λmax. In this way,
we wish to find an RGW mother wavelet which separates the
frequency content of the analyzed signal well given the fixed
scales used to compute the coefficients. In our experiment,
using a trial and error approach, the parameters λmin = 15 and
λmax = 5 were selected to generate the results discussed here.

To compare results, we also analyzed the signal in Eq. (17)
using several traditional wavelets. More precisely, the Morlet
wavelet, the Ricker wavelet, the Haar wavelet and the Meyer
wavelet were considered. In each case, the “cwt” routine of
MATLAB was used with the pre-set logarithmically placed
scales discussed above. We emphasize that the purpose of this
experiment was to demonstrate how the proposed RGW class
of wavelets might be used for signal processing tasks other
than the sparse representation of QV signals. The computed
scalograms (see Fig. 5) confirm that optimizing the parameters
of RGW yielded a better time-scale representation of the signal
than traditional wavelets. In fact, using the given scales, the
Morlet, Ricker and Meyer wavelet based scalograms could not
identify the important high-frequency components of the signal
at all. In the scalogram generated by the Haar wavelet, the high
frequency component is visible, however frequency localization
is very poor. On the other hand, by choosing the shape of the
analyzing RGW wavelet appropriately, all important frequency
components could be identified. It should also be noted, that
the objective (18) was heuristic and a deeper investigation into
defining criteria for “good” scalograms will be undertaken in
a future work. The fact, that the full frequency profile of the
signal could be captured using a very limited number of scales
points towards possible real-life benefits of using RGW based
computations.

B. QRS Compression

Electrocardiogram (ECG) is an effective and low-cost
method for monitoring heartbeats. Detecting heart arrhythmia
can sometimes be challenging due to the infrequent appearance
of certain types of arrhythmias, which require long-term diag-
nostic periods. To aid cardiologists and people living in remote
areas, the automatic processing and classification of heartbeat
signals has been researched for decades [46]. A healthy ECG
heartbeat consists of three segments: the P wave, the QRS
complex, and the T wave, respectively [47]. In this section an
example application of the proposed RGW class is given for
the approximation of QRS segments. QRS compression is an
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important and well researched problem [48], [49]. The QRS
segment of a heartbeat carries important information which can
be used to recognize a number of illnesses. Recently, the pro-
liferation of wearable health monitoring devices [50] produced
an increased need for efficient compression techniques.

The presented experiment had two objectives. First, we
wanted to verify that the proposed RGW continuous wavelet
transform, where wavelet coefficients are approximated using
the variable projection operators discussed in Section III-B,
provide quality approximations to QRS signals using very few
wavelet coefficients. Traditionally, Hermite expansions have
been employed to compress and approximate QRS segments
[48], [51]. In addition to providing a proof-of-concept applica-
tion of the proposed wavelets, the QRS approximation applica-
tion provides a good opportunity to compare the performance
of RGW transformations to other adaptive wavelet methods.
In particular, we approximate QRS segments of ECG signals
using three different adaptive wavelet transforms: the proposed
RGW class, the empirical wavelet transform (EWT) [35] and
the tunable Q-factor wavelet transform (TQWT) (see [37] and
also Section II-B). The presented experiments have been im-
plemented using MATLAB, which includes implementations of
the EWT and TQWT algorithms.

For this experiment, the QRS dataset proposed in [20] has
been considered. This is a subset of the MIT-BiH Arryhtmia
dataset [52] and contains QRS segments associated with healthy
heartbeats as well as so-called ventricular ectopic beats (VEBs).
VEBs constitute a common arrhythmia and are associated with
deformed QRS morphologies (see Figs. 1 and 2 for healthy
and VEB ECG beats respectively). A total of 14960 QRS com-
plexes have been considered, each of them recorded over 100
sample points. The dataset contained 7480 healthy and 7480
VEB signals. Each signal was approximated using the RGW,
TQWT and EWT methods separately, using 2 to 10 wavelet
coefficients. We then compared the average reconstruction error
of the methods for the entire dataset. In the case of RGW,
the approximation was obtained for each signal by minimizing
Eq. (7), where the free parameters were given by (10). Notice,
that the (λk, τk) scale-translation pairs defining each computed
wavelet coefficient appear as free parameters of the optimiza-
tion. In this way, the optimal wavelet coefficients to represent
the signal are selected automatically through minimizing the
functional (7). In addition, the pole and zero parameters are
also optimized to find an appropriate RGW mother wavelet for
the compression problem. In the case of EWT and TQWT, a
different approach was necessary. Since these are DWT-like
methods which successively apply (adaptively determined) low
and highpass filters to the signals, they inherently compute a
redundant signal representation. In this case, compression was
performed by keeping only the m most significant coefficients
(highest in absolute value) before reconstruction. Following the
literature [48], [49], the error of the approximation was de-
scribed by the normed percentage root mean square difference
defined by

PRDN :=
‖f − f̂‖2
‖f − f‖2

· 100, (19)

Fig. 6. QRS compression experiment results. TOP LEFT: Average error
(PRDN, see Eq. (19)) of the reconstruction using increasing numbers of
wavelet coefficients for EWT, TQWT and the proposed RGW wavelet trans-
forms. TOP RIGHT: Compression ration (Eq. (20)) of the different methods
corresponding to different numbers of wavelet coefficients. BOTTOM: Quality
score (QS, see Eq. (21)) for the different approaches.

where f and f̂ denote the signal and the approximation re-
spectively and f denotes the mean of f . The subtraction in
the denominator of Eq. (19) is understood component wise.
Even though our main objective in this experiment is to show
that using the same number of wavelet coefficients, RGW can
provide significantly higher quality reconstructions of QRS than
other adaptive wavelet based methods, in order to measure the
true compression power of the algorithm we also considered the
compression ratio (CR). This is defined by

CR :=
N

|η| , (20)

where N = 100 denotes the number of sampling points in f and
|η| is the true number of parameters required for reconstruction.
Indeed each wavelet coefficient is associated with two quantities
that need to be stored (scale and translation) for each method. In
addition, in the case of RGW the zeros and poles of the mother
wavelet have to be known for reconstruction, while for TQWT
the Q-factor also has to be considered. In order to measure the
overall performance of each method, the so-called quality score
(QS) is also considered. QS is the ratio of CR and PRDN:

QS :=
CR

PRDN
(21)

and thus measures the trade off between the reconstruction error
and the compression ratio. Higher QS scores indicate a better
overall compression algorithm. Fig. 6 illustrates the average
PRDN, CR and QS scores respectively for each method when
m= 2, . . . , 10 wavelet coefficients are considered.
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In Fig. 6, we can observe that representing QRS segments
with RGW wavelet coefficients computed using the CΨ(η) vari-
able projection operator (Eq. (9)) leads to an efficient compres-
sion scheme. In fact, the following relationship between PRDN
and clinical relevance can be made. Compressed signals with
PRDN ≤ 9% can be considered a “very good” approximation
and may be appropriate for some clinical use [48], [53].

Fig. 6 shows that out of the considered adaptive wavelet
methods, only RGW was able to consistently achieve a sub 10%
PRDN on the dataset. In fact, form≥ 3wavelet coefficients, the
reconstruction error stayed strictly below 10%, while for m≥ 6
it performed near, or under 5%. The RGW scheme was also the
only one of the considered algorithms to achieve an average
PRDN score of 2.53% for m= 9, which can be considered an
excellent quality average reconstruction error.

From the top right figure of 6, we can observe the true com-
pression ratio for each considered method. As expected, since
one needs to store not only the computed wavelet coefficients,
but also the scale-translation pairs describing them as well as
the parameters (zeros and poles) of the mother wavelet, a lower
CR score can be achieved using RGW for a fixed coefficient
number. In order to compare the compression quality of the
considered methods, the quality score (see Eq. (21)) has also
been computed for each considered wavelet coefficient num-
ber. Here again, RGW significantly outperforms other adaptive
wavelet based approaches for all considered wavelet coefficient
numbers.

In order to further emphasize this point, it is worthwhile
to compare the results of the next-best performing TQWT
method to RGW in more detail. In the presented experiment,
the TQWT algorithm achieved its lowest PRDN score when
signal reconstruction was carried out using the m= 10 most
significant (highest in absolute value) TQWT coefficients. For
the TQWT method this constituted a compression ratio of CR
= 3.23, since in addition to the 10 wavelet coefficients the
Q-factor (in this case Q= 3) also needs to be stored. With these
parameters, the TQWT was able to achieve an average PRDN
score of ≈ 11.95% on the dataset. When considering the RGW
scheme with only m= 4 wavelet coefficients, a slightly higher
compression ratio of CR = 3.45 is achieved and the proposed
approach was able to achieve an average PRDN score of 6.67%.
Thus, we can observe that in this case, RGW provides better
compression rates while maintaining a better reconstruction
error. We emphasize once more that the main objective of the
current experiment was to demonstrate the potential of the
proposed RGW wavelet class for compressing QRS segments
and to compare its performance with other adaptive wavelet
based methods. The results presented here could (and based on
the preliminary results should) be further improved. One way
to do this for example, is to exploit the fact the morphology
of ECG signals is highly patient dependent [38], [54]. In this
way an RGW based compression scheme could be conceived,
where the parameters of the RGW mother wavelet (zeros and
poles) are optimized using only the first few beats from a single
patient. Then, for the rest of the recorded heartbeats from the
same patient, one could fix these parameters to achieve much
higher compression ratios. For the remaining heartbeats only

optimizing the scale-translation pairs responsible for encoding
individual QRS segments could be considered.

C. Arrhythmia Detection

In this section, we provide an example application of the
proposed RGW wavelet based model driven neural networks
to detect the presence of so-called ventricular ectopic beats
(VEBs) in ECG recordings. For simplicity of notation, any
numerical approximation of the integral (1) will be referred
to as “CWT coefficients” henceforth, including the variable
projection based approximation discussed in Section III-B.

There are other methods in the literature that propose the
use of CWT coefficients to classify ECG heartbeats. In most
approaches scalograms are constructed from the signals prior to
training and are used as the input to machine learning models.
For example, in [55], a static feature extraction scheme was
applied on the input heartbeats. Namely, the scalograms with
respect to three different mother wavelets were computed and
represented as a tensor of size 3×M×N . Clearly, such a tensor
can be thought of as an RGB image. This idea was exploited to
pass the preprocessed signals (tensors) to a deep convolutional
(CNN) network architecture, which expects RGB images as
inputs. In [56], the Morse analytic mother wavelet was used to
compute scalograms of groups of successive ECG heartbeats,
then they were fed into a deep CNN model. Another approach
used scalograms of heartbeats and interval features as input to
a CNN in order to classify arrhythmias [57]. In this article, it
was found that the Ricker wavelet was the most suitable for
this task. The authors of [57] claim that this is due to the shape
similarities between QRS complexes and the Ricker wavelets.

One common property of these methods is that they compute
thousands of CWT coefficients providing a redundant signal
representation, and in turn require deep CNNs to solve the
classification task. CNNs extract features automatically and
show state-of-the-art performance for various image or signal
processing tasks. As mentioned earlier, one disadvantage of
such deep learning models is that they use a large number of
parameters and thus are difficult to interpret. CWT-VP layers
achieve sparse signal representation by approximating only the
CWT coefficients necessary for the classification task (that
is only m<M ·N coefficients are computed). Sparse signal
representation also allows for lower model complexity. Ad-
ditionally, CWT-VP layers do not require pooling or dropout
layers to reduce input dimensions, because when using variable
projection operators to approximate wavelet coefficients, by
definition only m coefficients are computed (see Eq. (9)).

In [20] VP-Net was used with Adaptive Hermite functions
to classify ECG heartbeats. Adaptive Hermite functions were
utilized for ECG processing in [49], although various other
parameterizations of Hermite functions have long been used for
approximating these kinds of signals. Hermite-functions form
a complete and orthonormal system in L2(R) and show similar
morphology to healthy QRS complexes. For this reason, the first
few Hermite-Fourier coefficients may be used to provide a good
approximation of QRS complexes. Adaptive Hermite-functions
consider the affine argument transforms of the classical Hermite
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functions. In this case, the VP-Layer learns a single dilation and
translation parameter pair, which describes the entire function
system.

In our experiments, we classified VEB signals, which are
the most common heartbeat irregularities [46]. We used heart-
beats from the MIT-BIH arrhythmia database [52], provided
by PhysioNet [58]. In this database, a total of 48 recordings
from different patients can be found. We used the proposed
datasets from [46] by De Chazal et al. for training and testing
respectively. These datasets are unbalanced, since in real life
scenarios, normal heartbeats are more common, than abnormal
ones. The datasets contains approximately 50,000 heartbeats.
We represent every heartbeat with 300 data samples, which
includes the P segment, QRS complex and T segment. It is
important to note, that many current approaches only consider
the QRS complex (see [22]), however as we point out in Sec-
tion IV-D, biological markers such as the shape of the P-wave
are also used by cardiologists to recognize VEBs.

In our experiment we considered the proposed RGW-VP-Net
architecture using m= 10 wavelet coefficients, p= 3 zeros and
n= 4 poles. We compared the performance of the proposed
model with a VP-Net using the adaptive Hermite system as
introduced in [20]. We note that the Hermite expansion based
VP-Net also received the entire heartbeat as input and used
m= 10Hermite-functions. In addition we considered a variable
projection based wavelet network, where the VP-wavelet trans-
formation from Eq. (9) was performed using the Ricker wavelet.
This model architecture was included to measure the effect of
the proposed RGW wavelets, where the shape of the mother
wavelet can also be learned. In the Ricker-wavelet case, the
learnable parameters of the VP-layer consisted of the dilation-
translation parameter pairs associated with each wavelet coef-
ficient. Again, m= 10 coefficients were considered. Finally,
we considered the performance of well-known methods from
[22]. The classification results are shown in Table I. In addi-
tion to overall accuracy, common performance metrics, sensi-
tivity/precision (Se) and Positive predictivity/recall (+P), also
calculated:

Se=
TP

TP + FN
and +P =

TP

TP + FP
(22)

where TP, FN, FP are true positive, false negative and false
positive, respectively. These metrics were considered, since the
dataset was highly biased towards healthy signals. Based on
the results in Table I, the proposed RGW-VP model outper-
formed the other considered approaches across all metrics. It
should be noted, that it also perfomred at the level of the best
methods from the literature [22], some of which used much
more complex, deep learning models for classification. From
the medical point of view, the VEB Se and VEB +P metrics
are particularly important, as they provide information about
how reliably the methods recognize diseased waveforms. Un-
fortunately, in this case the Ricker-VP found just half of the
VEB signals. The Hermite function based VP-Net achieved
better results than Ricker-VP and comparable results to RGW-
VP, but RGW-VP outperforms Hermite-VP in the VEB +P
metric by approximately 10%. It should also be emphasized,

TABLE I
VEB CLASSIFICATION RESULTS ON THE MIT-BIH ARRYTHMIA DATASET

Layer
Total acc.
(%)

Normal VEB
Se (%) +P (%) Se (%) +P (%)

RGW-VP 98.51 99.60 98.79 85.48 94.71%
Ricker-VP 95.69 99.37 96.1 51.68 87.27

Hermite-VP 97.42 98.65 98.56 82.75 83.63

Literature [22] - 80-99 85-99 77-96 63-99

(see also Section IV-D), that the learned parameters of RGW-VP
are highly interpretable when compared to non-wavelet based
approaches.

In order to measure the effect of different feature learning
layers, all models used the same underlying fully-connected
architecture. The hyperparameters of the model were tuned
using a large, manual grid search. Sparse signal representations
achieved by the VP automatic feature extraction layers reach
peak performance at low model complexity [20]. In the first
layer we computed m= 10 coefficients in all cases. We tested
Ricker and Hermite-VP with more coefficients, but the perfor-
mance did not outperform RGW-VP. Each model used a single
hidden linear layer with 15 neurons and with a ReLu activation
function after the first layer. The one-dimensional output layer
used the Sigmoid function for binary classification.

D. Interpretability of the Arrhymia Detection RGW-VP-Net

In this section we examine the interpretability of the trained
parameters of the first layer. According to the literature, cardiol-
ogist recognise VEBs from their wide and bizarre QRS complex
morphologies and the absence of a P wave in the heartbeat [47].
This observation supports the use of the entire heartbeat as input
to the models, unlike previous methods (see e.g. [20], [46]),
which only considered QRS complexes. The right column of
Fig. 7 illustrates a VEB haertbeat. In the left column of the
same figure, we show the scalogram of the heartbeat computed
using the RGW mother wavelet learned in our experiment. The
scalogram was acquired by computing all wavelet coefficients
with the RGW-VP layer at every time point and 25 scales
between λ1 = 0.1 and λ25 = 1.5. We can see that there are
dominant coefficients at lower frequencies (higher scales) be-
cause of the wide QRS complex of the heartbeat. If we examine
the positions of the trained coefficients - marked with green
dots - we conclude that they correspond to lower frequency
information of VEB signals. At the QRS complex time segment
there are also trained coefficients at high frequency values (i.e.,
at low scales) to aid the classification of healthy ECG heartbeat
signals. Fig. 8 illustrates the learned dilated and translated RGW
wavelets used to extract the features from the ECG data. The
figure shows that the wavelets correspond to segments which
cardiologist examine to classify VEB signals. The dark blue
RGW wavelet corresponds to the P wave, light green wavelet
corresponds to a wide QRS complex of a VEB signal, orange
and light blue wavelets correspond to a QRS complex of a
healthy ECG heartbeat. In Fig. 9 we can see a healthy and an
unhealthy ECG heartbeat. In the bottom row, the value of the
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Fig. 7. CWT coefficients of a VEB signal represented by their scalogram
and a VEB signal plot, respectively. Trained coefficients marked with green
dots on the scalogram.

Fig. 8. Dilated and translated RGW wavelets used to extract features from
ECG signals.

Fig. 9. A healthy and VEB ECG heartbeat signal. Below them are corre-
sponding CWT coefficients plotted at maximum places of their corresponding
wavelets. Colors corresponds to the wavelets in Fig. 8.

wavelet coefficients is also illustrated. In the case of a healthy
ECG heartbeat, the coefficients which correspond to the P wave
(in time) were relatively large. In turn, a VEB signal has a small
dark blue coefficient value, because of the absence of the P
wave. In the case of VEB signals, we can clearly see that the
light green coefficient is bigger than coefficients corresponding
to healthy QRS complexes.

E. Road Abnormality Recognition

In our final experiment, we demonstrate how RGW-VP nets
can be used to solve a non-biomedical classification problem

Fig. 10. Top: Preprocessed tire sensor signal segments labeled normal and
abnormal, respectively. Bottom: Trained RGW mother wavelet morphology
and trained wavelets of RGW-VP layer.

involving QV signals. We detect road abnormalities by clas-
sifying tire sensor signal segments. Road quality monitoring
is an important problem, which, if automatized correctly can
greatly reduce maintenance costs [44], [59]. In [44] a novel
measurement apparatus was introduced, where a force sensor
was implanted into the inner wall of of the front tires of an
electric test vehicle. The measured resistance of the sensors cor-
respond to tire wall deformations. Wireless read-out electronics
were employed to collect signals recorded by the sensor along
four bridges. We used the data recording from the measurement
of the second bridge of the sensor of the front left tire. The
recording is a 1-D signal measured with a sampling rate of 1000
Hz. We created a quasi-periodic dataset containing single tire
revolutions using the segmentation method suggested in [44]. A
more detailed measurement setup and description of the signal
preprocessing steps can be found in [44].

We note that signals corresponding to individual tire revo-
lutions varied in length, since their duration depended on the
speed of the vehicle. The recordings considered in this study
were identical to the measurements used in [44] and were
recorded on the public roads of Budapest, Hungary. We zero
padded the tire revolution segments to the size of 512 data points
to ensure they belong to the QV clas. The created balanced
dataset contained 282 normal and 235 abnormal data segments.
The latter class included tire revolutions, where the vehicle
encountered potholes and bumps on the road surface. Prepro-
cessed tire revolution segments from a normal and abnormal
road surface are depicted in Fig. 10.

We evaluated the performance of RGW-VP and Ricker-VP
on the dataset. The baseline method was Hermite-VP which
were proposed in the original experiments from [44]. The neural
networks consisted of 3 fully connected layers with 64 neurons
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TABLE II
TIRE SENSOR CLASSIFICATION RESULTS

Layer Mean Accuracy (%) Highest (%) Lowest (%)

RGW-VP 99.23 100 97.09
Ricker-VP 98.84 100 98.06

Hermite-VP 97.68 99.04 % 96.12

and ReLu activations. An output layer with Sigmoid activation
was used to classify the input measurements.

If we examine the morphologies of the signal segments in
Fig. 10, we can see that because of the zero padding they have
compact support. The support of the tire revoltions tends to
zero quickly, hence they belong to the class of QV signals. The
main difference between normal and abnormal signals is that
tire revolutions on abnormal road surfaces have wider support
and contain more noise. Wider supports are expected, as drivers
tend to slow down when encountering rough surfaces. In order
to compensate for this effect, several tire revolutions recorded
on normal surfaces but at slow speeds were also included in
the dataset. To extract these features from the input signals,
we used the VP-layers as high pass filters, hence in this case
we passed the residual vector of the input to the underlying
classifier, defined as

RΨ(η)(f) := f −Ψ(η)
(
Ψ(η)+f

)
. (23)

For Ricker and RGW VP-layers we computed the approxima-
tion of the input signal with m= 3 coefficients. The original
model computed m= 11 coefficients. We also decreased the
number of neurons to 20 in each layer. Table II contains the
results of the experiments. We used 5-fold cross validation to
test our models on the dataset. We can see that Ricker and RGW
wavelets achieved comparable results to adaptive Hermite func-
tion system. In the case of RGW we used the same number of
poles and zeros as in the ECG arrhythmia classification task.
We would like to highlight that the trained RGW morpholo-
gies become similar to the shape of the tire revolution signals.
As depicted in Fig. 10, two trained wavelets (blue and green
wavelets) became similar to abnormal tire revolutions with a
wider quasi compact support. The third orange wavelet because
of the smaller scale parameter became highly similar to normal
tire revoltions with narrower quasi compact support.

V. CONCLUSION

In this work, we proposed a new analytic family of wavelets
which we referred to as rational Gaussian wavelets. The main
idea behind the RGW wavelets is to multiply the Gaussian
with an appropriate rational term, whose poles and zeros act
as free parameters that govern the morphology of the mother
wavelet. We demonstrated that using RGW, non-symmetric and
sharp waveforms (such as ECG signals) can be reconstructed
using only a few wavelet coefficients, provided that the mother
wavelet morphology is chosen appropriately. This allows for
a precise and sparse representation of a large class of sig-
nals. Furthermore, we proved the admissibility of the proposed

RGW wavelets and considered an appropriate numerical ap-
proximation of wavelet coefficients which minimize the error
of the reconstructed signal. We showed that this method of
approximating RGW coefficients using variable projection can
be effectively included in neural network architectures to solve
several real life signal processing problems. Our results show
that the proposed methodology performs this task at the level of
well-established alternatives from the literature, while provid-
ing interpretable and simple model architectures. Importantly,
the proposed RGW-VP neural network was shown to learn
wavelet coefficients, whose time parameter corresponds to ECG
segments that are crucial in the detection of VEBs according to
cardiology literature. In this way, the proposed transformation
provides highly interpretable features while obtaining a high
quality sparse representation of ECG data. Due to these ad-
vantages, RGW-VP was able to outperform other model-driven
architectures, such as wavelet based neural networks using a
fixed analyzing wavelet and variable projection networks using
an adaptive Hermite expansion of the signals.

The results disclosed in this work demonstrate the potential
in the proposed RGW-VP architecture. In our future work, we
would like to find other potential applications of the RGW-
VP scheme. Building on the results of our first experiment, we
plan to further investigate the potential of RGW to generate
traditional time-scale representations of signals. In addition, we
would like to investigate the possibility of using RGW wavelets
for other tasks as well, such as feature extractors for industrial
fault detection problems. Finally, we would like to investigate
whether this construction may be useful in other settings en-
tirely, such as univariate function layers of Kolmogorov-Arnold
Networks.

APPENDIX A
PROOFS OF STATEMENTS 2 AND 3

Proof of theorem 2: Recall that rational Gaussian wavelets
were defined according to Eq. (6), that is Ψη(t) := C(η) ·
Pη(t) · vη(t) · e−t2/2, where Pη is an odd polynomial sym-
metric to 0 and vη belongs to the class of rational functions
given in Eq. (4). As explained in Section III, the parameter
vector η fully defines the zeros and poles of Pη · vη . From
Eq. (4), it is clear that limt→±∞ vη(t) = 0, and since vη has no
real poles we have |vη(t)|< V <∞ (t ∈ R). The Gaussian
term e−t2/2 belongs to the class of Schwartz-functions denoted
by S(R). It is well-known that S(R)⊂ L1(R) and if f ∈ S(R),
then Q · f ∈ S(R), where Q is an arbitrary polynomial. From
these observations we obtain
∫ +∞

−∞
|t · ψη(t)| dt= C(η)

∫ +∞

−∞

∣∣∣t · Pη(t)vη(t)e−t2/2
∣∣∣ dt

= C(η)

∫ +∞

−∞

∣∣∣t · Pη(t) · e−t2/2
∣∣∣ |vη(t)| dt

< C(η) · V ·
∫ +∞

−∞

∣
∣∣Qη(t) · e−t2/2

∣
∣∣ dt <∞, (24)

since Qη(t) is a polynomial, we have t · Pη(t) · e−t2/2 ∈
S(R)⊂ L1(R). In other words we find that t · ψη is in L1(R).
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Notice, that ψη is an odd function, that is
ψ(t) =−ψ(−t) (t ∈ R). This is so, because e−t2/2 and
vη are even and Pη is an odd polynomial satisfying Eq. (5).
Using the oddity of ψη we obtain

ψ̂η(0) =

∫ +∞

−∞
ψη(t)dt=

∫ +∞

0

ψη(t) + ψη(−t)dt= 0.

(25)

Our claim is a simple consequence of Eqs. (24) and (25). Since
ψη and t · ψη are both integrable, by the theorem regarding
the differentiability of the Fourier transform (see e.g. Propo-
sition 17.2.1 in [4]) we have ψ̂η ∈ C1(R). However if this is
the case, then the function ψ̂η(ξ)/ξ is continuous at 0. This
is true, since in 0 by definition, the derivative of ψ̂η is ex-

pressed by
(
ψ̂η

)′
(0) := limξ→0

̂ψη(ξ)−̂ψη(0)
ξ−0 = limξ→0

̂ψη(ξ)
ξ ,

where we used Eq. (25) for the second equality. If ξ →∞, then
the integral in theorem 2 certainly exists, since ψη ∈ L2(R).
This concludes our proof of statement 2. �

Proof of theorem 3: Since the support of f coincides with
[a, b], we have Wψ(λ, τ)f =

∫ b

a
f(t)ψλ,τ (t)dt for all (λ, τ) ∈

R+ × R. This integral can be approximated using the numerical
quadrature E(f, λ, τ) :=

∑N−1
j=0 f(tj) · ψλ,τ (tj) with the well-

known error estimate (following from the mean value theorem
regarding integration)

|Wψ(λ, τ)f − h · E(f, λ, τ)|< h · M1(b− a)

2
. (26)

Let the parameter pairs (λk, τk) (k = 1, . . . ,m) be fixed and
notice, that for a fixed k, the value of E(f) can be expressed
by E(f, λk, τk) = (Ψ∗f)k, where f denotes the sampling of
f over the points tj (j = 0, . . . , N − 1) and Ψ∗ denotes the
adjungate of Ψ := Ψ(η). From this it is clear that the estimate
in Eq. (26) only holds for the approximations obtained using
variable projection, if Ψ is unitary, i.e. Ψ+ =Ψ∗. If the columns
of Ψ contain analytic wavelets (for example RGW), this cannot
be assumed, therefore it is necessary to estimate | (Ψ∗f)k −
(Ψ+f)k | (k = 1, . . . ,m). Notice that Ψ+f coincides with
the solution to the Gaussian normal equation Ψ∗Ψc=Ψ∗f .
Here we exploited the fact that for pairwise different λk, τk
parameters, Ψ will be full-rank. The solution is expressed by
c= (Ψ∗Ψ)

−1
Ψ∗f =G−1Ψ∗f , where G(η) =G=Ψ∗Ψ. Us-

ing this, the triangle inequality and the consistency of the ‖ · ‖∞
matrix and vector norms, we obtain

‖Ψ∗f −G−1Ψ∗f‖∞ < ‖Ψ∗f‖∞ + ‖G−1Ψ∗f‖∞
< ‖Ψ∗‖∞‖f‖∞ ·

(
‖G−1‖∞ + 1

)

= ‖Ψ∗‖∞‖f‖∞
(
κ(G)

‖G‖∞
+ 1

)
. (27)

We once more use the triangle rule together with Eqs. (26)
and (27):

|Wψf(λk, τk)− h(Ψ+f)k|
= |Wψf(λk, τk)− h(Ψ∗f +Ψ+f −Ψ∗f)k|
= |Wψf(λk, τk)− h(Ψ∗f)k − h(Ψ+f −Ψ∗f)k|
< |Wψf(λk, τk)− h(Ψ∗f)k|+ h · |(Ψ+f −Ψ∗f)k|

< h · M1(b− a)

2
+ h · ‖Ψ+f −Ψ∗f‖∞

< h · M1(b− a)

2
+ h · ‖Ψ∗‖∞‖f‖∞

(
κ(G)

‖G‖∞
+ 1

)
.

�
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