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Performance portable adjoints for structured mesh applications with OPS
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Derivatives are crucial for engineering and scientific applications like optimization and inverse problems. While finite difference
approximations can estimate derivatives, they are computationally expensive and inaccurate. Algorithmic differentiation (AD) provides
an efficient and exact method to compute derivatives by treating computer programs as mathematical functions and applying the
chain rule of calculus.

Our work focuses on adjoint-mode AD for structured mesh stencil applications. We extend the Oxford Parallel Structured mesh
solver library (OPS) domain-specific language to compute derivatives using the reverse mode of algorithmic differentiation. OPS allows
developers to express mesh algorithms from a high-level code targeting multiple hardware from the same source. Taking advantage of
the domain-specific abstraction, the extension creates a compact adjoint tape at the level of computational loops and generates the
platform-specific (OpenMP and CUDA) parallel implementations for the adjoint loops, using the user provided primal and adjoint
stencil-kernels.

We differentiate three example applications written in OPS, demonstrating similar performance to the original applications on both
CPUs and GPUs. On these applications, computing derivatives only took 3.7 − 9.7𝑥 time (including the evaluation of the application)
compared to the original applications, which is in line with state of the art tools.

CCS Concepts: • Mathematics of computing → Automatic differentiation; Mathematical software performance; • Software
and its engineering → Domain specific languages; Source code generation; Parallel programming languages; • Computing
methodologies → Shared memory algorithms; Massively parallel algorithms.

Additional Key Words and Phrases: Algorithmic differentiation, Structured meshes, OpenMP, CUDA, High-Performance Computing
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1 INTRODUCTION

Sensitivity (mathematical derivative) information has a wide range of uses, such as gradient-based design optimization
for computational fluid dynamics (CFD) applications [Albring et al. 2016; Bischof et al. 1992; Carle et al. 1994; Giles
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and Pierce 2000; Sanchez et al. 2018], machine learning [Baydin et al. 2018], inverse problems [Guasch et al. 2020],
computational finance [Homescu 2011], image processing [Li et al. 2018], medical imaging [Grabner et al. 2008] or
real-time risk management [Capriotti and Lee 2018]. Algorithmic Differentiation is an essential tool for obtaining
sensitivity information in such applications: finite differences are often too expensive (or inaccurate) while deriving
and then evaluating symbolic gradient information may lead to verbose and error-prone code [Laue 2022].

Algorithmic Differentiation, also known as Automatic Differentiation or AD, is a set of techniques that can compute
the exact derivatives of a function with respect to its input variables by repeatedly applying the chain rule of calculus.
Assume we have an application with some input variables 𝑥 ∈ R𝑛 , which performs a series of steps and then computes
the final result 𝑦 ∈ R𝑚 . If we take this program as a mathematical function, 𝐹 : R𝑛 → R𝑚 , AD will compute the value

𝑥 =
𝑑𝐹

𝑑𝑥
(𝑥)𝑇𝑦.

Working out and manually writing code to compute analytical derivatives directly could provide the fastest solution,
but it is error-prone and simply becomes infeasible for large applications. Most commonly, there are three ways to
compute the derivative information automatically [Margossian 2019]: symbolic differentiation in computer algebra
systems, numeric differentiation with finite differences, and algorithmic differentiation [Bücker et al. 2006; Naumann
2011]. Symbolic differentiation computes derivatives by manipulating symbolic expressions. It could provide exact
derivatives, but it can be slow and requires the problem to be defined as closed-form expressions [Baydin et al. 2018],
which in many cases is just not possible. Using finite differences to estimate derivatives is sometimes the easiest to
implement, but the derivatives are subject to floating-point precision, and getting accurate second- or third-order
information can be a real challenge. Finally, AD evaluates derivatives by differentiating the sequence of elementary
arithmetic operations and elementary functions which make up a user’s application, thus ensuring accuracy. Another
advantage of AD over finite differences is that the computational cost related to adjoint-mode AD scales with the
number of outputs instead of the number of inputs, consequently, in cases where the application produces far fewer
outputs than inputs, adjoint-mode AD can compute the gradient hundreds of times faster.

Algorithmic differentiation builds on the fact that a computer program, no matter how complex, will always be
constructed from a series of elementary operations such as additions, multiplications, or math functions like sin. The
derivatives of these elementary operations are known and easy to compute. If we consider the function to be a composite
with 𝐾 elementary steps 𝐹 = 𝑓1 ◦ 𝑓2 ◦ · · · ◦ 𝑓𝐾 then

𝑦 = 𝐹 (𝑥) = 𝑓𝐾 (. . . 𝑓2 (𝑓1 (𝑥)))

and the derivative of 𝑦 can be computed by applying the chain rule to all of the elementary functions
𝜕𝑦

𝜕𝑥
=

𝜕𝑓𝐾

𝜕𝑓𝐾−1

𝜕𝑓𝐾−1
𝜕𝑓𝐾−2

· · · 𝜕𝑓1
𝜕𝑥
. (1)

There are two main modes of algorithmic differentiation based on which direction we start to evaluate (1): forward-
(tangent-) mode AD, where the evaluation order follows the order of the original computation, and reverse- (adjoint-)
mode AD, which evaluates the chain rule in reverse order. Let 𝐽 denote the𝑚 × 𝑛 Jacobian matrix of 𝐹 , the matrix 𝐽𝑘 is
the Jacobian of the elementary function 𝑓𝑘 , and 𝑢 ∈ R𝑛 a vector in the input space. The tangent or forward-mode AD
will compute the action of the Jacobian matrix on 𝑢:

𝐽𝑢 = 𝐽𝐾 𝐽𝐾−1 · · · 𝐽1𝑢
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Performance portable adjoints for structured mesh applications with OPS 3

The forward-mode AD evaluates the derivatives in the same order as the original function evaluation (if 𝐹 is
implemented in a computer program, this is the same order in which the program evaluates statements). Choosing 𝑢 to
be a vector such that it is 1 for input 𝑗 and 0 otherwise, a single evaluation of the tangent model will compute the 𝑗𝑡ℎ

column of the Jacobian, in other words, the derivatives of all outputs with respect to a single input. Evaluation of the
tangent model requires twice as much memory and typically takes roughly twice as long as the original application.
However, often derivatives with respect to multiple inputs are required.

For adjoint or reverse-mode AD, let us consider𝑤 ∈ R𝑚 , a vector in the output space. Adjoint-mode AD will compute
the action of the transpose of 𝐽 on𝑤 :

𝐽𝑇𝑤 = 𝐽𝑇1 𝐽
𝑇
2 · · · 𝐽𝑇𝐾𝑤.

Similarly to the previous case, let us choose𝑤 such that it has a single 1 at position 𝑖 and all other values are 0. A
single evaluation of the adjoint model on 𝑤 will produce the 𝑖𝑡ℎ row of 𝐽 , or the derivatives of a single output with
respect to all inputs.

The adjoint-mode AD evaluates derivatives in the reverse order, equivalent to running your computer program
backwards. Doing this requires storing a Directed Acyclic Graph (DAG) of the program control flow in memory, along
with local derivative information, or recomputing sections of the DAG multiple times. This can cause dramatic increases
in memory requirements. The data structure that records the intermediate states and the computational graph is often
referred to as the tape. One of the main challenges is to efficiently save all intermediate states and the computational
steps (and their local Jacobians) while computing the result of the program, so that one can propagate derivative
information from outputs back to inputs.

The choice between forward and reverse-mode AD often depends on the target application. The forward-mode can
perform better for applications with a few inputs and a lot of outputs, and reverse-mode AD shines in scenarios where a
function has a large number of inputs but a relatively smaller number of outputs, like gradient-based optimization and
machine learning. Due to its efficiency in such contexts, adjoint-mode AD often receives special attention. Application
areas include for example shape optimization tasks [Verstraete et al. 2017; Vitale et al. 2020; Özkaya and Gauger 2010],
transistor modeling [Phipps et al. 2008], or in CFD solvers like the NASA Ice Sheet System Model [Larour et al. 2016],
OpenFOAM [Towara and Naumann 2013; Towara et al. 2015] or STAMPS [Müller et al. 2018].

Most adjoint-mode AD tools belong to one of two categories: either they apply source transformation to generate
the adjoints of the function or use operator overloading techniques [Naumann 2011]. Source transformation tools
automatically transform the original code to produce a new program that calculates the adjoint values, while operator
overloading tools leverage the object-oriented capabilities of C++ and other object-oriented languages to overload basic
arithmetic operations and functions to compute derivatives. This allows the flexibility to easily follow complex control
flow and different language constructs. Multiple tools exist that efficiently use operator overloading, like Adept [Hogan
2014], dco/c++ [Lotz 2016] or Sacado [Gay 2006; Phipps et al. 2008]. However, naively implemented operator overloading
tools lead to large memory overheads for storing the tape, which is often alleviated with advanced techniques like
expression templates in CoDiPack [Sagebaum et al. 2018, 2019], using direct derivatives of linear algebra constructs
such as in ADiMat for MATLAB [Bischof et al. 2002], or the Stan Math library [Carpenter et al. 2015], and also using
additional hybrid code generation extensions in the case of dco/c++.

While tracing the original data flow with operator overloading is easier, the resulting tape quickly increases in
size. Source transformation tools can reduce the performance overhead of adjoint calculations and potentially allow
more drastic optimizations at the cost of more complex tooling. Examples of adjoint-mode AD tools with source
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transformation include ADIC [Narayanan et al. 2010], Tapenade [Hascoet and Pascual 2013], OpenAD [Utke et al.
2008]. In summary, algorithmic differentiation provides an effective and accurate means to compute derivatives, with
adjoint-mode AD being especially pertinent in contexts with numerous input variables and only a small number of
outputs. Its strategic application ensures the derivation of gradients with both computational efficiency and high
precision. Our approach uses source transformation techniques that allow us to store the control flow on a higher level
(at the level of entire parallel loops) while also having the ability to apply transformations and optimizations on the
loops to achieve near-peak performance on parallel hardware.

We refer to the evaluation of the function 𝐹 (with the additional caching and tape recording) as the forward pass.
The computations that are part of 𝐹 are called primal, and their counterparts computing the local Jacobian are called
the adjoint of the computation. The evaluation of 𝐽𝑇𝑤 executing the adjoints of the computational steps in reverse order
we call the reverse pass. The adjoint factor is defined as the relative runtime of the adjoint computation compared to the
primal. We refer to variables and computations that take part in the derivative accumulation as active and all other data
and code as passive. Finally, the variables holding the values and states during the forward pass are called primal data,
and for active data, we will refer to the variables holding derivative values as adjoint data.

Implementing derivatives of applications is difficult, error-prone, and particularly challenging in a parallel environ-
ment [Margossian 2019]. Ideally, users would like to be able to describe what needs to be computed in simple terms,
including any derivative information, and then have a tool or framework to generate an efficient parallel implementation,
including choosing the most appropriate method for obtaining the derivatives.

The parallelization of derivative computations is achieved in many ways in AD tools. A fairly simple approach for
otherwise serial applications is to compute different tangent-mode AD passes, which are independent of each other, in
parallel [Bücker et al. 2001; Bücker et al. 2002], or using nested parallelism for parallel applications [Bücker et al. 2004;
Phipps et al. 2022]. For reverse-mode AD, there is an inherent complication. Because data flow is reversed, thread-safe
concurrent reads in the primal code become thread-unsafe concurrent writes in the adjoint code. Handling these race
conditions efficiently is a key concern. In [Heimbach et al. 2002], it was shown that, with source transformation tools in
combination with handwritten adjoint routines, it is possible to get efficient parallel implementations for applications.

Another approach is the use of tool-agnostic extension libraries for handling parallelism, which was introduced with
the AMPI library [Schanen et al. 2012, 2010] for handling MPI constructs combined with traditional AD tools, which
has been shown to successfully integrate with the operator overloading library dco/c++ [Lotz et al. 2013]. OpDiLib
[Blühdorn et al. 2023] is another tool-agnostic library for shared memory parallelism with OpenMP or hybrid codes
with OpenMP and MPI. The other approach is to integrate special treatment of MPI constructs into the AD library, such
as in TAF [Giering 2026; Giering et al. 2005, 2006].

OpenMP parallelism is controlled through #pragmas, which are hard to followwith conventional operator overloading
tools since there is no function to overload like in the case of conventional MPI, and tools had to rely on constructors
and destructors.

Multiple tools have recently developed extensions for supporting shared memory parallelism. PARAD [Kaler et al.
2021] extends the operator overloading tool Adept to support OpenMP parallel constructs, and OpDiLib [Blühdorn et al.
2023], as mentioned earlier, supports OpenMP through either wrapping the directives into macros or the event-based
OMPT API. The source transformation tool Tapenade also gained support for some OpenMP directives through a
theoretical model [Hückelheim and Hascoët 2022] and a more complete support for Fortran with a formal extension
FormAD [Hückelheim and Hascoët 2023]. The Enzyme source transformation tool performs the code generation inside
the compiler on the LLVM IR level [Moses and Churavy 2020], taking advantage of the optimization passes of the
Manuscript submitted to ACM
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Performance portable adjoints for structured mesh applications with OPS 5

compiler prior to the code generation and using rule-based transformations for OpenMP and MPI [Moses et al. 2022].
PerforAD showed the capability to generate race-free OpenMP for adjoint-based loop transformations for stencil loops
[Hückelheim et al. 2019]. For stencil codes in particular, an efficient CPU-based parallelization strategy was developed
in [Hückelheim et al. 2018], for forward-mode AD.

Similarly to the StanMath Library, using specialized adjoint functions for operations like matrix-matrix multiplication,
adjoint-mode AD can be applied to CUDA applications efficiently [Gremse et al. 2016]. A handful of tools provide
support for CUDA as well. AutoMat [Blühdorn et al. 2022] shows possibilities for operator overloading for CUDA kernels
but heavily depends on recomputing values and lacks high-level checkpointing strategies like Revolve [Griewank and
Walther 2000]. Enzyme showed the ability to generate adjoint kernels for race-free CUDA kernels using low-level
analysis of access patterns in the IR, avoiding superfluous barriers if possible and using atomics only on memory
location accessible by other threads [Moses et al. 2021].

On modern hardware, the parallel execution of algorithms is necessary to solve larger and more complicated problems.
There are many frameworks to write parallel algorithms with different advantages. MPI, OpenMP, and their combination
have been the most common ways to target CPUs for a long time. By contrast, the landscape for available frameworks
for GPUs is much more complicated, with vendor-specific frameworks providing the highest performance. Maintaining
a code base to target all this hardware for an application is infeasible. To solve this problem, general purpose frameworks
have arisen in recent years to target all platforms from a single source, such as SYCL [Reyes and Lomüller 2016],
KOKKOS [Edwards et al. 2014; Trott et al. 2022] or RAJA [Beckingsale et al. 2019]. However, due to the differences
in the hardware, relatively low-level approaches like SYCL do enable functional portability, but struggle to achieve
meaningful performance portability without a fair amount of platform-specific tuning. The other approach is to focus
on performance portability using higher-level abstractions, such as in KOKKOS and RAJA, and sacrifice generality in
terms of ways to express computations. Another example of trading generality for performance portability is the use
of domain-specific languages (DSL) or abstractions. By sacrificing generality in terms of application areas, DSLs can
express algorithms using higher-level concepts specific to that domain, concepts that have a natural meaning to the
application developer. The DSL can take advantage of this meaning and any accompanying restrictions to perform a
wide range of optimizations to generate efficient code for the target hardware.

This paper focuses on adjoint-mode differentiation of stencil computations in the Oxford Parallel library for Structured
mesh solvers (OPS)1 [Reguly et al. 2018] embedded Domain Specific Language (eDSL) designed to bridge the gap
between high-level scientific computations and the optimal use of parallel and distributed systems. Integrated seamlessly
into C, C++, and Fortran, OPS empowers computational scientists and engineers by providing a suite of abstractions
that cater to structured mesh computations.

The Devito [Louboutin et al. 2019] DSL embedded in Python is designed to provide an abstraction over finite-
difference partial differential equation solvers. It starts from high-level symbolic expressions of the problem and using a
stencil compiler to generate the parallel implementations for the application. Another important DSL is Halide [Li et al.
2018] embedded in C++ that provides an abstraction to express image and array processing tasks. From their high-level
representation these tools can perform a wider range of transformations e.g. Devito can formulate the adjoint equations.

OPS uses a slightly lower-level abstraction over structured mesh computations operating on the level of computational
loops. Computations in OPS are represented as a series of stencil loops applying a specific operation to each element of
a structured grid accessing a fixed pattern of neighboring elements, called a stencil. In other words, a stencil specifies

1https://op-dsl.github.io/
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how to combine the values of neighboring cells in a grid to compute a new value for a given cell. Stencil computations
are widely used in many fields, including CFD [Becker et al. 2010], climate modeling [Heimbach et al. 2005; Singh
et al. 2023] and computational finance [Clevenhaus et al. 2021; Düring et al. 2014; Mollapourasl et al. 2020; Wang
et al. 2011]. They are efficient and scalable, making them suitable for large-scale simulations on parallel computing
architectures. The parallelization of stencil codes is reasonably straightforward, and their performance and optimizations
to perform stencil loops on modern parallel architectures efficiently are widely studied [Lakshminarasimhan et al.
2024; Mudalige et al. 2019; Rahman et al. 2011; Raut et al. 2020; Reguly et al. 2021]. The structure of the stencil loops
nicely combines with code generation approaches like stencil compilers. YASK [Yount et al. 2016], HOSTS [Stock et al.
2014], or Tiramisu [Baghdadi et al. 2019] can automatically perform extensive optimizations and parallelization from
higher level stencil abstraction that describe the stencil computation, and different scheduling patterns. While OPS
takes a similar approach it is using a lower-level abstraction that makes OPS more easily adaptable for a wider range of
numerical algorithms, as well as already existing code bases.

By separating the high-level application code from the low-level parallel implementation, OPS removes the need for
scientists and engineers to grapple with the nitty-gritty details of parallelism and data movement, like scheduling and
platform specific programming models, allowing them to write a single high-level source code. At the same time, the
library takes care of the optimizations for the target architectures.

OPS defines several key abstractions for defining computations. Blocks are 𝑁 dimensional containers on which
datasets are defined. Datasets are collections of data entities associated with blocks and serve as primary operands for
computational kernels and accessed through predefined stencils. The computations within OPS are typically expressed
with the parallel loop construct, where user-defined kernels operate over specific iteration ranges and datasets defined
on the same block. During the automatic transformation step, OPS will replace these loop constructs with calls to the
target-specific parallel implementations. The loops require the user to specify how each dataset is accessed by the user
kernel – such as whether data is to be read, written, or incremented, and the specific stencil pattern governing data
access. OPS requires the parallel operation to be insensitive to the order of execution on individual grid points (within
machine precision). Also, the kernel must not have any side effects on the program state outside of the changes on
the datasets, and reductions marked in the argument of the parallel loop. Using this abstraction, the domain scientist
can express structured mesh algorithms without prescribing how to execute them in a parallel environment with
heterogeneous memory spaces.

Listing 1 shows the API for creating a dataset on a block and then using the datasets in an OPS parallel loop from
the Poisson example application. The scientists express the computation in the form of these computational loops,
providing the loop body that will be applied for each grid point, the block and the iteration range, and a descriptor
for each argument of the loop body. These descriptors contain the information of the dataset, the access pattern, the
stencil, and the underlying data type. There are some additional rules that each parallel loop and the user defined
kernel function must follow. OPS requires all data used by the kernels to be registered to the backend before using
them in the kernels. These data can be defined on each grid point, constants in global scope, and reductions. The
computational kernels must not use global variables other than the global constant registered by ops_decl_const

prior to the kernel call, which will register the symbol in OPS to ensure that the symbol will be available on all used
devices. Grid invariant constants can be passed as ops_arg_global to be used by the kernels. Data access to ops_dats
inside the kernel happens through accessor objects that allows multidimensional relative indexing of the datasets. The
source-to-source translation layer of OPS takes this information and produces the hardware-specific low-level parallel
implementations for the kernel. OPS supports and generates code for a range of target hardware with different parallel
Manuscript submitted to ACM
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1 double dx, dy;
2

3 // User kernel
4 void update(const ACC<double> &u, const ACC<double> &f,
5 ACC<double> &u2) {
6 u2(0, 0) = ((u(-1, 0) + u(1, 0)) * dy * dy +
7 (u(0, -1) + u(0, 1)) * dx * dx -
8 f(0, 0) * dx * dx * dy * dy) /
9 (2.0 * (dx * dx + dy * dy));
10 }
11 // ...
12 ops_decl_const("dx", 1, "double", &dx); // Register global
13 ops_decl_const("dy", 1, "double", &dy); // constants
14 // Declaring the computational domain
15 ops_block block = ops_decl_block(2, "grid");
16 // Declaring a dataset on a block
17 int size[2] = {size_x, size_y}
18 int base[2] = {0, 0};
19 // max halo depths for the dat in all direction
20 int d_p[2] = {1, 1};
21 int d_m[2] = {-1, -1};
22 ops_dat u = ops_decl_dat(block, 1, size, base, d_m, d_p,
23 nullptr, "double", "u");
24 // Declaring f and u2
25 // Declaring access pattern descriptors
26 int s2D_00[] = {0,0};
27 ops_stencil S2D_00 = ops_decl_stencil(2, 1, s2D_00, "00");
28 // S2D_4PT
29 // Execute a given loop on the block
30 int iter_range[] = {0, size_x, 0, size_y};
31 ops_par_loop(update, "update", block, 2, iter_range,
32 ops_arg_dat(u, 1, S2D_4PT, "double", OPS_READ),
33 ops_arg_dat(f, 1, S2D_00, "double", OPS_READ),
34 ops_arg_dat(u2, 1, S2D_00, "double", OPS_WRITE));

Listing 1. Example declaration of an OPS dataset, global constants and the required stencils with their use in an OPS parallel loop.

programming models such as OpenMP, OpenACC, CUDA, and their combination with MPI. The user is not required
to modify the OPS application source to use these paradigms. The transformed source code is then compiled using
traditional compilers and linked against OPS backend libraries.

Note that the ownership of all datasets is handed to the library and can only be accessed through OPS APIs, which
allows OPS to keep track of the state of all datasets and when it is required to move the data, for example, between
CPUs and GPUs. The ability to follow data movement and dependencies throughout the application has already shown
to be a critical factor in allowing OPS to perform complex optimizations like loop tiling and lazy execution [Reguly
et al. 2018] and also plays a crucial role in providing reverse-mode AD in OPS.

OPS aids researchers in their productivity by allowing them to develop a single high-level application source
and then automatically access all optimizations OPS provides for past and future architectures. Transitioning to the
OPS abstraction naturally comes with costs, such as refactoring loops to outlined loop bodies and ops_par_loop

calls. Nevertheless, by maintaining a unified codebase, the application can seamlessly gain access to highly efficient
Manuscript submitted to ACM
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8 Gábor Dániel Balogh, Johannes Lotz, Jacques du Toit, Uwe Naumann, and István Reguly

implementations for a wide range of hardware without developing any platform specific optimizations or application
code.

OPS is responsible for scheduling the application and its data, which gives additional opportunities for optimizations
both at a loop level and on the level of loop chains.

Extending a DSL like OPS with AD support enables a new class of applications to take full advantage of the
performance-portability and optimizations provided by the DSL. To enable AD for an OPS application, the original
application code requires minimal changes (such as seeding and accessing derivatives) and the adjoints of the loop
bodies. The user defines the application in the abstraction of OPS, provides the loop bodies and their adjoints as
functions. The OPS library itself can generate code based on the additional information and restrictions of the domain,
which enables diagnostics and optimizations that would require extensive code analysis or are just impossible for
general-purpose tools. The descriptive nature of the OPS API combined with the source generation gives fine control
over the parallelism in the loops and the derivatives. Many of the tools mentioned above depend on large tapes to
follow the control flow of the applications. In OPS, the code transformation and optimization step for the parallel
implementations happens at compile time with additional augmentation to build the tape. This enables OPS to reduce
the adjoint AD memory overhead by using a high-level representation of the computational steps. At runtime, OPS
builds a highly compact tape of the entire simulation where each entry in the tape represents a parallel loop or an
external function (see Section 2.3).

This paper follows on from earlier work [Balogh and Reguly 2020] that offered a glimpse into OPS’s adjoint-mode
AD with OpenMP and expands it by thoroughly describing the extensions to the OPS abstraction and the parallel
implementations targeting CPU and GPU architectures.

Overall, our paper makes the following contributions:

• We present a model for reverse-mode differentiation of complex stencil applications using OpenMP and CUDA
from the same source expressed in the OPS domain-specific language2. We introduce the mapping of the
high-level description of computational loops to the parallel implementation of the adjoint loops. We show that
extensive transformations and optimizations on the parallel implementation of the adjoint loops are feasible
with the information provided by the DSL.

• We introduce an AD tape to the OPS DSL with elements handled on the computational kernel level, allowing
more compact storage thanks to the OPS abstraction. Our implementation shows that this tape makes the
implementation of extensions, such as optimal AD checkpointing via Revolve [Griewank and Walther 2000] or
arbitrary "external" (to OPS) adjoint functions, such as linear solvers, reasonably straightforward.

• Experimental results for three applications implemented in OPS are shown: a simple Poisson equation solver,
the Cloverleaf hydrodynamics mini-application [Mallinson et al. 2013], and a Convection Diffusion Reaction
equation (CDE) solver (implementing the Stochastic Local Volatility model from computational finance) [Wyns
and Du Toit 2017]. We present detailed performance of the OpenMP and CUDA implementations. We show per-
formance results for two implementations to compute adjoints for the Poisson application, one with traditional
implementation and one with the application expressed as a fixed point iteration. Additionally, we show the
performance of Revolve as the checkpointing algorithm for Cloverleaf and the CDE solver.

2Source is available at https://github.com/OP-DSL/OPS/tree/feature/ad2

Manuscript submitted to ACM
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Performance portable adjoints for structured mesh applications with OPS 9

2 REVERSE-MODE ALGORITHMIC DIFFERENTIATION IN OPS

Our extension for OPS uses reverse-mode AD and does not support forward-mode AD; from this point on, the discussion
focuses on reverse-mode AD.

OPS follows the control flow through the ops_par_loop calls (such as in Listing 1). These calls refer to computational
kernels, listing all accessed datasets and the access patterns. This makes them the perfect candidate to become the
building block of the control flow graph in OPS. Since OPS has all the required information on the data dependencies
on a loop level, we can build a DAG on a computational loop level instead of on an expression level, resulting in a
smaller memory footprint. OPS will handle the execution of the adjoint loops by caching intermediate states during the
primal evaluation and re-loading these states in the adjoint loops in reverse order.

1 // Adjoint user kernel
2 void update_adjoint(const ACC<double> &u, ACC<double> &u_a1s,
3 const ACC<double> &f, ACC<double> &f_a1s,
4 ACC<double> &u2, ACC<double> &u2_a1s) {
5 double div = (2.0 * (dx * dx + dy * dy));
6 u_a1s(-1, 0) += u2_a1s(0, 0) * dy * dy / div;
7 u_a1s(1, 0) += u2_a1s(0, 0) * dy * dy / div;
8 u_a1s(0, -1) += u2_a1s(0, 0) * dx * dx / div;
9 u_a1s(0, 1) += u2_a1s(0, 0) * dx * dx / div;
10 f_a1s(0, 0) += u2_a1s(0, 0) * dx * dx * dy * dy / div;
11 u2_a1s(0, 0) = 0;
12 }

Listing 2. The user given adjoint loop body for the kernel from Listing 1.

The only component required to do adjoint-mode AD is the adjoint functions of the kernel bodies. OPS already
generates the primal kernel from the kernel function and the data presented by the stencils. If OPS has a reference to
the adjoint of the kernel body (such as in Listing 2) function, it can use the same information to generate parallel loops
for the adjoint of the kernel.

In an OPS loop, each dataset is accessed through a stencil with an assigned access pattern: read, write, or increment.
All forward loops in OPS must use gather stencils only, meaning that read can appear with any stencil with any number
of points, but increment and write stencils must have one single point access with zero offsets. In reverse-mode AD
in the adjoint loops, the data flow will be reversed from gathering stencils, and we will get scatter operations on the
adjoint data. Due to the reversal, the write and increment stencils on the datasets will turn into one-point read stencils
on the adjoint data, and read stencils will turn into increment stencils with multiple points. Figure 1 shows the change
in the access pattern between the primal and adjoint loop for a five-point stencil. The above has two implications: first,
the primal loops are race-free, the parallelization is trivial, and second, the adjoint loops will have data races on the
adjoint data. To handle these data races we need information about the structure of these data races. We need to know
which adjoints will be incremented by the adjoint loop and the pattern or location of the increments performed on the
adjoints. However, OPS already knows the access pattern of all data based on the parallel loop descriptor and the access
patterns on the adjoints follow the reversed pattern, hence OPS has all the information on where these data races occur
from the read stencils of the primal loops.

OPS has two other loop parameter types: grid invariant constants and global reductions. We keep the global constants
as passive data, which will not have derivatives, and introduce a new ops_scalar type for global read parameters with
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Fig. 1. Left: The gather stencil used during the forward pass in the parallel loop in Listing 1. Data is read on the four neighboring
points and in the center and only writes at the center. Right: The stencil and access pattern used during the reverse pass on the
adjoint memory with the loop body in Listing 2. The data is read and written on the five points.

adjoint data. Reads on ops_scalars will turn into global reductions in the adjoint loops. Finally, global reductions
become global reads on the adjoint data in the adjoint loops.

1 // User kernel
2 void kernel(const ACC<double> &a, const double* scalar, ACC<double> &anext) {
3 anext(0, 0) += *scalar * (a(1, 0) - a(0, 0) + a(-1, 0));
4 }
5 // Adjoint User kernel
6 void kernel_adjoint(const ACC<double> &a, ACC_A1S<double> &a_a1s,
7 const double* scalar, double* scalar_a1s,
8 ACC<double> &anext, ACC_A1S<double> &anext_a1s) {
9 a_a1s( 1, 0) += *scalar * anext_a1s(0, 0);
10 a_a1s( 0, 0) += -1 * *scalar * anext_a1s(0, 0);
11 a_a1s(-1, 0) += *scalar * anext_a1s(0, 0);
12 *scalar_a1s += (a(1, 0) - a(0, 0) + a(-1, 0)) * anext_a1s(0, 0);
13 }
14 // ...
15 // Declaring a dataset on a block
16 double scalar = 1.0;
17 ops_scalar scl = ops_decl_scalar("scl", &scalar, 1);
18 // Registering and creating a, anext, S2D_3PT, S2D_00
19 // Execute a given loop on the block
20 ops_par_loop(kernel, "kernel", block, 2, iter_range,
21 ops_arg_dat(a, 1, S2D_3PT, "double", OPS_READ),
22 ops_arg_scalar(scl, 1, "double", OPS_READ),
23 ops_arg_dat(anext, 1, S2D_00, "double", OPS_INC));

Listing 3. Example parallel loop using active grid invariant scalar data. OPS uses the ops_scalar datatype to handle the lifetime of
the grid invariant data and it’s adjoint.

Listing 3 shows a kernel with an active scalar value. To use ops_scalars in the kernel, it must be passed with a
ops_arg_scalar wrapper with OPS_READ access. This argument will notify OPS to generate the proper code for the
adjoints as well. Note that the adjoint loop has a global reduction in the derivative of the scalar, which will naturally
have a significant effect on the performance during the execution of the adjoint loop. On the other hand, the opposite
Manuscript submitted to ACM
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Performance portable adjoints for structured mesh applications with OPS 11

happens for reductions in primal loops, which can be removed entirely from adjoint loops and produce a global read on
the adjoint memory.

2.1 Adjoint function of the loop body

OPS handles the code generation of the adjoint loops similarly to the primal, which requires a function pointer to
the loop body. OPS depends on the function provided by the user as an adjoint of a loop body with the _adjoint
suffix. These functions generally follow the same rules as the user functions for the primal loops with a few exceptions.
Arguments with _a1s suffixes are used as the adjoint of the arguments, and incrementing their values with non-zero
offset is allowed. To help provide these functions, we implemented a helper script to generate adjoints of user kernels
using Tapenade [Hascoet and Pascual 2013], which can help to generate adjoints for relatively simple loop bodies and
can give a good starting point to write the adjoints for more complex functions. This tool acts as a wrapper for calling
Tapenade on the user kernels, mapping the OPS API and some C++ constructs to a format for which Tapenade can
generate adjoints. The tool treats ops_dat and ops_scalar parameters as active at the moment. After generating the
adjoint functions, OPS uses them as the user-provided adjoints for the loops to generate the backend-specific parallel
loops. In our experiments, we used this tool to generate the adjoint implementations for the 87 distinct kernels in
Cloverleaf. A few kernel required further modifications to make the adjoint kernels compatible with CUDA. In these
cases we only needed local changes to remove the stack objects that Tapenade uses to handle branches, but lengthy,
complicated kernels could require significant coding effort to get an efficient adjoint function compatible with OPS.

2.2 Getting derivatives in OPS

Listing 4 shows an example AD workflow in OPS. The code computes the adjoints with respect to a given output
in five main steps in OPS. Lines 1 - 20 initialize the datasets and grid invariant values (ops_scalars) before the primal,
followed by actually computing the primal the same way as a traditional OPS application in lines 12-21. Then in line 27,
seed the output variable’s derivative, and line 30 runs the reverse pass. Finally getting a copy of the derivatives in line 37.
During the primal execution, OPS will save all events (loops, reductions, etc.) relevant for derivative propagation into its
own tape and save the intermediate states if necessary. Figure 2 shows how OPS handles a parallel loop call during the
forward pass. OPS saves a small descriptor of the parallel loop in memory to create a representation of the computation.
Based on this descriptor, OPS will execute the primal loop and store the overwritten primal data. After the primal
execution, the user seeds the adjoints of the output (see line 27 of Listing 4), and finally, the ops_interpret_adjoints
call will run the adjoint of each computational step in reverse order, accumulating derivative information. This final
step will allocate and initialize all required adjoint variables that are not seeded before the function call. For each event
in the DAG, OPS will execute the corresponding adjoint function, such as calling the adjoint loop as shown in Figure 2.
Listing 4 also shows the two main ways to access derivatives of datasets. The API is similar to the data access API in
OPS. The user can either get access to the raw pointer underneath the ops_dat variable or can create a copy in some
memory space.

In order to maximize performance and constrain memory use, it is helpful to identify which variables are taking
part in the propagation of derivative information. Existing tools use different conventions - for example, most operator
overloading tools embed this information into their types. Some source transformation tools like Tapenade treat all
pointers to floating point values as active, and all variables copied by value as passive constants or depend on an explicit
listing of active input and outputs. In OPS, all datasets declared with ops_decl_dat are considered active, the user can
define passive datasets with the ops_decl_dat_passive function to avoid the allocation of the adjoint variables, and
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1 // Step 1: OPS initialisation
2 std::unique_ptr<OPS_instance> instance = std::make_unique<OPS_instance>(argc, argv, 1);
3 // Mesh
4 ops_block block = instance->decl_block(2, "The Block");
5 // Preparing data for ops
6 ops_scalar scl = ops_decl_scalar("scl", &scalar, 1);
7 ops_dat a_in = block->decl_dat(1, size, base, pad_p, pad_m, input_a, "double", "a_in");
8 ops_dat a = block->decl_dat(1, size, base, pad_p, pad_m, nullptr, "double", "a");
9 ops_dat a2 = block->decl_dat(1, size, base, pad_p, pad_m, nullptr, "double", "a2");
10 // ...
11 // Step 2: Run the code to be differentiated
12 int iter_range[] = {0, size_x, 0, size_y};
13 ops_par_loop(copy, "copy", block, 2, iter_range,
14 ops_arg_dat(a_in, 1, S2D_00, "double", OPS_READ),
15 ops_arg_dat(a, 1, S2D_00, "double", OPS_WRITE));
16 for (int i = 0; i < niter; ++i) {
17 ops_par_loop(kernel, "kernel", block, 2, iter_range,
18 ops_arg_dat(a, 1, S2D_3PT, "double", OPS_READ),
19 ops_arg_scalar(scl, 1, "double", OPS_READ),
20 ops_arg_dat(a2, 1, S2D_00, "double", OPS_INC));
21 std::swap(a2, a);
22 }
23

24 // Step 3: Initialise and seed Adjoints
25 int memspace = OPS_HOST;
26 auto *a_a1s = reinterpret_cast<double *>(a->derivative_get_raw_pointer(S2D_00, &memspace));
27 // Seed the output at the point of interest
28 a_a1s[output_idx] = 1.;
29 a->release_raw_derivative(OPS_WRITE, memspace);
30 // Step 4: Interpret Adjoints
31 ops_interpret_adjoints(instance.get()));
32

33 // Step 5: Accessing derivatives
34 int disp[OPS_MAX_DIM]; int size[OPS_MAX_DIM];
35 ops_dat_get_extents(a_in, 0, disp, size);
36 size_t array_size = size[0] * size[1];
37 std::vector<double> output(array_size);
38 a_in->fetch_derivative(output.data(), OPS_HOST);

Listing 4. Typical steps for an Adjoint workflow in OPS.

similarly, the user can create passive loops with ops_par_loop_passive function for loops that are not part of the
derivative propagation. For active loops, OPS can detect active variables from the signature of the adjoint function of
the loop body. The example kernel in Listing 3 shows a loop where all inputs are active, and their derivative is present
in the argument list of the adjoint. By simply leaving out the derivative of an input from the signature of the adjoint of
a given kernel function, OPS will treat the relevant data in that kernel as passive.

2.3 Computations outside of OPS

In some cases, pure stencil computations cannot give sufficient performance, or methods that cannot be represented
in the abstraction of OPS are required. An important case here is direct linear solvers, which are used to implement
High-Order Compact discretization schemes or modern direction splitting time steppers such as Douglas, Modified
Manuscript submitted to ACM
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forward

ops_par_loop_loop1(...)

ops_par_loop_loop1_exec(
     ops_kernel_descriptor * desc)

ops_par_loop_loop1_ad_exec(
     ops_kernel_descriptor * desc)

reverse

save 
primal
state

load 
primal
state

OPS Tape

state patch 0

state patch 1

high-level
DAG

intermediate
state storage

loop0
desc

loop1
desc

save
descrpitor

execute primal

execute
adjoint

Fig. 2. Interactions of forward and corresponding reverse loops with the high-level tape in OPS. The black arrows indicate the
control flow related to the parallel loop, while blue arrows represent corresponding data movements. Each active forward loop
pushes a small descriptor into the DAG, and then execute the primal loop. During execution, it will save the overwritten data to a
stack-like storage. In the reverse pass, OPS will call the generated adjoint for the loop, which will propagate the derivative information
and load the saved state.

Craig-Sneyd, or Hundsdorfer-Verwer [Hundsdorfer et al. 2003]. The standard solution in a non-AD context is to ask for
access to the raw data behind the OPS datasets, perform the computations outside of OPS, and return the data to OPS.
We refer to such calculations which take place outside of the OPS abstraction as external calculations. OPS provides an
external adjoint API to support this feature in an AD-aware manner, where during OPS stops recording the tape and the
user needs to provide a function that will fill the gap in the tape. For these external computations OPS takes a function
pointer to the primal, an explicit list of datasets accessed in the external function, similar to an OPS loop, and a function
pointer to the adjoint of the external function provided by the user. Inside these functions, the user can execute arbitrary
computations with the traditional APIs and even OPS loops as long as all data ownership is returned to OPS before the
end of the function. It is crucial that the function does not modify any global program state not owned by OPS since
this could result in incorrect values should checkpointing be used. For such cases, to avoid wrong incorrect results
during recomputation, OPS provides a ops_execute_external_function version which always saves the affected
OPS data and will load these states instead of re-executing the external function at the cost of the additional memory
overhead. Listing 5 shows an external function from the CDE application accessing four datasets that form a batch
of tridiagonal systems, solve the systems, and return ownership to OPS. The ad function contains the adjoint of the
external function, which consists of a tridiagonal solve of the transposed system and an OPS loop on the derivatives.
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1 auto primal = [=]() {
2 // get access to used ops_dats
3 double *a_raw = reinterpret_cast<double *>(ops_dat_get_raw_pointer(a, 0, S2D_00, &mem_space));
4 // ...
5 tridDmtsvStridedBatch(&trid_params, a_raw, b_raw, c_raw, d_raw,
6 ndim, solvedim, dims, stride);
7 ops_dat_release_raw_data(a, 0, OPS_READ); // ...
8 };
9 auto ad = [=]() {
10 // get access to used ops_dats
11 double *a_raw = reinterpret_cast<double *>(ops_dat_get_raw_pointer(a, 0, S2D_00, &mem_space));
12 double *d_a1s = reinterpret_cast<T *>(ops_dat_derivative_get_raw_pointer(d, S2D_00, &mem_space));
13 // ...
14 tridDmtsvStridedBatch(&trid_params, c_raw - 1, b_raw, a_raw + 1, d_a1s,
15 ndim, solvedim, dims, stride);
16 // Release datasets
17 ops_dat_release_raw_derivative(d, OPS_RW, mem_space);
18 ops_dat_release_raw_data(a, 0, OPS_READ);
19 // ...
20 // Update a1_M = -a1_d * x^T
21 ops_dat a1_a = ops_get_derivative_as_ops_dat(a);
22 // ...
23 ops_par_loop_passive(update_a1_M, "update_a1_M", theBlock, 2, range, ops_arg_idx(),
24 ops_arg_gbl(&nx, 1, "int", OPS_READ),
25 ops_arg_dat(d, 1, S2D_3PT_X, "double", OPS_READ),
26 ops_arg_dat(a1_d, 1, S2D_00, "double", OPS_READ),
27 ops_arg_dat(a1_a, 1, S2D_00, "double", OPS_INC),
28 ops_arg_dat(a1_b, 1, S2D_00, "double", OPS_INC),
29 ops_arg_dat(a1_c, 1, S2D_00, "double", OPS_INC));
30 };
31 ops_execute_external_function_recomp(primal, ad,
32 ops_arg_dat(a, 1, S2D_00, "double", OPS_READ),
33 ops_arg_dat(b, 1, S2D_00, "double", OPS_READ),
34 ops_arg_dat(c, 1, S2D_00, "double", OPS_READ),
35 ops_arg_dat(d, 1, S2D_00, "double", OPS_RW));

Listing 5. An external function solving a batch tridiagonal system formed by the datasets. The primal function will be called by
the ops_execute_external_function_recomp function during the forward pass, while the ad function provides the adjoint for the
external function.

2.4 Controlling memory requirements

Adjoint-mode AD executes the adjoint of each instruction of the primal in reverse order, for which it requires the
intermediate states of the variables. There are two ways to produce these intermediate states that are combined in most
tools: saving the states during the primal and reloading from memory and recomputing. OPS, by default, saves all data
that a loop writes at the beginning of every loop. During the reverse pass, OPS will load these, restoring all variables to
the state before the primal loop. With this strategy, OPS does not need to rerun primal loops, which means faster overall
run-time, but this introduces significant memory requirements to checkpoint all these intermediate states. Existing
tools use checkpointing strategies to manage the trade-off between extra computational steps due to recomputing and
the high memory requirement of adjoint-mode AD. OPS uses an adapted implementation of the Revolve [Griewank and
Walther 2000] algorithm, originally developed for time marching schemes.
Manuscript submitted to ACM
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1 // Initialise Revolve
2 ops_ad_set_checkpoint_count(instance.get(), 10, niter);
3 // Register a Revolve checkpoint
4 ops_ad_manual_checkpoint_datlist(a_in);
5 // Run the code to be differentiated
6 ops_par_loop(copy, "copy", block, 2, iter_range,
7 ops_arg_dat(a_in, 1, S2D_00, "double", OPS_READ),
8 ops_arg_dat(a, 1, S2D_00, "double", OPS_WRITE));
9 for (int i = 0; i < niter; ++i) {
10 // Register a Revolve checkpoint
11 ops_ad_manual_checkpoint_datlist(a, a2);
12 ops_par_loop(kernel, "kernel", block, 2, iter_range,
13 ops_arg_dat(a, 1, S2D_3PT, "double", OPS_READ),
14 ops_arg_scalar(scl, 1, "double", OPS_READ),
15 ops_arg_dat(a2, 1, S2D_00, "double", OPS_INC));
16

17 ops_par_loop(copy, "copy", block, 2, iter_range,
18 ops_arg_dat(a2, 1, S2D_00, "double", OPS_READ),
19 ops_arg_dat(a, 1, S2D_00, "double", OPS_WRITE));
20 }

Listing 6. Example use of Revolve for the loop chain from Listing 4 with 10 checkpoints and a fixed chain length of niter. The
ops_ad_set_checkpoint_count call initiates Revolve, and the ops_ad_manual_checkpoint_datlist function marks the location
of the checkpoints from which OPS can start recomputing steps. The function takes all the ops_dats that are required to recompute
the iteration.

OPS enables users to define checkpoint locations, manually specifying which datasets to save. OPS will store the
information of all possible checkpoints in the DAG and use Revolve to manage rerunning loops and saving intermediate
states for these checkpoints. Listing 6 shows the Revolve API for OPS. At the beginning of the application, OPS requires
the user to set the parameters for Revolve with ops_ad_set_checkpoint_count, and then Revolve decides which
checkpoints should we store data for in the chain. At the beginning of each application-level iteration, the user provides
a list of datasets to build a checkpoint with ops_ad_manual_checkpoint_datlist. The list should contain datasets that
are required to reset their states to this point to compute the current iteration, or in other words, all datasets that are read
and will be overwritten later in the application. Every time OPS encounters a ops_ad_manual_checkpoint_datlist
call, it will save the list of datasets provided, and if the datasets should be stored for the checkpoint, then stores a copy
of each dataset to memory and compute the index of the next checkpoint, that will be stored. In the reverse pass, OPS
will interpret the adjoint of one iteration at a time. For each iteration, it will recompute iterations from the last stored
checkpoint and cache the intermediate states for the last iteration to prepare it for the reverse pass. If OPS passes a
stored checkpoint in the reverse pass, OPS frees the stored data, and when OPS recomputes sections of the DAG and
has available slots for checkpoints, OPS will store datasets for checkpoints based on the Revolve algorithm.

2.5 Retaping and reverse accumulation

OPS provides access to its tape object to give a finer level of control if needed. Reusing the tape multiple times allows
the user to create and compose a hierarchy of tapes that allows advanced techniques like reverse accumulation for fixed
point iterations [Christianson 1994] that can drastically reduce the size of the tape and cached states.

Listing 7 shows an example of reverse accumulation. OPS can create a local tape in the adjoint, record computations,
and reuse the computational graph to form a convergent iteration using the local tape to compute the adjoint for the
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1 auto primal = [&]() {
2 double error = std::numeric_limits<double>::max();
3 while (error > tolerance) {
4 ops_par_loop(step, "step", block, 2, range, // ...
5 ops_arg_dat(a, 1, S_00, "double", OPS_INC),
6 ops_arg_reduce(err, 1, "double", OPS_MAX));
7 err->get_result(&error);
8 }
9 };
10 auto ad = [&]() {
11 ops_dat derivative = a->get_derivative_as_ops_dat();
12 ops_reduction maxerr = ops_decl_reduction_handle(sizeof(double), "double", "maxerr");
13 ops_ad_tape *tape = ops_create_tape(OPS_instance::getOPSInstance());
14 // record one iteration
15 ops_par_loop(step, "step", block, 2, range, // ...
16 ops_arg_dat(a, 1, S_00, "double", OPS_INC),
17 ops_arg_reduce(tmperr, 1, "double", OPS_MAX));
18 double error = std::numeric_limits<double>::max();
19 while (error > tolerance) {
20 // interpret adjoints
21 tape->interpret_adjoint(OPS_instance::getOPSInstance());
22 // check error
23 ops_par_loop_passive(maxerr, "maxerr", block, 2, range, // ...
24 ops_arg_dat(derivative, 1, S_00, "double", OPS_READ),
25 ops_arg_reduce(maxerr, 1, "double", OPS_MAX));
26 maxerr->get_result(&error);
27 // zero adjoints in tape
28 tape->zero_adjoints_except({a});
29 // reseed others like scalars
30 // ...
31 }
32 ops_remove_tape(OPS_instance::getOPSInstance(), tape);
33 };
34 ops_execute_external_function(primal, ad, // ...
35 ops_arg_reduce(err, 1, "double", OPS_MAX),
36 ops_arg_dat(a, 1, S_00, "double", OPS_INC));

Listing 7. Example code for executing a fixed point iteration in the primal with using reverse accumulation to compute the adjoints.
In the adjoint of an external function, the user can create local tapes to use. Similarly to other external functions, the user can use
passive loops for error calculation, reseeding, or other purposes.

whole application. Since all iterations in the primal are performed in the external function (or performed as passive
loops), these loops are not present in the original tape, and OPS will not save any intermediate state for them. Instead,
in the adjoint of the external function, the new tape will record one iteration and its intermediate states. However, OPS
must reset the adjoint and primal states between each iteration, which involves runtime overheads.

3 ORCHESTRATION

As discussed in Section 2, all primal computational loops in OPS will write data at the center of the stencil or perform
a reduction on global variables. OPS will save the state of the reductions for all loops in order to avoid recomputing
reductions. For datasets, the parallel OPS loop already ensures that no race conditions exist for the writes; thus, creating
copies of the states is performed inside the loops before calling the user kernel. In the adjoint loops, OPS will load these
Manuscript submitted to ACM
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Thread 0 Thread 1

Thread 0 Thread 1

barrier

barrier

Fig. 3. Example scheduling applied by OPS with OpenMP for a three-point wide stencil. Stripes with the same color are executed
parallel, each thread executes a single chunk.

copies for each grid point at the beginning of the loop body and redirect any subsequent writes for these datasets to
local storage.

The adjoint kernels will reverse the data flow, introducing data races on the adjoint data of read-only datasets. There
are four main data access patterns to consider: reductions, global reads (ops_scalar), data access on grid points, and
data access on lower dimensional data. The first two will switch sides in the reverse pass on the adjoint data, the adjoint
of reductions will be read-only data, and the loop will perform reductions on the adjoint for the ops_scalar arguments.
In the other two cases, the data races will arise along read stencils accessing multiple points or lower dimensional
(but still grid-dependent) data. In our implementation, we chose to handle the data races from lower dimensional data
separately, which we will discuss in Section 3.1.

Without using high-level transformations on the code to transform the adjoint stencils into race-free gather stencils,
there are a handful of approaches to ensure correct results with data races present during the adjoints. It is possible to
use stencil-specific coloring [Lülfesmann and Kawarabayashi 2014] and run only points with the same color in parallel.
Another commonly used technique is to use atomic operations on increments for data that is not thread-local or to
use sparse or local reductions on the datasets with indirect increments. The deciding factors between these solutions
is the cost of creating a coloring and running the loops in multiple chunks, the overhead of atomic operations, and
the effect of the execution order on the locality of the processed points and on memory accesses. From the stencils in
the primal loops, OPS has information on the pattern in which data races could arise during the adjoint of loops and
can generate adjoint loops in different configurations. To compare these approaches on the adjoint loops we used a
modified version of the adjoint of hv predictor step 0 loop from the CDE application. This loop uses a twelve-point
stencil to increment the adjoints of a 2D dataset and all the lower dimensional datasets are treated as passive data.
As a baseline, we created a graph coloring with a greedy coloring algorithm that will not have any data races. On
CPUs, we created three versions using the Spray [Hückelheim and Doerfert 2021] sparse reduction library. The first
implementation (noted as spray dense) uses dense reductions similarly to the built-in reductions of OpenMP. These will
allocate a thread local array for each thread, collect the increments, and then sum the increments from the threads
at the end of the loop. The second version (spray atomic) uses atomic operations on every increment on the adjoints
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Fig. 4. Adjoint factor of different scheduling approaches, on the adjoint of the simplified hv predictor step 0 from the CDE
application, with a mesh size of 10242 and 40962. The results using OpenMP in (a) are measured on a Intel(R) Xeon(R) Gold 6226R
CPU at 2.9 GHz without hyper-threading using the Intel(R) oneAPI DPC++/C++ Compiler 2024.0.2, the CUDA measurements in (b)
were performed on an NVidia A100. The adjoint factor is the relative runtime of the adjoint compared to the primal loop.

where the loop has data races. The final Spray implementation (spray block) uses the BlockReduction reducer which will
divide the array into blocks of size 4096 and lazily allocate only the blocks where the thread actually writes data. These
approaches have the advantage over coloring that they can keep the cache-friendly grid point processing order from
the primal loops, but will have higher synchronization costs.

Finally, we introduce a two-color stripe coloring in OPS. Given the width of the stencils in a parallel loop, we divide
the grid into stripes along the highest dimension. Figure 3 shows an example of the coloring. This coloring chooses the
stripes, such that each stripe has a width equal to at least the width of the stencils. Then, the stripes are executed in two
stages, and each stage computes at least the width of the stencil iterations, making both stages race-free (no overlaps of
the written data within a stage).

Figure 4 shows the adjoint factors for these approaches. Each value shows the relative runtime of the adjoint loop
compared to the primal loop. On CPUs (Figure 4a) the graph coloring approach leads to jumps between the processed
grid points in each thread which will lead to poor memory access patterns and cache use. The sparse reduction
approaches fix this issue, but at the cost of the overhead of reductions. The stripes approach takes the advantages of both
worlds. Each thread will process one full stripe with nice memory access patterns and there is no extra synchronization
overhead on indirect writes other than the synchronization between the two colors.

On GPUs, the overhead of introducing atomic operations is much smaller compared to the performance loss of the
worse memory access patterns that would be introduced by colored execution. At the same time, introducing the stripes
pattern on GPUs would add strided memory accesses which would also degrade performance. This explains the speedup
Manuscript submitted to ACM
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Fig. 5. Adjoint factor of different scheduling approaches on the adjoint of the hv predictor step 0 from the CDE application,
which has lower-dimensional data accesses, with a mesh size of 10242 and 40962. The measurements were made on a Intel(R) Xeon(R)
Gold 6226R CPU at 2.9 GHz without hyper-threading using the Intel(R) oneAPI DPC++/C++ Compiler 2024.0.2. Labels on the top
show the parallelization approach on the grid, while the 𝑋 -axis labels show the handling of the increments on the adjoint of the
lower-dimensional data.

of using atomics over graph coloring shown in Figure 4b. Therefore, adjoint loops in CUDA use atomic operations on
the adjoints of datasets with a single kernel launch. This keeps the coalesced memory accesses in the loops, but the
performance of the writes on the adjoint data depends on the stencil itself.

3.1 Handling low-dimension datasets

As mentioned previously, we handle access to lower dimensional datasets separately to mitigate the effect of the shared
data access of large amounts of threads. Reads in the primal to a low-dimension dataset will result in a large number
of writes in the adjoint loop to the adjoint of the low-dimension dataset. Essentially, the loops perform sums along
the dimensions where the lower dimensional dataset is invariant. For example, in a two-dimensional loop such as in
Listing 8, the loop would access two one-dimensional datasets 𝑥 and 𝑣 , where 𝑥 is invariant along the 𝑌 axis, and 𝑣 is
invariant along the 𝑋 axis.

1 for (int j = 1; j < size_y - 1; ++j) {
2 for (int i = 1; i < size_x - 1; ++i) {
3 u[j * size_x + i] = x[i - 1] + x[i] + x[i + 1] + v[j - 1] + v[j] + v[j + 1];
4 }
5 }

Listing 8. Example two-dimensional loop with data access to lower dimensional data.

In Figure 5 the shaded groups use the labeled approach at the top to handle the data races on the adjoints of normal
datasets, and use the approach labeled on the 𝑋 -axis for the lower-dimensional datasets. The Coloring labeled group
uses general graph coloring on the normal datasets, Sparse reduction group uses the Spray [Hückelheim and Doerfert
2021] sparse reduction library with atomics, finally the Stripes group use the stencils on the normal datasets to create
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the striped coloring. We see a similar picture as in Figure 4, with the notable exception that spray dense outperforms
the atomic operations, due to the increased number of writes on the same location for the lower-dimensional arrays.
Moreover, in the stripes implementations, the spray dense will become the most performant version of sparse reduction.
Here, the loop is parallelized in the outermost (non-contiguous) dimension. If a dataset is not invariant in this dimension,
such as 𝑣 in the example, then the original parallelization already takes care of the races on the dataset. However, in
the case of 𝑥 , where the dataset is invariant in the outermost dimension, all threads would write the same values of
the adjoint, which would lead to further data races. In these cases the threads will write all elements of these arrays,
requiring spray block to also allocate the whole array in chunks (while losing performance in the process). The dense
approach (which is used in OPS) is a slight modification of the spray dense approach with memory pooling to reduce
the effect of always reallocating the thread private copies of the datasets.

On the GPU, atomic operations are sufficient for handling the data races in theory. However, in the presence of
lower dimensional datasets, the performance of the atomic operations drastically drops due to the high number of
conflicts. If possible, OPS will use two-dimensional CUDA thread blocks with the shape of 32 × 𝑛𝑤𝑎𝑟𝑝𝑠 to reduce the
effect of writes to the same location within an OPS block. This shape keeps the coalesced memory accesses of the
primal on the higher dimensional datasets. However, threads within a warp will write the same values for 𝑣 [ 𝑗] and
𝑣 [ 𝑗 ± 1] from Listing 8 (a dataset that is invariant in 𝑋 ), so when the warp executes an atomic write, the memory
address collisions within the warp will result in the write being serialized. In the case of 𝑥 (a dataset that is invariant in
𝑌 ), threads within a warp will only have address collisions if non-zero stencils are present, but address collisions arise
among the warps inside the block. To reduce the effects of these data races, OPS will accumulate the increments of each
thread in registers and then handle races in a separate step at the end of the kernel. There are four important cases that
OPS handles. First, for datasets such as 𝑣 that are always shared by the warp, OPS will perform a warp level reduction
so that only one thread per warp will perform an atomic write to the global memory. Second, for datasets such as 𝑥 that
are always shared among the warps of the block, the increments are written with atomics directly by each thread at the
end since the threads in a single warp do not have races in the center of the stencil. The final two cases arise in three- or
higher-dimensional loops. If a dataset is invariant in both the 𝑋 and 𝑌 dimensions, all threads within a block will share
all accessed data, and OPS will perform a block-level reduction for all written adjoint values. Finally, datasets that are
invariant only in the third or higher dimensions will behave like ordinary datasets from the perspective of the block.

Figure 6a shows the actual speedup this optimization achieved on the adjoints of kernels with lower-dimensional
datasets from the CDE test application over using purely atomic operations on normal and lower-dimensional adjoints,
and Figure 6b shows the achieved adjoint factors of the optimized adjoint loops. These kernels use the access pattern
shown in Listing 8 on two separate datasets. The CDE application is a 2D stencil code on a non-uniform mesh [Wyns
and Du Toit 2017]. Computing the finite difference estimates requires knowing the mesh coordinates to the left and
right in the 𝑋 dimension and to the top and bottom in the 𝑌 dimension, in addition to knowing the current mesh point.
These 𝑋 and 𝑌 mesh coordinates are stored in two 1D datasets. Warps have coalesced reads to the 𝑋 mesh coordinates
similarly to 𝑥 in Listing 8, whereas each read from the 𝑌 mesh coordinates results in a single value broadcast across
the warp as for 𝑣 . The three-point access to the two datasets can be replaced with access to 12 separate datasets per
mesh point but with a one-point stencil instead of three, which reduces the data races during the adjoint kernel. This
optimization increases the performance for both the primal and adjoint kernels. In the presence of one-point stencils
only, the reductions achieve 8.8 – 15.4x and 18.7 – 31.3x speedups on the 10242 and 40962 mesh, respectively. This
speedup enables running the adjoint loops under 10x of the original primal loop on both problem sizes.
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Fig. 6. Performance of our access-pattern-aware adjoint reductions and accumulations on lower-dimensional datasets on kernels from
the CDE application with a mesh size of 10242 and 40962 on an NVidia A100. (a) Speedup over using only atomics, (b) Adjoint factor

4 EVALUATION

To show the performance of adjoint-mode AD in OPS, we test it on three distinct applications. We tested a Poisson
mini application from the examples in OPS, the Cloverleaf [Mallinson et al. 2013] CFD application, and a 2D parabolic
convection-diffusion reaction equation (CDE) solver from computational finance [Wyns and Du Toit 2017]. In our
measurements, passive denotes the time it takes to run the original application, forward denotes the time it takes to run
the application and record the tape, and adjoint denotes the time of computing derivatives for all inputs.

The Poisson application solves the equation
∇2𝑢 = 𝑓

with Jacobi iterations with 2D finite differences, where the update iteration can be written as:

𝑢
(𝑛+1)
𝑖, 𝑗

=
(𝑢 (𝑛)
𝑖−1, 𝑗 + 𝑢

(𝑛)
𝑖+1, 𝑗 )𝑑𝑦

2 + (𝑢 (𝑛)
𝑖, 𝑗−1 + 𝑢

(𝑛)
𝑖, 𝑗+1)𝑑𝑥

2 − 𝑑𝑥2𝑑𝑦2 𝑓𝑖, 𝑗

2(𝑑𝑥2 + 𝑑𝑦2)

We used a 40962 mesh with 100 iterations for evaluating performance. These measurements show the performance
of recording the tape and accumulating derivative information with OPS. We introduced two versions for handling
the derivative propagation; the first is to record all iterations and compute the adjoints, and the second is to take
advantage of the fact that the code can be expressed as a fixed point iteration. Hence, we can use reverse accumulation
[Christianson 1994] and compute the derivative with a fixed point iteration with the tape for a single iteration.

CloverLeaf [Mallinson et al. 2013] is a mini-app that solves the compressible Euler equations on a Cartesian grid
using an explicit, second-order accurate method. Cloverleaf is a mini-app from the UK Mini App Consortium and is
widely used for performance benchmarks for stencil computations. We used the OPS implementation for Cloverleaf on
two example problems, one with a 9602 problem size and 2955 time steps and a bigger 38402 problem with 87 time steps.

The CDE application is a convection-diffusion-reaction code from computational finance [Wyns and Du Toit 2017].
It computes the price of a European call option driven by a Heston stochastic volatility model using the Method of
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Intel(R) Xeon(R) Gold 6226R
16 threads using OpenMP

Revolve
CPs

Runtime
Passive (s)

Peak memory
passive (GB)

Runtime
Adjoint (s)

Peak memory
adjoint (GB)

Adjoint
factor

Number of
sensitivities

Poisson 40962, 100 iter - 0.677 0.54 2.974 15.98 4.39 34 M
Poisson Rev.Acc. 40962, 100 iter - 0.677 0.54 2.514 4.97 3.72 34 M
Cloverleaf 9602, 2955 iter 985 64.076 0.19 450.526 31.15 7.03 4 M
Cloverleaf 9602, 2955 iter 100 64.076 0.19 469.480 4.25 7.33 4 M
Cloverleaf 38402, 87 iter 29 32.791 2.98 202.890 30.56 6.19 59 M
Cloverleaf 38402, 87 iter 10 32.791 2.98 218.522 19.79 6.66 59 M
CDE 10242, 100 iter 10 1.399 0.19 13.521 1.15 9.67 1 M
CDE 40962, 100 iter 10 34.259 3.09 261.440 13.44 7.63 17 M
NVidia A100
Poisson 40962, 100 iter - 0.032 0.54 0.195 15.98 6.05 34 M
Poisson Rev.Acc. 40962, 100 iter - 0.032 0.54 0.171 4.97 5.31 34 M
Cloverleaf 9602, 2955 iter 985 7.639 0.19 40.631 31.15 5.32 4 M
Cloverleaf 9602, 2955 iter 100 7.639 0.19 42.825 4.25 5.61 4 M
Cloverleaf 38402, 87 iter 29 1.799 2.98 11.885 30.56 6.61 59 M
Cloverleaf 38402, 87 iter 10 1.799 2.98 12.722 19.79 7.07 59 M
CDE 10242, 100 iter 10 0.453 0.19 2.078 1.15 4.59 1 M
CDE 40962, 100 iter 10 3.731 3.09 20.157 13.44 5.40 17 M

Table 1. Runtime and memory comparison between the original applications and the computing of the adjoints measured on an
Intel(R) Xeon(R) Gold 6226R with 16 threads using OpenMP (Top) and on an NVidia A100 using CUDA (Bottom). The values for
Adjoint factor denote the runtime of the adjoint codes relative to the passive applications. Note: For the Poisson code, Rev.Acc. stands
for using reverse accumulation, computing the adjoints as a fixed point iteration with storing tape for the last iteration only.

Lines. The CDE application uses a finite volume scheme with central finite differences and first-order upwinding at the
𝑣 = 0 boundary. It uses the Hundsdorfer–Verwer ADI time stepping scheme and requires the solution of batches of
tridiagonal systems, which the tridsolver [Balogh et al. 2022] library performs. We use this application to highlight two
aspects: the effect of low-dimensional datasets on performance and external adjoint nodes in OPS.

4.1 Measurement Setup

We ran the OpenMP measurements on CentOS Linux release 7.9 using a single socket of an Intel(R) Xeon(R) Gold 6226R
CPU at 2.9 GHz without hyper-threading and 376 GB RAM. The CUDA measurements were executed on a CentOS 8
using an AMD EPYC 7F72 24-core Processor and an NVidia A100 GPU with 40 GB RAM. All codes are compiled using
GCC 11.2 and CUDA 12.0. We do not use Revolve for the Poisson application but save all intermediate states for the 100
iterations. When we do not specify otherwise, we report runtimes of Cloverleaf using 29 and 985 Revolve checkpoints
for the 9602 and 38402 test-cases respectively, and 10 checkpoints for CDE. All measurements were repeated ten times,
and the mean value is shown as the final result. For each application, we measured the original application and the AD
version with the combined forward and reverse pass.

4.2 Results

As with many stencil applications, the Poisson and Cloverleaf applications are memory bandwidth-bounded codes,
where the achieved bandwidth is a commonly used metric for performance on a given hardware. The CDE application
uses lower dimensional datasets in most computational kernels, which leads to compute-bound loops for most of the
loops in the application.
Manuscript submitted to ACM
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Fig. 7. Memory requirements for the applications. Primal is the memory usage of the original application, while Adjoint shows
the adjoint memory allocated for datasets. The checkpoint sizes note the size of the Revolve checkpoints. First CP for Cloverleaf
and Second CP for CDE marks a single checkpoint with more data due to datasets that are only written at the beginning. All other
checkpoints use the uniform size shown as Checkpoint. Tape marks the required saved states for interpreting one time step. Finally,
Results marks extra copies for saving the datasets at the end of the forward pass.

Table 1 shows all the absolute runtimes and peak memory usage of all the measured codes as well as the number of
sensitivities computed by the evaluation of the adjoint model. The simplest application is Poisson, which performs the
computations from Listing 4, where a single computational loop applies the stencil from Listing 1 in each iteration.
The first version applies the adjoint calculation directly, caching all intermediate states of the datasets for the whole
application during the forward pass. The Rev.Acc. version performs the 100 iterations without caching any state in an
external adjoint function. It creates a new tape for the reverse accumulation during the adjoint evaluation, records
a much smaller tape for a single iteration, and performs 100 adjoint evaluations on that tape. Figure 7 shows the
components of the application’s memory usage. The Rev.Acc. approach reduces the required memory footprint due to
caching only one iteration (and a loop after the fixed-point iteration computing the error) and reusing that tape instead
of using 100𝑥 of the memory storing the tape for 100 iterations. The trade-off is that this approach introduces overheads
to the adjoint propagation corresponding to resetting the primal and adjoint memory between adjoint evaluation on the
secondary tape. Nevertheless, these overheads have a lower impact on the total runtime than caching all intermediate
states during the forward pass in our case.
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(a) Bandwidth values measured on a single socket of an Intel(R) Xeon(R)
Gold 6226R without hyper-threading using OpenMP.

Application Testcase Bandwidth
(GiB/s) Peak (%)

Poisson 40962, 100 iter 55.54 92.28
Poisson
Active 40962, 100 iter 54.82 91.03

Poisson
Rev.Acc. 40962, 100 iter 57.07 94.77

CloverLeaf 9602, 2955 iter 50.33 83.58
CloverLeaf
Active 9602, 2955 iter 46.02 76.43

CloverLeaf 38402, 87 iter 59.42 98.67
CloverLeaf
Active 38402, 87 iter 58.22 96.68

BabelStream
Triad Array size: 1.0 GiB 60.22 100

(b) Bandwidth values measured on the NVidia A100 GPU using CUDA.

Application Testcase Bandwidth
(GiB/s) Peak (%)

Poisson 40962, 100 iter 1195.93 92.87
Poisson
Active 40962, 100 iter 980.11 76.11

Poisson
Rev.Acc. 40962, 100 iter 968.66 75.22

CloverLeaf 9602, 2955 iter 600.02 46.60
CloverLeaf
Active 9602, 2955 iter 634.70 49.29

CloverLeaf 38402, 87 iter 1124.07 89.13
CloverLeaf
Active 38402, 87 iter 1024.86 79.59

BabelStream
Triad Array size: 1.0 GiB 1287.70 100

Table 2. Bandwidth values for the Poisson and Cloverleaf applications. The Peak (%) values show the relative bandwidth compared to
the Triad kernel in BabelStream.

OpenMP Throughput (GFLOPS/s) CUDA Throughput (GFLOPS/s)
10242, 100 iter 40962, 100 iter 10242, 100 iter 40962, 100 iter
primal adjoint primal adjoint primal adjoint primal adjoint

hv implicit matrices 40.90 41.14 41.29 47.13 1710 1390 1800 1340
hv predictor step 0 41.50 24.58 38.40 27.62 2850 1580 3000 1670
hv predictor step 1 36.95 36.90 37.01 41.92 2690 1950 3010 1800
hv predictor step 2 35.89 24.66 32.63 27.90 2720 1680 2900 1750
hv predictor step 3 36.99 35.95 37.01 41.31 2690 1950 3010 1800
Peak throughput 224.5 6280

Table 3. Double precision throughput of compute bound kernels in the CDE application. The first four columns were measured on a
single socket of an Intel(R) Xeon(R) Gold 6226R, the last four columns were measured on the NVidia A100 GPU, the peak throughputs
measured with the Empirical Roofline Toolkit [Lo et al. 2015].

In Cloverleaf, we have significantly more kernels per time iteration (over 150), which leads to much more cached
memory, as Figure 7 shows. Creating a tape containing data for every time step with these sizes is infeasible. Therefore,
our implementation for Cloverleaf has to utilize Revolve.

Finally, in addition to Revolve, the CDE application uses the external function API with tridiagonal solver calls. We
used two problem sizes to test a 10242 and a 40962 mesh with 100 time steps in each case. In both cases, the tridiagonal
solver calls dominate the forward pass on GPUs (around 90% of total time), while on CPUs, the 10242 problem spends
23% and the 40962 46% of the forward pass solving tridiagonal systems.

We used the Triad kernel from BabelStream [Deakin et al. 2016] to measure the achievable bandwidth for our test
platforms. This kernel achieved 60.22 GiB/s on a single NUMA node of an Intel(R) Xeon(R) Gold 6226R and 1287.70
GiB/s on the NVidia A100 GPU. Available memory bandwidth is the main performance bottleneck for the Poisson and
Cloverleaf applications. Table 2a shows the achieved bandwidth for the whole application run on CPU. For all test
cases, the adjoint versions achieve slightly lower bandwidth values compared to the primal due to the the additional
synchronizations between the stripes, the biggest difference between the passive and the corresponding adjoint kernels
Manuscript submitted to ACM
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Fig. 8. The cost or adjoint factor of computing derivatives on the benchmark applications, relative to a single evaluation of the
passive, original application, showed by Forward. All bars show the values relative to the original applications. The Overhead values
show the additional cost of collecting the DAG, saving intermediate states, and storing Revolve checkpoints during the forward pass,
Recompute values represent the additional time spent on replaying sections of the applications to restore states for the adjoints
loops and the Adjoint part shows the time spent in the actual adjoint loops.

is 4.3 GiB/s for the 9602 mesh in CloverLeaf which results in achieving 76.4% of the bandwidth of BabelStream. The
highest bandwidth measurement for adjoints reaches 96.7% of BabelStream. Using reverse accumulation to compute
the derivatives for the Poisson code achieves comparable bandwidth to the original application and lower runtime
compared to computing the derivatives by recording all iterations due to lower overheads during the forward pass.

Table 2b shows similar results on the NVidia A100 GPU. The 9602 mesh is too small to saturate the GPU and achieves
worse bandwidth. Similarly to the OpenMP versions, the adjoint implementations achieve lower bandwidth in general,
but in the case of CUDA, the impact of atomics leads to a bigger bandwidth drop compared to the coloring approach on
CPUs.

Table 3 shows the achieved compute throughput for the compute-bound kernels from the CDE applications. The
adjoint loops achieved similar compute throughput compared to the primal loops using OpenMP. However, on GPUs,
the increased cost of the atomic leads to a larger difference in performance. As Table 3 shows, the adjoint loops achieve
55− 82% of the throughput of the corresponding primal loops while reaching up to 31% of the empirical double precision
throughput of the A100 measured with the Empirical Roofline Toolkit [Lo et al. 2015] using the average arithmetic
intensity of the adjoint kernels.

Note that the runtimes in Table 1 and the bandwidth values were measured using the same high-level OPS source
code without any modifications.
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Figure 8 shows the relation between the runtime of the original application and the adjoint evaluation. The total
values at the end of each bar show the relative cost of calculating the adjoints (including evaluating the original code).
The blue bars represent the original runtime, and the yellow Overhead parts represent the additional time the active code
spends in the forward pass. This time is spent on tasks like caching intermediate states, building the tape, and handling
Revolve checkpoints. The orange Recompute parts for Cloverleaf and CDE represent the time spent on re-running
sections of the forward pass including storing and freeing data for Revolve checkpoints, and finally, the green part
marks the time spent on actually evaluating the adjoints.

In the case of the Poisson code, we can clearly see the effect of caching intermediate states. For all loops for each grid
point, OPS will save the value of the written dataset, doubling the write in each kernel, thus, the time required for the
forward pass for OpenMP. The overhead is slightly bigger in the case of CUDA due to the higher cost of the memory
operations related to the cached states. Nevertheless, the Rev.Acc. version clearly shows its advantage in reducing the
overhead for the forward pass since it doesn’t need to cache intermediate states during the fixed point iterations. Of
course, the Rev.Acc. spends more time evaluating the adjoints as a consequence due to resetting the primal data and
reseeding the adjoints between iterations of the reverse accumulation, increasing the cost of the adjoint evaluation
from 2.5𝑥 to 2.7𝑥 and from 4.0𝑥 to 4.2𝑥 for OpenMP and CUDA respectively. These overheads are still compensated in
the case of Poisson with the reduction in the Overhead cost, but this heavily depends on the application and the quality
of the adjoint kernels as well.

The Overhead for Cloverleaf mainly comes from caching the final iteration and handling Revolve checkpoints. For
each problem, we chose the maximum Revolve checkpoints as the third of the number of iterations, which shows the
increased relative overhead for the 9602 problem. However, the actual difference is amortized due to grouping the
allocations for the checkpoints. The chosen checkpoint counts lead to spending 2.1 − 2.5𝑥 the time of the original
application performing re-runs of forward kernels. In terms of actual adjoint kernels relative to the original application,
OPS spends 3.3𝑥 (9602) and 2.8𝑥 (40962) time on CPUs and 2.12𝑥 (9602) and 3.2𝑥 (40962) time on GPUs.

For the CDE application, we fixed the checkpoint count to 10 for the 100 iteration, which leads to small overheads
on the forward pass and 2.05 − 2.87𝑥 time spent on re-computing forward kernels (including forward kernels with
caching). There is a large difference in the relative runtime of the adjoint computation between the OpenMP (10242 −
5.62𝑥, 40962 − 3.72𝑥 ) and the CUDA (10242 − 1.4𝑥, 40962 − 2.05𝑥 ) implementation. The main cause of the difference is
in the time spent on the tridiagonal solver calls - the original CUDA application spends 92% for the small and 88% for
the big mesh of the runtime in the tridiagonal solver calls, while for the OpenMP version this ratio is only 23% and 46%
respectively. As we showed, the adjoint for the tridiagonal solve is another tridiagonal solve and a small loop on the
derivatives leading to a small overhead on the adjoints. In terms of adjoint loop performance on the small mesh, both
the OpenMP and CUDA versions compute the adjoints in 6.6 − 6.7𝑥 while we see a difference on the bigger mesh (5.5𝑥
for OpenMP and 8.2𝑥 for CUDA) where the overhead from the reductions on the low dim datasets showing their effects
with the increased number of blocks present.

Figure 8 clearly shows the effect of Revolve on the total runtime of the derivative propagation, and Figure 7 shows
the effect on the memory consumption. The Poisson application shows the effect of naively implementing AD with
caching all intermediate states. The original application uses 538 MB memory (4 datasets with a size of 134 MB each
plus some additional memory in OPS). In addition, the active version allocates the adjoints for all these datasets and
also saves an additional copy of the primal results. The value shown in Figure 7 for the tape corresponds to one time
iteration where the loop writes one dataset. Hence, OPS will store 1 dataset worth of data for the time iteration, adding
134 MB per iteration, a total of 13.4 GB memory for the 100 iterations, and a runtime overhead on the forward pass,
Manuscript submitted to ACM
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Fig. 9. Runtime of evaluating the adjoints for the applications (including the original applications) with Revolve. The number of
available Revolve checkpoints is increased. The increased number of checkpoints reduces the number of additional forward steps
required to restore intermediate states.

but potentially faster time to derivatives. This highlights the main benefit of reverse accumulation, since this version
only caches data for one iteration, drastically decreasing the memory footprint of computing adjoints, resulting in a
constant memory requirement for computing the adjoints instead of constantly increasing with the iteration count and
the complexity of the computations. For a reasonably complex application, the size of the tape required for a single
iteration drastically increases, making it infeasible to tape all iterations at once, and many applications are not fixed
point iterations, ruling out reverse accumulation. For such applications, Revolve provides a solution to control the
memory footprint at the cost of additional recomputing steps. Figure 7 also shows the memory cost of each Revolve
checkpoints that the application stores data for, which determine how the memory requirements would change with
the number of Revolve checkpoints used in Cloverleaf and CDE. The effect is twofold: OPS will cache only one iteration
at a time (reducing the peak memory for this category by a factor of the number of time iterations and fixing it to the
Tape value shown in the figure) and increasing the memory usage by saving the Revolve checkpoints to memory. Both
applications have one-time writes on a few datasets, leading to a bigger initial checkpoint, but all other checkpoints are
the same size, increasing the peak memory footprint linearly. Without the memory used for the Revolve checkpoints,
OPS can compute the adjoints using only 5.4 − 8.1𝑥 more memory for Cloverleaf and 3.2 − 3.4𝑥 more memory for CDE
compared to the original application. Counting the 10 Revolve checkpoints used for CDE OPS computes the adjoints
under 3.7𝑥 more memory.

In terms of runtime, Revolve will, in total, increase the runtime with the additional re-compute steps and the cost of
actually saving the checkpoints. To get a clearer picture of the effect on the runtime, Figure 9 shows both Cloverleaf
and CDE runtimes at different maximum active checkpoint counts. The theoretical minimum runtime overhead would
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arise if the application stores all Revolve checkpoints during the forward pass. Then, each iteration would be replayed
once while saving all states. On the other end, using only a few Revolve checkpoints while having smaller memory
requirements leads to significantly more re-compute steps. However, Figure 9 shows that, the overhead of the re-compute
steps quickly drops as we increase the number of checkpoints, re-computing the forward steps only a handful of times,
and allowing additional checkpoints to store to memory have diminishing returns. In addition, during re-computing
loops, OPS can reduce the cost of execution by skipping reductions, whose results are already saved during the first
execution and would significantly impact loop performance.

5 CONCLUSION

In this work, we presented an extension to the OPS DSL to support adjoint-mode algorithmic differentiation. OPS
allows the expression of structured mesh applications from a high-level source and handles parallelism, data movement,
and optimizations to different hardware backends. The extension provides performance portable derivatives for such
applications on CPUs and GPUs. Our AD extension leverages the domain-specific abstraction of OPS to perform
optimizations that would be more difficult with a more generic tool.

We used the description of the computational loops in the OPS abstraction to handle data dependencies and data
races in the adjoint loops. We used this model to map the adjoint loops to OpenMP and CUDA implementations. Our
approach builds a compact AD tape in OPS by handling derivatives at the loop level instead of expressions. Extensions
to the tape, like support for external adjoint functions and optimal checkpointing via Revolve, were straightforward to
implement using this high-level representation.

Experimental results on two memory bandwidth bound applications show that the adjoint propagation achieves
similar bandwidth as the original primal application. On CPUs the applications achieved over 90% of the peak bandwidth
on large grids, and only dropping 7% compared to the original on smaller test cases. Similarly, on GPUs, active versions
achieve 75 − 80% of the peak bandwidth on test cases that can saturate the GPU. Compared to the original applications,
the OpenMP versions on all three test applications computed adjoints under 10𝑥 overhead and on GPUs under 4.6−6.6𝑥 .
We have integrated the Revolve algorithm into OPS and showed that we can control the memory requirements of the
adjoint evaluation as expected. This will enable large simulations to run in adjoint-mode, which would require too
much memory otherwise by trading memory requirements for runtime with re-computing sections of the forward pass.

Our adjoint model in OPS provides an efficient way to compute derivatives for performance-critical structured mesh
applications. Using a DSL such as OPS unlocks the derivative computations on both hardware from the same high-level
source, giving users access to a diverse selection of hardware with very different capabilities without any additional
development costs.
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